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Abstract

We design an importance sampling scheme for backward stochastic differential equa-
tions (BSDEs) that minimizes the conditional variance occurring in least-squares Monte
Carlo (LSMC) algorithms. The Radon-Nikodym derivative depends on the solution of
BSDE, and therefore it is computed adaptively within the LSMC procedure. To allow
robust error estimates w.r.t. the unknown change of measure, we properly randomize the
initial value of the forward process. We introduce novel methods to analyze the error:
firstly, we establish norm stability results due to the random initialization; secondly, we
develop refined concentration-of-measure techniques to capture the variance of reduction.
Our theoretical results are supported by numerical experiments.

Keywords: Backward stochastic differential equations, empirical regressions, impor-
tance sampling

MSC Classification: 49120, 60H07, 62Jxx, 65C30, 93E24

1 Introduction

Importance sampling can be important for accelerating the convergence of Monte-Carlo ap-
proximation. To name a few examples and references, it has applications in numerical inte-
gration [20, 19 20] and in rare event simulation [9} 25, [7]. The idea is to direct the simulations
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to important regions of space through an appropriate change of measure. In this work, we
propose a fully implementable least-squares Monte-Carlo (LSMC, a.k.a. Regression Monte-
Carlo or Empirical Regression) scheme with importance sampling for Backward Stochastic
Differential Equations (BSDEs). BSDEs are usually associated to stochastic control problems
[21L 12]. In the Markovian case with fixed terminal time 7" > 0, the BSDE takes the form

T T
Vi = g(XT) ‘|’/ f(S,Xs,ys, Zs)ds - / Z,dW, (1)
t t

where the unknown processes are (), Z2) and X is a given forward (d-dimensional) SDE driven
by the (g-dimensional) Brownian motion W :

¢ t
Xe=x0+ / b(s, Xs)ds + / o(s, Xs)dWs. (2)
0 0

In the recent years, there have been many contributions to their numerical approximations
(see references in [6 8 10, 16] 15]). Loosely speaking, the current work extends [I5] by
incorporating an importance sampling that minimizes the variance of the LSMC algorithm
for computing the value functions y and z — defined as V; = y(¢, X;) and Z; = z(t, X}) — using
a suitable Dynamic Programming Equation (DPE for short).

The work closest to ours is the one by Bender and Moseler [5] where they propose a
importance sampling method for BSDEs for a general (but known) Radon-Nikodym derivative.
In our setting, the change of measure is not given but sought within the algorithm. Indeed,
the optimal Radon-Nikodym derivative depends on the solution (), Z) — see Proposition f
therefore it too must be approximated. In fact, the change of probability measure implies that
traditional simulation and error analysis techniques cannot be applied to establish convergence
of the approximations of y and z. In [I5], the simulations of X for the LSMC scheme were
generated from a fixed point at time 0. The error was analyzed using the La-norm related to
the law of simulations. Propagation of error terms due to dynamic programming were treated
using BSDE estimates and an extension of Gronwall’s inequality. In importance sampling, the
simulations used in LSMC scheme have a modified drift because of the change of probability
measure. The drift term depends on the solution of the BSDE or its approximation. This
creates two novel difficulties. Firstly, one cannot generate the simulations starting from a fixed
point at time 0. Indeed, the drift changes depend on the BSDE solution, which is computed
recursively backwards in time, and therefore not available for simulation from time zero. To
overcome this issue, we initialize the simulations at each time point ¢ using a generic random
variable. However, in doing so, in general we lose the ability to treat the DPE error with
the usual Gronwall technique, see Remark To retrieve the algorithm convergence, the
initializing random variable is required to satisfy the Uniform Sub-Exponential Sandwiching
(USES) property, see Proposition This allows the distribution of simulations to have
equivalent Lo-norms, under different changes of measure and at every time-point. Secondly,
the error due to the approximation of the Radon-Nikodym derivative must be treated.
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Another significant contribution of this work is in the field of nonparametric statistics and
it is crucial for capturing the effect of variance reduction in our scheme. In [I5], the error
analysis makes use of classical regression theory [17, Theorems 11.1 and 11.3]. In this theory,
error estimates are not sufficiently tight to observe impact of variance reduction. In particular,
uniform concentration-of-measure techniques are used, which only observe the diameter of the
approximation space and cannot observe low variance. We make a non-trivial continuation of
the recent work of [4] in order to improve concentration-of-measure techniques in the case of
regression problems, so that we can recover the variance reduction effect. These results are
novel, to the best of our knowledge, and may bring insights in problems beyond the immediate
concern of BSDE approximation.

Overview. In Section[2.1] we identify the optimal importance sampling probability measure
starting from the continuous time BSDE (I). In Section we introduce the discrete-
time approximation of in the form of the importance sampling DPEs. We also state the
assumptions on the data g and f, and summarize some key properties of the resulting discrete
time BSDE. In Section [3], we define USES and give nontrivial, fully implementable examples
(Proposition relevant to practical problems. In Section we detail the regression scheme
(LSMC) on piecewise constant basis functions in a general setting (unrelated to BSDEs). We
provide explicit nonparametric error estimates which do not require uniform concentration-of-
measure techniques (Theorem . In Section |5, we apply the regression method of Section
[] in order to approximate the conditional expectations in the importance sampling DPEs.
Explicit error estimates for this fully implementable scheme are derived. We conclude the
paper in Section [ with numerical examples that illustrate the performance of the scheme.

Model restrictions. Due to the novel nature of this scheme, we make simplified as-
sumptions on the BSDE model and on the numerical method, with the aim of highlighting
the main ideas rather than technical results. In particular, we assume that the function
f(t,z,y,z) = f(t,z,y) is independent of the z component. Of course considering such an f
is a restriction for applications, but nonetheless it still serves a significant interest since it
allows to handle reaction-diffusion equations [27] and nonlinear valuations in finance [11]. We
discuss more serious reasons for this simplification in Subsection in the hope to motivate
further investigation.
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2 Derivation of the importance sampling Dynamic Program-
ming Equations

2.1 Derivation of optimal Radon-Nikodym derivative

We are concerned with BSDEs driven by a ¢-dimensional Brownian motion W, supported
by a standard filtered probability space (2, F, (F¢)o<t<7,P) with the usual conditions on the
filtration. The solution (), Z) is progressively measurable, takes values in R x (R9) ", and
satisfies

T T
W= 5 + / f(57y87 Zs)ds - / Z,dW (3)
t t

with the process ) being continuous; the operator | denotes the vector transpose, i.e. Z is a
row vector. Here, the BSDE is not necessarily of Markovian type.
Before introducing our numerical scheme, we first identify the optimal change of measure.
This is inspired by the continuous time equation . Assume for discussion that the solution
(Y, Z) of (3) is unique in Lg-spaces, so that the above solutions satisfy E [SuPth | V2|2 + fOT ]Zt|2dt} <
+00; this is valid under fairly general conditions on the data £ and f [21], 12]. We start from
the representation of ) as conditional expectation under P:

T
Y, = Es [§+ / f(s,ys,zs)dsrft].
t

Let h be a (R?) " -valued progressively measurable process, such that one can define the process
(Wt(h))OStST and the ]P’—Inartingale (1/£Eh))0§t§T by

t

W = w, - / hlr, L0 o= o S hedWokd [§ e 2 o= g hedW =5 [ e (g
0

n _ L8

t,s T ,Cgh)

for0<t<s<T.

. R)q_ .
Then we can set a new equivalent measure Q" |z, = [Eg )} 'P| %, by the Girsanov theorem, and
under Q", W is a Brownian motion. Moreover, we can express ) under the new measure

Egn [6£8) + J 15,3, 20 ds | 7]
Egr [£ ] 7]

t—

T
=Eqn {fﬁﬁf% / (5, V0 20LMds | 7|
t

(5)
To obtain variance reduction in the Monte-Carlo based algorithm, the F;-conditional variance
under Q" of S(t,h) := 55;@} + ftT f(s,ys,Zs)[,g’hs)ds has to be small; we see this later in
Corollary Under the assumptions

(Ha) there exists € > 0 such that P(Vt € [0,T]: Y, >¢) =1,
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(Hp) [; Z2sdWs is a BMO martingale,
we determine an optimal Radon-Nikodym derivative in the following proposition.

