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An application of the KMT construction to the pathwise weak error

in the Euler approximation of the geometric Brownian motion

Emmanuelle Clément* Arnaud Gloter!

June 24, 2015

Abstract

It is well known that the strong error approximation, in the space of continuous paths equipped
with the supremum norm, between a diffusion process, with smooth coefficients, and its Euler
approximation with step 1/n is O(n~'/2) and that the weak error estimation between the marginal
laws, at the terminal time T, is O(n~1). An analysis of the weak trajectorial error has been
developed by Alfonsi, Jourdain and Kohatsu-Higa [1], through the study of the p—Wasserstein
distance between the two processes. For a one-dimensional diffusion, they obtained an intermediate
rate for the pathwise Wasserstein distance of order n~2/3¢. Using the Komlés, Major and Tusnady
construction, we improve this bound in the case of the geometric Brownian motion and we obtain
a rate of order logn/n.

MSC 2010. 65C30, 60H35.

Key words: Diffusion process, Euler scheme, Wasserstein couplings, Komlés-Major-Tusnady

construction.

1 Introduction

A classical problem in numerical probabilities is the computation of Ef(X), where X = (Xt);¢(0,1 is
a stochastic process defined on the time interval [0,1] and f a functional which may depend on the

whole path of the process X. This problem appears for instance in finance where X represents the
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dynamic of a stock price and f the payoff of an option. The usual way to solve this problem is to
approximate X by a numerical scheme and then to compute the expectation by using a Monte Carlo
method.

Due to its implementation easiness, the most popular discretization scheme, when X is a diffusion
process, is the Euler scheme. Denoting by X", the Euler approximation of X with step 1/n, it is well

known that the pathwise strong order of convergence between X and X" is n~1/2

, under regularity
assumptions on the coefficients of the diffusion X. Moreover the weak order of convergence at a
fixed time ¢, evaluated by the difference |Ef(X;) — Ef(X})|, is n~!. However, for the pathwise weak
approximation of X (when f depends on the whole trajectory of X)), the order of convergence is still
unknown, excepted for specific functionals f such as f(X) = fol Xsds or f(X) = maxs Xs. Recently
Alfonsi, Jourdain and Kohatsu-Higa [1], have proposed a general approach to control the pathwise
weak approximation of a diffusion by its Euler scheme by considering the Wasserstein distance between
the law of X and the law of X".

For X and X, two random variables with values in a normed vector space (X, |.|) the repre-
sentations of the Wasserstein distance in the Kantorovitch duality ( see for example [10] ) are given
by:

Wi(X,X)= sup |[Ef(X)-Ef(X)|= _inf _E|Y-Y]
fecL() (YY)eIl(Y)Y)

where £(1) is the set of Lipschitz functions with Lipschitz constant less than 1, and II(Y,Y) is the
set of random variables (Y,Y) with values in X x X with marginal laws respectively X and X. More
generally, for p > 1, the p-Wasserstein distance between the law of X and the law of X is defined by :
W,y(X,X)= _inf _ EYPly -Y|". (1)
(Y,Y)€ell(X,X)
In our context, X = C([0,1]) equipped with the supremum norm or X = R".
From these representations and using the strong and weak orders of convergence of the Euler

scheme, one can easily deduce the following upper and lower bounds :

<
\/ﬁ?

for some positive constants ¢ and C. For a one-dimensional diffusion, the main result of [1], is to

<WI(X, X)) <

Sio

construct a coupling between X and X™ which improves the preceding upper bound and leads to :

c
W (X, X") < ——

2 b
n3—¢



for all € > 0. This result gives an intermediate rate, for the pathwise weak approximation, between the
strong order rate and the weak marginal rate and raises a natural question : is it possible to construct
a coupling between a diffusion and its Euler scheme in such a way that the Wasserstein distance is of
order 1/n ?

The aim of this paper is to give an answer to this question in the case of the geometric Brownian
motion. Considering respectively X a geometric Brownian motion and X" its Euler approximation,
we prove that (see Theorem 2) :

logn

Wi(X,X") < O=22,

This result is obtained by the construction of a sharp discrete time coupling between (X /n)1<k<n
and (X;?/n)lgkgm following the dyadic construction due to Komlés, Major and Tusnady ([6] [7]). We
mention that recently, the KMT construction has been used in a series of papers (Davie [2], [3], Flint
and Lyons [5]), to propose an approximation scheme, close to the Milstein scheme and with weak
pathwise order of convergence 1/n.

The KMT construction permits essentially to obtain an optimal coupling between a sequence of
iid. standard gaussian variables (Y;)i<i<n and some other i.i.d. variables (X;)i<i<, with finite
Laplace transform in a neighbourhood of zero and such that FX; =0, V.X; = 1, in such a way that

almost surely :

1<k<n #4
=1

k k
max \Z:YZ — ZX"’ < Clogn.
i=1
In Section 2, we improve the KMT result in the case where the variables X; are equal in law to
Y; — ﬁ(Yf —1). In this particular case, we obtain, as a consequence of the Proposition 1 below, that

almost surely :

k k
max |ZE - ZX2| < Clogn/y/n.
i=1 i=1

1<k<n
This is done through refined quantile coupling inequalities, which are established at the end of the
paper, in Section 4. These results are applied in Section 3 to construct a coupling between the
geometric Brownian motion and its Euler approximation which achieves the pathwise weak order

logn/n.



2 A KMT type result

Let (Y;)i>1 be a sequence of i.i.d. standard gaussian variables and let us consider the triangular array:

n 1

Y =Y, — ——
NG

! (Y2-1), 1<i<n. (2)

Weset : Sp =% Viand S = S8 V7.
—

Our aim is to give an upper bound for the Wasserstein distance W, ((Sk)1<k<n, (Si)1<k<n). We

obtain the following result.

Theorem 1 For all p > 1, there exists a positive constant C' such that :

logn
N

The result of Theorem 1 is a consequence of the Proposition 1 below, which is derived from the KMT

Wo((Sk)1<k<n, (Sp)1<k<n) < C

construction (see [6] , [7]).
Proof Let (Sk)i<k<n and (?Z)lgkgn be constructed as in Proposition 1. From the definition of the

Wasserstein distance, one has :

Wy((Sk)1<k<n: (Sp)1<hen) < EY/P Sup 1Sk — SiIP, (3)

and so we just have to prove that :
E(vA sup |Sk - SiI)P < C(logn)”. (4)
1<k<n
Recalling that for any positive random variable Z, and any p > 1 :
o0
EZP = / pP Y P(Z > 2)dz, (5)
0

we deduce that

E(/a sup |Si — S < / pP(Vi sup [Si — S})) > 2)d,
0

1<k<n 1<k<n
Klogn 00 .
< [T erdes [ pr e sup |Si- i) > (©)
0 Klogn 1<k<n

where K is the constant given in Proposition 1. The first integral in the righthandside of (6) is
clearly bounded by C(logn)P. For the second one, we have, using successively the change of variables

z =1z + Klogn and the Proposition 1

00 o0
/ p" ' P(v/n sup |Sp — Si|) > 2)dz < C’/ p(z 4+ Klogn)P~le ™ dz < C(logn)?.
Klogn 1<k<n 0

4



This gives (4) and Theorem 1 is proved.

