N

N

Convergence of some horocyclic deformations to the
Gardiner-Masur boundary
Vincent Alberge

» To cite this version:

Vincent Alberge. Convergence of some horocyclic deformations to the Gardiner-Masur boundary. Annales
Academiae Scientiarum Fennicae. Mathematica, 2016, {10.5186/aasfm.2016.4132). <hal-01167993)

HAL Id: hal-01167993
https://hal.science/hal-01167993v1

Submitted on 25 Jun 2015

HAL is a multi-disciplinary open access archive L’archive ouverte pluridisciplinaire HAL, est des-
for the deposit and dissemination of scientific re- tinée au dépoét et a la diffusion de documents scien-
search documents, whether they are published or not. tifiques de niveau recherche, publiés ou non, émanant
The documents may come from teaching and research  des établissements d’enseignement et de recherche
institutions in France or abroad, or from public or pri- francais ou étrangers, des laboratoires publics ou
vate research centers. privés.

Auto':izition
HAL Authorization


https://hal.science/hal-01167993v1
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr

CONVERGENCE OF SOME HOROCYCLIC DEFORMATIONS TO
THE GARDINER-MASUR BOUNDARY

VINCENT ALBERGE

ABsTrRACT. We introduce a deformation of Riemann surfaces and we are inter-
ested in the convergence of this deformation to a point of the Gardiner-Masur
boundary of Teichmiiller space. This deformation, which we call the horocyclic
deformation, is directed by a projective measured foliation and belongs to a
certain horocycle in a Teichmiiller disc. Using works of Marden and Masur
in [I2] and Miyachi in [I6} 17, [20], we show that the horocyclic deformation
converges if its direction is given by a simple closed curve or a uniquely ergodic
measured foliation.

1. INTRODUCTION

In this paper, all Riemann surfaces considered are conformal structures on a
closed connected surface of finite topological type (g,n), where g represents the
genus and n the number of marked points. We shall assume that for such a Riemann
surface X, the corresponding Euler charasteristic x (X) = 2 — 2g — n is strictly
negative. By the uniformization theorem, this implies that X is endowed with a
unique conformal metric of constant curvature —1.

To a fixed conformal structure Xy, we can associate the Teichmiiller space T (Xo),
which classifies in some sense the different conformal structures with the same
topological type as Xy. The more precise definition will be recalled in Subsection
2.1l This definition leads to the conformal point of view of the Teichmiiller space.
There exists an equivalent point of view on this space which uses the uniformization
theorem, namely the hyperbolic one. It allows to define 7 (Xg) as the set of all
hyperbolic metrics defined on the underlying surface of X up to isometries isotopic
to the identity. Depending on the point of view we use, there are two natural tools,
the hyperbolic length, for the hyperbolic point of view and the extremal length, for
the conformal point of view. These two tools lead to two well-known metrics (one of
them is asymmetric) and also respectively two compactifications, the Thurston one
and the Gardiner-Masur one. There are many deformations of conformal structures
or of hyperbolic structures, which may be geodesic or not with respect to the metric
used.

Using the hyperbolic point of view, we can consider two natural deformations in
the Teichmiiller space, stretches and earthquakes. The stretch line is directed by
a complete geodesic lamination on a hyperbolic surface and defines a geodesic line
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2 VINCENT ALBERGE

with respect to the so-called Thurston asymmetric metric on 7(Xo). For any com-
plete geodesic lamination, and so for any stretch line, we can associate a measured
foliation which is usually called the stump of the given direction. Théret showed in
[27] that such a line converges in the reverse direction in the Thurston boundary
to the projective class of the stump, if the stump is either a simple closed curve
or a uniquely ergodic foliation. Moreover, Théret also solved in [28] the negative
convergence of stretch line whose the associated stump is a rational measured fo-
liation. The limit being the barycenter of the stump. Note that the convergence
in the positive direction has been solved by Papadopoulos in [2I]. The earthquake
deformation, which was introduced by Thurston and which generalizes the Fenchel-
Nielsen deformation, is directed by a measured foliation class. It is well known that
the hyperbolic length of the direction remains invariant along this deformation.
Moreover, the earthquake converges to the projective class of the corresponding
direction in the Thurston boundary. The earthquake deformations are not geodesic
as the stretch lines are, but they have a natural behaviour relative to each other.
Indeed, under some assumption on directions, Théret showed in [26] that doing
first a stretch and after an earthquake is the same as doing first an earthquake
and after a stretch. In this paper, we shall keep in mind all these properties and
consider other deformations and their convergence in the Thurston boundary and
in the Gardiner-Masur boundary..

