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Riesz transform on graphs under subgaussian estimates
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Institut Fourier, Grenoble

June 24, 2015

Abstract

Let I" be a doubling graph satisfying some pointwise subgaussian estimates of the Markov kernel. We introduce
a space H'(T") of functions and a space H'(Tr) of 1-forms and give various characterizations of them. We prove
the H'-boundedness of the Riesz transform, from which we deduce the L? boundedness of the Riesz transform for
any p € (1,2). Note that in [19, Theorem 1.40], we showed a H_-boundedness of the Riesz transform under weaker
assumptions, but the L” boundedness was not established.
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We use the following notations. A(z) < B(x) means that there exists C' independent of 2 such that A(z) < C B(z)
for all z, while A(z) ~ B(x) means that A(z) < B(z) and B(x) < A(xz). The parameters from which the constant is
independent will be either obvious from context or recalled.

Furthermore, if E, F' are Banach spaces, £ C F' means that E is continuously included in F'. In the same way, £ = F
means that the norms are equivalent.

1 Introduction and statement of the results

Let d € N*. In the Euclidean case R?, the Riesz transforms are the linear operators 9;(—A) 3. A way to define them

is to use the Fourier transform F: for all f € S(R?) and all £ € R?, one has

, &

F(0;(=8)"zf)(&) =i |J"(f)(§)-

el

The Riesz transforms have a convolution kernel, that is 9;(—A) 2 f = kj x f where k; = Cd\zfﬁ is a tempered
distribution. A remarkable property of the Riesz transform is that they are LP bounded for all p € (1,400) (see [28,
Chapter 2, Theorem 1]).

This result have been extended to other settings. Let M be a complete Riemannian manifold, with V the Riemannian
gradient and A the Beltrami Laplace operator. Assume M is doubling. Under pointwise Gaussian upper estimate of
the heat kernel hy, the Riesz transform VA~2 is bounded on LP(M) for all p € (1,2] (see [12]). When p > 2, the L?
boundedness of the Riesz transform holds under much stronger condition, expressed in term of Poincaré inequalities on
balls and of the domination of the gradient of the semigroup in L? for some ¢ > p (with L? Poincaré inequality, see
[13]; with L7 Poincaré inequality, see [6]). Similar results were established in the case of graphs (see [26] when p < 2,
see [4] when p > 2).

We are interested now by the limit case p = 1. It appears than the Hardy space H' is the proper substitute of L'
when Riesz transforms are involved. In the Euclidean case, H'(R?) can be defined as the space of functions f € L!(R%)
such that 8;(=A)"2f € LY(R%) for all j € [1,d] (see [18]). Moreover, the Riesz transforms d;(—A)~2, that are
bounded from H'(R?) to L'(RY), are actually bounded on H'(R%).

This last result, namely the H' boundedness of the Riesz transform, have been extended to complete Riemannian
manifolds in [3] (completed in [2]), under the only assumption that the space is doubling. In order to do this, Auscher,
Mc Intosh and Russ introduced for functions and forms some Hardy spaces defined by using the Laplacian. In [3],
when M is a (complete doubling) Riemannian manifold, the authors deduced then a H?(M) boundedness of the Riesz
transform for p € (1,2), where the spaces HP are defined by means of quadratic functionals. Under pointwise Gaussian
upper estimates HP(M) = LP(M) and thus they recover LP(M) boundedness of the Riesz transform obtained in [12].

The problem was also considered on graphs I'. In the same spirit as [3], the present author established in [19] the
H' = H} (T')-boundedness of the Riesz transform. In the present paper, we will assume some pointwise subgaussian
upper estimates on the Markov kernel. Under this assumption, we define a new Hardy space H!(I') which H}(T') is
continuously embedded in. Note that H! (I') = H!(T') if we assume some pointwise Gaussian estimates on the Markov
kernel. We prove again the H! = HX(T") boundedness of the Riesz transform on graphs. However, those new Hardy
spaces H!(T') satisfy an interpolation property that make us able to get the LP(T") boundedness of the Riesz transform
on graphs. Hence, for p € (1,2), we extend the L?(T") boundedness of the Riesz transform to a larger class of graphs
than the one considered in [26].

In the context of Riemannian manifolds and graphs, under pointwise subgaussian estimates of the heat (or Markov)
kernel, quasi-Riesz transforms and Hardy spaces have been studied by Chen in [9]. We make a comparison in subsection
1.5

1.1 The discrete setting

Let " be an infinite set and pizy = pys > 0 a symmetric weight on I' x I'. The couple (I, 4) induces a (weighted
unoriented) graph structure if we define the set of edges by

E={(z,y) €T xT, gy > 0}.

We call then z and y neighbors (or z ~ y) if and only if (x,y) € E.
We will assume that the graph is locally uniformly finite, that is there exists My € N such that for all z € T,

#yel,y~az} < M. (1)

In other words, the number of neighbors of a vertex is uniformly bounded.



We define the weight m(x) of a vertex x € I' by m(z) = 3, _, Hay-
More generally, the volume (or measure) of a subset £/ C I' is defined as m(E) := ) _pm(x).
We define now the LP(I') spaces. For all 1 < p < +o0, we say that a function f on I' belongs to LP(I',m) (or LP(T")) if

I£1lp = <Z|f )[Pm( z) < 400,

xzel

while L>°(T") is the space of functions satisfying
[[flloo = sup | f(z)] < +oo.
xzel

Let us define for all 2,y € T' the discrete-time reversible Markov kernel p associated with the measure m by p(z,y) =
W. The discrete kernel py(x,y) is then defined recursively for all £ > 0 by

{ po(z,y) = i(f(;j“l)) (2)
P+ (2, y) = 2 er p(a, 2)pi (2, y)m(2).

Notice that for all £ > 1, we have

Ik, Moy = el y)my) = > prlz,y)m(y) =1  VzeT, (3)
yel d(z,y)<l

and that the kernel is symmetric:

pe(z,y) =prly,x)  Va,yel. (4)
For all functions f on I', we define P as the operator with kernel p, i.e.
z) =Y pl@y)fy)mly) Vrel. (5)
yel

It is easily checked that P* is the operator with kernel py.
Since p(z,y) > 0 and (3) holds, one has, for all p € [1,4+00] ,

[Pllp—sp < 1. (6)

Remark 1.1. Let 1 < p < +o00. Since, for all k > 0, ||Pk||p_>p < 1, the operators (I —P)® and (I+P)? are LP-bounded
for all B> 0 (see [15]).

We define a nonnegative Laplacian on I' by A = I — P. One has then

(A Ppaey = Y play)(f(x) = f)f(@)m(z)m(y)

T yGF

=3 3 pe)lf@) — ) Pm(zm(y),

z,yel’

(7)

where we use (3) for the first equality and (4) for the second one. The last calculus proves that the following operator

2

5 S @)~ P |

yel
called “length of the gradient” (and the definition of which is taken from [14]), satisfies

IV G2y =< Af, f >r2ay= A2 fll72ry- (8)

We recall now definitions of 1-forms on graphs and their first properties (based on [19]). We define, for all € T', the
set T, = {(z,y) € I'?, y ~ 2} and for all set E C T,

rzel



Definition 1.2. If z € T, we define, for all functions F, defined on T, the norm

|Folr, = (% Zp(:c,y)m(y)le(z,y)F) :

Yy~x
Moreover, a function F : Tr — R belongs to LP(Tr) if
(i) F is antisymmetric, that is F(x,y) = —F (y,x) for all x ~ y,
() [|Fllze(re) = Nl = [F (2, )l [l Loy < oo
The Hilbert space L*(Tv) is outfitted with the inner product (-,-) defined as
1
z,yel’

Definition 1.3. Let f a function on I' and F' an antisymmetric function on Tr. Define the operators d and d* by

df (z,y) == f(x) = fly)  V(x,y) € Tr

and
d*F(x) := Zp(ac, y)F (z,y)m(y) Vo el

Y~z

Remark 1.4. It is plain to see that d*d = A and |df (z,.)|7, = V f(z).
As the notation d* suggests, d* is the adjoint of d, that is for all f € L*(T') and G € L*(Tr),

(df, G)L?(Tp) =(/, d*G>L2(F) : (9)
The proof of this fact can be found in [4, Section 8.1].
We introduce a subspace of L?(Tt), called H?(Tt), defined as the closure in L?(TT) of

E*(Tv) := {F € L*(Tr), 3f € L*(I') : F = df}.

Notice that dA™'d* = Idg2(ry. (see [19]). The functional dA~d* can be extended to a bounded operator on H?(1t)
and
dAT " = Idp2 7y (10)

Let us recall Proposition 1.32 in [19] .

Proposition 1.5. For all p € [1,400], the operator d* is bounded from LP(Tt) to LP(T).

The operator dA™% is an isometry from L%(T) to H?(Tt), and the operator A~=d* is an isometry from H*(Tr) to
L(D).

1.2 Assumptions on the graph

Definition 1.6. We say that (', u) satisfies (LB) if there exists e = er,p > 0 such that

Kz
m(x)

= p(z,z)m(z) > € Vo eT. (LB)

Let us recall a result in [15].

Lemma 1.7. The condition (LB) implies that —1 does not belong to the L2-spectrum of P, which implies in turn the
analyticity of P in LP(T'), 1 < p < +00. Namely,

n 1
1T = PP,y S

We will need some assumptions that depends of the metric.

Definition 1.8. Let X be a nonempty set and p : X — [0,400). Say that p is a quasidistance if, and only if there
exists C > 0 such that, for all z,y,z € X:



(i) p(x,y) =0 if, and only if, x =y,
(it) p(z,y) = p(y, z),

(iii) we have the inequality
p(e,y) < C(ple,2) + p(z,y)) .- (11)

Throughout all the paper, whenever p is a quasidistance on a graph I', we will assume that p take values in N and that
ple,y) =1if & ~y with x #y.