Proposition 1 One can construct on the same probability space a sequence of i.i.d. standard gaussian
variables (Y;)1<i<n and a sequence of i.i.d. variables (X')i1<i<n, with X' equal in law to Y, such

1

that for positive constants C', K and X\, we have, for n large enough and for all x > 0 :

P(y/n sup |S; — Si| > Klogn +z) < Ce 2,
1<k<n

where S, = Zle X", and S = Zle Y;.

17

We improve the classical KMT result with a factor 1/4/n. This is not surprising since we are dealing
with variables which are close to gaussian variables.

The proof of the Proposition 1 is postponed at the end of Section 4. It is obtained by using the
KMT method developed in [6], [7]. The main tool for this construction is a gaussian coupling to the
partial sums S, which is based essentially on a large deviation expansion of B} (x)/¢(x) where B} is
the density function of ﬁgz and ¢ the density function of the standard gaussian law. We state and

prove this large deviation expansion and the associated coupling inequalities in Section 4.

3 Application to the Euler approximation of the geometric Brown-

ian motion

In this section, we apply the preceding results to bound the pathwise Wasserstein distance between the
geometric Brownian motion and its Euler approximation. Let (Xi)ic[o,1) be the geometric Brownian
motion : X; = eB*, where (B;) is a standard Brownian motion and consider the continuous time Euler

approximation of Xy, with step 1/n, defined by :

=N ~n 1—n —=n
where ¢, (t) = @, or analoguously
o 1 1 t
x; =" (1 + (Bx — Bi) + zn) <1 + (Bi = Bian) + 5(t - [”n])> . (8)

Our main result is the following.



Theorem 2 For p > 1, there exists a positive constant C', such that for n large enough :

logn

Wp((Xt)te[O,l]a(Y?)te[o,l}) <C o

To prove the result of Theorem 2 we proceed in several steps. First, we give a bound for the Wasserstein
distance between the logarithm of the processes. We have (log Xt)ic0,1] = (Bt)te[o,1) and since the
logarithm of the Euler scheme (X )te[0,1)) is not defined everywhere, we introduce an auxiliary process

(L¥)tepo,1), defined in such a way that
Wp((eL?)te[o,u’ (Y:)te[o,l]) <C/n.
We consider the process (L) defined by :
' =B, - /Ot(BS B, )dB., te0.1] ()

We can observe that the discrete process (L'}) satisfies :

. —Bi )= =), 1<k<n, (10)

and consequently, the discrete time process (L'} )1<k<n is equal in law to ﬁ(?’;)lgkgn, where using
the notations of Section 2, S; = Zle??, with Y defined by (2). Similarly, we observe that
(log X & )1<k<n is equal in law to ﬁ(sk)lgkgn. This permits to derive immediately from Theorem 1

the following corollary.

Corollary 1 For p > 1, there exists a positive constant C, such that for n large enough :

logn
Wy ((log X & )1<k<n, (L% )1<k<n) < C i :

Next, we can extend this result to the continuous processes (log X;) and (L}') using the strong ap-

proximation error on each interval with length 1/n.

Lemma 1 Forp > 1, there exists a positive constant C, such that for n large enough :

logn

Wy ((log Xi)eepo,1)s (Lt eejo)) < C mt

Proof We consider the process (L}') defined by (9), driven by the Brownian motion (B;), and we
introduce the process B} :

k—1 k
<t< - (11)
n

Bi!=L% ,+ By — By, for -

6



The process (B}') is discontinuous and coincide with (L") at the discretization times (k/n)o<k<n—1-

First, we prove the following strong approximation result :

1 p
E max sup |Bf—L}P< Cm. (12)
1<k<n k=1 k np

To prove (12), we will use (5) with Z = nmax;<x<p, SUP, ¢ k=1 Ky |Bf* — L}| and so we have to control
P(Z > z), for z > 0. We have :

P(Z > z) <nmaxP(n sup |By—L}|> z2),
k te[@ E}

n ’n

with n(Bf' — L) = n [i-1(Bs— By, s

B, (s))dBs)

))dBs, for k=l < ¢ < £ Observing that the processes (f}l;n;l(Bs —
te[k=1 k] and (fg Bsst)te[O,l] have the same law, we deduce :
t
P(Z > z) <nP(n sup | | BsdBs| > z).
tefo,;] /O

But from Ito’s formula fg B,dB, = %(BE — t), consequently :
9 1
P(Z>z)<nP|(n sup |Bf|>2(z—2)],
tefo, L 2
and by time rescaling :

P(Z > z) <nP | sup |B? >2(z — 1) :
te(0,1] 2

Using the exponential inequality for the Brownian motion, we have P(supycpq]|Bt| > a) < 2e=9%/2,
and this finally leads to :
P(Z >z) < Cne~ ("2, (13)

Turning back to (5), we have :

logn
EZP S/ pzp_ldz+/ pP L P(Z > 2)dz. (14)
0 z>logn

Reporting (13) in the second integral of (14) and using the change of variables x = z — logn, we
deduce :

EZP < C(logn)P.

This proves the strong approximation result (12).
We end the proof as in [1] (Proof of Theorem 3.2.). The Wasserstein distance in the left hand side

of Corollary 1 is attained for a probability measure 7 on R™ x R™ with marginal laws respectively



the law of a Brownian motion at times (k/n)o<p<n and the law of (Lx);. We fix (L )r to be the
discretization of the solution of (9) for a Brownian motion (B;) and let (B )y be distributed according
to the first marginal of 7 given the second one equal to (L7 ). The random variable ((Bx ), L )x)

n

in R” x R™ is distributed according to 7 and attains the Wasserstein distance between (log X ), and

(L% k-

n

By the triangle inequality, we have:

Wp((log Xt)eepo,1) (Lt )eefo]) < Wa((log Xi)iepo,1), (Bt eeo,1) + Wo((Bi )efo,)s (L1 )ico,1))s  (15)

where (Bf');e[o,1] is defined by (11). Let us note that the process (B}') is not continuous and so the
associated Wasserstein distance is defined in D(]0,1]), the space of c-a-d-1-a-g functions, equipped
with the supremum norm.

From the strong error approximation (12), the second right handside term in (15) is bound by

C'logn/n and to end the proof it remains to estimate

Wy ((log Xt)eepo,1)» (B tefo,])-

For this we consider a Brownian motion (W})cjo,1) independent on ((Bx ), (Bt)¢) and we construct

By_1,Bk _
the two Brownian Bridges driven by (W) : (W, ™ " )te[ﬂ k) (starting from Bi_: and ending at
B B’IE’BTL7 n n n
By),and (W, " g )te[k;l k1 (starting from Bf_, and ending at B’ _, where B', _ is the left hand
limit at time % of (By)). We set for t € [%, %) and 1 <k <n:
Br1Br k — k—1 k—1
wWl=w, = "= B;Hn(H —t)+ Ben(t — T) + Wy — Wier — nlt — T)(Wﬁ — Wii),
Bi_1 B} - k k—1 k-1
Wi=w, = " = Ln(ﬁ—t)+Bz_n(t— - )+ Wy — Wi — n(t — - YWy — Wi1).