From the conformal point of view of T (Xy), there exists a well-known confor-
mal deformation which is called here Teichmiiller deformation and which plays the
role of stretch line in this point of view. This deformation, which is directed by a
projective class of measured foliation, is geodesic with respect to the Teichmiiller
metric, and some investigations about the convergence in these two compactifica-
tions have already been done. Indeed, in the case of Thurston’s compactification,
it is well known that a Teichmiiller deformation directed by a simple closed curve
converges to its direction. Masur showed in [I4] that this is also the case if the
direction is uniquely ergodic. Later, Lenzhen in [9] constructed an example of such
a deformation which does not converge in this compactification. However, in the
Gardiner-Masur compactification, the convergence is most natural. Liu and Su in
[I1] and Miyachi in [I7], proved that any Teichmiiller deformation converges. Us-
ing Kerckoff’s computations, Miyachi also gave in [16] the explicit limit when the
direction is given by a rational measured foliation. Walsh in [30] generalized this
result by giving the limit for any direction.

In this paper, we shall be interested in another deformation, which we called
horocyclic deformation, and which will be the natural analogue of the earthquake
deformation from the conformal point of view. The horocyclic deformation is di-
rected by a projective class of measured foliation and stays in a Teichmiiller disc.
This deformation also presents a nice behaviour with respect to the Teichmiiller de-
formation. Indeed, seen as maps, these two deformations commute if the directions
are the same. We will see that the extremal length of the direction stays invariant
along the associated horocyclic deformation. We will also see that this deformation
converges in the Gardiner-Masur compactification if the given direction is either a
simple closed curve or a projective class of a uniquely ergodic foliation. In these
two cases, we shall give the limits and remark that they correspond to limits of
associated Teichmiiller’s deformations. We will also see that in these two particular
cases the horocyclic deformations converge also in the Thurston compactification.
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In contrast with the hyperbolic point of view, we will see through an example that
there exists a horocyclic deformation which does not converge to the same limit as
the corresponding Teichmiiller deformation.
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2. BACKGROUNDS

2.1. Teichmiiller space. Let Xy be a fixed Riemann surface. We say that (X1, f1)
and (Xa, f2), where f; : Xo — X; (i = 1, 2) is a quasiconformal homeomorphism,
are equivalent if there exists a conformal map h : X; — Xs which is homotopic to
f20 fit. The Teichmiiller space of Xy, denoted by T (Xp), is the set of equivalence
classes of pairs (X, f). For a pair (X, f), we denote the corresponding point in
T(Xo) by [X, f]. We call g = [Xp,id] the base point of 7(Xp). There is a natural
distance on T (Xp), called the Teichmiiller distance defined as the follows. Let
x = [X,f] and y = [Y,g] be two points in T (Xp). The Teichmiiller distance
between x and y is

(1) dr (z,y) = inf log Kp,

where h is taken over all quasiconformal homeomorphisms homotopic to go f ! and
K}, denotes the quasiconformal dilatation of h. We recall that the quasiconformal
dilatation of h is defined as the essential supremum of

|0h (2) | +10:h (2) |
|00 (2) | = 10ch () |

where for local coordinates z = = + iy,

pe X —

1 /0h Oh
ah =5\a "oy )

1 /0h Oh
oh =315 "oy

2.2. Measured foliations. We say that a simple closed curve on Xy is essential
if it is not homotopic to a point. We denote the set of homotopy classes of essential
simple closed curves by S (X) or by S if there is no confusion. Given two elements
a and 8 of S, we define their geometric intersection number, denoted by i («, §),
as the minimal intersection number of two essential simple closed curves in their
homotopy classes. To simplify notation, we call S the set of simple closed curves.

We set Rp xS = {t-a|t>0and o €S} and we call it the set of weighted
simple closed curves. It is known that

iv Ry xS — RS
t-a—t-i(a,-)

is an embedding. We denote the closure of the image of this map by MJF and
we call it the set of measured foliations. We define the space PMF of projective
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measured foliations as the quotient of MF \ {0} by the natural action of R;. We
denote by [F] the projective class of F € MF. It is well known that MF and
PMPF are respectively homoemorphic to R®~6+2" and §%9-7+2"  Furthermore, it
is known that the geometric intersection number can be extended to a continuous
function from MF x MF to R;. Thus, any measured foliation F' can be seen
as a continuous function from MF to Ry. We refer to [3] for a more geometric
interpretation. This interpretation allows to introduce the notion that we not recall
of critical points and critical graph associated to a measured foliation.

A measured foliation F' is rational if it is determined by a system of positive real
numbers {wy}, ., and a system of distinct simple closed curves {a;}, ;- such
that o o

VG e MF,i(F.G)= Y wi(e,G).
1<i<k

A measured foliation F' is wniquely ergodic if for any G € MUF such that
i (F,G) =0 then F and G are projectively equivalent.

A pair (F,G) of measured foliations is said to be transverse if for any H €
MF —{0}, i (F,H)+i(G,H) > 0.

2.3. Quadratic differentials. A regular quadratic differential ¢ on X is locally
the data of ¢ = ¢ (z) dz? such that ¢ (z) is meromorphic with poles of order at most
1 at the marked points. Such a quadratic differential determines a pair of transverse
measured foliation, F, 4 and F}, 4 which are respectively called the vertical foliation
and the horizontal foliation of ¢ on X. The critical points of these foliations cor-
respond to zeros or poles of q. We denote by Q (X)) the space of such a quadratic
differentials on X. This space is equipped with an L'-norm || - ||which is defined as

follows. For any g € Q (X),
lall= [/ tal
X

We set Q1 (X), the set of elements of Q (X)) which are of norm 1. Furthermore, for
any g € Q (X), there exists a system of local coordinates z = x + iy on X where
away from the critical points of ¢, we have ¢ = dz2. Such a system is called natural
coordinates of q.

