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An application of the KMT construction to the pathwise weak error
in the Euler approximation of one-dimensional diffusion process with

linear diffusion coefficient

Emmanuelle Clément* Arnaud Gloter!

June 16, 2016

Abstract

It is well known that the strong error approximation, in the space of continuous paths equipped
with the supremum norm, between a diffusion process, with smooth coefficients, and its Euler
approximation with step 1/n is O(nil/ 2) and that the weak error estimation between the marginal
laws, at the terminal time T, is O(n~!). An analysis of the weak trajectorial error has been
developed by Alfonsi, Jourdain and Kohatsu-Higa [1], through the study of the p—Wasserstein
distance between the two processes. For a one-dimensional diffusion, they obtained an intermediate
rate for the pathwise Wasserstein distance of order n~2/3¢. Using the Komlés, Major and Tusnady
construction, we improve this bound, assuming that the diffusion coefficient is linear, and we obtain
a rate of order logn/n.

MSC 2010. 65C30, 60H35.

Key words: Diffusion process, Euler scheme, Wasserstein couplings, Komlés-Major-Tusnady

construction.

1 Introduction

A classical problem in numerical probabilities is the computation of Ef(X), where X = (Xi);¢[o,1) is

a stochastic process defined on the time interval [0,1] and f a functional which may depend on the
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whole path of the process X. This problem appears for instance in finance where X represents the
dynamic of a stock price and f the payoff of an option. The usual way to solve this problem is to
approximate X by a numerical scheme and then to compute the expectation by using a Monte Carlo
method.

Due to its implementation easiness, the most popular discretization scheme, when X is a diffusion
process, is the Euler scheme. Denoting by X", the Euler approximation of X with step 1 /n, it is well

known that the pathwise strong order of convergence between X and X is n~1/2

, under regularity
assumptions on the coefficients of the diffusion X (see for example [8]). Moreover the weak order
of convergence at a fixed time t, evaluated by the difference |Ef(X;) — Ef(X,)|, is n=" (see [16]).
However, for the pathwise weak approximation of X (when f depends on the whole trajectory of X),
the order of convergence is still unknown, excepted for specific functionals f such as f(X) = fol Xgds
or f(X) = maxs; Xs. Recently Alfonsi, Jourdain and Kohatsu-Higa [1], [2] have proposed a general
approach to control the pathwise weak approximation of a diffusion by its Euler scheme by considering
the Wasserstein distance between the law of X and the law of X .

For X and X, two random variables with values in a normed vector space (X, ||.||) and with finite
p-moment for 1 < p < oo, the Wasserstein distance W, between the law of X and the law of X is

defined by :

Wy(L(X),L(X))= _inf _ EY?|Y -Y|". (1)
(Y,)Y)€E(X,X)

II(X, X) is the set of random variables (Y,Y) with values in X x X with marginal laws respectively
L(X) and L(X).

In our context, X = C([0, 1]), equipped with the supremum norm [[z|| = sup,¢jg 1) [z¢| or & = R",
equipped with the norm of the maximum of the coordinates ||z| = max;eqy,. pny |7il-

From the representation of W in the Kantorovitch duality ( see for example [14] ) :

Wi(L(X), L(X)) = sup |Ef(X)—Ef(X)]
feL()

where L£(1) is the set of Lipschitz functions f : C(]0,1]) — R with Lipschitz constant less than 1,
and using the strong and weak orders of convergence of the Euler scheme, one can easily deduce the
following upper and lower bounds :

<WH(L(X), LX) < \%

S|o

for some positive constants ¢ and C.



For a one-dimensional uniformly elliptic diffusion, the main result of [1], is to construct a coupling

between X and X which improves the preceding upper bound and leads to :

Wo(L(X),L(X")) < C_

for all € > 0. This result gives an intermediate rate, for the pathwise weak approximation, between the
strong order rate and the weak marginal rate and raises a natural question : is it possible to construct
a coupling between a diffusion and its Euler scheme in such a way that the Wasserstein distance is of
order 1/n ?

The aim of this paper is to give an answer to this question assuming that the diffusion coefficient
is linear. In that case, we prove (see Theorem 2) :

Wy(£(X), £(X")) < 8T

This result is obtained by the construction of a sharp discrete time coupling between (Xj,/n)1<k<n
and (YZ/n)lgkgru following the dyadic construction due to Komlds, Major and Tusnady ([10] [11]).
We mention that recently, the KMT construction has been used in a series of papers (Davie [3], [4],
Flint and Lyons [7]), to propose an approximation scheme, close to the Milstein scheme and with weak
pathwise order of convergence 1/n.

The KMT construction permits essentially to obtain an optimal coupling between a sequence of
iid. standard gaussian variables (Y;)i<i<n and some other i.i.d. variables (X;)i<i<, with finite
Laplace transform in a neighbourhood of zero and such that FX; =0, V.X; = 1, in such a way that

almost surely :

k k
Y, — Xi| < Clogn.
| 2 Y= 2 Xl < Clogn

In Section 2, we improve the KMT result when the variables X; are equal in law to Y; — (Yf —1).

_1_
2v/n
In this particular case, we obtain, as a consequence of Theorem 1 below, that almost surely :

1<k<n

k k
max \ZE —ZXZ-| < Clogn/v/n.
1 i=1

1=
This is done through refined quantile coupling inequalities, which are established at the end of the
paper, in Section 4. These results are applied in Section 3 to construct a coupling between a diffusion
process with linear diffusion coefficient and its Euler approximation which achieves the pathwise weak
order logn/n.
In all the paper, C' denotes a constant which value does not depend on n and may change from

one line to the other.



2 A KMT type result

Let (Y;)i>1 be a sequence of i.i.d. standard gaussian variables and let us consider the triangular array:

- 1
Y?:Yi_ﬁ(lff—l), 1<i<n. (2)

We set : S, = Zle Y; and S), = Zle Y.

In this framework, we can improve the classical KMT result.

Theorem 1 One can construct on the same probability space a sequence of i.i.d. standard gaussian
variables (Y;)i<i<n and a sequence of i.i.d. wariables (X[")1<i<n, with X]' equal in law to Y, such

17

that for positive constants C' , K and X\, we have, for n large enough and for all x > 0 :

P(y/n sup |Sy—Ty| > Klogn +z) < Ce™, (3)
1<k<n

where T}, = Zle X7, and Sy, = Zle Y.
A straightforward consequence of this result is that almost surely :

S, —Tr| <C1 )
gggxnl p —Ty| < Clogn/vn

The coupling given in Theorem 1 improves the classical KMT result with a factor 1/y/n and permits

to control the Wasserstein distance between the law of (S);, and the law of (S} ) with the rate logn/n

(see Corollary 1 below).

Remark 1 1) If we consider directly the coupling between the random walks S and s" (based on the
same gaussian variables) , we have

k

5 (=)

=1

ralll
max ‘Sk —Sk‘ = max
1<k<n 1<k<n

and consequently, from Donsker’s theorem we deduce that maxi<p<p }Sk —gm converges in law to
SUPyefo,1] %]Bt\, where B is a standard Brownian motion. Observing moreover that (3) can be rewrit-
ten as

P( sup |Sk — TZ’ > x) < CG*A\/ﬁerKlogn
1<k<n

we see that the result of Theorem 1 can not be obtain from the basic coupling between S and S and
that the KMT coupling leads to a better result, and in turn to a sharper bound for the Wasserstein

distance.



2) 1t is known that the classical KMT coupling result is optimal for random walks based on i.i.d
sequences (see Theorem 2 in [10]). In Theorem 1, we improve the rate of the KMT result in the
situation where (Y, ) is a triangular array of random variables, whose law depends on n. It seems

crucial, here, that the law of?? becomes close to a Gaussian law as n growths.

The proof of Theorem 1 is postponed in Section 4. It is obtained by using the KMT method
developed in [10], [11]. The main tool for this construction is a gaussian coupling to the partial sums
S, which is based essentially on a large deviation expansion of By (x)/¢(x) where B} is the density
function of ﬁ?]z and ¢ the density function of the standard gaussian law. We state and prove this
large deviation expansion and the associated coupling inequalities at the end of Section 4.