One can check that £((W});) = L£((log Xt);) and L((W2);) = L((B}):), consequently,

Wy ((log X1)eepoa)s (B )tepo,1]) < EVPsup,gioq) (Wi — WEP
< EVPmaxy(|Bi-y — By, [PV [Bx — BY_|P)

n

S El/pmaxk ‘EE — Lz ’p +E1/p maxpg ‘LTé - Bzf‘p-

n

We have

E\/P max |L} — By [P < EYPmax sup |BP— L],

n



and by construction of the process (B k )k
EYP max B — LL P = Wp((log X )i, (Lk i),
Consequently, using Corollary 1 and (12), we finally obtain :
Wy ((log Xi)tefo,1]: (B )ieo,1)) < C'logn/n,

and Lemma 1 is proved.

Lemma 2 Forp > 1, there exists a positive constant C, such that for n large enough :

logn

Wp((Xt)tE[O,l]a(eL;L)tE[O,I]) <C p—

Proof Let ((Et)te[o,lb(f?)te[o,l]) be a random variable in C([0,1]) x C([0,1]) which attains the

Wasserstein distance W, in Lemma 1. We have :

" 1 — —a logn

sz((log Xt)tE[O,l]a (L )te[O,l])) =E% Sl[épl] |By — Ly |2p < CT- (16)
tefo,

We deduce that :

n 1 - -n
W ((Xt)telo,1)s (e"t Jep,1) < EP s%pu leBt — elt|P.
telo,

But supycpo ] Bt — ef?| < (supgepo,q) B+ SUPyelo,1] eff) SUPye(o,1] |B; — L;|, and so from Cauchy-

Schwarz inequality, this gives

n

1 B 1 wn 1 . —n
Wo((Xe)ieppas (€ i) < (B2 (sup eP0)* + B2 (sup " )*)E% sup [B, - Ly|*.  (17)

te€(0,1] te€(0,1] te€[0,1]

Using (16), to finish the proof of Lemma 2, we just have to verify that E(sup,p egt)z” and
E(supefo ef?)zf’) are bounded.

Since (B): is equal in law to a Brownian motion, E(supeg ] ¢B)? is bounded for any p > 1.
Hence (I}); is equal in law to (L}), the process solution of (9), and so, it remains to show that

E(supepo el)P is bounded, for p > 1. From (9), the martingale (Lf");c[o,1) can be written as :

t
o= /O (1 - (Bs— B,,(,)))dBs.



We first bound Ee®E™ L") = E(e afo (1=(Bs= v’n('ﬂ))ZdS), for a > 0. We have

k+1
203020 [ (Bs—By)3d
B(et s 0= (BB )dsy < 20t imo 17 (BemBip)ds

htl
Since the random variables ( [, " (Bs — By )?ds)o<k<n—1 are independent and identically distributed,

we deduce

1
E(@afol(l_(BS_Bsan(s)))QdS) < €2a(E62af0" B?ds)n < 62a(E€2TLa SUPs<1/n Bf)n
By time rescaling, supg<s<y/y, B? is equal in law to % SUPg<s<1 B2 and consequently

E(eJo 0=(Bs=Buy())ds) < (20 ey sy Biyn,

2a
From Hoélder’s inequality and Doob’s maximal inequality applied to the positive submartingale (erTQBiQ )t

we have for ¢ > 1,

Eef?asupsng (E sup 62;[132)1/(] < (Eei:qu2>1/q
s€[0,1] qg—1

Remarking that for a < 1/2, EeoBi = 1/+/1 — 2a, this gives, for n large enough and choosing ¢ = n:

n da. 1

(1— %) 2,

n—1 n

2 2
Eeﬁ SupsSl Bs S

This permits to obtain

IN

Eea(anLnﬁ _ E(eafol(l_(Bs B, (s) )) ds) < 62(1 < n ) (1 B 4£)_% o (18)

- n—1 n
where C, is a constant depending on a but not on n. From Novikov’s criterion, we deduce that for
a2 n n
any a > 0, (E(aLy))ie0,1) = (eld—F (LML >t)t€[0,1] is a martingale. Observing that
pL? — g(2pL?)1/2€p2<Ln7Ln>t7

is a positive submartingale, and applying Doob’s maximal inequality, we have :

E( sup epL?) < C(EerL?)l/Q < C«(EGS])Q(L“,L”)t)1/47

te[0,1]

and so from (18), this gives :

E( sup ePH) < C,. (19)
te(0,1]

This achieves the proof of Lemma 2.

<&

For the statement of the next Lemma, we recall that (X;) and (el*) are defined on the same

probability space by (7) and (9).

10



Lemma 3 For p > 1, there exists a positive constant C, such that for n large enough :

1/p
E sup | X, — ek < C/n.
te(0,1]

Proof The process (el?) is solution of the equation
n 1 n
e’ =1, de"" = e (1— (B, — B,,4))dB: + ieLt (1= (By — By, 1)))%dt. (20)

To simplify the notation, we write AB; = B;—B,, ;) and Ay = t—n(t). Considering the error process
U; = el — X7, for t € [0,1], we first remark that for all p > 1, E'supycp 1 |X}|P < C. Moreover from
(19), we have E(sup;c( 1 eli)P < C, and so E supyejo 1) [Ut|P < C, for some positive constant C.

Now, it is easy to verify from (7) and (20) that (U;) satisfies the equation :

U, = /Ut Us(1— AB,)dB, + % /Ot U.(1— AB,)%ds + R, (21)
with
dR? = X} (1 — AB;)dB; + ; (1= ABy)*dt — X ydBy — ;an(t)dt (22)
Since X, — an(t) = YZ”(t)ABt + %an(t)At, we can rewrite R} as :
dR} = (YZ} -X ))dBt Y”ABtdBt +3(X; - X, i ))dt +1X7 ((ABy)? — 2ABy)dt,

(

From Burkholder-Davis-Gundy inequality, we have

E sup | X o AsdBsP < C/nP

telo,1] JO on(s)
and since [ X AB.ds = tyn t A (gn(s) + 1)) — s]dBs, we obtain similarly
0 “*on(s) n(s) n
t
E sup | (S)AB ds|P < C/nP.
telo,1] JO

This permits to conclude, after a few computation, that :

E sup |R}IP < Cp/nP. (23)
t€(0,1]

Turning back to (21), we deduce using (23) and convexity and Burkholder-Davis-Gundy inequalities :

t 1
Esup|U,P < C (/ E <(1 + |AB,|)?P sup |Uv|p> ds + np) : (24)
0 v<s

v<t

11



Moreover, introducing the truncation 1, |<c, we have for any ¢ > 1 :
P(|ABs| > C) < C/nf,
and so from Cauchy Schwarz inequality
B (141887 s 0P Yap o ) < O
v<s

this gives :

1
E <(1 + |ABS\)2p sup ]Uv]p> < C(Esup |UylP + —),

v<s v<s np

Reporting this in (24), we deduce :

! 1
Esup |Uy|P < C( E sup |Uy|Pds + ) ;
0 np

v<t v<s

and the result of Lemma 3 follows from Gronwall’s Lemma.