It is well known that a transverse pair of measured foliation (F,G) defines a
Riemann surface X and a regular quadratic differential ¢ on X where F (resp. G)
corresponds to the horizontal (resp. vertical) foliation of ¢. Such a pair determines
also a point in the Teichmiiller space.

Another link between quadratic differentials and measured foliations is given by
the following result of Hubbard and Masur.

Theorem 1 ([6]). Let X be a Riemann surface and F € MJF. Then there exists a
unique regular quadratic differential ¢ on X such that Fy, 4 = F.

Remarks 2. (1) We will use Theorem [ in the following form. Let z =

[X, f] € T(Xp) and F € MF. Then there exists a unique regular qua-

dratic differential ¢ on X such that F}, , = f.(F). We will denote such a
quadratic differential by ¢, 7 or gr if there is no confusion.

(2) Hubbard and Masur (and Kerckhoff in [7]) proved a stronger result which

says that MF is homeomorphic to Q (X) when we consider these two spaces

with the topology respectively induced by, the geometric intersection and
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the norm || - || . An equivalent statement is that PMF is homeomorphic

to Ql (X)
2.4. Extremal length. For a measurable conformal metric p = p(z)|dz| on a

Riemann surface X, we set A, = / / p?. Furthermore, for a € S(X) we set
X

L,(a)= in,f/ p (2) |dz| where o’ belongs to a. The extremal length of a on X is

defined as
2

(2) Exty () = sup Ly (a) ,
oA
where p ranges over all measurable conformal metrics such that A4, # 0,400. We
refer to [I] for an introduction to this notion. This definition is called the analytic
definition of extremal length.

There exists an equivalent definition of extremal length which is as follows. Let
a € §. Then the extremal length of a on X is

. 1
(3) Exty () = inf Mod (4)’
where A ranges over all Euclidean cylinders which can be conformally embedded
into X and whose image of the core curve by this embedding is in the class a. We
recall that the modulus of a Euclidean cylinder is the ratio between the height and
the circumference.

As the extremal length is a conformal invariant, we can naturally define it on
Teichmiiller space. Indeed, let z = [X, f] € T(Xo) and o € S, we set Ext, (o) =
Extx (f ().

Moreover, by setting for any ¢ > 0, Ext,, (¢ - a) = t* Ext,, («), Kerckhoff showed
in [7] that Ext, (-) extends continuously to MF and

(4) Ext, (F) = gz 7,

where ¢, r is the unique quadratic differential on X whose horizontal foliation is
fx (F). Kerckhoff proved also a result now called Kerckhoff’s formula.

Theorem 3 (Theorem 4, [7]). Let z, y € T(Xo). Then
Ext, («)
5 d =1 —
(5) 7 (z,y) =log SUD et (a)
We set
MF, ={F € MF | Ext,, (F)=1}.
It can be shown that MJF; is homeomorphic to PMF.

2.5. Teichmiiller’s theorem. Before presenting the Teichmiiller theorem, we re-
call that for any projective measured foliation [F] and 0 < k < 1, there exists
a unique quasiconformal map fIEF] : Xog — f,gF] (Xo) which is the solution of the
Beltrami equation

(6) 0.f — kT ot
|QF|

Let us recall that f][CF] is called the Teichmiiller map associated to qr and whose
1+k

quasiconformal dilatation is equal to T
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Let z = [X,g] € T(Xo). For any ¢t > 0 and for any F € MF, we set
t _ | plF] [F]
Rip) (z) = |:ftanh(§) (XD Fiamn(g) 9| -

The Teichmiiller theorem, which was first proved for closed surfaces by Teichmiiller
in [25] and after by Bers for most general cases in [2], says that

]RJ,_ X PMF — T(XO)

e {0 8120

is a homeomorphism.
Moreover, Teichmiiller proved in [24] that ¢ — Rfﬂ (x) is a geodesic ray (with re-

spect to the Teichmiiller distance) parametrized by arc length. We call (RfF] (x)) 0

the Teichmiiller ray emanating from = and directed by [F]. We will use also the
term Teichmiiller deformation. If G represents the vertical foliation of gp, then

the set (Rl () U (Rlp () forms a geodesic line called the Teichmiiller
(G >0 [F] >0
geodesic line through = and directed by (F, G). By abuse of notation we will denote

it by (RfF] (x))teR.

Furthermore, the Teichmiiller map ft[ﬂh ( determines a regular quadratic dif-

3
ferential ¢; on ft[F]h(t) (X) such that Fj, 4, = e? - F and Foq = e 2 - Fp g Thus,
an 3 )

we have

) {ExtREF] (@) (F) = e 'Ext, (F),

EXtRFF] (z) (qul,) = et EXtm (qul,) .