As a consequence of this theorem, we deduce an upper bound for the Wasserstein distance

Wi (L((Sk)1<k<n)s L((Sp)1<k<n))-

Corollary 1 For all p > 1, there exists a positive constant C' such that :

—n logn

Wi (L((Sk)1<k<n)s L((Sp)1<k<n)) < C N

Proof Let (Sy)i<k<n and (T} )1<p<n be constructed as in Theorem 1. From the definition of the

Wasserstein distance, one has :

Wip(L((Sk)1<k<n)s L((Sp)1<k<n)) < BHP Sup Sy, — Ty P,

and so we just have to prove that :

B(va sup |Sk = Th)” < Cllogn)”. (4)
1<k<n

Recalling that for any positive random variable Z, and any p > 1 :
o0
EZP —/ p2PIP(Z > 2)dz, (5)
0
we deduce that

B(i suwp |Sc-THP < [ p PGV sup |8y~ T})) > 2)d
0

1<k<n 1<k<n
Klogn 00 .
< / pzP~tdz +/ pP Y P(\/n sup |Sy —T}|) > 2)dz, (6)
0 Klogn 1<k<n



where K is the constant given in Theorem 1. The first integral in the righthandside of (6) is clearly
bounded by C(logn)P. For the second one, we have, using successively the change of variables z =

x + Klogn and Theorem 1

0o [eS)
[ e s |Sc-Ti) > @)z <C [ plot Klognp e Mds < Cllogn)?.
Klogn 1<k<n 0

This gives (4) and Corollary 1 is proved.

3 Application to the Euler approximation of a diffusion

In this section, we apply the preceding results to bound the pathwise Wasserstein distance between
a diffusion with linear diffusion coefficient and its Euler approximation. Let X = (Xi)e[o,1] be the

solution of the stochastic differential equation :
X() = Xo, dXt = b(Xt)dt + XtdBt, (7)

where (B;) is a standard Brownian motion, xyp € R. We assume that b admits a derivative denoted by
b and that b and bV are Lipschitz functions.

We consider the continuous time Euler approximation of X, with step 1/n, defined by :
Yg = X0, dY;L = b(yzn(t))dt + an(t)dBt, (8)

where @, (t) = [7;—75], t €[0,1].

~-n

Using X, — Xont) = b(an(t))(t — on(t)) + an(t) (Bt — By, (1)), We can write heuristically the
dynamic of X" as :
. t t__ 1
Xy =20+ / b(XS )dS + / X (1 - (BS — B¢n(3)))st + O(ﬁ)
0 0
We can observe that this dynamic is mainly driven by the process (L) defined by :
t
Iy =B, - / (B~ B,,9)dBs, te0,1] (9)
0

From this observation, to study the Wasserstein distance between £(X) and £(X "), a natural way is
to introduce the process Y; = xg + fg b(Ys)ds + fot Y,dL?.
Following this heuristic idea, we consider the auxiliary process X" which approximates X = with

pathwise strong order 1/n (see Lemma 1) :

- - - 1 -~ -
Xf =0, X} =b(X])dt = SX] (1= (1= (B, = By, )))*)dt + X7 dLy. (10)

6



The addition of the drift term %f(ﬁ(l — (1 = (By — By, (1)))?)dt in the dynamic of the process is not
essential but permits to obtain the representation formula (12) below.
Following Doss [5] and using Ito’s formula, we first remark that the processes X and X" admit

the representations :

t 1
X, =P (:co - / e B (b(X,) — 2Xs)ds) , teo,1], (11)
0
ind n t n nd 1 nd
Xp = el <x0 + / e L3 (b(XT) — 2X§)ds> , telo,1]. (12)
0

Based on these representations, a first step to control the Wasserstein distance between £(X) and
L(X™) is to bound W,(£L(B), £L(L")). This can be done by using the results of Section 2.
More precisely, observing that from It6’s formula fg BsdBs = %(Bf —t), we deduce that the discrete

process (L', ) satisfies :

k k
1 1 1 1
L% = By —22((Bi—BH)2—)=Z<Bi—BH — ~((B: —BH)2—)>, 1<k<n,
=1 nooE N
and consequently, (L} )i<k<n is equal in law to %(§Z)gk§m where using the notations of Section
2, ?Z = Zle 7?, with 7? defined by (2). Similarly, we observe that (B k Ji<k<n is equal in law to

ﬁ(skz)lgkgw This permits to derive immediately from Corollary 1 the following result.

Corollary 2 For p > 1, there exists a positive constant C, such that for n large enough :

Next, we can extend this result to the continuous processes B = (By)ejo,1) and L™ = (L{)e[o,1]

using the strong approximation error on each interval with length 1/n.

Proposition 1 a) For p > 1, there exists a positive constant C, such that for n large enough :

Wy(L(B), (L") < CFE".

b) Let F : C([0,1]) — C([0,1]) satisfying :

vfg€C(0,1]), [[F(f) = Fgll < C(f,9)llf =gl

Assuming that ¥p > 1, sup,, EC(B, L™)P < oo, then for p > 1, there exists a positive constant C, such

that for n large enough :

WH(L(F(B), £(F(L) < CE2,




Proof a) We consider the process (L}) defined by (9), driven by the Brownian motion (B);, and we

introduce the process B} :

(13)

BZZ: L—{—Bt—élﬁl, for o

The process (B}') is discontinuous and coincide with (L) at the discretization times (k/n)o<k<n—1-

First, we prove the following strong approximation result :

1 P
E max sup |Bf'—L}PP< Cm. (14)
1<k<ncih=1 k np

To prove (14), we will use (5) with Z = nmax;<p<p, SUP, ¢ k=1 Ky |Bj* — L}| and so we have to control

P(Z > z), for z > 0. We have :

P(Z > z) <nmaxP(n sup |By—L}|> z),
k te[b &}

n ’n

with n(B — L}) = nf% (Bs— By, (5))dBs, for =1 <t < £ Observing that the processes (ﬁ%(BS —

Pn(s

Bwn(S))dBS)te[%,g] and (f(f BsdBS)te[o,%] have the same law, we deduce :
t ~ ~
P(Z > z)<nP(n sup | | BsdBs| > z).
tef0,2] Y0

But since fg BydB, = L(B? — t), we have :

1
2
- 1
P(Z>z)<nP{n sup |Bf|>2(z—-2)],
tefo, L 2
and by time rescaling :

~ 1
P(Z>z)<nP| sup |B} >2(z—2)|.
t€[0,1] 2

Using the exponential inequality for the Brownian motion (see Proposition 1.8 in [15]), we have

P(supseo |B;| > a) < 2e~**/2, and this finally leads to :
P(Z>z) < Cne~(z2). (15)
Turning back to (5), we have :

logn
EZP S/ pzpldz—i—/ pP Y P(Z > 2)dz. (16)
0 z>logn



Reporting (15) in the second integral of (16) and using the change of variables x = z — logn, we
deduce :

EZP < C(logn)P.

This proves the strong approximation result (14).

We end the proof as in [1] (Proof of Theorem 3.2.). The Wasserstein distance in the left hand side
of Corollary 2 is attained for a probability measure 7 on R™ x R"™ with marginal laws respectively
the law of a Brownian motion at times (k/n)o<k<n and the law of (L%)k We fix (L) to be the
discretization of the solution of (9) for a Brownian motion (B;); and let (B & )k be distribuied according
to the first marginal of m given the second one equal to (L', );. The random variable ((E% ks L))

n n

in R” x R™ is distributed according to 7 and attains the Wasserstein distance between L((Bx);) and

L((LE)k)-

By the triangle inequality, we have:
Wp(L(B), L(L")) < Wp(L(B), L(B")) + Wp(L(B"), L(L")), (17)

where B" = (B{').[o,1) is defined by (13). Let us note that the process B" is not continuous and so
the associated Wasserstein distance is defined in D([0, 1]), the space of c-a-d-l-a-g functions, equipped
with the supremum norm.

From the strong error approximation (14), the second right handside term in (17) is bound by

C'logn/n and to end the proof it remains to estimate
W, (L(B), L(B")).