Proof of Theorem 2
The result of Theorem 2 is a straightforward consequence of Lemma 2 and Lemma 3, applying the

triangle inequality and observing that W, ((X¢)ep0,1] (€% )epo,1)) < EY/p SUDPtefo,1] X} — el |p.

4 Quantile coupling inequalities and proof of the Proposition 1

4.1 Quantile coupling inequalities

We use the technique of the conjugated random variable (see [7], [4]). For technical reasons, essentially
the non integrability of the characteristic function of the random variables ?Z, we regularize them
by adding independent normally distributed random variables. For that, we consider a sequence of
independent identically distributed standard gaussian variables (§;)r>1, independent of the sequence

(Yi)k>1, and we set :

1

V" =Y+ ﬁﬁk, (25)
k

St=Y v (26)
=1

We have the following expansion.

12



Lemma 4 Let T?Z’” be the density function of ﬁ?;;n, ¢ and @ be respectively the density and the
cumulative distribution function of the standard gaussian law. There exist some constants € > 0 and
C > 0 such that for all k > 1 and n large enough, we have :

i) for |z| < eVEn :

i) for 0 < x < evkn :

where ]T,g(w)| < CM, for1 <5 <3.

Remark 1 For k = n, the approzimation of p;)"(x) by ¢(z) is of order 1/n, for |z| < en. In the
classical KMT result, the order of approzimation is 1/\/n for |x| < ey/n. It is important to have a
better approximation result which holds for larger values of x to improve the final bound in the KMT

construction (compare for example to the refined quantile inequalities given in [9]).

An inspection of the proof below shows that without the regularization technique, the result of
Lemma 4 holds with £ > 3.

In the sequel, C denotes a constant which value does not depend on n and k and may change from
one line to the other.
Proof We can prove i) and ii) by the technique of conjugated random variables. We only give the
proof of i) in details, the proof of ii) being very similar (see for example [8]). We first compute the
Laplace transform of the variables Y. For t > —/n, let R(t) = EetV+" and U(t) = log R(t). A
simple computation gives :

2
2n2’

t t? 1
2\/ﬁ+2(1+t/\/ﬁ) —§1og(1+t/\/ﬁ)+

In particular, we have ¥(0) = 0, ¥(M(0) = 0, ¥ (0) = 1 + =+ 7712 and it is easy to verify from the
computation of ¥ and WG, that, for 0 < [t| < ¢y/n, 0 < 1/C < ¥ () < C and WO (t)| < C/v/n,

U(t) = (27)

for some positive constants ¢ and C. Fixing ¢ such that [t| < ¢y/n, we consider the sequence of
independent random variables (Z}')r>1 such that, Z}' admits the density function % fyz,n(x), where

fVZ’" denotes the density function of Y. One can easily verify that E (Z2) = vW(t) and V(Z]) =

13



T)(t). We denote by ¢ the density function of the normalized sum m Zle(Zf —w@)).

The following relation holds between p;™ and g}

D5 (2) = k() —tavk " ek — kU@ | (28)
F v (1) LU (t)
The next step to obtain the result of Lemma 4 is to prove that that for |t| < ¢y/n
sup |gf (2) — 6(2)| < C——. (29)
x kn
i (zp—w M)\
Let ¢} (u) be the Fourier transform of ¢}, we have §j'(u) = | Ee kv () and consequently
. k
R (t L i (1) () N/
n kW(Q)@)) V@
= . 30
Now, by the inversion formula,
n 1 N _u? n,0 n,1 n,2
Sl;p|Qk(x) —¢@)l < o [ |Gk (w) —e” 7 ldu < L7 + I + I (31)
where
2
m<c |G (u) — ™ 7 |du, (32)
F lu|<avkn g
nt<c |7 (u)|du, (33)
F [u|>avkn g
u2
?<c ¢~ 7 du, (34)
|u|>avEkn

and « is a positive constant which will be precised below.

(S

x

u2
Since for x > 0, f;o e z2du< %6_7, one can easily see that

2_ C
I <

_\/ﬁ.

Turning to I/ ! a tedious computation using (27) and (30) gives

) kt2(1+t/ﬁ)2
o 6_ ZnQ;(Z) ® 62((1+i/\/ﬁ)2+ kn\IJu<2) ) )

|qk (u)‘ - ) k/4 X k2 g(u)a (35)

u n

(1 + w7 e

where
2
—u*(1—t/\/n

log g(u) = ( ) (36)

@) (1) ((1 +t/v/n)? + W;(t)) |

14



We deduce then the bound

w2

e 2n2v@ ()

()| < ), (37)
<1 + knﬁ’<2>(t)(1+t/\/ﬁ)2>

We remark that the contribution of the regularization variables (§) in the numerator of equation (37)
2

(the term e 27¥®®) ensures the integrability of |G} (u)| for the small values of k (k =1 and k = 2).
Recalling that if [t| < ¢y/n, we have 0 < 1/C < ¥3)(t) < C, we deduce that for |u| > avkn,
0 < g(u) < e~C*". This finally yields :

u? C
I,?’l < Ce_Ck”/echu < Cne ¢ < — (38)

Vkn

It remains to bound the main term I,?’O. With the previous notations, we rewrite (30) as :

1w (1) ()

kU i —kU(t)—
qp(u) =e (H\/w@m) O™ Vet

A Taylor expansion up to order three of v — W (t + k\;;?)(t)> on [0, u] gives :

w2

iu3
Qw)y=e ° rP0V/mon "

where [1,| < supjy <y (W) (¢ + \/#T(t))\ We deduce then that :

[§]

3
N 2 _ iU N
@) — e | =T E 1 e HPOVB0T)

Using the inequality |1 — e?| < |z|e/*! for any complex number z, we obtain by choosing « such that

R V < -
"1/(2)(t)\/mnu| <1, for \u| < 04\/%,

w2
|Gi(u) —e” 2| <C

This gives

< (39)

T
This achieves the proof of (29).

We turn back to (28). We first recall that for [t| < ¢y/n, 0 < 1/C < W) (t) < C. As a consequence,
T is increasing, for |t| < ¢y/n, with values in [~C/n, C'\/n], for some constant C. Tt follows that
for || < ev/kn, the equation z = W) (¢t)v/k admits a unique solution. In the sequel, we fix ¢ to be

the unique solution of :

z =0 )V (40)

15



We have |t| < ¢y/n and so combining (28) with (29), we obtain :

kY —tavk < O(l)> (41)

TN () =

P (7) VIO () V2 Vkn
where O(1) is a bounded function. Next considering (40), by a Taylor expansion of [¥(N]~1 on
[0, 2/v/k] up to order two, we obtain :

2

"= Vo) " kaot

where we have used [¥()]74(0) = 0, ([P]1) M (0) = 1/¥C)(0), (PP () = LTl 0

and recalling that for |u| < ¢y/n, we have 0 < 1/C < @) (4) < C and |[¥@) (u)| < C/y/n.