Definition 1.9. Let p be a quasidistance on T'.
(i) Define C, as the infimum of the constants C > 0 such that (11) holds. Note that (11) is satisfied with C,,.
(it) For x € T and k € R%_, the ball B(x,k) (or B,(x,k)) is defined by
B, k) ={y €T, p(z,y) <k}

Conversely, B is a ball (for p) if there exists (xp,kp) € T x N* such that B = B(xp,kp). The radius of B is
defined as sup{p(y, B°), y € B}. Note that the radius r of the ball B(x, k) satisfies k < r < 2C,k.

(iii) If j > 1, Cj(x, k) denotes the annulus B(z,C,29" k)\B(z,C,27k). Moreover, Cy(x, k) denotes B(z,2C,k)
(tv) We will use the notation V,(z,k) or only V(x, k) for m(B(z,k)).

Definition 1.10. Let p be a quasidistance. We say that (T, u, p) satisfies (DV) if the measure m is doubling with respect
to the quasidistance p, that is if there exists Cq, > 0 such that

V(z,2k) < CqV (2, k) VeI, Vk € RY; (DV)

Proposition 1.11. Let (T, u, p) satisfying (DV). Then there exists d > 0 such that
V(z, Ar) S AV () Veel,r>0and A > 1. (12)
Definition 1.12. Let p be a quasidistance. We say that (T, u, p) satisfies (UE) if there exist three constants cye, Cye > 0

and n € (0, 1] such that py satisfies the subgaussian estimates

n
pr—1(z,y) < % exp [—cue (@) } Va,y e, Vk € N*, (UE)

Remark 1.13. Notice that when p = d?, assumption (UE) is the pointwise Gaussian upper estimate of the Markov
kernel. It corresponds then to the estimate (on the Markov kernel) made in [26] or [20]. In particular, when p = d2,
assumption (UE) is satisfied when T' is the Cayley graph of finitely generated groups. Other graphs satisfying (UE) are
presented in section 5.

1.3 Definition of Hardy spaces

We define two kinds of Hardy spaces. The first one is defined using molecules.

Definition 1.14. Let M € N*, p € (1,00] and € € (0,400). A function a € LP(T') is called a (M, p, €)-molecule if there
exist v € I', s € RY and a function b € LP(I") such that

(i) a=[I—(I+sA)~'Mb,
(i) 16l Lr(c; (@,s)) < 277V (w, 275)7 =1 Vi > 0.

We say that an (M, p, €)-molecule a is associated with a vertex x and a real s when we want to refer to x and s given
by the definition.

Definition 1.15. Let M € N*, p € (1,00] and € € (0,400). A function a € LP(Tr) is called an (M — %, p, €)-molecule
if there exist x € I', s € R and a function b € LP(T") such that

(i) a=sM=3dAM=1(] + sA)~M+3p;

(i) |6l r(c; (z,s)) < 273V (2,295)7 " for all j > 0.



Remark 1.16. In the particular case p = 2, these definitions of molecules can be found in [19].

Remark 1.17. As will be seen in Propositions 2.6 and 2.9 below, when a is a molecule occurring in Definition 1.14 or
in Definition 1.15, one has ||a|lpr < 1.

Definition 1.18. Let M € N*, p € (1,00] and € € (0,400). We say that a function f on T belongs to H),,; s, (D)

if f admits a molecular (M, p, €)-representation, that is if there exist a sequence (\;)ien € £ and a sequence (a;)ien of
(M, p, €)-molecules such that

=0

where the convergence of the series to f holds pointwise. Define, for all f € H}ml’Mm&(l"),

o0 o0
H]"|\H}ml’M’p,e = inf Z [Aj] Z)\ja]—, is a molecular (M, p, €)-representation of f
j=0 j=0

Definition 1.19. Let M € N*, p € (1,00] and € € (0,400). We say that a function f on Tr belongs to Himoz,zvp%,p,e(TF)

if f admits a molecular (M — L, p, €)-representation, that is if there exist a sequence (\;)ien € €' and a sequence (a;)ien
of (M — %,p, €)-molecules such that

=0

where the convergence of the series to f holds pointwise. Define, for all f € H}ml M_1p 6(Tp),
M—3.p,

o0 o0
1
1F Nl e = inf Z [Aj] Z Ajaj, is a molecular (M — =, p, €)-representation of f

1.m—3p, 2
mo 5Ps€ _]:O ]:O

Proposition 1.20. Let M € N*, p € (1,00] and € € (0,+00). Then:

(i) the map f — HfHanoz,M,p,g (resp. f ||f||H71ML’M7%,p,€) is a norm on the space H\ v, . (Tesp. H;OLM*%%E),

(ii) the space H}

mol,]\/f,p,e(r) (resp. Hl

mol M—1 p (Tr)) is complete and continuously embedded in L'(T) (resp. L'(Tr)).

Proof: Remark 1.17 shows that, if f is in H) , the series (13) (or (14)) converges in L', and therefore converges to f
in L'. This yields (i) and the embeddings in (ii). Moreover, a normed linear vector space X is complete if and
only if it has the property

oo oo
Z Il fillx < +oo = ij converges in X.
Jj=0 j=0

Using this criterion, the completeness of the Hardy spaces under consideration is a straightforward consequence

of the fact that ||al|z1 < 1 whenever a is a molecule. See also the argument for the completeness of H} in [23], p.
48. O

The second kind of Hardy spaces is defined via quadratic functionals.

Definition 1.21. Define, for 8 > 0, the quadratic functional Lg on L*(T) by

=

kQB—l
Lof@)={ > V) |AP PR f(y)Pmy)
(y,k)E () ’

where y(z) = {(y, k) € I' x N, p(x,y) <k}.
Definition 1.22. The space E}, .4 5(T) is defined for all 5 >0 by

E;uad,ﬁ(l—‘) = {f € LQ(F)a HLBf”Ll < +OO} .

It is outfitted with the norm
[Allw, = Lsf e

quad,f



The space E;uadﬁ(Tr‘) is defined from E;uad,ﬁ as

Briaap(T0) = { f € B3(T0), A3 f € Blpa 5D}

It is outfitted with the norm
11,

Remark 1.23. The fact that the map [+ || f|| g2 s is a norm is proven in [19, Remark 1.20].
quad,

L= 1L AT Zd" f]| s,

ad,

1.4 Main results

In all the following statements, let (T, i, p) be a weighted graph outfitted with a quasidistance and satisfying (LB),
(DV) and (UE).

Definition 1.24. Let (E,||.||g) a normed vector space and (G, ||.|r) @ Banach space such that E C F. A Banach space
(F, ||I-lr) is the completion of E in G if

(i) we have the continuous embeddings
EcFrcdag

(ii) the set E is dense in F,
(iii) for all e € E, |le|lg = |le]|F-

Remark 1.25. The completion F of E always exists. However, F' is defined in an abstract space. Fven if E is
continuously embedding in a Banach G, F cannot always be identified to a subspace of G.

Theorem 1.26. Let > 0. The completion Hy,,q 5(T) of E},qq5(T) in LY(T) exists. Moreover, if M € N*, p € (1,2]
and € € (0,400), then the spaces Hrlnol,M,p,e(F) and H;uad_ﬂ(lj) coincide. More precisely, we have
E;uad,ﬂ (F) = H’rlnol,M,p,e(F) N LQ(F)

Once the equality H),,; as, (D) = HJ 44 5(T) is established, this space will be denoted by H'(T').

m

Theorem 1.27. Let 5 > 0. The completion H;uadﬁ(Tp) of E;uadﬁ(Tp) in L*(Tr) exists. Moreover, if M € N*,

p € (1,2] and € € (0,400), then the spaces H’rlnol,Mfé,p,e(TF) and H;uad_ﬂ(Tp) coincide. More precisely, we have

E;uad.ﬂ(TF) = H}

mol,]\/f—%,p,e(TF) n L2 (TF)

Again, the space H}ml,M—%,p,e(TF) = H,qq.5(Tr) will be denoted by H'(Tr).

Remark 1.28. Note that the previous theorem provides that Hy, ;o (T) (resp. HY 1 , (Ir)) is independent of
IRAEEY 23] ) 5P

M eN*, €€ (0,+00) and p € (1,2].

Theorem 1.29. If T is linear operator acting on L?(T) such that

1. T is L*(T") bounded, that is there exists Co > 0 such that
ITfllz2 < Collflle Vf € LA(T),

2. T is bounded from HY(T) to L*(T'), that is there exists C; > 0 such that

ITflle < Cillflle V€ HY(T) N LA(T).

Then for all p € (1,2],
ITfllp < C3C1~°Nfll, V€ LP(T) N LA(T)

where 0 is given by
1 6 1-96
=
p 2 1



Corollary 1.30. The Riesz transform dA™2 is bounded from H*(T') to H'(Tv). As a consequence the Riesz transform
VA2 is bounded from H (') to L*(I'), and thus is LP-bounded for all p € (1,2].