For this we consider a Brownian motion (W;)ejo,1) independent on ((Bx )i, (By);) and we construct

By_1,Bk —
the two Brownian Bridges driven by (Wy) : (W, ™ " )te[ﬂ k) (starting from Bi_: and ending at
B B"E7Bn7 n ’n n
Bg),and (W, " g )te[k;l k] (starting from BY_, and ending at B’ _, where B, _ is the left hand
limit at time % of (B}")). We set for t € [%, %) and 1 <k <n: l
Br1Br k — k—1 k—1
Wl=w, ™ " =Biun(~ —t)+ Bxn(t— - )+ Wy — Wit —n(t — - Y Wi — Wi-1),
9 B%—l ’BE* k‘ -1 k -1
Wi=w, " " =Biin(——t)+ B, n(t———)+ Wy — Wi —n(t - - YW — W)



One can check that L(W});) = L((By)¢) and L((W?);) = L((B});), consequently,

Wy(L(B), L(B")) < EYP SUP¢elo,1] ‘th - WtQ‘p
< EYPmaxy(|Bi—y — By, PV [Bx — B7_|P)

n n

< EYPmax;, |Br — Ly P+ EYP maxy, L% — BZ*’p'

n n
We have

EYPmax|L} — B" P < EYPmax sup |BP — LI,
k n n k te[k=L k)

n ’n

and by construction of the process (B k )k
BV max By — LLP = Wy(£((Bx)w), £(LL )W)
Consequently, using Corollary 2 and (14), we finally obtain :
Wp(L(B),L(B")) < Clogn/n,

and a) is proved.
b) Let ((Bt)ieo], (f?)te[o,l}) be a random variable in C([0, 1]) x C(]0, 1]) which attains the Wasser-

stein distance W, in Proposition 1 :

_ 1 - 1

Wa(L(B), L") = E% sup [B, - L < 2",
te(0,1]

Then we have :

W, (L(F(B)), L((F(L™) < VP (C(B,L")|[B-L"||)",

and b) follows from the Cauchy-Schwarz inequality.
This achieves the proof of Proposition 1.

<

From this proposition, we deduce a bound for the Wasserstein distance between £(X) and £(X").

Proposition 2 For p > 1, there exists a positive constant C, such that for n large enough :

WH(£(X), £(X) < ¢,

Proof

The proof is based on the representation formulas (11) and (12), and Proposition 1 b).

10



We introduce the notation :

t
1
Dt:azo—i—/ e’BS(b(XS)—iXS)ds, (18)
0
and
t 1~
Dp =+ [ PR — S XD (19)
0

so that X; = eB'D; and X" = el D', From the triangle inequality :
X — XJ'| < |ePt — €M || Dy| + e | Dy — D).

Since b is Lipschitz :

Di=Dpl <0 (Jie B X, — R2lds+ J{ B — e B |(1 X2+ 1)ds)

< C (Jy 1Dy = D2lds + [y e PrleB — k5| Dy lds + [ e~ — e L¥|(|X2] + 1)ds)

and from Gronwall’s Lemma,
|D - D"|| < C(B, L", D", X™)|B - L',

with

C(B,L", D", X™) = C[L+|le Z|[ID™I(||e? || + |le¥" ) + (|| X™]| + 1)(|[e 5 || + [[e "

B

where we have used : HeB- — el < [||eB ]| + Hemm ||B — L™||. This yields :

HX _Xn

< [l [+ [l DY + Je* e (B.L7, D" X)] 1B~ L7).

But, for all p > 1, we have EHe'B'|Hp < 00, E|| X||P < oo (see [9] p306) and consequently E|D||” < oco.

So from Proposition 1 b), to finish the proof of Proposition 2, we just have to verify

p

Vp > 1, supEHX” < o0, (20)
n

n||P
Vp > 1, supEHe‘L- ‘H < 0. (21)
n

To prove (21), we just prove that Vp > 1, sup,, EHeU Hp < 00, since we obtain with similar arguments
that suanHe*me < 00.

From (9), the martingale (L{')¢c[o,1) can be written as :
t
L} = /0 (1= (Bs — By, (s)))dBs.

11



We first bound Ee®L™ L") = E(e a fo (1= (B~ vn(s)))st), for a > 0. We have

k+1
223" [ (Bs—Bj, )2ds
( afo Bs— vn(s)))QdS) < €2aE @ 2h= Of% ( %)

B+l
Since the random variables ([, (Bs — B )2ds)o<k<n_1 are independent and identically distributed,
we deduce

1
( afo (1—(Bs— wn(s)))st) < e?a(Ee2afDn Bgds>n < 62a(Ee—sups§1/HB§)n.

By time rescaling, supp<s<i/n Bg is equal in law to % SUPg<s<1 Bg and consequently

E(eJo 1= (Bs=Bonw))ds) < g20( e sPssa B yn,

2a R2
From Hoélder’s inequality and Doob’s maximal inequality applied to the positive submartingale en2 Bi t
q y

we have for ¢ > 1,

2a 2 2aq p2 2aq9 p2
Bent®®s1BY < (g qup w2 PF)1/a < (Ee w2 Bhy1/a,
s€[0,1] q—1

Remarking that for a < 1/2, EeoBi = 1/4/1 — 2q, this gives, for n large enough and choosing ¢ = n:

2a 2 da. 1
E nﬁsupsngs < 1_7 ﬂ.
€ —n-— 1( n )
This permits to obtain
n
Eea(Ln7Ln>1 _ ( afo —(Bs =By, (s ))) ds) < e2a < n 1) (1 B 47a)_% < Ca, (22)
n — n

where C, is a constant depending on a but not on n. From Novikov’s criterion, we deduce that for

2

any a > 0, (£(aLy))ic0,1) = (elt =5 (LML )t)te[o,l] is a martingale. Observing that
oL} _ 8(2pL?)1/2€p2<Ln’Ln>t7

is a positive submartingale, and applying Doob’s maximal inequality, we have :

E( sup ePH) < (B2 < 0(368192(”7”)1)1/4,
te[0,1]

and so from (22), this gives :

E( sup ePH) < C,.
t€[0,1]

This achieves the proof of (21).

12



It remains to prove (20). We recall that X = % D?, with D} given by (19). Since b is Lipschitz,
we have :
t
D) < Jol + Clle | + c/ DP)ds,
0
so from Gronwall’s Lemma : || D"[| < C|le™%"|| and then (20) is a straightforward consequence of (21).

<&

From these intermediate results, we deduce a bound for the Wasserstein distance between the law

of the diffusion and the law of its Euler approximation. Our main result is the following.

Theorem 2 For p > 1, there exists a positive constant C', such that for n large enough :

W, (L(X), LX) < 18"

n

Proof
The result of Theorem 2 follows from Proposition 2 and Lemma 1 below , applying the triangle
inequality and observing that Wp(L((X})iefo,1): LX) iefo.1)) < EYPsupyepo ) [ X7 — X7P.

o

For the statement of Lemma 1, we recall that (X;) and (X') are defined on the same probability

space by (8) and (10).

Lemma 1 For p > 1, there exists a positive constant C, such that Vn >1 :

1/p
(E sup | X} — Xt"]p> < C/n.
te[0,1]

Proof To simplify the notation, we write AB; = By — B, (1) and Ay =t — ¢, (t) and we denote by
(U )tepo,1) = (Xp — Y?)te[o,l] the error process.

We first remark that for all p > 1, E'supycg y X7 |P < C (see [9] p306) and Esupyepo X <C
(see (20)) , so Esupejo 1) |Uf'|P < C, for some positive constant C. Moreover from these bounds, it is

easy to see that for p > 1, there exists C > 0 such that

vie[0,1], EIX{-X, P <C/n??, (23)
Vte[0,1), E|X— X7 P <C/nPl2 (24)

13



~n

From (8) and using the preceding notations, we have : X, — Xont) = b(YZn(t))At —I—an(t)ABt, and

we can write the dynamic of the Euler scheme as :
dX} = b(X})dt + X dL} — (b(X}) — b(X,, »)dt + (X; — X[, 1)) ABidB, — b(X,, (1)) ArdBy.