2.6. Compactifications of Teichmiiller space. There exist several different
compactifications of Teichmiiller space which depend on which point of view we
use. In this paper, we are interested in two of them: the Thurston compactification
and the Gardiner-Masur compactification. As we shall see below, these compactifi-
cations are constructed in similar ways. We recall that for each point z in T (Xo),
the hyperbolic length on = of an element o € S is well defined. We denote this
length by I, (o). Thus, I, (-) determines an element of RS and so we can define

(9) Oy, x € T(Xo) = [la ()] € PRE,,

where PR‘;O = R‘;) \ {0}/]R>0 . Thurston showed that &1y is an embedding whose

———Th
image is relatively compact. We denote the closure of this image by T(Xo) and

we call it the Thurston compactification of T (Xp). An important fact is that the
boundary of the closure is exactly PMF. We refer to [3] for more details.
In the same way, we define

(10) Doy € T(Xo) = [Exté ()] € PRS,.

Gardiner and Masur showed in [4] that ®gy is also an embedding with relatively

———G
compact image. The closure of the image is denoted by 7 (Xo) Y and called the
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Gardiner-Masur compactification of 7 (Xp). Gardiner and Masur also showed that
if dime 7(Xo) = 39 —3 +n > 2, then PMF C damT (Xo). Miyachi proved in [I5]
that in the case of the once-punctured torus, these two boundaries are the same.
He also showed in [16] that each point in the Gardiner-Masur boundary can be
represented by a continuous function from MJF to R;. Indeed, if we set for each
y € T(Xo),

edr(zo,y)

1
Ext, (F)\?
(11) sy;FerH(i"y( )) :
then (&), €7(X,) forms a normal family and we have the following statement.

Theorem 4 (|I6], Theorem 1.1). Let p € OgumT (Xo). Then there exists a unique
continuous map &, : MF — R such that

(1) &, represents the point p,

2 F)y=1

(2) max & (F)=1,

(3) if yn converges to p, then &,, converges uniformly to &, on any compact

set of MF.

For more details about this compactification, we refer to [I§].

In order to distinguish the convergence in these two compactifications, we write
2 and =%, Furthermore, from the Kerckhoff formula and Theorem [ we get the
following.

Lemma 5. Let (y,),(2,) C T(Xo) such that y, ~=p and z, ~=q. Then

Proof. If p or q belongs to T(Xg) then the proof is obvious. Suppose that p,q €
daMT (Xo). According to Miyachi’s result (Theorem M), it suffices to show that
Ep =&
By Kerckhoft’s formula we have for all n € N and for all « € S,
0< (c/’g (a) < 55 (a) edT($n;yn)edT($07yn)_dT(CE07$n)'
Thus, when n tends to 400 we obtain
& () <& (a).

As the Teichmiiller distance is symmetric, we have the reverse inequality and so for
any a € S,

The lemma is now proved. (I

If we only suppose in LemmalBlthat the distance is bounded, we do not necessarily
have p = ¢. Indeed, Masur proved in [I3] that two Teichmiiller rays starting at the
same point are bounded if they are directed by topologically the same rational
foliation. But Miyachi gave in [I6] the limit of such a rays in the Gardiner-Masur
boundary. In particular, when the foliations are given by at least two disjoint
simple closed curves, then the limits are distinct if the foliations are not projectively
equivalent. An explicit expression of such a limit is given by Relation (23] below.

Moreover, in this form, the converse of this lemma is wrong. It suffices to set

for any measured foliation F, y,, = Rf’;} (z0) and z, = R{p) (zo). Note that Liu
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and Su proved in [II] that any Teichmiiller ray converges in the Gardiner-Masur
boundary. We also refer to [17] and [I§].
However, about the converse of this lemma, we can ask:

Question 6. Can we find two sequences (y,) and (z,) in 7 (Xp) such that

o yy —> pand z, —5 p, where p € danT (Xo),
n—+00 n—+00

o dr (Yn, o) /dr (2n,0) nohe 1,
o dr (Yn,2zn) -~ 07

n—-+oo

A positive answer will be given below by considering Teichmiiller discs.

3. HOROCYCLIC DEFORMATION

3.1. Teichmiiller disc. We start this subsection by recalling the notion of Teich-
miiller discs and their known propertiest. Let z = [X, f] € T(Xy) and F € MF.
By Theorem [I] and Remark 2] we can associate to F' a unique regular quadratic
differential ¢ on X whose horizontal foliation is f. (F). It is well known that

(12) Yo ¢ D= T(Xo)
i anh™!(r
(13) roet? s Rf;f ]> (z)

is an isometric embeding, when we consider the Poincaré metric on ID. We denote
by D (z, [F]) the image of D by ¢(, (7)) and we call it the Teichmiiller disc associated
to (z,[F]). Note that the notion of Teichmiiller disc already appeared in the most
famous Teichmiiller paper [24] under the name “complex geodesic” (see §161). As
the upper half-plane is biholomorphic to the unit disc, we shall consider H instead
of D.