Proposition 2.1. Assume the existence of a unique solution (), Z) to which satisfies
E(sup;<r | Vi|* + fOT |Z¢]2dt) < 400 and (Ha)(Hy). Then the equivalent probability measure
Q" such that the random variable S(t,h) has zero Fi-conditional variance in s given by
the drift hs = Z5/Ys.

The above result extends [24] to BSDEs.

Remark 2.2. The assumptions (H,)—(Hy,) can be satisfied under quite general conditions on
the data £ and f. In fact, even if (H,) is not immediately satisfied, a trivial transformation
may permit the application of Proposition if Yy > ¢ for any t € [0,T] a.s. for some
possibly non-positive constant ¢ € R, the shifted BSDE (Y — ¢ + 1, Z) associated to data
E—c+1and f(t,y + ¢ — 1, z) satisfies the assumption (Hp) with ¢ = 1; likewise, if )} < ¢,
one can apply similar arguments with an additional sign flip of )). The BMO-condition (Hy,)
is satisfied in many situations, in particular when the terminal condition £ is bounded [3].

Proof of Proposition . Let h be a progressively measurable process such that 1/ £ is an
exponential martingale under P. By It6’s formula applied to y,ﬁ_(h) between on [¢, T'] combined
with , we readily obtain

T
S(t,h) = (L) (yTL‘T’” + / s, Vs, Zs)ﬁgmds)
t
T
=V + (L) / <£§h)[— £(5, Vs, Z5)ds + ZodW,] + Vs £ (—h)dW ™ — LW, . sts>
t
T
(L) / F(5, D0 2 LM ds
t

T
_ Y, 4 (L) / L2, — Yihg)dW P,

t

Therefore, if we can set hys = Z5/Ys and ensure that 1 /[,(h) is an expomnential martingale
under P, then S(t,h) has zero Fj-conditional variance under Q"; this follows readily from

(Ha)f(Hb)' Il

2.2 Assumptions and discrete-time scheme

The resolution of (¥, Z) usually requires the time-discretization of . A possible approach
is to use the Malliavin integration-by-parts formula to represent Z [22], which leads to the
Malliavin weights DPE [15 28] (MWDP) given by

Y, =Ep; [{ + 0 f(t, Yk+1)Ak} ;
fori € {0,...,N -1}, | , (6)
Z; =Ep; [595\27) + 3 (s Yk+1)9§;)Ak}
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where (Y;, Z;) approximates ();,, Z:,) along the time-grid = = {O o < - <t <o <
ty =T}, Aj = tipz1 —ti, Ep;[.] == Ep[. | F,], and where {G) c k=14+1...,N}isa
suitable sequence of square integrable random variables. For reasons detailed in Section [2.3]
we consider functions f that are independent of z) from here on; this is not the case of [15].
(2

It is important to assume that, for all ¢ and k, ®l(€ satisfies

Cum

Brafol] =0 Bn )" < L

for some finite constant C),.

Remark. In fact, the MWDP is known to be a ‘good’ discrete time approximation of in
the Markovian framework [28]. We choose a DPE based on Malliavin weights since we
know from [I5] that it allows better control on convergence. Nevertheless, the subsequent
importance sampling scheme could be designed with other DPEs, and this would not greatly
affect the arguments of this section which follow.

We now introduce the discrete-time importance sampling scheme on which we base the
LSMC scheme later. As will be explained in Subsection [2.3] we assume that f does not depend
on z. We first define simplified notation to deal with the discrete-time counterpart of the
importance sampling inverse Radon-Nikodym derivative ({4f). For a given piecewise constant
(in time), bounded, adapted process h with hlq, ¢, = hi € (R?)T F, -measurable, let

Lgh) ;:exp( thAWk+ Z‘hk’ Ak) OSjSN’
k=0

where we write AW, = W;, 1 — Wy, We also define
(h)

Z

h

As indicated in Proposition 2.1} h will be computed backward in time using the processes
-1
(Y, Z). In principle, we would now set hy = Z;/Y} and define Qh|]:ti = [L(h)] IP’]]:ti and

)

N
ng;v) + > flt, Yk+1)LE,}L)+1Ak
k=i

}/:i = EQh,i

)

as we did in Section However, at time point 4, the solution (Y, Z;) is not known explicitly,
therefore it isn’t possible to compute LE k) 41 explicitly. In order to have an explicit formulation,
we use a modified probability measure defined as follows: for 0 <+¢,5 < N, set

h m 17
Qi‘]:tj = [LiJrl,j] lisipi+1<in P|ftj'
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Since h is bounded, the Girsanov theorem implies that Q? is a probability measure. Observe
that the change of measure is effective after 7 + 2 instead of ¢ + 1. We denote by W the

new Brownian motion under Qi d@h restricted to JFy;
writes

dP h

aQr |7, = z('+)17j1j>i+1 +1j<i

(]
Jj—1 ; 1
= 1j>i+1 exp (— Z {hkAWl;Qi + 2‘hk’2Ak}> + 1j§i+1
k=i+1

for j > i. Now, we are in a position to represent the MWDP @ with the above change of
probability measure: for i = N —1,...,0, set

N—1
N N
i = EQ?Ni lgLEil)]V + Z I tkakH)Lgﬁ)kHAk ;
Z; = Ep; {f@ + 3 f(tk7Yk+1)®( )Ak:| (7)
Eg 1] = Egu | il J

The importance sampling DPEs are the natural discrete-time approximation of . They
are solved recursively backwards in time using the pseudo-algorithm

{YN(: 5)} = [ZN—l = Yn-1 = hiy_ = Q%{N—Q} - [ZN—Q — Y_o — hN_y — Q}]‘VN_;),} — ..

Observe that there is no importance sampling for the Z component of the solution; we will
digress on this in Section

In the sequel, we specialize the subsequent algorithm (fully detailed in Section [5) to a
Markovian setting. The standing assumptions are the following.

(Hx) The drift coefficient b : [0, T] x R? — R< of (2)) is bounded and the diffusion coefficient
o:10,T] x R? - R? ® RY is bounded, uniformly n-Holder continuous in space, n > 0,
uniformly in time. Furthermore, ¢ is uniformly elliptic. There exists a constant C'x > 1
such that for any t € [0,T], any = # y € R, any ¢ € R?, we have

|o(t,z) = a(t,y)|

[z —y|

|b(t, )| + < Cx, Cx'CP < Colt,z)o(t, ) ¢ < Cx[¢
The time grid # = {0 :=ty < --- < t; < -+- < ty := T} is uniform, i.e. t; = Ti/N and
A; =T/N for all i. The Euler scheme associated to X with time-step A; is denoted by
Xt]y := X; and defined iteratively by Xo = 2o and X; 11 = X; + b;(X;)A; + 04(X;) AW;
for i > 0, where we set b;(.) = b(t;,.) and o;(.) = o(t;,.).

June 27, 2015 at 18:21 7



(He) In (6)), f(ti,y,w) = fi(X;,y) a.s., where fi(z,y) is a deterministic function, globally
Lipschitz continuous in y uniformly in ¢ and z (with a Lipschitz constant Ly), and
|fi(x,0)| < Cy uniformly in 7 and x;

(He) {(w) = g(Xn), where g is a bounded globally Lipschitz continuous function (with
Lipschitz constant Ly );

C <Y; < an i| < C, for any 1.

(Hc) 1<Y; <Cyand |Z;] <C, f y 1

(He) For any i, the Malliavin weights ©1 := (@EQI, A @g\if)) in @ are squared integrable
(R9) T-valued random variables and there exist measurable functions 6](-1) such that

@gl) = QJ(Z)(X“ o XN, AW L AW N ).

There is a finite constant Cy; € (0, +00) such that, for any 0 < i < k < N,

; ; 1/2 Cnr
E [@(’) X} —0, E { IR X-] <M

k | 7 | k | | 7 - \/m
(Hc) is a reinforcement of (H,)-(Hp), which ensures that 2 is bounded. The latter property
is frequently used in the subsequent analysis. Observe also that the above assumptions are
stronger than those for the MWDP scheme with no importance sampling [I5] (for the time
grid, A; = T/N and R, = 1); this is in the spirit of simplifying the paper.