Now, it is easy to verify from the expressions of X™ and L" (equations (10) and (9)) and the

preceding equation that (U;") satisfies the equation :
t . t
up :/ (b(X2) — b(XS))ds+/ UP(1 - AB,)dB, + RY, (25)
0 0
with

1 N N ~n N N
dR} = —§Xt"(2ABt — (ABt)Q)dt + (b(X,) — b(X%(t)))dt — (X, — X%(t))ABtdBt + b(Xwn(t))AtdBt.
(26)
From Burkholder-Davis-Gundy inequality and using the Lipschitz assumption on b, we have

t
E sup | | b(X(, ()AdBy|" < C/nP
te[o,1] Jo

and since fg XZH(S)ABSds = fot X'Zn(s)[(t A (pn(s) + 1)) — s]dBs, we obtain
t ~
E sup | [ X7 (,ABsds|” <C/n?,
tefo,1] Jo "

and similarly

t
E sup | an(s)ABsdﬂp < C/nP.
tefo,1] Jo

Moreover we have the expansion, for 7 € [Yj;n(t),f?] :

b(XY) = b(X5, 1) = bV () (X7 = X, ) = DX, ) + (01 () = 08D (XL ) DT = X, 0)).
This permits to conclude, after a few computation involving the estimations (23)—(24) and the Lipschitz

assumption on b and b, that :

E sup |R}|P < Cp/nP. (27)
te(0,1]

Turning back to (25), we deduce, using once again the Lipschitz assumption on b together with

convexity and Burkholder-Davis-Gundy inequalities and the bound (27), for p > 2 :

t 1
Esup|UnP < C </ E ((1 +|AB,|)P sup |U;}|p> ds + np) . (28)
0 v<s

v<t

14



Moreover, introducing the truncation 1ap,|<c,, we have for any ¢ > 1 :
P(JABs| > Cy) < C/nf,
and so from Cauchy Schwarz inequality
B (1 + ABIP s U2 Pliss ey ) < C

this gives :

1
B (4 1B UTP) < CESp P + 1),

v<s v<s
Reporting this in (28), we deduce :
! 1
Esup|U3|p§C< Esup|U3|pds+>,
v<t 0 v<s np

and the result of Lemma 1 follows from Gronwall’s Lemma.

4 Quantile coupling inequalities and proof of Theorem 1

This section is devoted to the proof of Theorem 1 and is organized as follows. In Section 4.1 we
construct a coupling between a sequence of i.i.d. standard Gaussian variables (Y})1<k<, and a sequence
of ii.d. variables (XJ')i<k<y, such that X7 has the same distribution as Y7, given in (2). Then, in
Section 4.2 we prove that (3) of Theorem 1 holds true for this specific coupling. In Sections 4.3-4.4.
we provide the proof of technical lemmas which are used in Sections 4.1-4.2.

For technical reasons, essentially the non integrability of the characteristic function of the ran-
dom variables ?Z, we regularize them by adding independent normally distributed random variables.
For that, we consider a sequence of independent identically distributed standard Gaussian variables

(&k)k>1, independent of the sequence (Yj)g>1, and we set :

Vet vl 1
Vil =Y+ —&, (29)
n
k
Sr=>"v" (30)
=1

We need to introduce some notations for the law of the variables we will consider in the construction
of the coupling. We denote by ¢ the density of a standard Gaussian law, and by ® its cumulative

distribution function.

15



We let ﬁ;n be the density function of ﬁsﬂk” and denote by F}, its cumulative distribution function.

To simplify the notations, we have omitted the dependence upon n for Fy.

For k = 2p an even integer in {2,...,n}, we define
k/2 k
A NN Y
i=1 i=k/2+1

We denote by 5" (- | y) the conditional density of ﬁgzn given ﬁ?;n = y. The associated conditional
cumulative distribution function is denoted by Fj(- | y) = [ 0" (z | y)dz, where again we have
suppressed the dependence upon 7 in the notation.

In the sequel we denote by F ! the generalized inverse of the function Fj, and Fk_ Y| 9) the

generalized inverse of the function x — Fj(x | ).

4.1 The dyadic KMT construction

The construction of the coupling follows the dyadic construction scheme introduced by [10] p.116-118
(see also [6] p. 51-53) and we give it for the sake of completeness. We adopt the notation of [10]. In
the sequel, it will be convenient to assume that n is a dyadic number, n = 2. Remark that if n is
not a dyadic number, the construction below gives a coupling between the random variables (Y}) and
(X7) for k € {1,...,2"} where 2V 1 < n < 2V and the deviation bound (3) in Theorem 1 holds true
for \/nsup;<p<on |Sk — gZ‘ Consequently we can assume that n = 2V without loss of generality.

Assume we are given a sequence of independent standard Gaussian variables (Yj)r>1 on some
probability space.

For k equal 1 to 2%V, we set :

k
Sk = ZYi, So =0,
i=1

and

Vink := Sgeyygm — Skam, 0 <k <2V 0<m <N,

Nf
Vink = Vin—12k = Vin—1,26+1, ,0<k <277 1<m < N.

Remark that we have V;,, o = Sam. Moreover, for 1 <m < N, 0 <k < 2N=m the Gaussian variables
Vini and Vp, i are independent and (vak)ogkdj\r_m is an i.i.d. sequence for all m.

We now construct a sequence of independent identically distributed variables (X}');<p<on with
distribution defined by (2). We first construct some independent variables (X;"");<<on equal in law

to (?,:n)lg k<2n, defined by (29). The procedure consists in constructing by induction the sums of size

16



2m, (ZEE;;K:I Xi*m)ke{o ..... oN-m_1}, starting the construction with the level m = N and eventually

obtaining the variable X: ™ at level m = 0.

First, for m = N, we set :

vV - - 1% 1
.__oN/2 —1 N,0 .__ oN/2—1 N,0
Unyo = 2V2F (@ <2N/2>>, Uno = 2N2F <q> <2N/2> \WUMO). (31)

We define then Un_10 and Uy_1,1, by the relations :

1 - 1 ~
Un—1p := §(UN,O +Unyo), Un-11:= §(UN,0 —Unyp).

By construction, Uy is distributed as ?;]? and using that f/N,o is independent of Uy g, it is easy to
verify that (Un,, U N,0) is distributed as (?513, S’;ﬁ) Hence, the random variables Un_10 and Uy—1 1
are independent and both distributed according to ?;}?,1.

We next continue the construction by induction on m. Assuming that U, is constructed, for

0<k<2N"™ we set :

s s v, 1
. om/2 1 m,k
U o i= 272 F] <<1> <2m/2> |57 Umk) , (32)
and we define
1 - 1 -
Un—12k = §(Um,k +Umi)s Um—12641:= i(Um,k — Un i)- (33)

We can observe that the joint distribution of the pair (U, , Umk) is the one of (?2733, 5*;33) In turn,
Unm—1.2k and Up,—1 241 are independent and distributed according to Fgﬁ_l.

Moreover, it can be verified that, for any fixed 0 < m < N, the constructed random variables
Uni, for 0 <k < 2N=m " are independent.

At the final step, m = 0, this permits to construct a sequence of independent random variables

(X;™)1<k<on, equal in law to (7;’”)19%21\1 by setting
X" i=Uppr, 1<k<2N, (34)

We end the construction with the variables (X}!); <y <on, distributed according to the law of (?Z)lg f<aN -
Let F*(.Jy) be the cumulative density function of Y, given Y}, = y. It is clear by (2) and (29) that
F* does not depend on k. We set :

Xpo= (F) M X0™), 1<k <2,

where (7;)r>1 is a sequence of independent random variables, uniformly distributed on [0, 1], and

TN AN

independent of (Yj)g>1. The pair (X}, X;") has the distribution of (Y,Y ;) and the difference

X — X" has the distribution of a centered Gaussian variable with variance 1/ n2.

17



In that follows, we set

k k
Tk’n = ZX;’”, TZ = ZXi", 1<k<2V, ﬂ’n =0, Tg =0,
i=1 i=1
where Xi* "™ and X' are constructed above.
From (33) and (34), we easily deduce that,
(k+1)2m—1 (k+1)2m
Uni=», Uni= », X["=T{lypm—Tigm, 0<k<2¥"" 0<m<N, (35)
i=k2m i=k2m+1
Upng = Un-12k = Un—126+1, ,0<k<2V"™ 1<m<N. (36)

Moreover, from the dyadic construction, we have the following representation (see Lemma 5 in

[6]), for 1 <k <2V :

N N
Tk’ = QWUN,O + Z cmUnmitmpi)s Sk = QWVN’O - Z Cm Vi i(m, ) (37)

m=1 m=1

where ¢, € [0,1] and I(m, k) is defined by

I(m,k)2™ <k < (I(m, k) +1)2™.
Remark that (37) can be obtained as a consequence of the following decomposition on the Haar basis
of 2({1,...,2V}),

N
k
L, m () = o la, oy (u) + > mtmimp (), Yue{l... 2V},
m=1
where ¥ = 1gom i1 gomyom—1y — Lgompom—141  141)2m}-
In the next section, we will assess the probability of deviation between the random walks (S)x
and (T} )g. This crucially relies on the two following lemmas, which assess the difference between the

random variables Up g, V0 and Um,ka mG related by (31)-(32).