There exists another point of view on the Teichmiiller disc which is more geomet-
ric. The point x € T (Xo) is determined by the transverse pair (f. (F'), Fy ). Such
a pair gives a system of coordinates which are natural coordinates for q. An element
of SLa(R) / SO, (R) acts on such a coordinates and defines a new transverse pair
of measured foliation and so a new point in the Teichmiiller space. Furthermore,
SLa(R) / SO, (R) is isomorphic to the upper half plane and the orbit of = by this

group is the Teichmiiller disc D («, [F]). For more details, we refer to [5].
We deduce from this second point of view the following elementary result.

Lemma 7. Let z, y € T(Xo) and F € MF. Ify € D (x,[F]), then D (z, [F]) and
D (y, [F]) are identical up to an automorphism of the disc.

Even if this result is well known, we sketch a proof.

Proof. As y € D (z,[F]), there exists a pair (s,t) € R? such that y is determined
by

6o ()

These two matrices which act on natural coordinates, preserve (projectively) the
measured foliation F, and so they determine a regular quadratic differential on
y whose the horizontal foliation is projectively the same as F'. Using the inverse
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matrix of (I4]) on these new natural coordinates, we obtain z and so x € D (y, [F])
and by Lemma 2.1 of [12] we complete the proof. O

From the proof of Lemma[7l we observe that for any ¢t € R, R’EF] (+) is identified

with the diagonal matrix of (I4]), and so it preserves D (z,[F]). Thus, by pulling
back the Teichmiiller disc to H, we can consider this Teichmiiller ray as a map from
H to H such that for any ¢ € R and any z =z + iy € H,

(15) R)[fF] (2) =z + iely.

The parabolic element in ([I4]) corresponds up to normalization to what we shall
call the horocyclic deformation directed by F. A study of such a deformations in
the Teichmiiller space is done in the rest of this note.

3.2. Horocyclic deformation. We define the horocyclic deformation as follows.

Definition 8. Let ¢t € R and F' € MF. The horocyclic deformation directed by F
of parameter t is

’pr] : T(Xo) — T(XQ)
= e ) (kee'™)
where k; = ! and 0; = arctan (M>

4 Exty (F)? t Ext, (F)
1+ 12 Extz(F)z

We observe that for a fixed real number ¢, the horocyclic deformation depends
only on the projective class of the given measured foliation. Thus, we can suppose
that the foliation F' belongs to MF;.

As for Teichmiiller rays, by pulling back D (, [F]) to H, one can check with our
normalization that for any s € R,

(16) Hip (i) = i—s - Ext, (F).

Thus, the image of t € R — HfF} () coincides with the image by 1, [r}) of a certain
horocycle.

Moreover, as for any point in D (z, [F]), the Teichmiiller ray at this point directed
by F' stays in this disc, we deduce that for any s € R, ’H,’fp] (-) preserves the
associated Teichmiiller disc.

As for the Teichmiiller line, we can give an explicit expression of the action on
the upper half-plane by the horocyclic deformation. It suffices to conjugate it by
an appropriate automorphism in order to bring back the problem in i. We can
also deduce from Relation ([I6) (and even from the definition) that for any point
z € T(Xo) and for any F' € MF; the map s € R — Hfp (z) is continuous.

In the case where F' is a simple closed curve «, it is important to note that

for any point = € T (Xo), ( Tl (x)) . corresponds to the orbit of & by the group
ne

generated by the Dehn twist along c. Such a Dehn twist is denoted by 7. This fact
was observed by Marden and Masur in [12] and it will be used below. Marden and
Masur also gave a description of ’H,'fa] () when t is real. Such points are described
by what we call conformal twist along o of parameter ¢.

As we shall see below, the horocycle deformation has some similarities with the
earthquake map.
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3.3. Elementary properties. The first property which can be seen as an analogue
of a theorem of Thurston (see Theorem 2 in [§] for the statement and a proof) is
the existence of a certain horocyclic deformation between any two points of the
Teichmiiller space. The statement is the following.

Property 9. Let x and y be two distinct points in T(Xg). Then there exists a
unique ' € MF1 and a unique s > 0 such that

y = Hip (2).

Proof. By Theorem [7 there exists a unique G € MF; and a unique s > 0 such
that y = R{g) (z). Thus, we just have to consider e”'" - g for a some 7 and set
F=F,. irg. 0

As the horocyclic deformation and the Teichmiiller deformation preserve the
Teichmiiller disc for a given foliation, we can state some elementary results.

Property 10. Let F' € MF. Then for any s € R and any t € R we have
Hir) © Rip) = Rip o Hip|

Proof. Let x € T(Xo). We fix (s,t) € R?. As the transformations that we consider
preserve the Teichmiiller disc D (z, [F]), we will do computations in the upper half-
plane. Thus, = corresponds to i. From Relations ([H]) and (I6), we get

Rir) (H[SF] (Z)) = —s - Bxty (F) +i-e".

On the other hand, using Relation (8) and conjugating the horocyclic deformation
of RfF} (i) by z e " - 2, we get

H[SF] (RFF] (Z)) = et . (Z—S . EXtR’EF](w) (F))
= —s5-Ext, (F) +ie'.
The proof is complete. ([

Note that this result is analogous to a result of Théret in [26] where he proves
that the operation of earthquake and that of stretching commute if their directions
are the same.