Proof: Theorems 1.26 and 1.27 yields,
1A= F iy = NAAF Flls ey = 183D flln oy = Wi, oy = |l cr)-
Therefore, dA~% is H'-bounded. Moreover, by Proposition 1.20,
IVA=2 fllpry = [dAT2 flpi ey S 1A fllmery S I lla - (15)
Define now for any function ¢ on Tt the linear operator

Vof(z) =Y p(x,y)df (z,9)¢(x, y)m(y).

yel

Then the boundedness (15) yields the estimate

IVoflle S If e Sl;l;|¢($, )z, -

Moreover, since |[VA™2 f||2 = ||f]|z> (cf (8)), one has

IVofllez S 1 llz> Slellr)|¢($a -

df (z,y)
Vf(z)

Define now ¢y (z,y) = . Note that sup |¢s(x,.)|r, = 1. With Theorem 1.29, one has then
xzel

IVA=2 £l o = |V, A2 fllie S |1/ 2o

1.5 Comparison with previous results

For all z,y € T, let d(z,y) be length of the shortest path linking = to y, where xg,...,z, is a path of length n if for
any ¢ € [1,n], ;-1 ~ ;.

Russ established in [26] the following result:

Theorem 1.31. Let (T, i, d?) satisfying (LB), (DV) and (UE).
Then the Riesz transform is of weak type (1,1), that is

sup Am({VA™Ef > A S Iffler vf € LHT)

and of strong type (p,p) (or LP bounded) for all p € (1,2].

In the present paper, as in [26], we established the L” boundedness of the Riesz transform for p € (1, 2]. However, the
class of graphs that satisfies our assumptions (Corollary 1.30) is strictly bigger than the one satisfying the assumptions
of Theorem 1.31. Indeed, fractal-type graphs (see Section 5) such as the Sierpinski carpet fit into our theory but not
into the one of [26]. Contrary to [26], we do not prove the weak type (1,1) of the Riesz transform. It was replaced in
the present paper by a H*(I') boundedness of the Riesz transform.

In [9], Chen stated
Theorem 1.32. Let (T, ) be a graph satisfying (LB) and the local doubling property
m(x) ~ m(y) YV ~ .

Then, for all o € (0, %), the quasi-Riesz transforms VA~ are LP bounded for all € (1,2).
Let 8> 0 such that (T',u,d?) satisfy (LB), (DV) and (UE). Then, for all a € (0, %), the quasi-Riesz transforms
VA~ is of weak type (1,1), and thus of strong type (p,p) for all p € (1,2].



Notice that the LP boundedness of the Riesz transform VA~2 implies the L? boundedness of all quasi-Riesz trans-
forms VA_%, a € (0, %) Therefore, Corollary 1.30 and Theorem 1.32 have a non-empty intersection. Chen proved
more general results than us on quasi-Riesz transforms while we succeeded, under subgaussian estimates, to prove the
boundedness of the “complete” Riesz transform.

In the context of complete Riemannian manifolds M with the doubling property, Chen also introduced in [9]
some results on Hardy spaces “adapted” to some elliptic operators satisfying pointwise subgaussian estimates. She
proved Hj (M) := H} ,.,,(M) = H} ,,,q(M), i.e. we can define a Hardy space Hj (M) that have two equivalent
characterizations. The first one, Himol(M ) is the space of functions in L' that have a molecular decomposition
while Hi quad(M ) is defined by using quadratic functionals of Lusin type. The space H Ls(M ) is bigger than the one
introduced in [3] and, for p € (1,2), the “interpolated” spaces H} (M) are equal to LP(M).

The main difference between the present paper and [9] is that Chen did not make the same work on graphs and
for 1-forms. Working on graphs brings some difficulties that do not appear, for examples, on Riemannian manifolds.
Moreover, the present work extends also the notion of subgaussian estimates met in [9]. Besides, by considering all
the functionals Lg for § > 0, we have a difficulty that was not considered in [9], where only the functional L; was
introduced.

Hardy spaces under subgaussian estimates of the heat kernel was defined previously in [25]. Let X be a space of
homogeneous space, L be a injective, non-negative, self-adjoint operator in L?(X) such that the semigroup generated
by —L satisfies Gaffney estimates of arbitrary order m. As in [9], the authors of [25] defined Hardy spaces H? (X) for
p € [1,2]. They showed that LP(X) = HP(X). As an application, they proved H} (X) and LP(X) boundedness of some
spectral multipliers of L.

2 Off-diagonal estimates

2.1 Gaffney estimates, first results

Definition 2.1. Let (X, m, p) be a measured space equipped with a quasidistance and p € [1,4+00]. We say that a family
of operators (Ar)re, I = N* or RY, satisfies LP(X,m,p) (or L?) Gaffney estimates if there exist C,c,n > 0 such that,
for any sets E,F C X and any function f € LP(X,m),

4l 16y < Cop |- (PEE) Ty, (10

It is plain to observe that (16) is equivalent to

4Dl < Cowp [ e (22 51,

whenever f is supported in F.
Arguing as in [22, Lemma 2.3], one can establish the following composition property about Gaffney estimates:

Proposition 2.2. If A, and By satisfy LP Gaffney estimates, then there exist C,c,n > 0 such that for all subsets
E,F CT and all functions f € LP,

n
4B ey < Coxp (| 25| ) 11 (17)

In particular, (AsBs)ser satisfies Davies-Gaffney estimates. More precisely, if na and ng are the constants involved in
(16) respectively for As and By , then the constant 1 that occurs in (17) can be chosen equal to min{na,ng}.

Proposition 2.3. Let (I',u, p) be a weighted graph satisfying (DV) and (UE). Then (P*')xen- satisfies LP Gaffney
estimates for any p € [1,400].
Moreover the coefficient ) that appears in the Gaffney estimates is the same as the one given by (UE).

Proof: We will prove the cases p =1 and p = +00. The conclusion can be then deduced from these endpoint estimates
by interpolation. Moreover, since P* is uniformly bounded on L!(I") and L>(T), we can assume without loss of
generality that p(E, F) > k.



We begin with p = 1. Let E,F C " and f € L*(T'). Then, for all k > 1

IPE (1R iy = D m(@) [ Y pr(@,2) f(2)m(2)

zEE zeF

< ; |f(2)|m(z) ;Epk—l(% z)m(z)

WL e (e (2220))
TR S s vﬂfif;) o (o (242))
< EmE Y Ve P B o (o (22220))

ST EmE Y (1+ 2] o (o (220222)')

s Tl Teo (-5 (1))

0B s (-2 (2E2)"Y]

n
< ||f||L1#p(7£)eXP (—g (p(Ek; F)) )
2
n

Shotwes (-5 (“52) ).

where the third line holds thanks to (UE), the sixth one is a consequence of (12) and the last but one because
p(E,F) > k.

We turn to the case p = +o0. One has for all z € F,

[P* 1 (f1p)(2)] £ ﬁ ; |f(2)|m(z) exp (—c (p(:: z))n>

< flee Y > v”ff% exp (‘C (Lkm))

72021 p(z,B)<p(w,2) <27+ p(z,E)

S lflm e (-5 (ZE2)).

where the first line holds because of (UE) and the last line is obtained as in the case p = 1. O

Proposition 2.4. Let (T, u, p) be a weighted graph satisfying (LB), (DV) and (UE). Let m € N. Then the family
(KmA™Pk=1), cn- satisfies LP Gaffney estimates for any p € (1,4+00). Moreover the coefficient n that appears in the
Gaffney estimates is the same as the one given by (UE).

Proof: The proof is similar to the one of Theorem 1.2 in [16]. We give it for completeness. First, with Proposition 2.2,

we only need to prove the case m = 1. Then notice that we have for any k € N the following operator identity
(see (8) in [16]),

I-P =271~ P¥)2 427 Y1 — P2,
=0
As a consequence, one has
I(1 = PYP*(f1p) | Lo (i)
(18)

- i 1 _ e n+1 _
<Y 27N = PPN SR wmy + 27 I = P2 PR ) | o
=0

10



When 2" < k, Proposition 2.3 yields

2n+1

_ _ _ n+1
(I =P )PP (f1p) | eemy < 1P (1R | Locmy + I1PF 2 (F1F) | 2o(m)

< exp [—c (%)n] . (19)

Also, Lemma 2.1 in [16] (which is only a consequence of the analyticity of P in L?) implies

n o . - o l B
27N = PP PR ey < D 27 M I = PE)PPE e £l

1=0 1=0n
n L 2l 2 2
s> (3) 1, 0)
=0
277/
<Z 1l

n
In order to end the proof, we only need to choose the right n. If kexp (fc [p(E’F)} ) > 1, we choose n € N such

5k
that ;
EF
2" < kexp <c {%} > < gntl

. b1 : &R
and the Gaffney estimates of KAP*~1 is a consequence of (18), (19) and (20). Otherwise exp (—c [ps—k} ) <

] ==

and the desired result is a consequence of Proposition 2.3.

Corollary 2.5. Let (T, pu,p) be a weighted graph satisfying (LB), (DV) and (UE). Let M € N*. Then ([I — (I +
sA)’l]M)ke]R*+ satisfies LP Gaffney estimates for any p € (1, +00).

Moreover the coefficient 1) that appears in the Gaffney estimates is the half of the one given by (UE).

Proof: The proof is analogous to the one of [19, Proposition 2.6] once we have Proposition 2.3. 0

Corollary 2.6. Let (T, i, p) be a weighted graph satisfying (LB), (DV) and (UE). Let M € N*, p € (1,4+00] and € > 0.
Then the (M, p,€)-molecules are uniformly bounded in L'(T).