Now, since U(t) = %q;@)(o) + %nt, with [n:| < supj, <)y |T3)(w)], we deduce the expansion :

x? 3

“200(0) " Vin

where O(1) is a function which is bounded uniformly in k and n, for |z| < evkn. Using ¥(?(0) =

kU (t)

1+ ﬁ + %, this finally leads to :

kU(t) — tVkes = —5“22 + ij(l) + ——0(1). (42)

Reporting (42) in (41), it yields :

22 0(1)+-2-0(1) o
7 (@) = o) (1+92).

O (1) Vkn
We conclude, observing that W (t) = &) (0) + \/%0(1),
o(1) Ltz

and 1) is proved.

&

From Lemma 4, we can improve the KMT quantile coupling inequalities with a rate 1/y/n. Let F}
be the cumulative distribution function of ﬁgzm. To simplify the notation we omit the dependence
. —*,Mn -1 . 1 oxn -1 1
in n. We have ﬁsk =q I}, (@(ﬁSk)) and in the next lemma, we assume ﬁSk = F, (@(ﬁSk)),

for S, = Zle Y;, where (Y;);>1 is a given sequence of i.i.d. standard gaussian variables. We have the

following refined quantile inequalities.

16



Lemma 5 There exist € > 0 and C > 0 such that, for all k > 1 and n large enough :

—%n C S . =%,
5" - Sul < o= (";C'H), if 5" < ek

Proof We just have to prove that for 0 < |z| < eVkn,

(2 —u(z)) < Fr(r) < D(x + u(x)), (43)
where u(z) = % (% + ﬁ) Observing that (43) is equivalent to z — u(z) < ® 1 (Fj(z)) < = +u(z),
the result of lemma 5 follows for = ﬁ?kn = Fgl(Q(ﬁSk))

From Lemma (4), part ii), we have for 0 < x < evkn :
_ct®) otz
(1—-=®(z))e = Vin <1—Fi(z)<(1—o(x))e Vin | (44)
e o+
O(—z)e ~ Vin < Fip(—x) < ®(—x)e” VFn . (45)

Now from Mason and Zhou [9], Lemma 3, we have for all A > 0, k > 6442 and 0 < z < Vk/(8A) :

Q(—z+u)) 1—®(x—u) 1+a3
or (T ) =oe (e ) 240 1o
O(—z —u)\ 1—®(x+u) B 1+23
oo (Tair) = (e ) < A0 o
where u = 24422 Combining (46) and (47) with A = C/y/n and n large enough, with (44) and

Vk
(45), we deduce that Yk > 1 and 0 < |z| < evkn, (43) holds.

4.2 Conditional quantile inequalities

We complete this section with some conditional quantile inequalities, which will be used in the proof of
the Proposition 1. We assume that k is even, k = 2p. We define Sj, = 25, — Sk and S]:n = 2?;’” —?,:’n
and we denote by FJ(.]y) the conditional cumulative distribution function of ﬁggn given ﬁ?fgn =.
We assume moreover in the next Lemma that ﬁgzn = FEI(CI)(ﬁS’k) | ﬁ?,;n) We have the following

conditional quantile inequality :

Lemma 6 There exist € > 0 and C' > 0 such that, for all k > 1 and n large enough :
c <|S,:’"|2 + (5P

N Q <

+ 1) if max([S"1Sp") < ekv/n.

17



Before proving the Lemma 6, we need the following three lemmas.

,

Lemma 7 Let p;"(- | y) be the conditional density of ﬁgg’n given ﬁ?k = y. There exist some

constants € > 0 and C > 0 such that for all k > 1 and n large enough, we have, for |z| < evkn,|y| <

evVkn :

1

P | y) = p(a)eva k@), (48)

[ Itz +|yla+
where ‘Tkl(m,y)’ < CW'

Proof First we show the following expansion for the density of ﬁ?fgn,

Je > 0,V|z| <evnk, pp"(z) = p(z)exp (

( >+cn:c2+”’”“"3n,k<x>>, (49)

3 x
Vak "k Viuk
where 7, is a sequence of smooth functions defined on some neighbourhood [—¢,¢] of 0 and whose
derivatives up to order two are bounded independently of n; ¢, is a sequence such that ¢, = O(1/n);
and B, ;(-) is some measurable function bounded independently of & and n.
Recalling the representation (41), where ¢ is the unique solution of (40), W) (t) = ¥ (0) +
|z

\/TLHO(l), and ¥ (0) =1+ =+ # yields to the representation

P ) = 1 1+ |z
k \ 21 vnk

Let us denote ®,(s) = 1¥(y/ns) and by h,, the inverse of the function s — ﬁ\ll(l)(\/ﬁs). Due to

exp (k\IJ(t) —taeVk + 0(1))

the expression (27), it is simple to check that both functions are well defined on some neighborhoods
of 0 independent of n, and we can assume that h, is well defined on the interval [—e,¢], up to
reducing the value of . Using these notations, we get t = \/ﬁhn(\/%), and in turn, p;"(z) =
T . 1 2
exp (nk@n(hn(\/%)) — V(=) + 1;#‘0(1)). Now, since ®,(0) = @ (0) = 0, 2 (0) =
14 5=+ 25, we can write ®,,(s) = o (0)% + 8390(s) = (1/2+ O(1/n))s? + s34, (s), where 7, is some

n27

function. Using that ®,,, and all its derivatives, are bounded independently of n on [—¢, ], we deduce

that the same property holds true for 7,. Analogously, we can show that

hn(s) = b (0)s + 52Bu(s) = (14 O(1/n))s + 5% Bu(s) (50)

18



where the function 3, and its derivatives of any order, are bounded independently of n on [—¢,¢].

With simple computation, we deduce that

1k (h(——=)) — Vikh(——=)z = nk®, <(1+0(1/n))x+$26n(

Jnk \/7;)>
— Vnkz <(1 - O(l/n))f + = Bn(

T (

\/r% Vnk

)

= —éx2—|—fc20(1/n)+ )

\/ﬁﬁ

where 7, is some bounded function, with bounded derivatives. This gives (49).
We now prove (48). Using the independence of the random variables Sy + 5’; and 57" — S,: "

we easily deduce

=k, M Y \ =K, Tty
Vo, v, (e y) = 20 Pha ) (51)
v D ()

From (49), we readily get

L+ [z + [yl

P (@ y) = o) exp <5n(m,y) + N O(1) + cnxz) 7
_ e+ bl 4o
— o(x) exp <5n<x,y> e ) , (52)

where 0, (z,y) = W [(f/ﬂ)?’rn(f) +( fiky):srn(j:—ky) — 2(\/%)37’”(\/%)] From a second order

Taylmi expansion of z — z3r,(z) around \/n— it can be shown that |0, (x,y)| = :CQO(ZZ 1 \/% ' +
—_1)). Using |z| < evnk and |y| < evnk, this yields to |, (x,y)| = m O(|z|* + 2% |y|). Using the
expansion (52) we deduce the lemma. o

Lemma 8 Let € > 0, then there exist 0 < e” <& < e, and C > 0, such that for n large enough, and
all k,

Yyl < e"Vnk,V|z| > e'Vnk, we have, ﬁ;’n(x | y) < Cexp

[I |- (53)

Proof For the proof, we focus on establishing (53) in the case x > 0, since the proof for z < 0 is

similar.