Remark 11. If the directions for the Teichmiiller deformation and for the horo-
cyclic deformation are not the same, we do not have necessarily Property[I0l Indeed,
let o and 8 be two distinct simple closed curves such that i (a, 8) # 0. Assume
that for any s,t € R,
Ria) © Hip) = Hip o Ria-

In particular this is true when s = 1. As we said above, the horocyclic deformation
of parameter 1 corresponds to the Dehn twist along 5. If we fix a point x € T (Xy),
we get for any ¢t > 0

(17) Ria) (75 - 2) = 75 - Rio (2) -
We recall that for any y = [Y, g] € T(Xo), 75 -y = [Y, go TB_I] However, Gardiner

(]

and Masur showed in [4] that for any y € T(Xo), Rf (y)tc—j} [a] and Miyachi
— 400
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proved in [I6] that the mapping class group extends to the Gardiner-Masur bound-
ary. Thus, when ¢ tends to +oo in Equality (I7), we obtain

o] = 75 [ol,

which is obviously not true.
Because the Teichmiiller rays directed by simple closed curves converge in the
Thurston boundary, we may do the same reasoning by using the convergence in

PMF.

Another interesting fact is that the horocyclic deformation is continuous with
respect to the direction. The statement is the following.

Lemma 12. Let x = [X, f] € T(Xo) and s € R. Then H,(z) : PMF — T(Xo)
1§ continuous.

Proof. This is just a consequence of Theorem [{l Indeed, let [F),] be a sequence of
elements in P MF which converges to [F] for the topology induced by the geometric
intersection. Let (gy), and gr be the corresponding elements in Q; (X). For any
n, the point Hfp | (x) is determined by the teichmiiller deformation of parameter

2tanh™! (k) directed by the horizontal foliation of e~ *% - ¢,. We have the same
description for HFF] (x) by using gp instead of ¢,,. As the map given in Theorem [1]
is a homeomorphism, a fortiori it is continuous with respect to PMJF and so the
lemma is proved. (Il

This lemma will be useful to prove that the extremal length of a particular
foliation does not change along a horocyclic deformation. Indeed, we have

Property 13. Let F € MF and x = [X, f] € T(Xo). Then
Vs € R, Extyg, (o) (F) = Ext, (F).

Proof. We will start by showing this property in the case of simple closed curves
and then, by using Lemma [[2]and the fact that S is dense in PMF we will get the
general case.

Let « € S and ¢, the corresponding quadratic differential on X. We recall
that the horizontal foliation of ¢, is exactly fi (). Thus, the complement in X
of the corresponding critical graph is biholomorphic to a cylinder A of modulus

= ————. We can consider that A is the planar annulus of inner radius 1 and
Ext, (@)

outer radius exp (2rM). Now we fix s € R and we denote by =, the image of = by
'H,[Sa]. Following [12], zs = [Xs, fs], where f, is the quasiconformal map which lifts

to fs : A— Az z|z|lv We say that the map f; is the conformal twist along «
of parameter ¢t. The surface X is obtained by identifying some parts of boundary
components of A and so, if s is not an integer, then X is different to X. As the
map fs does not change the modulus of A and preserves the core curve which is in
the class of a, we deduce from the geometric definition of extremal length that

Exty, (o) = Exty ().

We deduce the following result.
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Corollary 14. Let FF € MF and xz € T(Xg). Then for any s, t € R
Hig () = Hip) (Hir) ()
In particular, ’HfF] 1T (Xo) = T(Xo) is a bijection.
Proof. By ([IG]) we have
H[S;,f]t (x) =i—(s+1) Ext, (F).
On the other hand, using Property [[3] we get
Hiry (Hir) (2)) = i— (s + ) Ext, ().

Question 15. Does H{p (+) is a homeomorphism?

The main interest of this paper concerns the asymptotic behaviour of the horo-
cyclic deformation in the Gardiner-Masur boundary. This is explained by the fol-
lowing question.

Question 16. Does (’HEF] (x)) converge in the Gardiner-Masur boundary when
t
t — too?

Looking at Figure[Il a naive guess would be that (’HEF] (x)) converges and the
t

limit would be exactly the limit of the Teichmiiller ray determined by F'. This is the
case if dim¢ T (Xg) = 1. Indeed, the embedding (I2) is an homeomorphism and from
[15], we have that this homeomorphism can be continuously extended to the bound-
ary. Unfortunately, Miyachi proved in [I9] (Subsection 8.1) that if dim¢ 7 (Xo) > 2,
the embedding 1(, [r]) does not extend continuously to the Gardiner-Masur bound-
ary. However, as we shall see below, the result holds in at least two particular
cases.

4. CONVERGENCE IN THE GARDINER-MASUR BOUNDARY

4.1. The simple closed curves case. Let z = [X, f] € T(Xo) and a € §. We

are interested in the convergence of (’H’fa} (x)) when t — +oo. We recall that
¢

T, denotes the Dehn twist along «. To simplify notation we set for any t € R,
Ty = Hf j (). As we remarked in the proof of Property I3 x; = [Xy, fi] where f;

«
is the conformal twist along « of parameter t. We also recall that if ¢ € Z, then

fo=for".
In order to study the convergence of ()
Miyachi.