Proof: Let ¢ € (1,p] N (1,4+00). Then ([I — (I + sA)~1]¥ )éeR* satisfies L? Gaffney estimates. Thus, if a = [T — (I +
sA)71Mp is a molecule associated with the vertex z € I' and the real s > 0, Corollary 2.5 yields

lall, <DV 28 7 I = (0 +58) 78] ooy o)

J=20
SO V@, 2s) A |- (1 + sA) M) || oo, (o0
i>0 j>0
i \1—1 _gnmax{ij} L
Z V(%st)l e Hb”Lq (z,5) T Z V(z, 2/ ) HbHLfl(Ci(ac,s))
li—j|>n, li—j|<n,
Z V(ZC,2j8)17%V($,2i8)%7%6_02n1 ||b||Lp(Ci(I,S))
li—jl=n,
P11 ;,1
+ Z V(.’L‘,st)l qV(,ﬁE, 2" S - ||b||LP(C (x,s))
li—jl<n,
< Z V(.’I],Q‘]S) 1_(11 —(,2"“72—16 + Z :C 2 S 1_% 2—i€
~o L V(x,2ts) V(z,2is)
li—jl>n li—jl<n,
5 Z 2jd(17%)e—02"j2—i6 + Z g—ie
li—jl=n, li—jl<n,
S
where n, denote 2 + Inz(C,), so that p(C;(z,s), Ci(z,s)) = 2@l s if j > i 4 n,,. O
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2.2 Gaffney estimates for the gradient
We establish in this paragraph some additional Gaffney estimates.

Proposition 2.7. Let (T, u, p) satisfying (LB), (DV) and (UE). Let p € (1,2). There exist C,c > 0 such that for all
sets E, F C T, there holds

IVRP 1]y < oo [ (2EE0) ] g1 @

for any function f € LP(T") and any k € N*.
Moreover, the value of n occurring in (21) is the same as the one in (UE).

Proof: First, assume that f is nonnegative and in L'(T') N L>°(I'). We define for all k¥ € N* and all p € (1,2) a
“pseudo-gradient” by
Np (PR f) = (P12 7P[0, + AJ[(PF )]
where for any function uy, defined on I' X N*| Opu = upy1 — ug.
Moreover we define for any function f defined on I' the operator A defined by

z)=>_ fy)

y~x

Propositions 4.6 and 4.7 of [20] state the following results.
(i) For all x € T, N,(P*~1f)(x) > 0. That is, for all € T,

Inf(x) = [0 + A[(PF )] (2) 2 0. (22)

(ii) For all p € (1,2], there exists C' = C), such that for all £k € N* and all nonnegative function f € L*°(T"), there
holds )
|VP*1f(z)|” < C[AN,(PY )] (w). (23)

As a consequence of (ii), if 0 < f € L*™° and E,F C T, one has

[9P 11 < AN D)

ya
2

<Z<Z Ny(PF )y >]) m(z)
S S NP W) E my)

yeEE 11
SN (P28
LP(E4q1)

where
En={yel, weE:a~y}C{yel, p(y,E) <1}

It remains to estimate || (N,(P*~1f))? : |l r (2, ,)- Without loss of generality, we can assume that p(E, F') > 2C,k >
2C, (otherwise, [20, Corollary 4.3] or [17, Corollary 1.2] would provide the conclusion of Proposition 2.7). Under

this assumption, one has p(E;q, F) > p(g;F) -1> p(f;lf) 2 p(E, F). The proof of the case where f is nonnegative
will be thus complete if we prove that for all p € (1,2) and for all E,F C T

1
2

' C B, F)\" ) )
| P 1D o) < e [(%) ]|f|m Vfe P, vk eN (24)

with some constant C,c > 0 independent of £ and F.

12



In order to do this, we follow the idea of the proof of [20, Corollary 4.3]. Let uy = P*~![f1F], then

NG (Wl gy = S mi@) N2 (i) ()

zelR
_ Z p<2 = kf(SC)p/Q
=2 5 (25)
< [Z m(x)uk(x)p] [Z Jif(z)m(z ]
zeFE zeFE

< HukHi(pl(;‘?) [Z ka(x)m(:c)]

xel’

where the last but one step follows from Hoélder inequality and the last one from (22) stated above. Yet,

E:th E:f% uk )

zel’ zel’

pz x)Opug ()

zel
’
< pllul|B/? (| Okull,

where the first line holds because ) | Ag(x)m ( ) = 0 if g € L', the second line follows from Young inequality, and
the third one from Holder inequality again (Wlth + = 1). Here |Jug|lp < || fllp, while ||0purll, = | Aukllp S 1 f]»

by the analyticity of P on LP. Thus
1
> Jf(@m(z) S 21
zel

Substitution of the last estimate in (25) gives

1
2

1 z 1—2
O Py L L Pt

which ends the proof of (24) if we replace ||ux||z»(p) by the upper estimate given by Proposition 2.3.

The result for the case where f € L>(T') N LY(T") is deduced by writing f = fy — f_, with f. = max{0, f} and
f- = max{0,—f}. Then

VP 1R oy < VPP 10 | pocey + VP [ f= 1] | Loy

< e [—e (LB et + 1510
< ow |- (22 ) 51,

The result for the general case f € LP(T) is then a consequence of the density of L>°(T') N LY(T") in LP(T"). O

Corollary 2.8. Let (T, u, p) be a weighted graph satisfying (LB), (DV) and (UE). Let M € N*.

Then (KM=2dAM=1(T + kA)~"M+2),cn. satisfies LP Gaffney estimates for any p € (1,2).
Moreover the coefficient n occurring in the Gaffney estimates is the half of the one given by (UE).

Proof: The proof is analogous to the one of [19, Corolloary 2.11], using Proposition 2.7. O

Corollary 2.9. Let (T, i, p) be a weighted graph satisfying (LB), (DV) and (UE). Let M € N*, p € (1,4+00] and € > 0.
Then the (M — %, p, €)-molecules are uniformly bounded in L*(Tr).

Proof: The proof is analogous to the one of Corollary 2.6, using Corollary 2.8. O

13



2.3 Li-I? Gaffney estimates

Definition 2.10. Let (X, m) a measured space equipped with a quasidistance p and o > 0. Let E,F C X , 9 € X and
ke N.
We say that (E, F,xq) is a-Gaffney suited if it satisfies one of the following conditions

(i) sup {p(z0,y), y € F'} < ap(E, F),
(ii) sup{p(zo,x), x € B} < ap(E, F).
Moreover, we say that (E,x, k) is a-Gaffney suited if it satisfies
sup {d(x¢,z), © € E} < ak.
At last, we say that (E, F,x0,k) is a-Gaffney suited if either (E, F,xqg) or (E,xzo, k) or (F,xq, k) is a-Gaffney suited.
Proposition 2.11. Let (T, u, p) satisfying (LB), (DV) and (UE). Then for all a € N, there exists Cq,cq > 0 such that

Cq ) K
|D%pr—1(z,y)| < m exp [ca <p(:Ek y)) } Vr,y €', Vk € N* (26)

where D is the operator acting on sequences as Dajp = ax — ajp41-
Moreover, the value of n occurring in (26) is the same as the one in (UE).

Proof: The proof is similar to [20, Theorem A.1] (see also [16, Theorem 1.1]). O

Proposition 2.12. Let (T, i, p) satisfying (LB), (DV) and (UE). Let j € N, a > 0, p,q € [1, +00] such that ¢ < p.
There exists c; and Cj o such that, for all sets E,F CT', all zp € T, all k € N such that (E, F, x¢, k) is a-Gaffney
sutted, there holds

1_1 E, F)\"
||(kA)aPk_1[f]1F]HLp(E) S ijaV(:L'O,k);_E exXp |:Cj (P( k; )> ] HfHLq (27)

for any function f € L1(X).
Moreover, the value of n occurring in (27) is the same as the one in (UE).

Proof: When E, F and x( satisfy (i) in Definition 2.10 and when ¢ = 1, the proof is inspired by the one of [20, Theorem
A3].

We need the following result. There exist C7, ¢j > 0 such that

= S kDY prca (o, )P 552 i) < OV (k1. (28)

yel’

Indeed, the estimate (26) yields, with c; = %,

c; ~ Z V(z, k 7J(P(I—ky))nTn(y)
P
J=0yeCj(x,k)
< Z 23"' k — Yo

1 ; €3 9in
< - 2Jd —52
~ V(ZC, k)p_l ]:ZO €

| —
~ V(x, k)yp—1

14



We can assume without loss of generality that || f||; = 1. Then, Jensen inequality implies

(kD) PR (AR gy = D i) <Z(kD)“pk—1($,Z)f(Z)m(2)>

rel zeF

<Y ml2) Y [(kD) pr-1(x, 2)[P| f(2)|m(2)
mEE,/ (MET;EF p(m‘wz))n

< (T ST 1) miz) 3 m(@)| (kD) pa (, 2) e (45

zeF reE

sew (-4 (ZEE)) S (el s

zeF

S (< (7))

where, for the 4" line, we use the estimate (28). The doubling property (12) shows

V(wo, k) _ V(2 Cylk + ap(E, F))) ap(E, F)\* c (pB,F)\"
P < s () sasaren (5(50) ). e

then the last line in the previous calculus holds for some ¢ < ¢,.

Let us now prove the result when E, F' and xq still satisfy (i) in Definition 2.10 with ¢ € (1,p]. Without loss of
generality, we can assume that f is supported in F' and in this case, one has

1 E,F)\"
I8 P ) S ot e (o () ) ol

< (Vo 3@)1% oo (e (U5 ) i

Then it remains to check that (12) yields

m(F) _ V(zo,ap(E, F)) afy  PEF)\ d g (€ (PEE)Y
Vo k) = Vi k) ~U1+ (” k )5(1”)”(2( k )) (30)

The proof when (F,xg, k) is a-Gaffney suited is the same as the case where (F, F,x() satisfies (i) in Definition
2.10, once we replaced (30) and (29) by

m(F) < de and V(:EOak) <

d
_mE) ZE0, %) Vz€EF,
Vo, k) ~ Vi k) ~%

which are both consequences of (12).