Lemma 2 There exist € > 0 and C' > 0 such that for n large enough, we have :

WV

Lemma 3 There exist € > 0 and C > 0 such that, for allm € {1,...,N}, k€ {0,...,2N"™ —1} and

C (|Unol ‘
[Uno — Vol £ —= <| ;V]{,?' + 1) . if [Unol < e2Vy/n.

n large enough :

5 B Um 2 Um 2

) ) \/,ﬁ

The proof of these two lemmas are postponed to Sections 4.3—4.4.

) . if max(|Upl, \Umk\) < e2™y/n.
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4.2 Proof of Theorem 1

In this section, we prove that the control (3) holds true for the variables constructed in Section 4.1.

We first prove that for any positive constant K and A, we have for n large enough and = > 0 :

P(/n sup [Ty" —T,|> Klogn+x) < Ce 7. (38)
1<k<n

By construction v/n sup;<x<,, Ty =T | is equal in law to % SUP;<p<p | Zle &il, where (&;); are i.i.d.
standard gaussian variables. So we deduce, using the exponential inequality for the Brownian motion

(see Proposition 1.8 in [15]),

P(vn sup [T0" —Th| > Klogn + ) < 2¢~ 2K lognta)”,
1<k<n

and (38) is proved. Consequently to prove Theorem 1, it is sufficient to prove that for some positive

constant C, K and A (independent of n and x), we have, for n large enough and for all z > 0 :

P(vn sup |T}" — Si| > Klogn +z) < Ce™?,
1<k<n

or equivalently, there exist positive constants C, o and A, such that for all x and N :

P( sup [T} — Si| > ) < CeoN 222z (39)
1<k<n

To prove (39), we distinguish between the cases z < 8¢2™/2 and z > 8¢2V/2 where ¢ is deduced from
Lemmas 2-3.

In that follows, we note

A= sup [T;" =5l (40)
1<k<n
First case : z < 8¢2VV/2
We define the event
2N _1
A= ) {IUoxl < 2™}, (41)
k=0

which will be useful for the application of Lemmas 2 and 3.

To prove (39), we use the decomposition :
P(A>zx)<PH{A>z}nA)+ P(A°).

We first control P(A€). By (41), we have for g > 0 :

<-%,N

P(A®) <2V P(IXT"| > e2N/2) < oN(P(X)" > e2N/2) 4 P(=X7" > e2N/2))

< 2N((Et0y’lﬂn + Eftoy’l(’n)eft()EQN/z).
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Since Yln is equal in law to ?{m’ we have E[etyiyn] = ¢¥®) with ¥ given by (54), and we deduce for

t>—2N2/2 .

§t2+ t 1

EtYI’n S e? 2oN/2 ,
/1 +t/2N/2

so by choosing tg = €2N/2/2, we obtain :
P(A%) < 02N6—522N/8’
where C is a positive constant depending on €. Since z < 82%, /2 we deduce the bound :
P(A°) < C2N gmex2"/?/64, (42)
Turning to the control of P({A >z} N A), we first have :

PUA>zYnA) <2V sup P{[Ty" — Si| >z} N A).

1<k<2N
Now from (37), we deduce :
N ~ ~
TR = Skl < [Uno = Vivol + > 1Umatmgy — Vingmls (43)
m=1

where [(m, k) satisfies [(m, k)2 < k < (I(m, k) + 1)2™.
But on A, we have for all m and for all £ (this is immediate from the definition of A and (35)—(36)):

U] < e2m2N20 (T, 1| < e2m2N/2,

consequently, using the results of Lemmas 2 and 3, we obtain on A :

C  |Unol?
2N/2( 2N 1)’

|Uno — Vnol <

J (/ C |Um,l m,k ‘2 + ‘Um,l m,k |2
Urnimey = Vinim )| < 5377 ( (k) o (B 1),

Plugging these bounds in (43) , this gives on A :

=N C  (|Unol?
T —&;ISW o~ TN 140 (44)
where N , - )
’Um,l(m,k)| + |Um,l(m,k)|
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From Lemma 4 below, we observe that on A we hav

e the equality in law :

g 2
m,O’
)

N

U,

o= b=y O
m=1

and we can write :

P({A>2}nA)<2VP ({ZNCQ(

Since Upo = Un—1,0 + Un—1,1 and Upg = Upp—10 —

2m

U 2
| ;V;VO’ +N+1+51)Zx}ﬂA>.

Umnm—1,1, we remark that :

N—

Up— Up—

m=1

and we obtain

2N/2( onN

2 N—-1
P{A>z}nA)<2VP ({ ¢ [Unol +N+1+ > [Um.ol

Now, we get to bound SN _ ‘Um()' by N4 |U’" i’

m—12i+t1-1

Z m0|2+’Um1|

m=

2+ ’Um,1|2

2m

m=0

m—1

Unol* = Uoo-i-z > Uoi| =Uoo+ Y Ujr)?,

= 1=2J

=0

so by Cauchy-Schwarz inequality with ¢ = 1//2, we obtain :

[Um,ol* < Zq o Uso Z i1

j=>0
It yields after some calculus :

2

N
Z m0|

m=0

and finally :

P({A 2z} n4)<2VP ({ vz (U0

m—1

. First we have, using (35),

)2x}ﬂA>.

1
], C( UOO+Z g j— IUJQ,I)

To end the proof, we introduce the notation, for 0 <m < N — 1,

U2

Tm —

and

om 1{|Um 1|<e2m2aN/2},

— 72
To = Uo,ol{\U0,0|g52N/2}-

21

]0
N—-1
U 1
<CWUo+ Y o)
m=0
NlU
+N+1+Z 2@1 >z}ﬂA>.

(46)

(47)



The random variables (7o, 79,71, ..,7n—1) are independent and this permits to deduce

PUA>zYnA) <2Vp (%(?O+N+1+Zﬁ;érm) > x)

< 9N (Ct(N+1) p,Ctro H%;é EeCtTmeftQN/2x7
where the last inequality hods for any ¢ > 0. Consequently to obtain the bound
P({A > 2} N A) < CeoN A2
for some positive constants C', « and A independent of N and z, it is sufficient to prove that
Jto >0, 3IC >0, suchthat YO<m<N—-1 Eeo™ <. (48)

Integrating by parts, we first remark that :

g2omoN

Eeto™m =1 —|—/ toe"Y P(1,, > y)dy,
0
so to prove (48) we just have to prove that for 0 < y < g22m2N .
Pty >y) <Ce™™, (49)

for positive constant C' and 7 ( independent of m, y, N). We have

P(tm >y) < PUZ,>2my)
< P(Upn1 > 2™2/y) + P(=Uma > 2™/2 /),

< EetUm1e=12"*VU 4 FetUn =225

where the last inequality holds for any ¢ > 0. We recall that U, is equal in law to Z?;nl ?:’n, this
gives EetUm1 = 2" Y1) where U is defined by (54). Moreover, using the notation
A (u) = inf (U(t) — tu), (50)

t

one has ( since v (0) = 0) : for u >0, A*(u) = infy50(U(t) — tu) and A*(—u) = infeo(U(t) + tu).
This gives :
P(Tm > y) < eQmA*(2—m/2\/y) + egmA*(72—m/2\/@'

From the estimation (61) (where t is defined by (59) with & = 2™ and x = /y ), we deduce, since
VY < £2/29N/2 that ( choosing ¢ small enough and N large enough),

QmA*(Q_m/Q\/g?) < —-ny and ZmA*(Z_m/Q\/gj) < —ny,
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for some 1 > 0 and (49) is proved. This achieves the proof of (39) in the first case.