+» we will have to use another result of

Theorem 17 ([I7], Theorem 3). Let F' € MF be either a uniquely ergodic foliation
or a simple closed curve. Let p € gyl (Xo). If for all G € MF such that
i (F,G) =0 we have &, (G) =0, then
1 .
& ()= —<——i(F)
Ext2, (F)

We have all the elements to establish the following result.
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D (z, [F])

—
=
3
—~~
8
~

FIGURE 1. The Teichmiiller disc D (z,[F]). Points of the circle
which crosses x are horocyclic deformations directed by [F] and
points of the dotted segment are Teichmiiller deformations directed

by [F].

Theorem 18. With the above notation,

et [a]
tt—»ioo ’

Proof. Let p € OgmT (Xo) be any cluster point of (x;),. Up to subsequence, we can
assume that xttﬂ p. By Property [I3] we already have
—00

£ (a) = Jim &,

. < Ext,, () >

t—oo \ e2-tanh™! (k)

. ( Ext, () )5

00 62~tanh*1(kt)
=0.

Now, let 8 € S such that i (o, ) = 0. For any ¢t € R, we have, by the quasiconformal
distorsion (or the Kerckhoff formula),

B, (9) € 00 Bty ()
S edT(ILH 7m(ﬂ> . EXtX (7'07 I'tj (ﬂ))

< edT(mm ,wm) - Ext,, (6) .
Furthermore, the mapping class group acts by isometries with respect to the Te-
ichmiiller distance, then dr (z|4),z[4) = dr (#,21). Thus, (Ext,, (8)), is bounded
from above and we deduce that

[ Exty, (a) \?
& (B) = lim (m) =0.

t—o00
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The conclusion follows by using Theorem [I7 O

This result is analogous to the convergence of the Frenchel-Nielsen deformations
in the Thurston boundary. Indeed, it is well known that a Frenchel-Nielsen defor-
mation determined by a simple closed curve, converges to this simple closed curve.
By the way, from the proof of Theorem [I8 we can deduce the following corollary.

Corollary 19. Let o be a simple closed curve. Let x € T(Xg). Then
Hi (z) — [o].

t—4oo

To prove this corollary we need to recall some facts. We recall that the Thurston
asymmetrimetric metric dry, (+,-) can be defined as follows.

l
Va,y € T(Xo), drn (z,y) = log sup -2 (oz).
a€cS lw (Oé)

This metric was introduced by Thurston in [29] and some investigations about it
can be found in [23], [26] and [I0]. We refer also to [22]. We can recognize some
similarities with the Kerckhoff formula. Furthermore, by setting for any = € T (Xo),

Em ZM]:—>R+
L (F)

edrn(zo,x)’

F—

Walsh proved in [3I] that a sequence 1z, in the Teichmiiller space converges to
the projective class of G in the Thurston boundary, if and only if, £, converges
to F € MF — C-i(G,F) uniformly on compact sets of MF. The constant C
depends on z(y and G.

Proof. Let us denote by (), the sequence (4 (), Let [G] € PMF be any
cluster point of (x),. By the analytic definition of extremal length and the Gauss-
Bonnet formula, we have that for any 8 € S and any t € R,

(18) 17, (B) < 2m[x (Xo) | Exto, (8).
Thus, for any 8 € S such that i («, 8) = 0, we know from the proof of Theorem [I§]

that (Ext,, (8)), is bounded from above, and so from (I8) we have that (I, (8)),
is also bounded from above. Then, we deduce that

edth(%,7¢) t 400

0,

and by the result of Walsh, we can say that
i(G,8)=0.

As this equality is true for any simple closed curve whose its geometric intersection
with « is zero, we deduce that G is topologically the same foliation as o and so G
is projectively equivalent to . This fact is true for any cluster point of z; and then
the proof is done. (I

Remark 20. In contrast to the uniquely ergodic case, the author does not know
if for a sequence x,, in the Teichmiiller space and a simple closed curve o we have
Th

GM
n ool e o =2 o]

We have this property only in few cases, as when the sequence is given by the
Teichmiiller deformation or the horocyclic deformation directed by a simple closed
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curve. These examples are from the conformal point of view of the Teichmuller
space, but we can show that it is also true for the Fenchel-Nielsen deformation
and for the stretch lines when the associated horocyclic foliation is a simple closed
curve.