When (F, F,x) satisfies (ii) in Definition 2.10 or when (F, xg, k) is a-Gaffney suited, the proof of Proposition
2.12 can be deduced from the previous cases. A way to do this is to adapt the proof of [20, Corollary A.4]. 0

2.4 Off diagonal decay of Lusin functionals

Proposition 2.13. Let (T, u, p) satisfying (LB), (DV) and (UE), and «, 8, M > 0. Then there exists C,c > 0 such
that, for all xo € T and all sets E,F C T such that (E, F,xq) is a-Gaffney suited, there holds for all s > 0 and all
feLir)nL*(I),

“1\M C 5 M
[L(I — (I +sA)"H)M[f1p]| L2(m) < Vi(zo, p(B, F))? (p(E,F)) £l

The proof of Proposition 2.13 is similar to the one of [20, Lemma 3.5] (based itself on Lemma 3.1 in [4]). We need
the following result, whose proof is analogous to the ones of [20, Lemma C.1 and Proposition C.2].
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Lemma 2.14. Let M >0 and o € [0,1]. Define A = {(AZ’“)%N*, d e Ry, u € N}, where, for alll > 1,

()
)

Then there exists C = Chy,o such that

1 : 1
(Z Eai) <C Z Eak V(ak)k e A

keN* keN*

Proof: (Proposition 2.13)

Without loss of generality, we can assume that f is supported in F. We also assume that zg, E and F satisfy (i)
of Definition 2.10 (if they satisfy (ii) instead of (i), the proof is similar).

First, if )~ bm2z™ is the Taylor series of the function (1 — z)~™ one has the identity

(I —(I+sA)" HMf = (sA)M(T +sA)"Mf
M -M
(%) (orr)

sA \M X s \" . (31)
<1+s) mzbm<1+s> Py

=0

= (sA)M Y by P f,
m=0
where b,, := Bmu_@immm and the series converges in L?(T"). Notice that

i b = 1. (32)
m=0

Moreover, let x be the only integer such that Kk < §+ M < k+ 1. Since § > 0 and both x and M are integers,
notice that

M <k (33)
If 3, a;2! is the Taylor series of the function (1 — z)#+M=#~1 then one has
AﬁJrI\/[f _ Z alPlAnJrlf (34)
1>0

where the sum converges in L?(T") (see [19, Proposition 2.1] for the proof of the convergence).
The Minkowski inequality together with the identities (31) and (34) yields

ILs(I = (I +sA)"H)™ fllL2(m)

_ 28-1 m(x)
B Zkﬂ ZV(z,k)

k>1 rel

Nf=

Y mATPTI = (1 +s8)"H)M f(y)?
yEB(z,k)

W=

_ _ _ m\x
< (XS mIA P s Y
k>1 yeD(E) z€B(y,k) ’
S Do FFPTHAPPENI = (T4 s8) )M f 12 (py ()

k>1

Nf=

<MY wbn | Y KT AP, o ()

I,m>0 k>1
1
2
1
=M Z aibp, ZEI(k’l’m)2 )
1,m>0 k>1
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where Dy (F) denotes the set {y € T, p(y, F) < k}

We want to get the following estimate estimate: there exists ¢ > 0 such that

E.Rn\"

R i Gz
I(k,1 < J(k,1 = MFB—r . 35
(k,,m) 5 J (ks Lm) V(wo, p(E, F)) (k+1+m)t+M A1z (35)

We will first establish (35) when k < ’J(QE—C:F). In this case, notice that

pEF) o pEF)

> _
p(DU(E),F) 2 B2 k2 B

and thus (Dy(E), F, o) are 2C,a-Gaffney suited. Proposition 2.12 implies then

K8 1 p(E, F) K
Ik bm) S ) Vo kv 15 m)s &P <C <2Cp<k +l+m>> ) e

o kM 1 ( c( (E,F) )") T
exp|—= | —=——""—— 1
S (k4 T+ m)MAIL Y (g0 o(E, F))E PA\T2\2C,(k+1+m) L

where the last line holds thanks to estimate (30) and (33).

Otherwise, k > % and then (F,zo, k + [ +m) is 2C,a-Gaffney suited and Proposition 2.12 yields

kP 1
k,l,m
K )3 (k +1+m)rtl V(aco,k—I—l—i—m)%HfHLl
kB-i—]\/I—n 1
Il fll 2 (36)

~ (kA L+ m)MEL Y (g, p(B, F))

kﬁJrI\/[ K 1 p(E, F) n
S jYEs, rexp | — (77— ) Ifll
(k+1+m)MHLV (20, p(E, F))= k+14+m
where the second line holds thanks to (DV) and (33). This ends the proof of (35).
Recall that M + 8 — k € (0,1]. Then Lemma 2.14 implies

LI = (I +sA8) )M fllramy S ™ D Ealb o (e, 1,m)
k,,m>0
Ll exp[ (250" B0
M Lt Z Z n+m MJrﬁ e 1
=5 )L+ Zal
V(zo, p( m>0  n>1 (n +m)t* 1=0
We claim )

aj(n — HMHB—r=1 <,

’\O

1=
Indeed, when M + 8 = k + 1, one has a; = dg

1) and the estimate is true. Otherwise, [20, Lemma B.1] yields that
a; < (14 1)""M=8 and therefore

— 1
Z M-‘,—ﬂ k=1 < / tﬁ—M—B(l o t)]\/f—‘,—B—n—ldt < +o00.
_ 0

Besides,

st ] s 5 (S0 g [ (2D

p(E,F)

M+1
<Sp(B,F)~ M1 Z 1+ > <—p§i?)

n>p(E,F)
SpE,F)~M
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Consequently, the estimate (37) yields

M
1 s
La(I — (I 4 sA)™"YM fll120my < ( ) e > b
fEAlt = es ) e = v St e ) W ,%0
1 s M
- (sm) M

V(wo, p(E, F))2 \p(E, F)
where the last line is due to (32).

O
Let us define a discrete version of the Littlewood-Paley functionals, that can be found in [20]. For any 8 > 0, the
functional gs is defined as

gsf(x) = <Z kwlIAﬁPklf(wﬂQ) :
k=1

Proposition 2.15. Let (T, u, p) satisfying (LB), (DV) and (UE), and o, > 0. Then there exists C > 0 such that,
for all xog € T and all sets E,F C T such that (E,F,x¢) is a-Gaffney suited, there holds for all k € N* and all
feLi(r)nL*(I),

o 2 C k 1
[Ls(I — P*)[f1F]|lL2m) < Vo p(B.F))} p(E,F)HfHL
and . §
lgs(I = PX)[f1p]ll2(m) <

V(xo, p(E, F))% p(E, F) £z

Proposition 2.16. Let (', u, p) satisfying (LB), (DV) and (UE), M > 0, 8 € (0,1] and o > 0. Then there exists
C > 0 such that, for all xg € T and all sets E, F CT such that (E, F,xq) is a-Gaffney suited, there holds for all k € N*
and all f € LY(T) N L3(T),

M C kY
lop ) A ey < Oty (g ) Il

Proof: The proofs of these two propositions are similar to the one of Proposition 2.13 and is left to the reader. See also
[20, Lemma 3.5] and [19, Lemmata 2.14 and 2.18].

=

0
2.5 Application to interpolation results

Definition 2.17. A function a € L*(T") is called an atom if there exist x € I' and k € N* and a function b € L*(T")
supported in B(x, k) such that

(i) a = (I — P*)b,

(i) [1bll2 = [1bll L2(Bw .k < V (2, k)™

W=

We say that f belongs to ES(T) if f admits an atomic representation, that is if there exist a finite sequence (\;)i—o..N
and a finite sequence (a;)i—o..n of atoms such that

N
f = Z )\iai. (38)
i=0
The space is outfitted with the norm

o0 o0
||f||E3 = inf Z [Aj1 Z)\ja]—, is a atomic representation of f
§=0 j=0

Theorem 2.18. Let (T, i, p) satisfying (LB), (DV) and (UE). If T is an L*(T") bounded linear operator and if there
exists C' > 0 such that for all atoms

[Tallz <C,
then for all p € (1,2], there exists a constant C = C(p) > 0 such that

ITflp < Gollfll,  VfeLPnL?
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The next result is an immediate corollary of Theorem 2.18.

Corollary 2.19. Let (I, i, p) satisfying (LB), (DV) and (UE). Let (H(T), [Ilz2) @ normed vector space that satisfies
the continuous embedding
Ey(T) c Hy(T) c LY(T).

If T is an L*(T)-bounded linear operator that verifies
1Tl SNfllm Yf e Hy(T)n L*(D),
then for all p € (1,2], there exists a constant C' = C(p) > 0 such that
ITflp < Collfll,  VfeLPnL?

The constant C, can be chosen equal to ||T'|%. where 0 is defined with

—>L2HT||H1HLU

1 6 1-46

p 2 1
Remark 2.20. The result holds even if the normed vector space H} is not a Banach space.

This corollary will be used for the Hardy space Hi = H'(T'). However, since we did not establish Theorem 1.26 yet,
we cannot speak of H'(T').