) _ Wtk_Wti

In the case where X is a Brownian motion, we can take @,(f = = (see [15], Section

1.4]), which obviously satisfies (Hg). From [22], we know that the continuous time Malliavin

weight G)gt) is a Brownian stochastic integral between ¢ and s with the integrand depending
on the SDE. Thus, the assumption (Hg) is an adaptation of this property to a discrete time
setting. We allow G)g-i) to depend on the processes between j and N, although this dependence
does not appear in explicit examples we are aware of [28], and this dependence is treated in
the subsequent analysis.

Under (H¢) and (H¢), one can derive the upper bounds in (Hc) from [15, Corollary 2.6];
in particular, one needs the Lipschitz continuity of the function g to ensure that the bound on
|Z;| is uniform in ¢. (H¢) assumes additionally a lower bound on Y that can be obtained as
described in Remark Moreover, one can easily obtain the following Markovian property,
which follows by applying a reverse change of measure in the expression of Y; and using the
results of [I5 Section 3.1].

Lemma 2.3. Assume (Hx), (He), (He), (Ho). For each i, there exist measurable functions
yi R = R and z; : R — (RY) T such that Y; = y;(X;) and Z; = z(X;).

June 27, 2015 at 18:21 8



2.3 Discussion on the driver not depending on =z

In Section the optimal importance sampling for computing the conditional expectation of
Y is obtained using the drift Z/). It is not clear how to efficiently transfer these arguments
to Z. Below, we suggest two possible approaches. Both approaches have some potential, but
suffer from technical difficulties which we do not know how to solve at present. We explore
these difficulties to encourage future research on this topic.

1. First, from the representation of Z in @ using the Malliavin integration-by-parts for-
mula, we obtain the {-th component of Z;, (or its approximation Z;) as the conditional
expectation of §; := 591(::%) + ftlT @l(f;)f(s, Vs, Zs)ds. Therefore, it can be interpreted as
a new BSDE problem on the interval [t;, T] with zero driver and terminal condition & ;.
Denote its solution by (315“, Zglﬂ'). Using the techniques of Proposition we obtain
that the optimal drift for changing the measure for the evaluation of Z;;, is (formally)
h&bi := ZE&.i /Y&i This leads to significant difficulties: first from the theoretical point
of view, there is no clear set of checkable assumptions ensuring we can reduce to (Ha)-
(Hp) for the new BSDE. Second, from the numerical point of view, one must solve a
BSDE ())%¢, Z&.4) for every time-point ¢; in order to obtain the optimal probability
measure. Computationally, this is extremely expensive and it seems a priori that there
is no way such an algorithm may be efficient.

2. Second, instead of the representation of Z;, or Z; using integration by parts formula,
we could take advantage of the BSDE-type equation satisfied by (Z); (see [18] for a
recent account on the subject). However, these equations involve “the Z of the Z7,
i.e. Gamma processes. We must add DPEs to to approximate the Gamma (like in
2BSDE [13]). However, a complete error analysis of these DPEs in the context of LSMC
algorithms seems especially difficult. Therefore, this approach is beyond the scope of
this work.

Finally, if f(t,y,z) depends on z and if the Monte-Carlo estimation of Z in is made
without appropriate variance reduction (suited to Z specifically), we would obtain a propa-
gation of “lack of variance reduction” on the Y component due to the Z component through
f. Therefore, we would lose the variance reduction on Y. Thus, to keep track of the benefit
of importance sampling for Y, it seems necessary to consider a driver independent of z.

3 Stability of Ly-norm under USES

Let p be a probability density w.r.t. the Lebesgue measure on R?, and R be a random variable
with such a density. Set

1/2
lell, = ([, #@ntaae) = (= [2m)" ®)
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for any measurable function ¢ : R i R in Ly(R?, p). We now introduce the USES assump-
tion.

(H,) pis a continuous density and there is a positive continuous function C, : R — [1, +00)
such that, for any A > 0, any A € [0, A] and any y € R?, we have

o1l 2

p(y)
C,(A) S/ (y—l—zxf)

Observe that @D implies that p must be strictly positive. Examples of such distributions are
given later in Proposition all having sub-exponential tails. The acronym USES stands
for Uniform Sub-Exponential Sandwiching and it can be summerized shortly as follows: by
initializing a Euler scheme with a density p, the marginal density of the process remains
equivalent to p (up to constant which is uniform locally w.r.t. time). This stability property
is stated as follows.

Proposition 3.1. Assume (Hx). Let b := (ho,...,bn_1) be a vector of functions, where
b : R — (RY) T are bounded and measurable. Let i € {0,...,N —1}, and R be a random
variable satisfying (H,) which is independent of the Brownian motion W. Define by X.(i)(f])
be the Markov chain

xP(p) := RO, (10)
X, () == x17(0) + [0;(X1 (0)) + 03X (0)0] (X1 (9))] A + 05 (XD (0)) AW,

fori < j < N—1. Then, there exist finite positive constants () and C() (depending only on
d, ¢, T, |9|loc, Cx, p, but not on i) such that, for any j € {i,..., N} and any square integrable
function ¢ : R — R, we have

eq e, < (E[2&P0))) " <ag e, (1)

Our main interest in this result is for having equivalent Lo-norms despite the importance
sampling drift, see Remark Moreover, randomizing the initial condition is easy to imple-
ment in practice. We present tractable examples of p in Proposition and state how to
simulate the corresponding random variable R.

Similar equivalence-of-norm results are established in [2, Proposition 5.1] but they have
been derived for time-homogenous diffusion processes (and not Euler schemes) with smooth
coeflicients. For an extension to time-inhomogeneous diffusion process with smooth in space
coefficients, see [I4, Proposition 3.8]. Moreover, [14, Proposition 3.9] partially extends this to
the Euler scheme, still with smooth coefficients. Our contribution is to consider drift coeffi-
cients b and b without smoothness condition in space and time, and only Holder continuity in
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space for the diffusion coefficient o. The main application of this is to piecewise-continuous
b, as we encounter in the LSMC scheme (see . later).

The reader will easily check from the proof below that the above equivalence of La-norms
immediately extends to Ly-norms, p > 1; however, in this work, only the case p = 2 is used.

Proof of Proposition[3.1 Let 0 <i < j < N and x € R?. Denote by P j(y) the density at
y € R4 of the random variable X ; defined iteratively by

XPi=w, X%y o= XPo [bj(xf) + Uj(Xf)f)jT(Xf)] Aj + 0;(XH)AW; for j > i.

It is easy to check that, under the ellipticity assumption (Hx), this density exists; actually it
can be written as a convolution of Gaussian densities. In view of (10]), observe that X RO . _

X ](Z)(b) The following lemma, proved in [23], provides upper and lower bounds on p7;(y)
using a Gaussian density (i.e. Aronson-like estimates).

Lemma 3.2 ([23, Theorem 2.1]). Under the assumptions and notation of Proposition
there exists a finite constant C’ > 1 (depending only on d, q, T and Cx ) such that

_ ly—=®2

1 .Zt—t) e T 20yt —t)
<Cm)y—7—""75, 12
o Oty )7 =P < OB oo -
for any 0 <i < j <N and any =,y € R%.
The upper bound of can now be proved as follows:
B[00 = [ [ w0y
R4 JRRA
1+d/2/ / s /C ())e||/2 2()dd
/2
< Cg*ciC@T) [ p0)e ).
The lower inequality is proved similarly. O

To conclude this section, we provide a list of distributions satisfying the USES property
(H,). The proof is postponed to Appendix

Proposition 3.3. The following densities/distributions satisfy Assumption (H,); in addition
their coordinates (Ry,...,Rg) are i.i.d. and each coordinate can be simply sampled using a
Rademacher r.v. € (taking 1 with equal probability) and a [0, 1]-uniformly distributed r.v.
U, both being independent.
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(a) Laplace distribution: For p > 0 set

d
pl) =TT [(w/2)e=1] (13)
=1

Each coordinate can be sampled as € In(U)/ .

(b) Pareto-type distribution: For u > 0 and k > 0, set

d
=TT (/)1 + )™ (14)

i=1
Each coordinate can be sampled as e(U~Y* —1)/p.