From Theorem[I§] we also deduce that we can find two sequences y,, and z, which
are at the same distance from x and converge to the same point in the Gardiner-
Masur boundary, but with dr (yn, 2,) — +00. It suffices to take y, = Hf,, (z) and

-1
Xy = Rfoj"mh (kn) (). We thus obtain a positive answer to Question

4.2. The uniquely ergodic case. Let € T(Xy) and F € MF be a uniquely
measured foliation. Before studying the asymptotic behaviour of (’HfF] (:v)) we
t

recall some facts about the Gromov product. The Gromov product of y and z with
basepoint x for dr is defined by
1
(Yl 2)e =5 (dr (z,y) +dr (2,2) — dr (y,2)).
Miyachi proved in [20], that the Gromov product at z has a continuous extension

GM
to T (Xo x T(Xp)  with value in [0, +00]. He also gave an explicit expression
in terms of extremal length. For any p € 0gmT (Xo), the Gromov product of p and
[F] is

(19) | 1F)e =~ log <ﬂ> .

If we set for all t € R, y; = H’EF} (x) and z; = R‘[;L]
of the disc into Teichmiiller space, the following:

)G

x), we have by the embedding

(01 | 2e)e — +oo.

Then, for any cluster point p of ¥, we have, using Relation (I9), &, (F) = 0. By
Theorem [T and the fact that F' is uniquely ergodic, we conclude that p = [F].
Thus, we have proved:

Theorem 21. The horocylcic deformation diricted by a uniquely ergodic foliation
F converges in the Gardiner-Masur boundary to the associated projective foliation.

Following results of Miyachi (Corollary 5.1 in [16] and Theorem [I7] we have that
a sequence ¥, in Teichmiiler space converges to a class of uniquely ergodic foliation
with respect to the Thurston embedding if and only if it converges to the same class
of foliation with respect to the Gardiner-Masur embedding. Thus we have

Corollary 22. Let F be a uniquely ergodic foliation and x be a point in T (Xo).
Then
t Th,
Hip (2) [F7].

We have seen that the horocyclic deformation directed by a simple closed curve
or a uniquely ergodic foliation converges in the Gardiner-Masur boundary and the
limit is exactly the same limit as the Teichmiiller ray directed by the same foliation.
Thus, in these two particular cases we have given a positive answer to Question
In the most general case, we can except that horocyclic deformation for a given

direction converges to the same limit as the Teichmiiller ray with the same direction.

—
t—+oo
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A negative result is given below and in some sense was already observed by Gardiner
and Masur in [4] to prove that PMUF is strictly contained in the Gardiner-Masur.

(&%)

FIGURE 2. On the symmetric Riemann surface X¢, we draw the
critical graph I' of the measured foliation F' = a3 + a2. Up to a
Withehead move, we can assume that this measured foliation has
two critical points of order 4.

4.3. An example of rational foliation. Let X{ be a Riemann surface of genus
2 obtained by gluing two tori with one boundary component along their boundary,
one of them being the mirror conformal structure of the other. We denote them
by T and T. Thus, we get a natural anti-holomorphic involution on Xg which can
be seen as a complex conjugation. We denote it by ng. We fix a; and asg, two
disjoints simple closed curves as in Figure[Zsuch that o5 is obtained by conjugating
a1. To be more precise, as = ix (a1). Up to changing T, we can assume without
loss of generality that

(20) Extr (1) = Extg (a2) = 1.

We set F' = a1 + a9 and :Eg = [Xg, id}. Thus, by symmetry, we deduce that the
quadratic differential gp is invariant by 4 xd and that

(21) Exty, (F) = [lgr| = 2.
By works of Marden and Masur in Section 2 of [12], we deduce that
(22) Vn € N, 7—[[2{,3} (a:g) = (Tgl o 7'22) -ad.

To simplify notation, we set for any n € Z, z,, = 7—[[2}1} (a:d).
By Kerckhoff’s computation in [7] (see also the appendix of [16], for more details)
and Equality (20)) we conclude that

1

(23) Rip) (=) thMZo [(z (a1, )% + i (0, .)2) _] € PRE,.

As Miyachi proved in [I6], this limit is not an element of PMF.
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Following [4], let us show that any cluster points of (z,,) in damT (Xo) is different
of the limit in 23]). Let ¢ € damT (Xo) be any cluster point of (x,,). Assume that g
is equal to the limit of the Teichmiiller ray directed by F'. Then there exists A > 0
such that

(24) vy €S, & () = - (i) +ila2,9)).
However, if 51, B2 and § are like in Figure 2l then for any integer n
1
gwn (ﬁl)Q = W : EXth (7.071" (ﬁl)) )
1
Er, (B2) = {5 Extyy (12" (B2))
2 1 —-n —n
(C/‘zn (5) = W . EXth ((Ta O T, ) (6)) .

1 1
Moreover, as for — -7, (3;) tends to o; (for i =1, 2) and — - (7, 0 7,.") (6) tends

to F' when n — oo, we deduce by continuity of the extremal length that

£ () = % - Extya (1),
£ (B2)" = % -Extxa (a2),
£, 007 = 7 Extay (F) = %

By symmetry, we have Extya (1) = Extya (21) = c and by the geometric def-
inition of extremal length we have necessarily ¢ < 1. Thus, by comparing with
Relation (24)), we get a contradiction.

We just saw that the horocyclic deformation directed by F' cannot converge to
the same limit as the Teichmiiller ray directed by the same foliation. However, the
author does not know if in this particular case, the horocyclic deformation converges
in the Gardiner-Masur boundary.
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