Proof: (Theorem 2.18)

The Vitali lemma, the weak L!-boundedness and the LP-boundedness (for p > 1) of the Hardy-Littlewood maximal
function, or the Whitney decomposition are classical results from harmonic analysis and are proven in particular
when the metric is a quasidistance. These tools are the only ones needed to prove Theorem 5.3 in [7], which thus
remains true in our context. That is, Theorem 2.18 is a straightforward consequence of Theorem 5.3 in [7] if we
prove that for any x € T', any k € N* and any h € L2, we have

1
su Pkp <C inf h 2 39
s (PRGSO nt | [MOWE))] (39)

With Proposition 2.12, since (B(z, k), z, k) is 1-Gaffney suited, there holds for any z € Cy(x, k) D B(z, k),

sup  |PPh(y)] < D IP*hlc; )l LBk

y€EB(x,k) >0
o in
< Z w2k T€ 2Rl 2 @k
< —c29n h ;
g;) V(x,C 2J+1k:)%e 1l 2B .02y

<N e MR (2)]F

7=>0
1
< M(IR?)(2)]2
where the third line is due to (DV). Hence, (39) holds true. O

Let us recall a result on LP boundedness of Calderon-Zygmund operators (originally due to Blunck and Kunstmann,
see Theorem 1.1 in [8], see also Theorem 1.1 in [1]).

Definition 2.21. A function f on T is in LV>°(T) if
| fllp1ee = iupg Am({z €T, |f(z)| > A}) < 4o0.
>
Theorem 2.22. For any ball B, let Ag be a linear operator in L*(T'). Let T be a L?-bounded sublinear operator such

that for all balls B = B(x,k) and all functions f supported in B

1

1
— [T - A ) < ai(B)—— )
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forall 7 > 1 and

! 1
Al oy < (Bl
V(.’L‘,ij)% || BfHL (Cj(x,k)) = aj( )V(,T,k)HfHL (B)

for all 7 > 0.
If the coefficients a;(B) satisfy

V(x,27H1k)
sup —
B=B(z,k) ball]-% V(z, k)

a;j(B) < 400
then there exists a constant C such that
ITfllpree < Clfller VfeL*nLh
So by interpolation, for all p € (1,2], there exists a constant C' = C), such that
ITfllce < Collfllze  VfeL*NLP.
As a consequence, we have the following result

Theorem 2.23. Let (T, i, p) be a weighted graph satisfying (LB), (DV) and (UE). Then for all 8 > 0, the functional
Lg is LP bounded for any p € (1,2] and also bounded from L“>° to L'.
Moreover, if gg is the discrete Littlewood-Paley quadratic functional defined for any 8> 0 as

gsf(x) = (Z kQB_lIAP’“‘lf(:C)P) ,

k=1

then gg is also LP bounded for any p € (1,2] and also bounded from L'* to L.

Proof: We set Ap = P*2. It is then a straightforward consequence of Theorem 2.22, Proposition 2.15 and Proposition
2.12. 0

3 Tent spaces

In all this section, (T, u,p) is a weighted graph satisfying (DV). We will prove that in this context, the atomic
decomposition in tent spaces still holds (see [11] and [27] for similar results).

Definition 3.1. We introduce the following sets in I' x N*. Ifx € T,
v(@) ={(y, k) € T x N*, p(x,y) <k},

if FCT,
R(F) = [J 7() = {(5.F) €T % N, ply, B) < k)
zeF
R(EF) = {(5,) €T x N, ply, B) < 51,
P
and if O C T,

T(0) ={(y.k) e T xN*, p(y,0°) > k}
. ok
20,
We define the functionals A and C mapping functions on I' x N* to functions on I" by

2

At = | Y sl P
(y,k)ey(x) '

and

2

1 m(y) 2
Cfx)=sup [ —— ) —==[f(y, k)]
zen \ V(B) wierm "

For any p € [1,400), TP(T") denotes the space of functions f on T'x N* such that Af € LP(T). Moreover, T>°(T") is the
space of functions f on T x N* such that Cf € L>(T"). The tent space TP(T') is equipped with the norm || f|r» = || Af] L
(or [[fllze = [|Cf|[Lee when p = o0).
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Remark 3.2. One has the following equality of sets

R(E®) =T(0O)° and R(O°) =T (0)°.
Moreover, T(O) C T(O) and R(F) D R(F).
Definition 3.3. A function a defined on T' x N* is a T*-atom if there exists a ball B such that
(i) a is supported in T (B),
.. m(y) 2 1
(ii) (y,k;(B)Tla(y,k)l Sk
Lemma 3.4. There exists a constant C' > 0 such that, for every T'-atom a, one has

lallr: <C

Proof: Indeed, if a is a T'-atom, there holds

Nf=

lalr = Sm@) | 3 2Oy

k
wer e ¥V @)
m(y)
:Zm(m) Z mm(%k’)ﬁ
z€B (y,k)Ev(z) '

W=

W=

m(y
(v ¥ Wi ppe
(y,k)€T(B)
St

where the last but one line holds because the doubling property (DV) implies Z
z€B(y,k)

Definition 3.5. Let FF C T and § € (0,1). We say that a point xo € T' has global §-density with respect to F if, for all
k e N*,
m(F N B(xo, k)) -
V(wo, k) -
We define F* as the set made of the points in T' with d-density with respect to F. If O = F€¢, then we define O, as
O, = (F")".
Proposition 3.6. Let § € (0,1). One has
(i) F* C F,
(ii) there exists cs > 0 such that any set O = F° with finite measure verify m(O,) < csm(O).
Proof: The point (i) is obvious. For (ii), notice that O, C {z € T',M(1p) > 1 — §}, where M denote the Hardy-

Littlewood maximal function. We conclude then by applying the weak L'-boundedness of the maximal function.
O
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Lemma 3.7. There exists § € (0,1) (sufficiently close to 1) so that whenever F C T and ¢ is a non-negative function

on I' x N*, there holds
> RV kmy) S Y m) D by, k)m(y).

(y,k)ER(F™) zeF (y,k)€v(z)
Proof: We only need to check that for any (y, k) € R(F*), one has
m{z € F,x € By, k)} 2 V(y, k). (40)

Indeed, once (40) is established, Fubini theorem yields

Yo sk kmy) S D s kmy) > m(@)lpapge (@)

(y,k)ER(F™*) (y,k)ER(F*) zel

=S m@) Y S kmy) lsen @)

zeF (y;k)ER(F™)

<Sm@) Y ey km(y).

zeF (y,k)€v()

We turn now to the proof of (40). Since (y, k) € R(F™), there exists xg € F* such that y € B (zo, %) Notice
then that B (zo, %) C B(y, k). Consequently, assumption (DV) implies
k
m(B(zo, k) N By, k)) >V | o, Yo > cV(xo, k)
P

for some constant ¢ € (0,1] depending only of Cy, and C,. Thus
m(B(an k) N B(ya k)C) < (1 - C>V (1‘07 k)
Therefore,

m(F N B(y,k)) > m(F N B(xo, k) — m(B(xo, k) N By, k)°)

2
> (04 c—1)V(zo, k)
where the last line holds because the doubling property (DV) implies V(y, k) < V(z0,2C k) < V(zo,k) . As a

consequence, (40) holds and the lemma is proven if we choose § € (1 —¢, 1). O

Theorem 3.8. (i) The following inequality holds, whenever f € TY(T') and g € T*(T'):

> #If(y, K)g(y, k)| S Af()Cf(x).
(y,k)€T xN* yel

(ii) The pairing
(o= > #f(y,k)g(%k)

(y,k) €T xN*
realizes T°(T) as equivalent to the Banach space dual of T*(T').

(iii) Every element f € T*(T) can be written as
F= Na in T'(T),

where a; are T -atoms, \j € R, S |Nj| < || f]l7e-
(iv) Moreover, if f € T* () NT*(T), the atomic decomposition can be chosen to be convergent in T?(T').

We use the following Whitney decomposition.
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Lemma 3.9. Let (T', 1) a weighted graph equipped with a quasidistance p satisfying (DV).
There exists C > 0 such that, for all subset I C ' with finite measure, there exists a finite sequence of sets (Qi)ic[1,n]
such that

(i) E= U Qi
=1
(i) Qin Qs =0 if i # ],
(i) Sp(@i EY) < 2= max{p(,y), 2,y € @i} +1< Op(Qi, EY).

Proof: (Lemma 3.9)

Let M (depending only of C),) be the constant replacing 5 in the version of the lemma ‘5’ adapted to quasidistances.
Define for all z € E, B, = B(x, %) We use then Lemma ‘M7’ and we end the proof as in [10].

Notice that in the particular case of graphs, under assumption (DV), m(E) < 400 is equivalent to E finite. Thus
the sequence (Q;); is necessary finite. O

Proof: (Theorem 3.8)
(i) Let us define the truncated cone v"(z) by
7(x) = {(y,k) €T x N, p(z,y) < k < h}
and define

=

Arm@ = X s
(y.k)ev (x) ’

Check that A(f|h)(z) is nondecreasing in h, and that A(f|oco)(z) = Af(z). For every g, we define the
stopping time h(z) as
h(z) = sup{h € N*, A(g|h)(x) < MCg(z)}
where M is a large constant that will be fixed later.
Define for x € T and k € N* the sets By(z, k) and Bs(z, k) by
Ba(a,k) = {a € T, Iy € T+ max{p(w, ), ply, a)} < k}
and
By(a,k) = {a €T, Iy, € T+ max{p(z,y), p(y, 2), p(z, a)} < k}.

Let us prove first that for any z € I and k£ € N*, one has

U 7" € T(Baa. k). (41)

yEB(z,k)

Indeed, if (a,l) € U 7% (y), then there exists y € B(z,k) such that p(a,y) < | < k. As a conse-
yEB(z,k)

quence max{p(x,y),p(y,a)} < k and a € By(z,k). From the definition of Bs(x,k), one get easily that

p(Ba(x, k), Bs(x,k)¢) > k. Hence p(a, Bs(xz,k)¢) > k > I, which yields that (a,l) € T(Bs(x, k)).