Second case : z > 820V/2

Following [10] and [6], we first choose an integer M such that

Xz Xz
= < oMoN/Z 2
8¢ ~ 4e

Such an integer exists since x > 8¢2V/2. Without loss of generality, we may assume that M < N (if
it is not the case the proof reduces to consider A; and As below with M = N). We set

21\7*]%_1

B= (1 {lUmxl <e2M2V2}. (51)
k=0
We remark that on B, we have for all m > M + 1 and for all & :

U] < e2m2N20 T, 0| < e2m2N/2,

Moreover we define :

ﬂ(,’n ﬂ(,n

A; = max max |Ty5m  — Tioml,
0<k<2N-M 1<|<oM

As = max max |[Siom_; — Siom

2 0§k§2N*M1§l§2M‘ k2M 4 ko |,
—=*x,n
Ag = kmaig " ’Tkzj\/[ — Sk2M|
0<k<2N—

We immediately see that
A <A+ Ay + As,

where A is defined by (40). Moreover, observing that B® C {A; > e2M2N/2} we have :
{A >z} c{A; > 2MaN2Y U {Ay > 2M2N/2 U ({A3 > 2/2} N B),

and so

P(A > ) < P(Ay > e2M2N/2) 4 P(Ay > £2M2N/2) 4 P(A5 > 2/2} N B). (52)

We first bound P(A3z > z/2} N B). Starting with the decomposition (similar to (37))

k N

—xm -

Tiom = 27NUN,0 + Z CmUm,l(m,kQM)v
m=M+1

and proceeding as in the proof of the first case, one can show that

N-1
P(A3>2/2}NB) < 2NP(2£N(N +1+4 ) 7m) > 1),
m=M
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where the variables 7, are defined by (46). This permits to conclude, using the same arguments as

previously, that
P(As > 2/2} N B) < CeoN 22"z,

Turning to P(Aq > 52M2N/2), we have :

P(A; > e2MoN/2)y < oNp( max [T"| > e2M2N/2)
1<k<2M

Applying Doob’s maximal inequality to the positive submartingales etTi™) and (e—tT+" , where t > 0,
ying

and optimizing on ¢, we deduce using the notation (50):

P(Al > 52M2N/2) < 2N(62MA*(52N/2) + 62MA*(7€2N/2))

and from (61)
P(A) > e2MoN/2) < gN+1e—ne?22M o gN+1,—nea2/2/8

for some 1 > 0. Similarly for the standard gaussian variables, we have :

P( max |Sy| > e2M2N/2) < 2¢~<"2M2Y/2,

1<k<2M
and so

P(Ay > 52M2N/2) < 2N+1€,Ex2N/2/16'
This achieves the proof of (3) and hence of Theorem 1. .

Lemma 4 We have the equality in law, for all k € {1,...,2N},

(14, (Um0 D=0, (Ot iy D=1, ) =2 (L4 (U000 (T m=t,cv ) - (53)

Proof The proof is based on the fact that the law of the vector (Up;); is invariant by permutation,
and that one can find permutations that transform the left hand side of (53) into the right hand side.
Let us sketch how to construct these permutations.

If £ = 1, then I(m,k) = 0 for all m, and the result (53) is immediate. Otherwise, we write
k—1= Z%;é dm2™, where d,,, € {0,1}. Let us remark that we have I(m, k) = Zé\[:—r; d;27=™ for all

m € {0,...,N —1}. Let us denote mo = sup{m | d,, = 1,0 < m < N — 1} which is well defined since
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k—1+#0. We define (Up;); a permutation of the random vector (Up,;); as follows :

U07i+2mO if 0 <4< 2mo,
/ . .
UO,i = UO,i—QmO if 2mo <1< 2m0+1,

Up.i if 2motl < j < 2N 1,

)

r 22 / /
and set Uy, ;= > 7 om Uo,in U, U120~ U

= T 11 for1<m < Nand 0 <1 <2V7™—1. We

set k' = k—2™0. Then, one can check that, I(m, k") = I[(m, k) = 0 for m > mg and I(m, k') = I(m, k) —

2mo=m for 0 < m < myg. Moreover, we easily get U’ Upm, and Ufm = Um,l for all m > mg + 1,

m,l =

N—m o 3 ! 717 _ —
0<I<2 — 1. By construction, we have Umo+1,l(mo+1,k’) = Upno+1.0 = Umo+1,0 = Ung41,1(mo+1,k)

8 17 _ ) o a .
and Um0+1,l(m+1,k') =Upp11.0 = —Umo+1,0 = —Ungi1,0(mo+1,k)- For 1 <m < my, we can write
I(m,k")2m42m —1 1(m,k)2m —2m0 4-2m 1 1(m,k)2m 42 —1
!/ _ ! ! !/
myl(m,k") — E , Ui = E Uoi = Z Up,i—2mo
i=l(m,k")2™ i=l(m,k)2m—2™0 i=l(m,k)2™

I(m,k)2m+2m —1
— Z Uoi = Upi(mk)> since I(m, k)2™ € {2m0, .. 2moFl 1}
i=l(m,k)2m

Using that the set A is invariant by permutation of the Up; (see (41)), we deduce from the discussion

above that

(145 (U ) 0,85 (Tt =18 ) =2 (L (Tt Dm0, (Dot ) Dn=tov )

where k' < k. Hence, for k # 1, this shows that we can replace k by ¥’ < k in the left hand side of

(53) without changing its law. By a finite number of iterations of the procedure we deduce (53). ¢

4.3 Quantile coupling inequalities

In this section, we prove Lemma 2. We first establish a sharp expansion for the law of ﬁgzn

K

Lemma 5 Let ﬁk’n be the density function of ﬁ@:n, ¢ and ® be respectively the density and the
cumulative distribution function of the standard gaussian law. There exist some constants € > 0 and
C > 0 such that for all k > 1 and n large enough, we have :
i) for |x| < evVn :
By (x) = éa)en =,

ii) for 0 < x < evkn :

1T2

P( >2) = (1 - ®(z))evr @,

= %,n
k

S -
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P51 < —a) = B(-a)ee 1,

where |T,§(;1:)| < Cw\/%m, for1<j<3.

Remark 2 For k = n, the approzimation of ﬁ;’n(x) by ¢(x) is of order 1/n, for |x| < en. In the
classical KMT result, the order of approzimation is 1/\/n for |z| < ey/n. It is important to have a
better approzimation result which holds for larger values of x to improve the final bound in the KMT

construction (compare for example to the refined quantile inequalities given in [13]).

An inspection of the proof below shows that without the regularization technique (i.e. without

adding the small Gaussian variables £ in (29)), the result of Lemma 5 still holds but with £ > 3 only.

Proof of Lemma 5

We can prove i) and ii) by the technique of conjugated random variables (see [6],[11], [12]) . We
only give the proof of i) in details, the proof of ii) being very similar (see for example [12]). We
first compute the Laplace transform of the variables Y. For t > —y/n, let R(t) = EetY+" and

U(t) =log R(t). A simple computation gives :

! r Lol + /v t2 54
N TN R A R oS (54)

In particular, we have ¥(0) = 0, ¥()(0) = 0, @ (0) =1 + 3= + -5 and it is easy to verify from the
computation of ¥ and WG| that, for 0 < [t| < ¢y/n, 0 < 1/C < ¥ () < C and [¥O)(t)| < C/v/n,

U(t) =

for some positive constants ¢ and C. Fixing ¢ such that [t| < ¢y/n, we consider the sequence of
independent random variables (Z}')r>1 such that, Z}' admits the density function % f72,n(:c), where
fypzn denotes the density function of Y". One can easily verify that E(Z}) =¥ (t) and V(Z}) =
T)(t). We denote by ¢ the density function of the normalized sum ——— Zle (zp — v ().

\VEP(2)(t)

The following relation holds between ﬁzm and q:

o HFVO—taevE T (g
Py () = ak “) (55)
U2)(t) kU@ (¢)

The next step to obtain the result of Lemma 5 is to prove that that for [t| < cy/n

sup g} () — 0(a)| < C\/%n' (56)
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—(zp -0 ) *
Let ¢} (u) be the Fourier transform of ¢, we have ¢} (u) = (Ee V ’“‘I’@)(” and consequently

k
R <t + > iut (1) () N
& <2> ———=Vk
(jn(u) _ v(t) e  w(2) (1) ) (57)

’ R(1)
Now, by the Fourier inversion formula,
sup|qp (z) — o(z \</qk e |du<In0+I"1-|-["2
X
where
2
In,O =C |qn(u) . 6_%‘du,
‘ ul<avia
oo il
’ u>avia
2 u?
.[I?7 =C 6_7du’
|u|>avkn

and « is a positive constant which will be precised below.

[M]

T

u2
Since for x > 0, f;o e 2du< %6_7, one can easily see that

= Vi

Turning back to Ig’l, a tedious computation using (54) and (57) gives

) k2 (1+4t//n)
. u 2, u®
e 2n2v) () 62((1+t/\ﬁ) e \11(2)@))
n .
|qk (U)| - ) k/4 X k2 g(u)a
u 2(1+t/Vm)
(1 + knw2><t>(1+t/ﬁ)2> ¢

where
—u?(1 —t/\/n) )
20 (2)(t) (( +t/v/n)?+ m>

log g(u) =

We deduce then the bound

W
e 2n2v)(y)

()| < ! (58)
<1 + knw2><t><1+t/ﬁ>2>

We remark that the contribution of the regularization variables (£;) in the numerator of equation (58)
2

(the term e 2n¥® () ensures the integrability of |G} (u)| for the small values of k (k = 1 and k = 2).
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Recalling that if |t| < ¢/n, we have 0 < 1/C < W@)(t) < C, we deduce that for |u| > avkn,
0 < g(u) < e~ CFn, This finally yields :

W2 C
I,?’l < C’e_Ck"/e_C?nQdu < Cne ¢ < —_ .