(¢) Twisted Exponential-type distribution: For u > 0 and a > 2 set

d
= T [(re/a)e 08207 (1 4 a2/ (15)
=1

Each coordinate can be sampled as €[(1 — In(U))*/? —1]/p.

4 Regression on piecewise constant basis functions and non-
parametric estimates

In this section, we develop a fully explicit, nonparametric error analysis for LSMC scheme
on piecewise constant functions for a single-period problem. These results are not specific
for BSDEs. For a probability space (€, F,P), let (Y, X) : @ — R x R? be random variables
satisfying E [|Y[?] < +o00. Let (X1,Y1), ..., (Xy,Y,) beii.d. copies of these random variables,
with n > 1. The pair (Y, X) is termed the response/observation, and ensemble of the i.i.d
copies termed the sample from now on. We aim at estimating the regression function m(x) =
E[Y | X = 2| using the sample. The function m is generally unknown. Nonetheless, we
assume that |m(z)| < L for a known constant L > 0.

We denote by v the joint law of (Y, X) and let v, be the empirical measure associated
to the sample. Whenever there is no conflict, v (resp. v,) will stand for (by slight abuse of
notation) the law of X (resp. the empirical measure associated to the data (Xi,...,X,)).

For K € N* disjoint sets Hi, ..., Hy in R% let K := span{ly,,...,1x,} be the linear
space of functions that are piecewise constants on each Hy. We estimate the function m using
sample and the class of functions K on the domain D := Ufi 1 H; C R? with least-squares
regression and truncation:

m() ~ 1n() = Ti [argmm [ = el Pralay. o
PEX JRxRA
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where y € R +— Tz [y] = —L V y A L is the soft-thresolding operator. Observe that m,,(-) is

not the optimal approximation of m(-) in La(v,,). This role is played by the function m} (-)
defined below:

m(-) = my () := arg mln/ im(x) — o(z)|*v,(dz).
pek

We emphasize that functions m,, and m}, are piecewise constant on the sets Hy. Thanks to

the orthogonal structure of the class K, the functions m,, and m} are available in closed form

[17, Ch. 4]: on each set Hy, k € {1,..., K}, the approximating functions are defined by

foRd ylHk(z)I/n(dy,dz)] m* fRd m(2)1p, (2)vn(d2)

Vn(Hk’)

(16)

with the convention 0/0 = 0. In particular, if v,(Hy) = 0 (no data in Hy), we set m, ()| g, =
m, ()|, = 0.
The error of the LSMC scheme is given by the expected risk

R = | [ Im(o) = ma(e)Prian)|. (17
R

The inner integral is taken with respect to the true law v rather than the empirical law v,.
One can define the empirical version of , i.e.

R,(m,):=E [ |m(x) — mn(x)\zyn(dx)} . (18)

R4
For various reasons, it is important to have switching estimates between R(m,,) and R, (m,,),
i.e. to estimate R(my) in terms of R,(m,) up to errors, and vice-versa. This is usually
achieved using concentration-of-measure inequalities. Let us recall the classical technique to
estimate the error. First, estimates on the empirical risk are known [I7, Theorem 11.1],
and usually take the form

K
Ry, (my,) < const X {Z[oscgfm)]%(Hk) + L*v(D°) + K
k=1

sup,cpa Var(Y | X = x) (19)
n

where oscém) is the oscillation of m on Hy, i.e.

osc;m) = sup |m(z)—m(y)| (20)

Ivyer

Then, to complete the estimate, one addresses the difference

B|( [ Imo) = ma@)Prian) -2 [ i) - <mﬁ%mm)J
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<e| o ([, -2 [ nto) - o) |

< 2028(K +1) log(3n)L?
B n

, (21)

where L is the uniform bound on m. These results are obtained using concentration-of-
measure inequalities [I6, Propositions 4.9 and 4.10], which force the L? to appear by the use
of Hoeffding-type inequalities. In the above, we can interchange the roles of v and v, and
the upper bound keeps the same form, see the arguments in [I6]. The main point to
observe is that the estimate from concentration-of-measure ([21)) is less tight with respect to n
than the estimate on R,(my), because the conditional variance sup,cga Var(Y | X = z)
may be substantially smaller than L?. This is particularly true in the context of variance
reduction algorithms, such as the importance sampling scheme presented in Section |5 where
the aim is to minimize the conditional variance term. Therefore, if one were to use usual
concentration-of-measure results like , the impact of variance reduction would be lost.
The main result of this section is to demonstrate that, thanks to the structure of the
approximation space K, one can obtain switching estimates on the risks for which estimate on
the left-hand side of is much smaller than LQLg("), and therefore for which the impact

n
of variance reduction is not lost.

Theorem 4.1. Assume that m is bounded by L > 0. For each k € {1,..., K}, define osc!™

k
as in ([20). Define also the upper bound o* := sup,cpa Var(Y | X = z). Then
K 5 K
(m)+2 8o 3nv(Hy)
R(my) <8R, (my,) + 10 Z[osck |“v(Hy) + o Zexp <_104
k=1 k=1
K
+ L) w(Hy) exp (—nwv(Hy)) (22)
k=1
K 9 K
(m)12 4o 3nv(Hy)
R, (my) < 8R(my) + 10 kzl[osck 1“v(Hg) + - kzlexp <_8 . (23)

Note that the switching-estimates from R(my,) to R, (my,) and from R, (m,) to R(m,,) are
not symmetric: this reflects that v, (Hj) > 0 implies v(H}y) > 0 but the converse is false. This
will become evident in the proof. Putting together with gives a bound (Corollary
that improves known estimates (like [I7, Theorem 11.3] for instance). The improvement
comes from the statistical error which is now essentially K %2 as soon as the mean number
nv(Hy,) of simulations in each Hy is large enough:

u/2 2

su ue
< [2Puz0 exp (—nv(Hy)/2) < %.

LQV(Hk) exp (—nv(Hy)) -
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Corollary 4.2. Assume that m is bounded by L > 0, that 0 := sup,cpa Var(Y | X =
x) < 400 and that (Hy, ..., Hg) are disjoint subsets of R, with |J, Hy, =: D. For universal
constant C > 0, we have

K K
S losel™ Pu(Hy) + K(i + L2 v(Hy) exp (—nw(Hy)) +L2(D°) | . (24)
k=1 k=1

R(my) < Ca)

Proof of Theorem[{.1l Recall that m, = 0 on D¢ thus both risks admit the decomposition
over disjoint sets

R(m,) = kfu-z [, i) = mage)Prtan)| + [ (o) Potan
- i R(mn, Hy) + R(0, D°), (25)
k=1
Ra(ma) = gE [, i) = matoPnan)| 42| [ e

i
M=

R, (my, Hy,) + R(0, D) (26)

>
I
—

where we have used at the last equality that (Xi,...,X,,) are i.i.d. with distribution v. Thus,
it is enough to compare R(m,,, Hy) and R, (m,, Hy) for any k.
We start by proving . Assume first v, (Hy) > 0. Using Cauchy’s inequality,

) — MplT 2V dx mix —m* X 2V dx + m* ) — MplT 2V dx).

In view of , for any = € Hy,

1
<
Vn(Hk)

/ |m(z) — m(z)| vp(dz) < oscgcm). (28)
Hy,

Thus, the first integral on the right hand side of is bounded by [osc,gm)]gu(H ). For the
second integral, observe that, for an arbitrary point z; € H,

/H (m(z) — mn(2))*v(dz) = (my, (2x) — ma(zx))*v(Hy).
k
Combining the above results, it follows that

/H (m(z) — mu(2))2v(dz) < 2oscy™ Pv(Hy) + 2(m; (2x) — ma(@r))2v(Hy)
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< 2osc\™ 2u(Hy) + A(mi (xx) — mn (k)2 (Hy)
+2(my (k) — ma(2x) (v (Hy) = 200 (Hy))+ (29)

For the second term on the right hand side above, we again make use of :

(my () — ma(2x))vn(Hy) = / (myy(x) — ma(x) £ m(x)) va(dz)
Hy,

<2 /H (m2 () — m(x))2vn(dz) + 2 / (m () — 11 (1) 2w (dlz)

Hy,

< 2[osc,gm)]zun(Hk) + Z/H (m(x) — mp(z)) v, (de).

