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SIGN OF FOURIER COEFFICIENTS OF MODULAR FORMS OF
HALF INTEGRAL WEIGHT

YUK-KAM LAU, EMMANUEL ROYER, AND JIE WU

ABSTRACT. We establish lower bounds for (i) the numbers of positive and neg-
ative terms and (ii) the number of sign changes in the sequence of Fourier coeffi-
cients at squarefree integers of a half-integral weight modular Hecke eigenform.

1. INTRODUCTION

1.1. Results. Let Z > 4 be a positive integer. Denote by &, /, the set of all cusp
forms of weight £+ 1/2 for the congruence subgroup I'y(4) . The Fourier expansion
of f € &, /, at oo can be written as

f(2) = ) A"V e(nz)  (z € ), (1)
n=1

where e(z) = e?"i% and # is the Poincaré upper half plane. For any squarefree

integer ¢ Waldspurger [17] proved the following elegant formula
Aty = G:L(3. Sh, . x,), ©)

where Sh, f is the Shimura lift of f associated to ¢ (this is a cusp form of weight
2¢ and of level 2), y,(n) is a real character modulo ¢ (defined in Section 2) and G
is a constant depending on f only. In the following, the letter ¢ will always be a

squarefree integer and Z a sum over squarefree integers.

In view of (2), Kohnen [10] posed the following question: in the case where
Af(t) is a real number, what is its sign? Very recently, Hulse, Kairal, Kuan & Lim
made a significant progress toward this question by proving that A;(f) changes sign
infinitely often if f € &/, is an eigenform of all the Hecke operators (see [4,
Theorem 1.1]).

In order to describe the order of magnitude of A;(r), we choose a a non negative
real number such that the inequality

A1) <4 t* 3)
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holds for all squarefree integers ¢. The implied constant depends on { and « only. It
is conjectured that one can take
a=c¢

for any € > 0. This could be regarded as an analogue of the Ramanujan conjecture
on cusp forms of integral weight. Conrey & Iwaniec [3, Corollary 1.3] proved that
one can take

a=~-+E¢

for any € > 0.
The main aim of this paper is to establish a quantitative version of the result of
Hulse, Kairal, Kuan & Lim. Define

Tf+(x) = # {1 < x, t squarefree : A1) > 0}
and
Tf_(x) =# {t < x, t squarefree : A1) < 0} .
We establish the following results.

Theorem 1 — Let £ > 4 be a positive integer and | € ©,41 /2 an eigenform of all
the Hecke operators. Then for any € > 0, we have

Tf+(x) > xl-2e—¢ Tf_(x) > xl-20—¢
for all x > xy(f, €), where a is given by (3) and x((f, €) is a positive real number
depending only on f and e.
Remark 2 - In particular, the Conrey & Iwaniec bound leads to
Tf+(x) > x2/3-¢. Tf_(x) > x2/3-¢
for all x > x(f, €).

Remark 3 - The study about the sign equidistribution of the sequence (ﬁf(tnz)) e
was investigated in [2], [10], [9], [5] and [6]. In particular, Inam & Wiese proved
in [5] that, if ¢ is a fixed squarefree integer, then

#{p prime : p < x, /lf(tp2) >0}

lim ' 2
X—400 #{pprime: p < x} 2
and
~ #{pprime: p <X, /lf(tpz) <0}
x—1>r-lr-loo #{pprime: p < x} T2

Let us precise what we call number of squarefree sign changes of the sequence
/lf = (Af(t)) 0 (where /lf(O) = 0) restricted to squarefree indexes ¢. From this
sequence of Fourier coefficients, we build a sequence of pairs of squarefree integers
(¥, ), that may be finite or even void, in the following way: for any integer n, we
have
/lf(t:l“) > 0, A1) <0,
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+

o . -
max(t,, 1) < rmn(th, tn+1),

and A;(r) = O for all squarfree integer 7 between t™and 7. The number of squarefree
sign changes of 4; is the function defined by

Ci(x)=#{n>1: max(r},1;) < x}.

Theorem 4 — Let ¢ > 4 be a positive integer and | € ©,41/2 be an eigenform of
all the Hecke operators. Let

-

4 . 1
§(1+a) lfOSa<Ror

4 1+4a 16 12
1 1 1 1
- — < =

+ 3—4a lf 12 — * < 8

For any € > 0, the number of squarefree sign changes of A; satisfies
Ci(x) >, x!ne

for all x > xy(f,n), where the constant xy(f,n) and the implied constant depends
onfand e.