We first need to prove the following upper bound on the density of ?,;’n,

Je' > 0,V0 <y <e'Vnk,Vz>0, p"(y+z) < 2 T, (54)
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From (28) with x = y + 2z and for ¢ given by ¢t = \/ﬁhn(\/%) where h,, is defined in the proof of

Lemma 7 we have

Ty ) = eW(t>—ty\/Eqn (y+2)Vk - kY@ ok
k o) KT (1)
Remark that ¢ is well defined for \/—k in a neighbourhood [—¢’, '] of 0 and is solution to WM (¢) = 3 /V/k.

Then, proceeding exactly as in the proof of Lemma 4 we can deduce that

3

2
|
e 2 v emtaVE, (55)

P (y+z2) = T

Now, from (50), we deduce —tzvk = —yz [1+O(1)] + O(%) Using that % <&’ < 1/4, as soon
as we choose the value of ¢’ small enough, we get —tzvk < —yz/2, for n large. Finally, (54) follows
from (55).

We now prove (53). Up to a modification of the value of €/, we can assume that the result of

Lemma 4 i) holds true for 2 < &’v/nk. Thus, from (51), we get for z € R, |y| < &'vnk

2
_— — v o’ THY, _sm, —T+Y
Py (‘7: ‘ y) < V2me 2 \/7 pk/g( \/§ )pk/g( \/E )7

where C' > 0 is some constant. From (28)—(29), it is easily seen that p*" is a bounded function.

Hence, we deduce,

2 3
*n %-&-01# —xn T +Y
(z]y) <Ce k pk/g( NG

)s (56)
where C' > 0 is some constant.

We assume, for the sequel, that > &’v/nk and |y| < £”’v/nk with &’ = 5’/8. We write ZﬁZ/@(L\FJ)
[15/\/77, 1€ \/17], we deduce

,*n($+y

P2 NG 43 Vnk 16

for some constant C' > 0. From (56) and |y| < &’v/nk/8, we deduce,

ﬁzvn(lwy)SCexp( 21435/271]{;(1_60)_’_\/%_5\1/;( \/7)>7

where C' is some positive constant. Up to a modification of ¢/, we can assume that ¢/C' < 1 and the

1 /
) < Cexp <_5 nk + < L OBk - < m(w —5’@)) ’

latter equation gives (53). o
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Lemma 9 There exist € > 0 and C > 0, such that for all 0 < x < evnk and |y| < evnk,

1= Fr(o | y) = (1 — ®(x))evn c @D (57)
= LT3 (2,y)
Fi(— | y) = B(—z)evm @), (58)

~ 1 3 2 .
where ‘T,ﬁ(m,y)’ < o2yl | %‘x +|y|, for j =2,3.

Proof We only prove (57), since the proof of (58) is similar.
Using Lemma 7, let us consider €1 > 0, such that for all |z| < e;vnk, |y| < e1vnk, we have

3 2
2 o LByl +y|

e 2e vnk s

1
~%, N
) €T <
pk ( ’ y) = \/ﬁ
for some constant C7 > 0. Hence, for 0 < x < A < g1vnk and |y| < e1vVnk, we can write

~ ~ o, vl A _ﬁ(l_ch qu\y\) du
Fi.(A — Fi(z <e " Vnk e 2 Vnk ) —— |
k(A y) — Fr(z]y) < : Nor

Assume now on that g1 < 8%‘1’ up to a modification of the value of ;. Then, the change of variable

(59)

1/2
v =u (1 — 20 %‘) is one to one as the variable u ranges in [z, A] and it is easy to see that

%‘ <1+0Cy %', with some constant Co > 0. As a result, after a change of variable, we get

A 2 0o
7?17(1,201%) du / _ﬁ v+ |y| dU
e 2 ikl —— < e 2 (1+Cy
/z V2r = S & NN

1= By, k)1 + %’) n

Co
vnk

o(2(y,n, k)) (60)

1/2
where we have noted Z(y,n, k) =z (1 — 20 z%l) )

From the mean value theorem,

1—®(2(y,n, k))
os (00

$(€)
1—®(¢)

) = (z — #(y,n. k) <C3<$2+x'y>1f(§>)<g>’

where § € [Z(y,n, k), z] and C5 > 0 is some constant. From Lemma 2 in [9] we know that z — 1?55()2)

is increasing and Lemma 1 in [9] easily implies

1f(;)(2) < Cy(1+2) (61)

for any z > 0 and Cy > 0 some constant. We deduce

1- q>(£(yanvk))
1°g< = o)

) < Cs(a? + 2 |y (1 + 2), (62)
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where C5 is some constant. Putting together (59), (60) and (62) we deduce,

FulA | y) - Fiuler | 9) < [1 - 9(@))e " (1 1 g 1\?@) \/i @y, ).

Using (61) and (62), we have ¢(i(y, n, k)) < Ca(1 4 |z])(1 — ®(z))eCs@*+2lvD(+2) - A5 a consequence,
we easily deduce

Ce Ltz +1vla? +1y]

Fr(Aly) — Fu(z | y) <[1 - ®(x)]e™® Vink , Y0<z<A<evnk, |yl <eivnk, (63)

and where Cg > 0 is some constant.
In order to prove (57), it remains to control 1 — Fj(A | y) = [3° 55" (u | y)du. From Lemma

8, there exists 0 < &/ < &} < &1 and C7 > 0 such that for all |y| < &/Vnk, u > &{vnk, p7"(u |

y) < Crexp (—£[| | — 51\2/%]). We choose A = £vVnk < e1vnk, and with easy computations
deduce that [;°p;"(u | y)du < ﬁe " . If we let g9 = % A€, and if < e9v/nk, we have,
slnk

3 6(z) e SC7
1-2(2) 2 5,303 2 ot rowen v

This implies,

o *,T —nk
V0 < x < e9Vnk, / Py, (u | y)du < Cg[l — ®(x)]exp O, (64)
A
for some constant Cg > 0. Joining (63) with (64) yields to the result (57). o

Proof of Lemma 6. We just have to prove that for 0 < |z| < eVkn, and 0 < |y| < evkn

1—®(z4u(x) <1—Fulz|y) <1—0(x—uz)), (65)