Collecting the different inequalities and taking the expectation in gives (using also
E [vn(Hy)] = v(Hy)) that

E [/Hk (m(z) — mn($))2V(d$)1un(Hk)>o]

< 10fosc™ 2u(Hy,) + SE [ [ ) = o) o)1,

k

+ 2B [(m, (xx) — mn(2x))* (v(Hy) = 20n(Hi))+ 1, (11)50] - (30)

It remains to estimate the last expectation term on the right hand side of (30)). Write

in(@) := arg min / ly — () Pra(dy, do), (31)
PEL JRxRE

so that my,(x) = 7L [mn(z)]. Clearly, from (16), m} is bounded by L, therefore |m}(z) —
my(x)| < |mf(z) — my(x)|. Additionally, on {v,(Hy) > 0}, from definitions and we
have my, | g, = m S 1x,en,Yi and mp g, = m o1 1x,em,m(X;). Denoting by
EM[]:=E[ | X1,...,Xn], we obtain

EM [(m (2x) = ma(24)) Ly, (11,)50) < B [(m (1) = (@) * L, (11,)50)

S e B[V - m(X0)?]
= nQV%(Hk) l/n(Hk)>0

o2
<

= mlun(m)w (32)

using that sample is independent and that m(X;) = E[Y; | X;] for all i. Therefore, condition-
ing inside the expectation, we are left with

Q

2 v(H
B (i)~ ma 1)~ 20 (H)) Ly 0] < S8 | (A5 =2) Do)

o (22201

IA
:‘@ 3|

104
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where the last inequality follows from Lemma in Appendix. To summarize, from the
above and we have proved

E { /H k(m(a:) _ mn(x))Qu(da?)ll,n(Hkbo} < 10[osc\™ 2v(Hy,)

+55 | [ 0nla) = ma() (4211, 1
k
802 3nv(Hy)
On the other hand, on {v,(Hy) = 0}, my,|m, = 0 and we simply have

B | [ (o) = mae)Pr(@o), o] = [ mlaPrian( - v
Hy, Hy,
< 120(Hy) exp(—nv(Hy). (34)
Moreover, E [fHk (m(x) — mn(az))QVn(dx)lyn(Hk)zo} = 0. By summing up (33)-(34) and com-
bining them with —, we obtain the announced inequality .

We now establish (23]). We invert the roles of v and v, in the computations and proceed
with the same arguments as before. The inequality becomes

E [/Hk (m(x) — mn(:c))2vn(d$)1un(f1k)>o]

< 1O[osc,(§m)]21/(Hk) + 8E [/H (m(x) — mn(a:))2y(dx)1,,n(Hk)>0]
+ 2B [(m}; (z) — ma(z))* (va(Hy) — 2v(Hi)) 1y, (m1,)50] -

On the other hand, E [fHk (m(x) — mn(:c))%n(dx)ll,n(Hk):O} = 0; plugging this and in
the above yields
2

(m)q2 H o
< T
Ro(mn, Hi) < 10[osc; ™ ["v(Hy) + 8R(ma, Hy) + 2E [nynmk)

(vn(Hy) = 2v(Hy))+ 1y, (750 -

Observe here the difference with switching from R(my,, Hy) to Ry, (my, Hy) for which we needed
to handle an additional term associated to the event {v,(Hj) = 0}, see (34). To complete the

proof, we apply Lemma and plug this into . O

5 Importance sampling least-squares Monte-Carlo scheme

5.1 Algorithm

In this section, we approximate the value functions y;(-) and z;(-) from Lemma with
numerical counterparts yi(M)(-) and Z§M)('), respectively, using a fully implementable LSMC
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algorithm; the pseudo-algorithm is stated in Algorithm [5.1] Regression is implemented on
piecewise constant functions, like in Section 4 We shall initialize the Euler scheme with IS
drift randomly according to a distribution p satisfying the so called USES property (H,). The
stability result on the Ls-norm from Proposition then enable us to obtain explicit error
estimates in Theorem below. We call this scheme the Importance Sampling Malliavin
Weights LSMC scheme, ISMW-LSMC for short.

As inputs, our algorithm will take independent simulations of random variables (specified
explicitly later): these random variables are defined on the probability space (ﬁ,f" , ]?’) On
the other hand, the usual stochastic processes and random variables describing the (discrete)
BSDE are defined on a probability space (€2, F,P). Strictly speaking, we work with the prod-
uct space (2 x §~2, FRF , P@ﬁ) to describe and analyse the algorithm. However, this rigorous
treatment complicates the notation without bringing unexpected features. For simplicity, we
avoid (w,w)-notation whenever clear.

Let (R, ..., RIN=D) beii.d. copies of a random variable R satisfying the USES property
(H,) and W be a Brownian motion. We assume that they are defined on (2, F,P) and
mutually independent; furthermore let b : (w,i,z) € Q x {0,...,N =1} x R? = hy(@,z) €
(R?)T be a bounded stochastic drift function. We will write X (h) to denote the path

(x90) = 1O, xDy00),.., X (w))
where (X (i)(h))igjg w is (conditionally on F) a Markov chain given by

XD = RO, XD (0) = X (0) + 6:(XD () Ai + 0 (XD (0) AW,

X0 o) = XD0) + [b;(X7(0) + o, (XD 0)0] (X (0))] A5 + 05X (1)) AW, (35)
i+1<j<N-1;

for simplicity, we do not explicit the w-dependency.

Remark 5.1. We explain now why the USES property (H,) is essential. Let ij,ip €
{0,..., N — 1} be unequal i; # is. It is clear from the Euler scheme above that the random
variables X J(.il)
even with equal drift functions. This implies that the Lo-norms ||¢||; ; := (E[|¢]2(X](.i)(f))])1/2
do not correspond at j: [|¢]i, ; # ||#]in,j, and therefore one cannot make use of Gronwall’s

(h) and X J(.b)(h) will have unequal distributions whenever j > min(iy,i2),

inequality to treat the terms due to dynamical programming. However, we express the error
estimates of Theorem [5.3)in terms of the Lo-norm |[[¢|| , of (8). Thanks to the Ly-norm equiv-
alence given by the USES property of Proposition|3.1] we recover the ability to use Gronwall’s
inequality. In usual LSMC algorithms [16] [15], the Markov chains are initialized starting from
a fixed point at time zero uniformly for every ¢, so one does not face this problem.
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In the ISMW-LSMC scheme below, we will be interested in the following two drift func-
tions:

= (36)
. M
yj(x) y](- )(ac)
in what follows, we omit to write the dependence on & in the function h™) for conciseness.
The drift h;(-) satisfies hj(X;) = h;v , where hé-v is the drift of the Radon-Nikodym derivative

for the Importance Sampling DPEs (7)) (see Lemma. th) (+) is the Monte-Carlo equivalent
of h]()

Let x = (2i,...,2ny) € RHYN"H and w = (w;,...,wy_1) € (RH)V=" and
h:Qx{0,...,N —1} x RY = (R9)T. We introduce the function

j—1
L),y (%, w) := exp (- Z {flk(ﬂfk)wk + ;\hk(xk)IQAkD :
k=i+1
and set
N-1
Syi(x,w) := g(a:N)LHlN X, W) + Z fk T, Yt ( mk+1))L?+Lk+1(x,w)Ak, (37)
.
Szi(x,w) = g(xN)Gj(\i,) (x,w) + I (:L’k, yk+1(xk+1))9( )(x w)Ay, (38)
k=i+1

where h;(-) = 2;(-)/y;(-). The following lemma is a preparatory representation of the Marko-
vian functions (y;(-), zi(-)) as conditional expectations involving the Euler scheme — with
or without IS drift h — starting from R,

Lemma 5.2. Assume (Hx), (Hg), (He), (Hc), (Ho). Let RY be a random variable sat-
isfying the USES property (H,). Recalling the definition for XA (h) and XD (0) with a
Brownian motion W (independent of R(i)), and setting AW = (AVVZ.(Z)7 . ,AW](\QI), we

have
yi(RD) = Bp [ Sy (XD (n), AWD) | RO, (39)
%(RY) = Ep [sz,i(x@ (0), AW®) | R(")} . (40)
Proof. The proof is similar to Lemma We must take into account two additional facts.
First, that the Euler schemes X(®)(h) and X(*(0) both take value R® at time t; and that
R® is independent of the Brownian motion; using the proof method of Lemma given
in [15, Section 3.1], this is sufficient to prove (40). Second, the distribution of (W, +