Let us prove now the following result: whenever x € I and k& € N*, there holds

m(fy € Bla, k), h(y) > k) > 3V (k). (42)

Check that B(x, k) C Bs(z,k) C B(z, ak) where o = C,(1 4+ 2C,) > 1. Together with (41), it yields

o X AP = o X ) Y gt
L yE€B(z,k) L y€EB(x,k) (z,0)ev*(y) Y
1 m(z) 9 m(y)
< lg(z,1)]
Viz, k) <z,l>eT%3;<myak>> l ye;:z,n VD

1 m(z) 2
S m Z I l9(2, 1)

k
(z,0)ET (B(z,ak))

< inf Cg(y)?
< o 9(y)
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where the third line is a consequence of the doubling property (DV) and the fact that

3 ‘;n(y) <1

Thus, we deduce
M? 1
V(x, k) yeB(x,k) = Vix, k)

Z L) <ry IMCg(y)*m(y)
yEB(z,k)

> A<y Alglr)*m(y)

yEB(z,k)
> Alglr)*m(y)
yEB(z,k)

<C,q inf Cg(y)2.
<Cpav inf 9(y)

V(x, k)

1

= Vix, k)

where C) 4, depends only of C, and Cq, We choose then M such that % < % and we obtain (42).

From (42) and with Fubini theorem, one has for any non-negative function ¢ on I' x N*

Yo sV Rmy) S D ¢ km) > m@) lpenyp, hwzk

(y,k)el xN* (y,k) €T X N* zel

:Zm(ﬂﬁ) Z ¢(y7k)m(y)]l{yeB(z,k),kSh(m)}

zel (y,k)el xN*

=Y m(z) > by, k)m(y).

2l (yk)erh ) (a)

Take ¢(y, k) = |f(y, k)||9(y, l{:)|m and by Cauchy-Schwarz inequality,

S 2 g ) $ Y AU ) Alglhe)) @) nte)
(y,k) €T x N~ zel

< MY Af(a)Cyla)m()

zel

(ii) The fact that every element g € T induces a linear functional on T is immediate from (i). The converse
is obtained by a classical argument. Indeed, if [ € (T%(I"))*, we construct a function g € L? (T') such that
I(f) =< f,g > for any function f with finite support. We check that g € T°° and we conclude by noticing
that the space made of finitely supported functions is dense in T*(I"). Consequently, 7°°(T) is the dual of
THT). See proof of Theorem 1 in [11] for details.

(iii) Let 6 € (0,1) sufficiently close to 1 so that Lemma 3.7 is verified. Define for all i € Z the set O' as
O ={z €T, A(f) > 2} and let F; = (O")¢. We can define then F; and O and Proposition 3.6 provides
0! D 0" and m(0%) < m(0O%). Notice that |J7T(0?) and then | JT(OY) contain the support of f. Indeed
if f(y,k) > 0, then for all € B(y,k), Af(x) > ey, > 0. Thus B(y,k) C O; for some i € Z and then
(ya k) € R(Oz)

Remark that m(0%) < m(0") < 27| fllzr < 4o0. Let (Q%)jen be the Whitney decomposition of O% provided
by Lemma 3.9. Then we can write T(O})\T(OL™") as a disjoint union | J; A% where

i _ (i * i it+1
Denote by rj» the diameter of Qé and xé € Q;, we claim that there exists C' > 0 such that any j, 4, there holds
AL CT(B}) :==T(B(z}, Cr})). (43)

It suffices to check that max{k € N*, 3z € I": (z,k) € A}} <rh. But for all y € Q,
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And thus
r; 2 max{k € N*, Jy € Q} : (y, k) € T(O)}
=max{k € N*, Jy € I': (y, k) € (Q; x N") N T(O;)}
<max{keN", JyeTl:(y,k) € A;}

Now write
aj = flas V(B 72 (i) 72
where
pe= Y #If(y,/’f)l2
(y,k)eA]
and set

Ny = V(B (u})7.

ZAJ s (44)

where the convergence holds pointwise. Observe first that by construction, a} is a T'-atom associated with
the ball B}. Thus the series in (44) converge in T*(T') and provide the desired atomic decomposition if we

have that Y X! < [|Af]|L1. However, since 2 ¢ B} implies that (y, k) ¢ E; for all (y, k) € v(x), remark that

RS DI TN

(y,k)ET(Bl)ﬂi){(F

We have then

)

= Y PPy (b

(y7k)m(F +1)

S Y ) X 0P )

r€F;1 (y,k)ev(x)
m\y
< S om@) Y 2 R )
kV(y, k) i
z€Fit1 (y,k)ev(z)

= Y |Af@)[m(z)

zGB;ﬁFi+1
< V(B;)4l+1’

where we used Lemma 3.7 for the third line and the definition of F;;1 for the last one. We conclude by

noticing that
Z < Z V(B:)2
> —
< Z 9t
= Z |0F|2¢

1€EL
<> os2
€7

S AL

(iv) For the last point, it suffices to show that if f € T?(T")NT*(T") the decomposition constructed in (iii) converges
in T?. Notice that

First, since Y m) <1 check that

zeV(yk) V(z,k) ~
m(y)
=5 > 1w k)P
(y,k)€T xXN*
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Recall that the sets Aé form a partition of the support of f. Thus

2 2

S e o= Y WS s

lil,j>N 72 (y.k)EDXN* lil,j>N
m(y) 2
< — k
<D > A

[il.>N (y,k)EA:

N —o00
—_—

0.

4 Equality of Hardy spaces

In all this section, (T, 1) is a weighted graph, equipped with a quasidistance p and satisfying (LB) and (DV) and (UE).

41 H),NL*CE,

uad

Proposition 4.1. Let € >0, M € N*, p € (1,2] and 8 > 0. Then H}, , 1, () NL*(T) C Ej,,04 5(T) and

[ f 1] 22

quad,f

S 1w

mol,M,p,e

Vf € H%mol,l\/[,p,e(r) N LQ(F)

Proof: The proof is similar to the one of [19, Proposition 4.1]. Let f € H}, ; 1, .NL*(T'). Then there exist (\;)ien € £'

and a sequence (a;)ien of (M, p, €)-molecules such that f = 3" \;a; where the convergence is in L!(T") and

Ail 2 [ f 1] 2 :
Zl 4 f HE i avpe

i€N
First, since ||P*|11 < 1 for all k € N, the operators A® and then A® P*~1 are L'-bounded for 8 > 0 (see [15]).
Consequently,
ABPl_l Z )\iai - Z )\iA'BPl_lai.
i€N i€N

Since the L'-convergence in I' implies the pointwise convergence, that is, for all € T,

Aﬁpk71 Z )\Zaz(:c)

€N

Z )\ZAﬁPkilaZ(SC)

i€EN

<INl AP PR ay(a)]

ieN
From here, the estimate

ILafller =

LB Z )\iai

€N

< D illlLsail o
Lt i€EN

is just a consequence of the generalized Minkowski inequality.

It remains to prove that there exists a constant C' such that for all (M, p, €)-molecules a, one has

[ Lgallr < C. (45)

Let € T and s > 0 associated with the (M, p, €)-molecule a. By Holder inequality and the doubling property, we
may write

ILgallr > V(2,278)" 7% || Laal occ, (o,s) - (46)

=0
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We will now estimate each term of the above sum. We treat first the case j = 0. Remark that ||(I+sA) Y| 1o <
1. Then (I — (I 4+ sA)~1)M is LP-bounded by 1. Together with the fact that Lg is LP-bounded (see Theorem

2.23), one has
1

HLﬁa”lp Co(zx,s 5 Ha”lp < Hb”lp 5 . EETE
(ot ) V (ZC,S) p
When ] > 1, deCOmpOSC ||L5aH Lr(Cj(x,s)) as

—1\M
HLﬁa”Lp(cj(z,s)) < E ||Lﬁ(1 — (I +sA) 1) [ﬂck(m,s) b]HLP(Cj(x,s))'
k>0

Notice, if |j — k| > n,, that
p(Cr(w,5), Cj(, 5)) = 2mxUk g

where 7, stands for 2 4-Inp C,.
If |j — k| < n,, the LP-boundedness of Lg and the uniform LP-boundedness of (I — (I 4+ sA)~")M implies

[La(I = (I +58) ") (e @) bl Lo (0, (2.6 S 1Pl L0(CL )

Besides, there exists a > 0 such that (Ci(z,s),Cj(z,s),x) are a-Gaffney suited whenever |j — k| > n,. Thus,
Proposition 2.13 yields

o 11 —
ILsallirioymy S Y. Vi@ 2s)r 2 [|Lo(I = (1 +58) )M Loy, Ol 12, o)

\j—k\an
+ Y Ibllzres
lj—k|<n,

5 Z V(SC, 2]-8)5_127 maX{j’k}M||b||L1(Ck(z,s)) —+ Z ||b||LP(Ck(z,s))

li—kl=n, li—kl<n,

. i 2—ke

S Y V@Yerla el 3T

i—Kl=n, i—klen, V(@ 28s)
SQ*ﬁV(x,st)%*l Z 2 k5 4 Z 27 k3

li—kl=Zn, l7—kl<n,

<279V (2, 205)7 !

where € = § min{e, M}.

As a consequence, one has

i (V(z,275) =%
L < 9—€ (2~ 7/
Ll $ 27 (1 )

7=0
<1

Proposition 4.2. Lete >0, M € N*, pe (1,2]. Then H' = . . (IT) N L3(Tr) C E;uad . (Tr) and
) 2P 2

1l S VS € Hypyar—t e (Tr) N L2(T).

mol,M—% ,p,e

Proof: The proof is similar to the previous one then we will point out only the main differences. Since d* and P* are
1
L'-bounded, it is enough to prove the uniform boundedness of |LsA™2d"al[rr when a is a (M, p, €)-molecule.