C(+z2+y?)
vnk

9, there exist £1 and Cy such that for 0 < x < e1vnk, |y| < e1vnk,

where u(z) = . We focus on the case x > 0, as the proof is similar for < 0. Using Lemma

_Cll+\z\3+\y\z2+|y| oy Ll lylz? +lyl
vnk

(1—@(x))e <1-Flzly) < (1 —-@@)e’ Vo
3
We set A = %%W Then it is simple to check that if 7 is small enough and n sufficiently
large, we have A2 < ECI 1y < k 51> for all k > 1. In the same way, we easily check that if €; is

small enough, we have 8Ax < \f . As a consequence, we can apply (46)—(47) to get

_glta?

vE < [1—®(z)]e JES <1—®(z—u), (66)

1-®(x+u) <[1—d(x)le

— 9ALltz’ A+z24y®) _ - 1423 _ o 1Pyl +Hy|
where u = 24 e < C N u(z), for some constant C. Since A N Cq N , the

equation (66) gives (65). o

22



4.3 Proof of the Proposition 1

The proof follows the dyadic construction scheme introduced by [6] (see also [4]) and we give it for
the sake of completeness. We adopt the notation of [6]. We assume that n = 2N, Given a sequence
of independent standard gaussian variables (Y3)r>1, we will construct a sequence of independent
identically distributed variables (X}');<<on such that X}’ has the distribution of Y., defined by (2).
We first construct some independent variables (X;");<;<on equal in law to (?Z’n)lg k<2, defined by

25). As previously, for k equal 1 to 2V, we set :
(25). Asp Y, q ,

We define :
Unk = S(isnam — Sgams  0<k <2V 0<m < N,

N_
Unk =Un-12k = Un-126+1, ,0<k<277" 1<m <N,

)

Similarly for the gaussian variables, we define :
Vm,k‘ = S(k—l—l)Qm — Sgam, ,0<k < 2N—m, 0<m<N,

- v
Vink = Vim—12k = Vin—12641, ,0<k<277™ 1 <m < N.

We have Uy, o = ?;;L and Vi, 0 = Sam. We can also remark that the gaussian variables V,,, 1, and f/mk
are independent.

To complete the notation, for m equal 1 to N, we recall that Fom denotes the cumulative den-
sity function of 2M%Um’o, and we note Fym(.|y) the cumulative density function of Qm%(}m,o given
2M%Um,o =y.

Since the gaussian variables (Y}) are given, (Vi x)mx and (ffmk)mk are also given. With these
variables, we now proceed to the construction of some random variables, equal in law to the (Up, ),

that we will still denote by (Up, 1) to simplify the notation. First, for m = N, we set :

% - _ 1% 1
_ oN/2 -1 N,0 _ oN/2 71 N0

We deduce then Uy_19 and Un_1,1, by the relations :

1 - 1 -
Un-10 = §(UN,O +Unyo), Un-11= §(UN,O —Unyp).
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It is easy to verify that the random variables Uy_19 and Uy_1,1 are independent and distributed
according to the expected law. We next continue the construction by induction on m. Assuming that

U, is constructed, for 0 < k < 2N=" e set :
. . v 1
_ om/2—1 m,k
Um,k — 9m FQm ((I) <2m/2> |2m/2 UmJg) ,

1 ~ 1 -
Um—l,Qk = §(Um,k + Um,k)a Um—1,2k+1 = i(Um,k - Um,k)

and we define

We can observe that the joint distribution of the pair (U,,—12k, Um—1,2k+1) is the prescribed one and
s0 Up—1,2r and Uy, 241 are independent and distributed according to Fym-1. More generally, the
constructed random variables U,, i, for 0 < k < 2N=m " are independent.

At the final step, m = 0, this permits to construct a sequence of independent random variables

(X;™)1<k<on, equal in law to (72’”)19%21\1 by setting
*,M N
Xk7 = UO,k*la 1 < k < 2.

We end the construction with the definition of (X}');<;<on, distributed according to (?Z)lg p<on - Let
F*(.|y) be the cumulative density function of Y, given Y, = y. It is clear by (2) and (25) that F*

does not depend on k. We set :
X = (F) 7 ol X5, 1<k <2V,

where (n;)r>1 is a sequence of independent random variables, uniformly distributed on [0, 1], and
independent of (Yj)r>1. The pair (X, X,:") has the prescribed distribution, so X}’ has the law of
?Z, and the difference X' — X,:’" has the distribution of a centered gaussian variable with variance
1/n2.

In that follows, we set

*, 1
where X;>" and X' are constructed above.

We first prove that for any positive constant K and A, we have for n large enough and = > 0 :

P(y/n sup [Sy" = Sp| > Klogn+x) < Ce™7. (67)
1<k<n
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By construction v/n sup; <<, |S3" =5y is equal in law to ﬁ SUP;<g<p | Zle &il, where (&;); are i.i.d.

standard gaussian variables. So we deduce that

P(\/’ﬁ sup |§2,n — ?Z‘ > Klogn + JL’) < 26—%(Klogn+x)2,
1<k<n

and (67) is proved. Consequently to prove Proposition 1, it is sufficient to prove that for some positive

constant C, K and A (independent of n and x), we have, for n large enough and for all z > 0 :

P(vn sup [Sy" — S| > Klogn + x) < Ce™ 7,
1<k<n

or equivalently, there exist positive constants v, a and A, such that for all x and N :

P(sup [Sy" = Si| > x) < yerN 2w, (68)
1<k<n

To prove (68), we distinguish between the cases z < 8¢2V/2 and x > 8s2V/2,

In that follows, we note

A= sup [S)" — Syl (69)
1<k<n
First case : 2 < 8¢2VV/2
We set
2N 1
A= () {|Uox| <2V}, (70)
k=0

where ¢ is smaller than the constants of Lemmas 5 and 6.

To prove (68), we use the decomposition :
P(A>z) < P{A>z}nA)+ P(A°).
We first control P(A€). By (70), we have for tg > 0 :

P(AS) < VNPT > e2V/2) < oN(P(YT" > e2N/2) 1 P(=V" > e2V/2)) < oV (EloY 1" f ptoY1")e—tos2/?),

But from (27), for t > —2N/2/2

1

/1 4 75/2N/27

x,M 342 t
Etyl < €2t +22N/2

so by choosing ty = €2N/2/2, we obtain :

P(AC) < 02N6—522N/8’
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where C is a positive constant depending on €. Since z < 82%, /2 we deduce the expected bound :
P(A°) < 02N e—en2/?/64, (71)
Turning to the control of P({A >z} N A), we first have :

PUA>zynA) <2V sup P{[Sy" — Sp| > 2} N A).
1<k<2N

Now, from the dyadic construction, we observe that for 1 < k < 2V :

N
—*,n k —%,M ~
S; = 2W52N + Z CmUm,l(m,k)v (72)
m=1
where ¢, € (0,1) and I(m, k) is defined by :
l(m,k)2™ < k < (I(m, k) +1)2™.