Z] ! hT(X( )(h))1k>z+1Ak 1<j < N) under [P is the same as distribution of (W} :i < j <
N) under Qf ; (89) then follows from (37) and these two additional facts. O]
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Remark. In (38)), we could replace g(zn) by g(zn) — g(z;). This would not change the
equality in the conditional expectations because the Malliavin weights are conditionally cen-
tered. However this would additionally reduce the variance (see [I]). In the subsequent error
analysis (see the proof of Theorem , a careful inspection shows that this would remove
the factor 1/(T —t;) in the definition of £(4%) under the condition, in addition to (Hg), that
Malliavin weights have finite fourth moments satisfying E[|@§-i)|4]1/ Y < Op(ty — )7V

In the ISMW-LSMC scheme, in (37)-(38) we will use hg»M)(-) instead of h;(-) (both defined
in (36)), and y,gﬂfl)() instead of yx41(-). This leads to the definitions

N—-1
M (M) M p(M)
S0 (x, w) = g(an) LYy (6, W) + 3 fi (@ g (@) LI ks (%, w) Ay,
k=1

S (6. w) = glan )y (x, w) Z Folon y™) (2011)) 60 (x, w) Ay
k=i+1

In what follows, we will need the threshold functions

To,(y) ==1VyACy, To.(z) :== (—Cz\/zl/\C’z,...,—Cz\/zq/\C’Z>

for y € R and z € (R9)T, where the constants Cy, and C, are defined in (Hc).

Algorithm 5.1. Set y](VM)(-) = g(+). Starting from i = N —1 and working backwards to i = 0,
let

Yz)

e KO & N* and {H{ K(y”} be disjoint subsets of R, and DO := Jy H{™.

o K%1) € N* and {Hfz’i) } be disjoint subsets of R?, and D\%%) .= |, H(Z’i).

K(Z %)

e M; € N* a number of simulations at time t;, with M; > max(K™) K@) (to avoid
having an under-determined system,).

o (; = (R(ivl),AW(i’I)), el (R(LMZ'),AW("’MZ'))} be a collection of i.i.d. copies of the
starting points R and Brownian increments AW(i); we term C; to be the cloud of
simulations at time t;, used to construct i.i.d. copies of the Markov chain X(i)(h(M)),

X®(0) and Malliavin weights @Y. The clouds of simulations {Co,...Cn_1} are mutu-
ally independent, i.e. independently simulated.

Set the sample dependent functions y(M)(-) Z(M)(') and hEM)(-) recursively as follows.

[ [ )

Approximation of z;. For every k € {1,... ,K(Z’i)}, define the set of indices

A,(CZ’Z') = {me{l, ,M;} - RO eH(Z”}
Let l/J(ZJ\;[)() ‘R4 — (RN be a piecewise constant function defined as follows:

June 27, 2015 at 18:21 20



1.if AP =4, set w%’(-)@lgz,i) = 0;

2. otherwise, set

(M) 1 (M) 5 (i,m) (i,m)
Uy (2 = . Sy (XM (0), AW ™),
Z7 HkZ #(AIE‘Z,’L)) Z Za

(Z,3)
meA, ’

To complete, define w(Z]f)(')’[D(Z,i)]c =0 and ng)(-) ="Tc. (w(ZA;[)())

Approximation of y;. For every k € {1,... ,K(Y’i)}, define the set of indices
A~ {m e{l,...,M;}: R™ ¢ H,Ey’i)}.
Let @Z)g\:j)() :RY = R be a piecewise constant function defined as follows:

Lo ALY =0, set uyy) ()l oo = 1

2. otherwise, set

Yo S XEmpOD), AWEm) . (41)

m€A<Y1

(M) (. .
wY,i ( )|H£Y:Z) . # A(YZ

Last, set ’lpg/]’\f)(‘)“D(Y,i)]c =1 and yZ(M)(-) =Te, (d)g\f)())

Approximation of h;. Having calculated zZ(M)(-) and y(M)(-), define hEM)(-) = zZ(M)(-)/y(M)(J.

3 (2

Remark. The Euler schemes X (h(M)) and X (0) are re-simulated at every time-point t;,
which is necessary to account for the updated IS drift. At a first sight, this re-simulation
step seems computationally expensive. In fact, re-simulation serves the additional purpose
of reducing memory consumption, since the memory allocation of each simulation can be
immediately removed once its contribution to the regression has been made. This is explained
in the introduction of [16]. This is important in practice, because we know from [16}, [I5] that
the memory is the critical point for LSMC-based schemes in large dimension.

5.2 Main error result

Our main error estimates on the ISMW-LSMC algorithm are the following.

Theorem 5.3. Assume (Hx), (H), (He), (Hc), (He), (H,). For each i, define the function

N—-1

A (M) R(M)

S (x, w) = g(an) LY N (6 W) + D fi (@ g (1)) LUy o (56, W) A
k=1
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and set

osc,(gyl) = sup |yi(x) —yi(2))), oscgfi) = sup |zi(x) — z(2)],
x,m’GHéY’” x,m’GH,gZ’”
p,(cy’i) =P (R(i) S H,gy’i)) , p](CZ’i) =P (R(i) S H]gz’i)> ,
0% = E |ess sup Var [S( (XD (RD), AWD) RO = x,ci+1,...,cN,1} ,
xER4
N ORI S . | .
evi) . Z [ObC](Cyz)]2 (v, )+ R e— i + 02 p](c )exp< Mm}(j’ﬂ)) + CZ]P’(R(Z) ¢ D(Y,z))’
k=1 k=1
K(Z9) 2 .
4 (Z,1) g log(3M; C K(Z%) . .
Zi) ._ (20 o () 2 K% qlog(3M;) 21 (i Zi
70 .= ; loscy ™ )2p " + 2 i, + Tt +C2P(RY ¢ D),

for constant C to be defined in below. There exists a constant C (resp. C’)

depending only on T, Ly, C, ¢y, C@) (resp. onT, Ly, C., Cn, Cq), C') such that,
for each i € {0,...,N — 1}

w1217
E[ wi) — ! ><->H] <c.( £0DIE 3 (£ 1/%) (42)
L k=
i+1
1/2 N-1 (v k+1)\1/2
M) |2 1/2 (€ )
E | =c C A 43
IE o] .( Y ) W)
k=i+1
As in [I5] Section 3.5], the above error estimates are sufficient to establish the convergence
of the ISMW-LSMC scheme by appropriately choosing the basis functions and the number
of simulations. We expect that the importance sampling algorithm will converge faster w.r.t.

the simulation effort compared to basic LSMC scheme. The improvement can be captured
through the term 012/71.7 > Which is expected to be small; the exponential sums in & ¥4) are
negligible for sufficiently large M;. This is confirmed by our following numerical experiments
in Section@ Actually, the finiteness of 032,71.7 s (with uniform bound w.r.t. i) easily follows from
the boundedness of the IS-drift, the boundedness of y(-), and of the boundedness/Lipschitz
continuity of fi. Observe that the function 5’}(,]\14) (x,w) is constructed with the true function
Yg+1(+) in the driver fk, and with the empirical drift h,(cM)(-) ~ hi(-) in the Radon-Nikodym
derivative function Ll +1 % +1( w). Following from the analysis in Section we expect 012/71-7 M
to be small. Although it is delicate to precisely quantify the variance reduction, the statistical
error of the ISMW-LSMC is presumably much smaller compared to a scheme without IS.
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5.3 [Error analysis: proof of Theorem
5.3.1 Proof of (42))
Define the function 1&921)() (constant on each set H,gy’i), ke{l,... KYD}) by

(M i,m 7,m
G Ol v = m S S Em (nA), Awlim), (44)
g # k A(YI)

if #( ) > 0 and 1 otherwise, and ¢Yz ( )(pvirye = 1 on the complement of DY) First,
using the 1-Lipschitz property of 7¢,(.) and the triangle inequality, observe that

e [Juo - 0[] <5

In what follows, we first estimate the first term of the r.h.s. above using the results from

w0~ T, +E [0 -] e

Section [4] then the second term by direct computations.