Vkn

It remains to bound the main term IZ’O. With the previous notations, we rewrite (57) as :

, (1
t+“‘> —k\I/(t)—M\/E

kW

A Taylor expansion up to order three of v — W (t + M) on [0, u] gives :

w2

i
e,
Fu)y=c = V0T

where [1,| < supjy <y (W) (t + ——2_)|. We deduce then that :

\VET2) (1)

»

i
) —e T = e Tl —e WP0Vion ),

Using the inequality |1 — e?| < |z|el?l for any complex number z, we obtain by choosing o such that

-t [ <1, for [u] < avEn,

(@) (1)/kT@(2)

uf ol

Vkn Vkn

w2
|Gr(u) —e” > [ <C

This gives

< <

Vkn'

This achieves the proof of (56).

We turn back to (55). We first recall that for [t| < cy/n, 0 < 1/C < ¥?)(t) < C. As a consequence,
UM is increasing, for |t| < c¢y/n, with values in [~C'\/n, Cy/n], for some constant C. It follows that
for |z| < evkn, the equation & = W (t)\/k admits a unique solution. In the sequel, we fix t to be

the unique solution of :

z=9D )k (59)

We have |t| < ¢y/n and so combining (55) with (56), we obtain :

o ek\I!(t)ftz\/E 1 o(1
Py () <1 ( )>

T /A0 Vo \ | Vi
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where O(1) is a bounded function. Next considering (59), by a Taylor expansion of [¥(N]~1 on
[0, 2/vk] up to order two, we obtain :

2

= JREO(0) WﬁO(l)’

where we have used [¥()]71(0) = 0, ([(#W]"1)D(0) = 1/ (0), (8] 1)) () = LBl @)

and recalling that for |u| < cy/n, we have 0 < 1/C < @) (4) < C and |[¥®) (u)| < C/y/n.

Now, since U(t) = %llf(z) (0) + %nt, with [n:| < supjy <)y |T3) (u)|, we deduce the expansion :

z? x>

~20®(0) ' Vin

where O(1) is a function which is bounded uniformly in k and n, for |z| < ev/kn. Using ¥(3)(0) =

k0 (t)

1+ ﬁ + #, this finally leads to :

N 2 22 z3
k¥ (t) —tvkr =——+ —0(1) + ——=0(1). 61
() 5+ 0 + =0l (61)
Reporting (61) in (60), it yields :
22 0(1)+-=20(1)
e en P m 0(1)>
x) = ¢(x 1+—=]).
) = o) (1+ 92
We conclude, observing that W) () = W) (0) + \/%O(l),
—xn o(1) =)
B (@) = () VR
and 1) is proved. o
Based on the refined quantile inequalities for the law of Lk?” stated in Lemma 5 ii), we deduce

the result of Lemma 2.
Proof of Lemma 2

The result of Lemma 2 is a consequence of the more general following result, applied to the
particular case m = N.

There exist € > 0 and C > 0 such that, for all m € {0,..., N} and n = 2" large enough, we have:

1% C v, 2
m/2 —1 m,0 -1 m,0
e (o (355)) v Sﬁ(@m (¢ (z72)) “)’

if ‘2m/2F27,} (<I> (;’g/g»’ N

29



To get this result, we have to prove that for 0 < |z| < eVkn,

O(x —u(r)) < Fr(x) < ®(x + u(x)), (62)
_ C ﬁ 1 . . . . -1
where u(x) = n (\/E + \/E) Indeed, observing that (62) is equivalent to x — u(zx) < @7 (Fi(x)) <
x + u(x), we obtain the above result for x = F,;l@(ﬁvm,o)) and k = 2™,

From Lemma 5, part ii), we have for 0 < x < eVkn :

70(1+I3) C(1+I3)
(1—-®(x))e Vin <1 — Fi(x) < (1 —®(x))e” Vi, (63)
_ca+e?) ca+e?)
O(—z)e ~ Vi < Fip(—x) < ®(—x)e VEn . (64)

Now from Mason and Zhou [13], Lemma 3, we have for all A > 0, k> 6442 and 0 < z < Vk/(84) :

@(—x—i—u)) (1—@(x—u)> 1+ a3
log [~ T ) g (") > 4 : 65
o (M) —es (PR ) 2 At (65)
@(—x—u)) (1—<I>(x+u)> 1+ a3
log ([ ——— ) =log [ ——— ") < A=), 66
g( B(—2) s Timew ) ST (66)
where u = 24 1%2. Combining (65) and (66) with A = C/y/n and n large enough, with (63) and
(64), we deduce that Vk > 1 and 0 < |z| < evkn, (62) holds. o

4.4 Conditional quantile inequalities

In this section we prove Lemma 3. Recall that, for k even, ﬁzn( | y) is the conditional density of

LG5 given =5, = y, where the joint law of (S, 8") = (255 — S, 5.") is defined via
VEk VE©F k k k/2 k k
(29)—(30). In the following three lemmas, we establish some expansions for the conditional density

Py (- | y) and the associated conditional quantile inequalities. Then, we will deduce Lemma 3.

Lemma 6 There exist some constants € > 0 and C' > 0 such that for all k > 1 and n large enough,
we have, for |z| < evkn,|y| <evkn :

~%.N ij’wl Z,
(@ | y) = dla)eva k@)

< o itlelHyle® 4yl

where ‘Tkl (z, y)‘ NG

Proof First we show the following expansion for the density of ﬁ?fcn,

3
Je > 0,V |z < evnk, P"(x) = d(x) exp <f%rn(\/%k) +oena? + 1;%:' Bn,k(x)) : (67)
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where 7, is a sequence of smooth functions defined on some neighbourhood [—¢,¢| of 0 and whose
derivatives up to order two are bounded independently of n; ¢, is a sequence such that ¢, = O(1/n);
and By, j(-) is some measurable function bounded independently of k£ and n.

Recalling the representation (60), where t is the unique solution of (59), W) (t) = ¥ (0) +

\‘/%O(l)’ and U (0) =1+ ﬁ + # yields to the representation

1 1+ |z|
Vi N Om)

Let us denote ®,(s) = 2W¥(/ns) and by h, the inverse of the function s ﬁ\II(l)(\/ﬁs). Due to

Py () =

exp (kz\IJ(t) —taevVk +

the expression (54), it is simple to check that both functions are well defined on some neighborhoods
of 0 independent of n, and we can assume that h, is well defined on the interval [—e,¢], up to
reducing the value of . Using these notations, we get ¢ = \/ﬁhn(\/%), and in turn, p;"(z) =
1 . 1 2
—exp (nkfbn(hn(\/%)) — Vi ()s + %‘0(1)). Now, since ®,,(0) = @ (0) = 0, 2 (0) =
1+ 5+ n—lg, we can write @, (s) = o (0)% + 8390(s) = (1/2+ O(1/n))s? + s34, (s), where 7, is some

function. Using that ®,,, and all its derivatives, are bounded independently of n on [—e, ], we deduce

that the same property holds true for 7,. Analogously, we can show that
ha(s) = B (0)s + 528, (s) = (1 + O(1/n))s + s2Bu(s) (68)

where the function 3, and its derivatives of any order, are bounded independently of n on [—¢,¢].
With simple computation, we deduce that

T

nk®p, (hn( Ny

xT xT LUQ xT
D) = Virkha (o) =k, (14+00 /) ()

$2
—Vnkzx <(1 +0(1/n)) + 71/-@5"(\/%))

X

Vnk

A
Vnk " Vnk

where 7, is some bounded function, with bounded derivatives. This gives (67).