However, notice that if a = s =2 dAM=1(] + sA)~M+3} (with s, b associated with a), one has
IE3A™ d%alli = 1Ly (T = (T +528) )M 2] 1.

We conclude then as in Proposition 4.1.
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Proposition 4.3. The space EL(T) is continuously embedded in E;uad 1 (T) and

Il SWlsy V€ EYD).

Proof: We refer to subsection 2.5 for the definition of E3(T") and of atoms.

Due to the definition of EJ(T"), we only need to check that the quantity ||Lgal|z: is uniformly bounded on atoms.
The proof is analogous to the one of Proposition 4.1, using Proposition 2.15. O

4.2 E..CH,,NL

Proposition 4.4. Let M € N*, ¢ >0 and 8> 0. Then E;uadﬁ(l") Cc H! o2, )N L*(T") and

m

[fll

mol,M,2,e

N ”f”quw Vfe H;uad,ﬁ(r)'

d,8

Proposition 4.5. Let M € N*, ¢ > 0 and 3 > 0. Then E}, ., 5(Tr) C H} ()N L*T) and

mol,M—%,Q,e

[ f1] 22
mol, N

1
-3 .2

. S HfHH;u vf e H;uad,ﬁ(TF)'

ad,B

Proof: The proofs of the two above results are analogous to the ones in subsections 4.3 and 4.4 of [19], using the atomic
decomposition in Theorem (3.8) and Propositions 2.16 and 2.12.

The use of L!-L? off-diagonal estimates instead of the L?-L? ones enable to simplify the proof (the homogeneous
dimension do not need to appear). O

4.3 Proof of Theorems 1.26, 1.27 and 1.29

Proof: (Theorem 1.26)
Let § >0, M € N*, p € (1,2] and € > 0. Propositions 4.1 and 4.4 yield the continuous embeddings
H71n0l,]\/1,p,€(r) N L2(F) - E;uad,ﬁ(r) - H71nol,]\/1,2,e(F) N LQ(F) C H71nol,]\/1,p,e(r) N L2(F)
Thus, we deduce
H71rwl,]\/1,p,e(r) NL*T) = E;uad,ﬁ(r) (47)
with equivalent norms. In particular, E}, ., 5(T) C LY(T).
Since the space of finite sum of (M, p,¢)-molecule is dense in H}, ,; 1., () (see [7, Lemma 4.5] or [19, Lemma

3.5]), the space H, ; 5, (T) is the completion of H, , ,, (T') N L*T) in L'. The completion Hy,,, 5(T) of
Ejyaq.5(T) in L' exists then too and satisfies
(i) the two sets H,,q 5(T) and Hy ;5

(i) the norms in Hy,,, 5(T) and Hy ;5

(T") are equal,

(T") are equivalent.

Proof: (Theorem 1.27)
Let M € N*, p € (1,2] and € > 0. Propositions 4.2 and 4.5 yield the continuous embeddings

Hyo it (T) N LP(Tr) € By 4(Tr) € Hypy a1 (Tr) N L(Tr) C H,,

1
mo mol,M—3,p,

(Tr) N L*(Ty).

from which we deduce the equality of the all the spaces, with equivalent norms.

It follows that the completion of E*
qua

of H!

mol,Mfé,p,

a1 (Tr) in L*(Tr) exists and satisfies, since Himoz,zvp%,p,e(TF) is the completion
G(Tp) n L2(Tp) in Ll(TF),
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(i) the two sets H;uad , (Tr) and H!

mol,]\/f—%,p,e

(Tr) are equal,

(ii) the norms in H! . (1Tr) and H}

quad,} mol,I\/ffé,p,e(TF) are equivalent.

Moreover, notice that if ' € H?(Tt),
F € Elygap(Ir) &= A3 F € B} 4 5(D). (48)

Indeed, the implication A~2d*F € Evaa (D) = F € Bl .4 5(Tr) is obvious, and the converse is due to Proposi-
tion 1.5. Theorem 1.26 implies that all the spaces E;uadﬁ(l“), B > 0, coincide. Together with (48), for all 5 > 0,
the spaces E,, .4 5(Tr) coincide with E;uad,% (Tr). Hence, for all 8 > 0, the completion H,,, 5(Tr) of E} .4 5(Tr)

in L(Tr) exists and satisfies
(i) the two sets Hy,,q4 5(Tr) and H;uad.é (Tr) are equal,

(i) the norms in H,,,, 5(Tr) and H}

quad, (Tr) are equivalent.

Proof: (Theorem 1.29)
According to Corollary 2.19, it suffices to shows that H'(T') = H,,,; | 5 5(T) is continuously embedded in L'(T)

m

and that E§(T) is continuously embedded in H'(T) = H,,,4.,(T). However, the first embedding is stated in
Proposition 1.20 and the second one is due to Proposition 4.3. 0

5 Examples of graph satisfying (DV) and (UE)

In this paragraph, we need to recall some classical definitions on graphs.

A path joining x to y is a sequence x = xg, 1, ..., x, = y where for any ¢ € [1,n] we have x;_; ~ 2;. The length of
such path is n. We define then on the graph I" the “classical” distance d(x,y) as the length of the shortest path joining
x to y. We denote by By(z,r) and Vy(x,r) respectively the ball and the volume of the ball of center x and of radius 7.

Let (T, u) be a weighted graph with the doubling property for the distance d and that satisfy some Gaussian upper
estimates of the Markov kernels

1 dQ(w,y))
_1(z,y) S —————exp | —c Vo,y € I', Vk € N*.
Pr-1(z,9) AR p ( . y

It is the case, for example, of the Cayley graph of a discrete group with polynomial growth (see [21]).
We define then p(x,y) = d*(z,y) and one can easily check that both (DV) and (UE) are verified. As a consequence,
the Riesz transform VA~2 is L? bounded on I for all p € (1,2] and we find again the main result in [26].

The second example are fractal-like graphs, that is doubling graphs where the Markov kernel satisfies some subgaus-
sian estimates such as

1

1 dP B—1

pr(x,y) < m exp <—c [%} ) vVz,y € I, Vk € N* (49)
d\T,

for some 3 > 2. An example of such graphs is the Sierpinski carpets (see [5], [24]).
In this case, we choose p(z,y) = |d®(x,y)], where |r| denotes the integer part of r € R, . Since the collections of
balls induced by p and by d coincide, one has

Vo(z,2r) = Va(z, s2) and Vy(z, 1) = V,(x,7)

with for all i € {1,2}, s; such that |s”| < ir < [(s; +1)?|. Therefore, the assumption (DV) is implied by the fact that
d is a doubling metric. Besides, assumption (UE) with n = ﬁ € (0,1] is easily deduced from (49).

For our third example, we will present a graph that satisfies (DV) and (UE) for some quasidistance p, but where
the collections of balls defined with p and d do not coincide.

Definition 5.1. Let (I'y, ut, p1) and (Ta, 2, p2) be two weighted graphs. The graph (T, u,p) is the free product of T'q
and 'y if
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() T =Ty x Iy,
(i) for all = (21,22) €T andy = (y1,9) € T, pray = pbyy sy
(iit) for all x = (z1,22) €T and y = (y1,y2) €T, p(x,y) = max{pi(z1,v1), p2(T2,92)}.
Remark 5.2. Let (T, u, p) be the free product of (I'y, ut, p1) and (T, pu?, p2). Then the following facts are satisfied
(i) (x1,22) ~ (y1,y2) if and only if x1 ~y1 and x1 ~ y1.
(ii) If x ~y and x # y, then p(z,y) = 1.
(iit) d((z1,22), (y1,y2)) = max{d(z1,y1), d(z2,y2)}.

Proposition 5.3. Let (I'y, ut, p1) and (T2, 2, p2) satisfying (LB), (DV) and (UE). Let (T, u,p) be the graph defined
as the free product of 'y and T'y. Then the graph (T, p, p) satisfies (LB), (DV) and (UE).

Corollary 5.4. There exists a graph (T, p) satisfying (LB) that can be outfitted with a quasidistance p such that
o the graph (T, pu, p) satisfies (DV) and (UE),

e there does not exist any § > 2 such that p ~ dP.

Proof: (Corollary)

Take I'; and Ty two infinite graphs satisfying subgaussian estimates (49) with 51 # B2 (for example I'; = Z™ and
T’y is the Sierpinski carpet). Proposition 5.3 implies that I' = T'y x Ty satisfies (LB), (DV) and (UE). Notice then

that p((x,y), (, 2)) = d3* (y, z) = d%((z,y), (z, 2)) and p((y,2), (z,2)) = d]* (y, 2) = d* ((y, ), (=, 2)) 0

Proof: (Proposition)
The fact that I satisfies (LB) if and only if both I'; and I's satisfies (LB) is immediate.

By construction, one has B,(x, k) = B,, (z1,k) X B,,(z2,k). As a consequence,
Vola, k) =V, (21, k)Vp, (22, k)

and then assertion (DV) follows from the doubling property of the graphs I'; and T's.

We have by construction p(x,y) = p'(z1,y1)p*(22,y2). Therefore, by induction, we get the relation py(z,y) =
pi(z1,y1)pi(z2,92). As a consequence,

< (22 - ()|

vp<:1c, k)P [“' (¥H

where ¢ = min{cy, c2} and n = min{ny,7n2}. Thus T satisfies (UE).

=

IN

We finish the article with a question:

Question:

Let (T, u,d) be any graph satisfying (LB) (DV). Does there always exist a quasidistance p such that (T, p, p)
satisfies (DV) and (UE)?
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