Let .E(M) be the o-algebra generated by the simulation clouds {C;t1,...,Cn_1} together
with {RG™) © m = 1,...,M;}, and let ESM)[-] be the associated conditional expectation
Ep [ | ]-'i(M)] Then, proceeding as in the proof of in Lemma we obtain for any
m € {1,..., M;} that

)

i,m M) | a(M i,m i,m
wi(RO™) = B[S0 (X (hO0), AW ) |
Thus, y;(-) — T, ( A%) (+)) is the difference between the regression function and its empirical

approximation, equivalent to the functions m and m,, in Section[dl Therefore, from Corollary
(Working under the conditional expectation E[.\};(M)] in the place of the expectation E[-],

and applying the tower law), we obtain the estimate

dlt

X 571/2
We now treat the second term E [Hz/;yf)() - 1/)§,A;I)()H ] on the r.h.s. of (45). For this we
k) I’ p

() = 70,050 ] < Cge™? (46)

make use of the definitions — and recall that R has the density p:

K9)

{600 - 0] - 5wl (a7)

where

Api =E [#(A/(;/’i))]_2( Z Dm>21#(A§€Y’“)>0 ’

mEA,(cY’i)
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~

= S0 (xEm) () AW Dy — gD (X Em) (RO AW ().
Now, using the Cauchy-Schwarz inequality, it follows that

i M i,m
ZM, ( )[D?n] 1H,<€Y‘i)(R(7 )

m 1
Apri <E #(A;Y’i)) 17#E(A;(€Y’Zv))>o
EM (D3] 1,00 (ROD)
= M;E L 1

(Yy4)

1
14+ M) 1,000 (R(m))

— ME [E [Df | RGD €y, ,cN_l] 1H£Y,i)(R<irl>)} E

E |:D%1H£Y,i) (R(i’l))]

<
< Vi
p Y

where the equalities follow because the simulations are i.i.d. and the final inequality follows

from direct computation using the binomial distribution (see [I7, Lemma 4.1]):

1 1
E < .
1+Bin(n,p)] = (n+1)p
Substituting this back into (47)), we obtain

E["¢§/Ag)( 0 H} <E[p3"2.

Applying the triangle inequality to the Lo-norm and making use of the Lipschitz continuity
of f, we obtain an estimate on E [D%] Y2 as follows:

/2

3 i i i i 1/2
E [DQ] E 15957 (XD (D), AWD) — 520 (X0 (), AW 2]

}1/2

(M) i )
<ZLfE L (OO0, AWO)Rly; 3 (X (hO0)) = (X (hAONDR] 7 A,

N-1
< Ly DORT2 S [y (X (~h00) = o0 (e (-hA0) ] A,

j=i

where the last equality follows from applying the reverse change of probability measure. The
USES property from Proposition [3.1] then yields

[me — M ScLfech”]VZlE[Hyj+1<->—y§fﬁ<->Hijj, (43)
par
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where we have used that |h(M)(.)| < C,. Substituting and into (45), we conclude
that

g

The proof of is now completed by an application of Gronwall’s inequality. O

H }1/2 0.8 Dy1/2 —l—C.Lfe 2T/2 ZE [Hy (- (141)(')”‘2)]1/2A

<.

5.3.2 Proof of (43|

For the computations on Z, we could proceed analogously to Section in order to obtain
estimates in term of conditional variances. On the other hand, since no specific variance
reduction is made, there is no interest for such sophistication. Instead, we follow the error
analysis of [I5] for the z-component. It suffices to first use Proposition 3.9 from this reference

911/2
to estimate the error between the exact Lo—norm E [ zi() — zl-(M)(-) H } and the empirical
p

one — like in above — and then to apply the Steps 2 and 3 of the proof of Theorem 3.10
with the conditional variance bounds of Lemma 3.7. This writes

271/2 (Z.i) A
E[ 20— } SCZ\/2028(K + 1)qlog(3M;)

M;
A , 12 _ K(Z,)
+v2 inf E lp(RY) = 2R + Ty,
weSpan{lH(z’w:lgkgK(Z,i)} M;
k
N-1 A 2 A
Crr L E X(z) 0 (M) X() 0 2 k
oy 30 [kt (5L ) = L O)F] T =),
_ C
with Cri= (49)

where the constant C depends only on Cy,Cy, Ly, Car, T, q (see [15, Lemma 3.7] for the
explicit expression). Observe that

K(Z) 1/2
1/2
inf E [l o(RD) — 2(RD)P (y2,(20) | c2p (RO ¢ iz
WGSpan{lH(;2:1§k§K<Zvi)} [|90( ) Z( )‘ ] ; (OSCk ) ( §é )
k

and that, for all k,

(M)

i i 1/2
E |lyes1 (X1, (0)) =y (X (0)]

< oE [Hym(-) - yifQ(.)Hj Ry
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using the USES property (Proposition [3.1)). We have proved the existence of a universal
constant C such that

1/2
E[ H } < Cgp(EFN)V/? (51)
N-1
_ (M), |12 Ay
k=i+1 P Vik = ti
1/2
By plugging into the estimates on E |:Hyk+1() — y,iﬂfl)()" ] , we obtain the an-
P
nounced inequality . ]

6 Numerical experiments

Consider the Brownian motion model X = W (d = ¢q). Define the function w(t,z) = exp(t +
>-i_; k). We perform numerical experiments on the BSDE with data g(z) = 14+w(T,z)(1+
w(T,z))~! and

f(ta,y) = qult,o) (y . “q) (14 w(t,2)?,

We shall work with 7" =1, and ¢ € {2,4}. The BSDE has explicit solutions in this framework,
given by

yi(z) =1+ w(ts, z)(1 + w(ty,z)) 7, zki(r) = w(ti, ) (1 + w(ts, )2,

where zj ;() is the k-th component of the g-dimensional cylindrical function z;(x) € (RY)T.
For USES, we simulate using the random variable R with Laplace distribution, whose
density is given in with 4 = 1. For the least-squares Monte Carlo, we use a hypercubes
basis defined on the domain [—6.5,6.5]9. The number of basis functions K and the number
of simulations M are equal on every time point and parameterized according to the number
of time-steps N:
K=c;x N2 M=c, x N?t0/2

for co = (3.5)2 and ¢4 = (4)*. To assess the performance of the algorithm, we compute the
average mean squared error (MSE) over 10 independent runs of the algorithm for three error
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indicators:

103

—10-3 ‘ _ M) 2
MSEY,max =10 ogﬁ%\}fal Zl ‘yz(Rm) Y; (Rm)‘ ;

103 N—1
MSByay = 10N 5" 57 yi(Ren) — 5™ (R 2,

m=1 =1
103 N—1
MSEza :=10°N "3 37 [2i(Rin) — 2™ (Ra) 2,

m=1 i=1

where the simulations {R,,;m = 1,...,10%} are i.i.d. and independently drawn from the
simulations used for the LSMC scheme.

Results for the importance sampling scheme are presented in Table [I| for dimension 2,
respectively in Table 5] for dimension 4, and rates of convergence w.r.t. to the number of time
points and computational time are presented in Table [2| (resp. @ The contrasting results for
the scheme without importance sampling are to be found in Tables [3] and [4] for ¢ = 2, and
[7 and [§] for ¢ = 4. The tests have been performed on a processor 2.3 GHz Intel Core i7 in
dimension 2, and 2.9GHz in dimension 4, with code written in C.

We first observe that for the same values of M, N and K, the algorithm with IS provides
smaller errors on the Y-component than using the algorithm without IS. This is coherent with
the estimates of Theorem Moreover, the error on Z is unaltered, which is expected since
no importance sampling is applied in this part of the algorithm. The convergence rate of the
error on Y w.r.t. the number of time steps is higher for the ISMW-LSMC scheme compared
to the scheme without IS. Although the computational time of the IS-based scheme is slightly
larger, we observe that the convergence rate of the error on Y w.r.t. the computational time
is still in favour of the scheme of IS. These results demonstrate the gain of efficiency using
the ISMW-LSMC scheme.