= —%x2+x20(1/n)+ )

Now, using the independence of the random variables ?kn + 5’,:” and g;’n — S’IZn, we easily deduce

—*,N  TH+Y \=*,N —T+Y
n Py 2(7)pk 2( )
Vo, y, (| y) = AT (69)

by, (y)

From (67), we readily get

Lt Jol + ol
vnk

(1) + cnx2> , (70)

P (@ | y) =

(1) + cnx2> ,

L+ Jal + ol
vnk
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where 0,(z,y) = & [($+y)3rn(x—+y) + ()3, (22t Q(L)‘?rn(i)]. From a second order

ik ) TR Vak Vi) A

. 3 2 T !
Tay101‘" expansion of z — 2°r,(z) around \/77 it can be shown that |3, (z,y)| = 22030 ( v
—£_1)). Using |z| < evnk and |y| < evnk, this yields to [0, (x,y)| = m O(Jz|*> + 22 |y|). Using the
expansion (70) we deduce the lemma. o

Lemma 7 Let e > 0, then there exist 0 < e” <& < e, and C > 0, such that for n large enough, and
all ki,

Wiyl < &"Vik, V2] > vk, we have, 7"z | y) < Cexp ( Ik 2] — £V ]) (71)
Proof We just consider the case x > 0, since the proof for x < 0 is similar.
We first need to prove the following upper bound on the density of ?,:,’n,
1 v’ _u= lyl®
Je' > 0,Y0 <y <e'Vnk, V2 >0, p"(y+2) < e T TE O, (72)

2w
From (55) with 2 = y + z and for ¢ given by t = /nhy,(

f) here h,, is defined in the proof of

Lemma 6 we have

Sy = EOTVE L (VR REOO))
k @) K@ (1) ‘
Remark that ¢ is well defined for \/% in a neighbourhood [—¢’, '] of 0 and is solution to ¥ (¢) = 4 /V/k.
Then, proceeding exactly as in the proof of Lemma 5 we can deduce that
*1 1 ,ﬁ+0(1+\y\3) ¢ \/E
mn,’ + z) = e 2 Vnk (& z . 73
P+ = (73)

Now, from (68), we deduce —tzvVk = —yz [1 +O(1)] + O(%) Using that % g/ < 1/4, as soon
as we choose the value of ¢/ small enough, we get —tzvk < —yz/2, for n large. Finally, (72) follows
from (73).
We now prove (71). Up to a modification of the value of €/, we can assume that the result of
Lemma 5 i) holds true for # < ¢’v/nk. Thus, from (69), we get for = € R, |y| < &'v/nk
(e | y) < VIR ”'f'pk’;a}y) P

where C' > 0 is some constant. From (55)—(56), it is easily seen that p*™ is a bounded function.

);

Hence, we deduce,
%+C”'y' —xm Tt Y

k/Q( \/5 )7

P (x| y) < Ce

(74)
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where C' > 0 is some constant.

We assume, for the sequel, that = > ’v/nk and |y| < €”vnk with £” = £//8. We write pk/z(
as f)k/z(( ‘Qﬁ + y)ﬁ + (x — Ef)ﬁ) and use (72). Since # +y € [2Vnk,3'Vn
[3e'V/nk, 3¢’v/nk], we deduce

=)
nk] C

1
ﬁ*’n(m) < Cexp <—6'2nk + < + CePnk —

NG 43 NeY 6 T

for some constant C' > 0. From (74) and |y| < &’vnk/8, we deduce,

e 1 Cc  Vnk Vnk
Py (@ |y) < Cexp <—2435/2m€(1 —'C)+ T 16 (z —6'2)) ;

e'Vnk ,\/%)>

where C' is some positive constant. Up to a modification of ¢/, we can assume that /C' < 1 and the

latter equation gives (71). o

We recall that Fj(z | y) = [* 07" (u | y)du, is the conditional cumulative distribution function

of ﬁS,:" given ﬁSk =y.

Lemma 8 There exist € > 0 and C > 0, such that for all 0 < x < evnk and |y| < evnk,

1= Fr(o | y) = (1 — ®(x))evn t@D) (75)
= LT3 (z,y)
Fi(—x | y) = ®(—a)evn + @) (76)

g 1 3 2 ]
where ‘T,ﬁ(m,y)‘ < CW’ for j=2,3.

Proof We only prove (75), since the proof of (76) is similar.
Using Lemma 6, let us consider €1 > 0, such that for all |z| < ejvnk, |y| < e1vnk, we have

22 c 14z +yla? + ]y

2 e Vnk

1
~x, M
" < € ;

for some constant C; > 0. Hence, for 0 < z < A < eg1vnk and |y| < e1Vnk, we can write

. - 1y A W2 u+\y\ du
Fi.(A — Fi(z < e 'Vnk ¢ T U270 .
k(A ly) = Fir(z]y) < ’ N

Assume now on that g1 < 8%'1’ up to a modification of the value of ;. Then, the change of variable

(77)

1/2
v =u (1 - 20 %‘) is one to one as the variable u ranges in [z, A] and it is easy to see that
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S—Z’ <1+ Oy %', with some constant Co > 0. As a result, after a change of variable, we get

A u2 u+ly| o0 1]2
/ o5 m2e i) du </ e (14 oyl
x

\/ﬂ_ Z(y,n,k) m \/%
=[1—-®(z(y,n Caly| s z(y,n
= 1= ®(En )I0+ )+ o) (1

; _ o (1 — 20z}
where we have noted Z(y,n, k) =z (1 2C1 \/ﬁ) .

From the mean value theorem,

log (1 et k») = (o= iy )OS < Cola? ey D

1—®(x) 1—@(E) 1— ()’
where £ € [2(y, n, k), ] and C3 > 0 is some constant. From Lemma 2 in [13] we know that z — 1?5;()2)
is increasing and Lemma 1 in [13] easily implies
¢(2)
— < 1 79
1_(1)(2)_04( + 2) (79)
for any z > 0 and Cy > 0 some constant. We deduce
1 - (b(:%(yanvk)) 2
1 < 1
o (= To ) < ota? 4l ), (50)

where Cj is some constant. Putting together (77), (78) and (80) we deduce,

3
Cs 14|z 3+|yla? 4 |y|

FulA |y) - Fule | y) < [1— o(@)]e™ v (14 o, 2009 ¢

2
T ) T @ k).

Using (79) and (80), we have ¢(2(y,n, k)) < Cu(1+ |z|)(1 — ®(z))eCs @ +2lyD(1+2) - Ag a consequence,

we easily deduce
~ 1t |a)? +yl® +y|
Fu(Aly) — Fp(z |y) <[1 - @z )]ec ok , Y0<z<A<evnk, |yl <eivnk, (81)
and where Cg > 0 is some constant.
In order to prove (75), it remains to control 1 — F(A | y) = [ Py (u | y)du. From Lemma

7, there exists 0 < €/ < €| < €1 and C7 > 0 such that for all |y| < e{vnk, u > &\vVnk, p;)"(u |

y) < Crexp (—LU | — 61\2/?]). We choose A = &vnk < e1vnk, and with easy computations
2 / /
deduce that [7°py"(u | y)du < ﬁe "1 we let €9 = 45717 A€, and if < e9v/nk, we have,
Elnk

1-d(z) > 29 > e °F

CitCiz = Jam(CatCazad/nk)’ This implies,

nk

V0 < x < egVnk, / Py (u ] y)du < Cs[l — @(z)]exp s, (82)
A
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for some constant Cg > 0. Joining (81) with (82) yields to the result (75). ©

Proof of Lemma 3.
Recalling (32) and repeating the same reasoning as in the proof of Lemma 2, it is sufficient to

prove that for 0 < |z| < evkn, and 0 < |y| < eVkn

1= ®(z +u(e,y)) <1-Fi(z|y) <1- 0@ - u(z,y)), (83)
where u(z,y) = C(I%;;HR) We focus on the case x > 0, as the proof is similar for x < 0. Using

Lemma 8, there exist £; and C such that for 0 < z < e;vnk, |y| < e1vnk,

3 2 3 2
oy Ml tlvla? | Oy Ltz 41vla? 1]

(1 —®(xz))e ik <1—Fi(z|y) <(1-(x))e vk
3
We set A = %%w Then it is simple to check that if 1 is small enough and n sufficiently
large, we have A% < ? + 4Csy2 < 6%, for all £k > 1. In the same way, we easily check that if ; is

small enough, we have 8Az < v/k. As a consequence, we can apply (65)-(66) to get

_A 1+r3 A1+a:3

VE < [1—®(x)le” vE <1—P(x—u), (84)

1 —®(x+u) <[1-0(x)e

2 2 2 . 3 3 2
where u = 241422 < ctr ) _ u(z,y), for some constant C. Since AH'T”E = O, el tvle™+ly],

Vk Vnk k Vnk
the equation (84) gives (83). o
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