Using a similar decomposition for S, we deduce :
p— N ~ ~
1S = Skl < [Son — Son| + Z U im,e) = Vn,(mok) |- (73)
m=1
But on A, we have for all m and for all k£ (this is immediate from the definition of A) :
Uil < e272V2, (U] < e22%2,

consequently, using the results of Lemmas 5 and 6, we obtain on A :

C |Unol?

|UN,0—VN,0|§W( on T 1),

o ” C |Um,l m,k ‘2 + ‘Um,l m,k ’2
‘Um,l(m,k) - Vm,l(m,k)‘ < 2N/2( (rm.8) (k)

+1).

om
Plugging these bounds in (73) , this gives on A :
|S’,;’”—Sk|s2NC/2(’U§]§2+N+1+5k>. (74)
where N NUnitmy 2+ 1 Umiy |2
O = mzl T R
Observing that on A we have the equality in law :
2 4 |Upmool?

N
Um
o= by = Y 10md

m=1

2m
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we deduce :

PH{A>z}nA)<2VpP ({ C  |Unol

W( oN +N+1+51)Z$}QA>.

Since Up,0 = Upn—1,0 + Um—1,1 and f]m,o =Umn-1,0 — Upn—1,1, we remark that :

N—

[Um-1,01* + [Un— Up,ol? +!Um1|
51_27;1 o mz
and we obtain
v (1 C Uno = (U0l + U
PH{A>z}NnA) <2 P({W( o +N+1+mzo i )2x}ﬂA>.

Now, we get to bound SN _ ‘Umw?' by N4 lUmml‘ First we have

Unm.ol?> = (Uop + Z Uj1)
so by Cauchy-Schwarz inequality with ¢ = 1/v/2, we obtain :

m—1
1
Zq quﬁy IUQ,) m00+z mjl%
j=0

j>0

It yields after some calculus :

N 0‘2 N-1 U
m ,1
> Pl < owpy+ Y 2
m=0 m=0
and finally :
m,
PAA>z}nA)<2VP ({ nzUdo+ N +1+ Z o >x}ﬂA>.
m=0
To end the proof, we introduce the notation, for 0 <m < N — 1,
2
m,1
T = g L{|Um|<e2man 2}
and
?() == U(?,O]'{\UO,MSEQN/?}'
The random variables (7o, 79, 71, ..., 7n—1) are independent and this permits to deduce

P{A>z}nA) <2NP (w%(?g N F1+N ) > 1‘)
< 9N COUN+1) [CtTo HN—(I] FEeCtrm o—t2V/22
= m=

)
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where the last inequality hods for any ¢ > 0. Consequently to obtain the bound
P{A > 2} N A) < yeoN A2V 22
for some positive constant v, a and A independent of N and z, it is sufficient to prove that
Ity >0, 3IC >0, suchthat YO<m< N -1 FEelo™ <. (78)
Integrating by parts, we first remark that :
g2gmalN
Eelo™m — 1 —i—/o toe"* P(1,, > x)du, (79)
so to prove (78) we just have to prove that for 0 < z < 222N .
P(ry > x) < Ce ™, (80)
for positive constant C' and n ( independent of m, x, N). We have

P(ryn >z) < P(UZ ;> 2"x)
< P(Up 1 > 2™2\/x) + P(~Upy > 2™/%/),
< BetUnie=2"Ve | pe—tUm1—t2"/2V2

where the last inequality holds for any ¢t > 0. We recall that U,, 1 is equal in law to 27,2:1 ?;m, this
gives EelUm1 = ¢2"¥(®) where VU is defined by (27). Moreover, using the notation
A*(u) = inf (U (t) — tu), (81)

¢
one has ( since ¥ (0) = 0) : for u > 0, A*(u) = infy>o(U(t) — tu) and A*(—u) = infco(U(t) + tu).
This gives :

P(Tm > x) S eQmA*(Q—m/Qﬁ) + eQmA*(_Qfmﬂﬁ).

From the estimation (42) (where ¢ is defined by (40) with & = 2™, changing = by /z), we deduce,

since y/xr < £2m/29N/2 that ( choosing e small enough and N large enough),
IMA*(27™2/x) < —pz and  2MA*(27™2\/z) < —naz,

for some 1 > 0 and (80) is proved. This achieves the proof of (68) in the first case.

Second case : x > 8e2N/2

Following [6] and [4], we first choose an integer M such that

X X
= < oMoN/Z 2
8¢ T 4e
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Such an integer exists since z > 8¢2V/2. Without loss of generality, we may assume that M < N (if

it is not the case the proof reduces to consider A; and Ag below with M = N). We set

oN-M_1

B= () {|Uuxl <e2M2M/?}, (82)
k=0
We remark that on B, we have for all m > M + 1 and for all & :

‘Um,k‘ < €2m2N/2, |ﬁm,k| < €2m2N/2.

Moreover we define :

—*,n —x,n
Al = kma;\fc v n;laxM ‘Sk2M+l — Sk2M‘7
0<k<2N =M 1<I<2
Ao = max max |Spom_; — Siom
2 ogkgzN*MlngQM| k2M 4] koM |,
—%*,N
Az = max [Son — Spom|.
OSICSQN_NI

We immediately see that
A <Ay + Ag + As,

where A is defined by (69). Moreover, observing that B¢ C {A; > e2M2N/2} | we have :
{A >z} {A; > 2MaN2Y U {Ay > 2M2N/2 U ({A3 > 2/2} N B),

and so

P(A > ) < P(Ay > e2M2N/2) 4 P(A, > e2M2N/2) 4 P(A3 > 2/2} N B). (83)

We first bound P(Az > z/2} N B). Starting with the decomposition (analoguous to (72))

N
—=*,n k —xn ~
SkQM = 2WS2N + Z CmUm,l(m,k2M)7
m=M+1

and proceeding as in the proof of the first case, one can show that

N-1
P(A3>2z/2}NB) < 2NP(2£N(N+ 1+ Z Tm) 2> T),
m=M

where the variables 7, are defined by (76). This permits to conclude, using the same arguments as
previously, that
P(As > 2/2} N B) < ye?N—22"2,

Turning to P(A; > 2M2N/2) | we have :

P(Ay > e2M2N/2) < 9N pP( max [S}"

1<k<2M B
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Applying the Doob’s maximal inequality to the positive submartingales (etgz”n) and (e_tgz’n), where
t > 0, and optimizing on ¢, we deduce using the notation (81):

P(Al > 62M2N/2) < 2N(62MA*(52N/2) I eQMA*(—EQN/Q))

and from (42)

P(Al > €2M2N/2) < 2N+16717522N2M < 2N+1€*17€:E2N/2/8’
for some 1 > 0. Similarly for the standard gaussian variables, we have :
P( max_|Sy| > e2M2N/?) < 9¢—=72M2N /2.
1<k<2oM

and so

P(AQ Z €2M2N/2) S 2N+1e—8$2N/2/16'

This achieves the proof of the Proposition 1.
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