Table 1: Importance sampling, ¢ = 2
Max Y AvY Av Z Comp. time Time Pts
-3.107593 -3.339273 -1.625611  -5.874215 1.609438
-3.809944  -4.216414 -1.957937  -2.863354 2.302585
-4.036548 -4.458091 -2.033387  -1.372861 2.708050
-4.434476  -4.860591 -2.150866  -0.175684 2.995732
-4.771406 -5.185585 -2.368438 1.523607 3.401197
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Table 2: Rates for importance sampling, ¢ = 2
| MaxY AvY AvZ

Time points | -1.01 -1.11  -0.46
Comp. time | -0.21  -0.24 -0.09

Table 3: No importance sampling, ¢ = 2
Max Y AvY Av Z Comp. time Time Pts
-3.102519 -3.343045 -1.546175  -6.155726 1.609438
-3.514528 -3.912367 -1.856532  -3.319166 2.302585
-3.634813  -4.104047 -2.000568  -1.806159 2.708050
-3.648408 -4.235227 -2.122356  -0.661470 2.995732
-3.785295 -4.418884 -2.342785 1.027265 3.401197

A Distributions satisfying (H,): proof of Proposition

Observe that thanks to the product form of the densities (13)-(14)-(15]) (due to the indepen-
dence of the coordinates), the d-dimensional result follows from the case d = 1. Thus we shall
only prove the one-dimensional result.

Case (a). Forre R, set Z(r) := [pe rlzle |z)\1//22 dz. Then a direct triangle inequality gives

e~ 122 /2

p()Z(~nv/%) < / plu+ VN G730 < p) (V)

Clearly, Z(.) is a positive and continuous function, thus bounded from below and from above
on the compact [—,u\/K, ,u\/K] ]

Case (b). We prove only the case u = 1; the general case p > 0 is similar and is left to the

reader. Set
e 27 /2

j(y,)\)::/ ply+ 2V e

First, observe that J(.) and p(.) are both positive and continuous: hence, for any given yy > 0,

(52)

J(y,\)/p(y) is bounded from above and from below uniformly on [—yo,yo] X [0, A]. Fixing
Yo = 1, it remains to check (9) only for (y,\) € [—yo, o] x [0, A].

Upper bound. Write J := J1 + J2 where J1 and Js correspond respectively to the integral
on Ay := {z: [2[v/A < |y|/2} and on [A,]°. On the one hand on Ay, use (1+|y+2zvA|) >
(1+yl/2) > $(1+ |y|) to get Ji(y,A) < 25F1p(y). On the other hand, obviously we
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Table 4: Rates for no Importance Sampling, ¢ = 2.
| MaxY AvY AvZ

Time points | -0.51  -0.73 -0.49
Comp. time | -0.07 -0.13 -0.10

Table 5: Importance sampling, ¢ =4
Max Y Avy Av 7 Comp. time Time Pts
-3.439640 -3.530475 -1.516734  -0.865253 1.609438
-3.788365 -4.144437 -1.861130 2.839795 2.302585
-4.097266 -4.506245 -2.046588 4.915364 2.708050
-4.354352  -4.778275 -2.192688 6.316752 2.995732

have

k —|2[?/2
PN <y [ s <k (<) < cthpt

where N (+) is the cumulative probability function of the standard normal distribution,
and c(k,A) > 0 depends only on k and A and ensures the last inequality is valid for any
lyl > yo :== 1.

Lower bound. By integrating only on By := {2 : |2|v/A < |y|} and using (1 + |y + 2V \|) <
(I+2]y|]) <2(1+ |y|) on that set, we obtain

elel?/2
J(y,A) = (g)(l + [yl e /& sz 2 ) (; N <_\‘j/z|’x))

o (- ()

for any |y| > |yo| := 1 and A € [0, A]. O

Case (c¢). As for the case (b), we give the proof only for ;1 = 1, the general case being
analogous. Using the same arguments as before, (9)) easily holds for (y,\) € [—1,1] x [0, A]
and it remains to prove it for |y| > 1 and X € [0,A]. We define J as in (52)), but with the

density p defined in ([L5)).

Upper bound. Write J := J1 + J2 where J; and J5 correspond respectively to the integral
on Ay := {z: |z|vV/A < |y|/2} and on its complement. On Ay, use (1 + |y + zvA|) >
LA+ lyD) and (1+y+2v/ADYe = (1+[yl — [2[VA)22 = (1+]y))% — (|2]VX)* (owing
to 2/a < 1), to get

—l2I?/2
e _ 2/ 2/a _ _ e
< £ o~ (YD o(121VN)* (1 2/a-191-2/a d
Ji(y, A) < /AA ot e (L+yl) (2m)1/2 o
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Table 6: Rates for Importance Sampling, ¢ = 4.
| MaxY AvY AvZ

Time points | -0.81  -1.04 -0.56
Comp. time | -0.16 -0.21 -0.11

Table 7: No importance sampling, ¢ = 4
Max Y Avy Av 7 Comp. time Time Pts
-2.992670 -3.172890 -1.515503  -1.110783 1.609438
-3.259278 -3.614908 -1.855790 2.533719 2.302585
-3.253435 -3.708148 -2.036607 4.649199 2.708050
-3.298297 -3.895621 -2.206599 6.056020 2.995732

1 2/@ (‘Z|\/K)2/a 67|Z|2/2
< B DN .
= p(y>2 /]Re (27T)1/2dz
Using the same arguments as for the case (b), we show that, for all |y| > |yo| := 1,
J2(y, A) < ce(ar, A)p(y) for some constant c¢(a, A) > 0 depending only on o and A.

Lower bound. It is obtained by integrating only on B} = {z : [z|y/A < 1} D Bj. On
B}, since |y| > 1 we have |z[v/A < |y|, and therefore (1 + |y + 2v/A|) < 2(1 + |y|) and
I+ |y + Z\ADQ/O‘ < (1+ ly)*>+ (|z]\/K)2/°‘. We then deduce

—l2I?/2
e _ 2/a _ 2/a _ _1€
\) > € _—(1+y) (l2lVA)* (1 2/a=192/a=1% "
j(y’ )— /BS\ ae € ( + |y‘) (27T)1/2 z

—|=[2/2
S 22/a1/ —(jzlVR)/ € ds.
- p(y) B;\ e (27'(')1/2 z

The proof is complete. O

B Large deviation estimates for binomial distribution

Lemma B.1. Let X be a random variable with distribution Bin(n,p) with p € [0,1] and

n > 1. Then,
np 3np
B[ 2) 1] < tep (- 202).
[ v 9) X>o] < exp( 104> (53)

[(1-22) 1] < 2o (-22). -

Proof. If p = 0 (respectively p = 1), then X = 0 (resp. X = n) a.s. and the above inequalities
are obvious. Assume from now on that p(1 —p) > 0.
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Table 8: Rates for no Importance Sampling, ¢ = 4.
| MaxY AvY AvZ

-0.41  -0.67 -0.56
-0.07  -0.13 -0.11

Time points

Comp. time

We start by proving . Firstly, observe that X and (npX ! — 2) are both positive if
and only if 0 < X < np/2. Therefore, denoting by X’ the random variable with distribution
Bin(n + 1,p), we have

rieg[(-3), 1] = 3 (200
. L?%V:?J 7(1(1'4—1) y (n+1)! ()

p (n+1)—(i+1)
n+1)yi ((+1)(n+1—1i—1)!

—p)

i=1
<2P(2< X' <np/2+1)
<2P(X'—(n+1)p<np/2+1—(n+1)p)
=2P (X' -E[X'|<1-p—np/2).

Now, assuming that 1 —p — np/2 is smaller than —(n + 1)p/4, i.e. np/4 > 1 — 3p/4, one can
apply Bernstein’s inequality [17, Lemma A.2] above to determine

I _ / 2
T < 2P wg_ﬂ <dexp|— (n+1)p°/16
n+tl 4 2p(1 — p) + 2p/12

3np 3np
<dexp (——P ) <gexp (-22) .
= eXp( 8(13—12p))— eXp( 104)

In particular, the inequality is valid for n > 4/p. On the other hand, for n < 4/p, observe

that
4 3 3np 3np
T<E — =2 1 <2<2 <4 - .
<2|(52) o] <2 20 () o (<55 ) <400 (357)

Thus, is proved.
Now we justify . We simply observe that

|- 5) ] <2 () <200 (i)

using the Bernstein inequality, which gives after simplification. O
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