Figure 1 shows the graph of 1 — # against a.
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FIGURE 1. Graph of 1 — # as a function of a.

1
Remark 5 - Ci(x)> x15 ¢ by Theorem 4 and Conrey & Iwaniec’s bound.
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1.2. Methods. To prove Theorem 1, we detect signs with

|41 + 4(0) {Af(t) if 4(1) > 0

2 0 otherwise.

Bounding the Fourier coefficients with (3), we get plainly

b
Y (|,1f(z)| + Af(z)> log (5> <o TH(0x"Tog x @)
t<x t
(recall that the letter # is for squarefree integers hence the sum is restricted to square-
free integers). We use the analytic properties of the Dirichlet series

M, s) = Zb Aoy~ and DF®F.5)= ) An)n*
t<x n>1
in Lemma 8 and Proposition 7 of §2.2 to get a lower bound for the sum in (4).
(Note that Lemma 8 is due to [4].) More precisely, the Dirichlet series defining
M(f, s) and D(f®fT, s) are absolutely convergent for Re s > 1. The function M (f, s)
has an analytic continuation to Re s > 3/4 whereas the function D(f ® f, s) has a
meromorphic continuation to Re s > 1/2 with a unique pole; this pole is at 1 and it
is simple. Thus we can easily derive Lemma 9 and then the lower bound

é‘; <|/1f(t)| + Af(t)> log <§> > x!1 79,

Theorem 1 follows readily.
Theorem 4 rests on the following delicate device of Soundararajan [15]: letc > 0
and 6 > 0, then

1 c+ico (655—1)2

N
—_— ———&d
), 2 o

®)

0 otherwise.

_ {min (log (625 é) ,log(l/é)) ife? <&<1

(Thanks to the referee for suggesting this device.) Using it with the analytic prop-

erties of M (f, s) and D(f ® f, s), some weighted first and second moments on short
intervals are evaluated. We use these moments to detect the sign changes via the
positivity of

y oy (|,1f(z)| + em/lf(t)> min <10g (t;f) ,log (%))

m<A x xth
) <t< )

forall (g,...,e4) € {-1, 1}4.

The paper is organized as follows. Section 2 is devoted to the background on
half-integral weight modular forms (§2.1) and the establishment of the analytic
properties for the Dirichlet series we need (§2.2). Theorem 1 is proven in Section 3.
Theorem 4 is proven in Section 4.
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2. BACKGROUND

2.1. Modular forms of half-integral weight. In this section, we want to recall the
basic facts we need on modular forms of half-integral weight on the congruence
subgroup I'y(4). All the content of this section is classical and is to be found in
the main references [14] and [13]. It contains however the very few that the non-
specialist reader will need.

The theta function is defined on the upper half plane # by

+0o
0(z)=1+2 Z e(n’z)
n=1

for any z € # . Since the 6 function does not vanish on #°, we can define the theta
multiplier: for any y € '((4) and z € #, let

. _0(yz)
J(r.z) = 0

Ify = ( g g ) it can be shown that j(y, z)> = cz+d. For any complex number &, let
EV/2 denote |§|1/2 el 2®)/2 where —z < arg(é) < z. The coefficient j(y, z)/(cz +
d)'/2 is called the theta multiplier. It does not depend on z and can be explicitly
described in terms of ¢ and d (see, for example, [7, §2.8]).

Let £ be a non negative integer. A modular form of weight # + 1/2 is a holo-
morphic function f on Z satisfying

f(rz) = j(r, 2 ()

for all y € I'y(4) and z € #, and that is holomorphic at the cusps of I'j(4). If
moreover f vanishes at the cusps of I'j(4), then f is called a cusp form of weight £ +
1/2. The congruence subgroup has three cusps: 0, —1/2 and oo. The corresponding
scaling matrices are respectively

(0 -1)2 (1 0 . (10
%=\2 o )0%12T\ 21 amd %=\ 1)

Then, if { is a cusp form of weight £ + 1/2, the following functions have a Fourier
expansion vanishing at oo:

EPNNPRYy A _ —-1/2g(__ 1
flo (=@ (~52) and 1l 0= 224 07 (- ).

‘We shall write

+o0
f(z) = ) fn)e(nz) ©)
n=1
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for the Fourier expansion of f. The set &, /, of modular forms of weight £ +1/2
is a finite dimensional vector space over C. If # < 3, then &€, ,, = {0}. In the
following, we shall assume £ > 4.

Shimura established a correspondence between half-integral cusp forms and in-
tegral weight cusp forms on a congruence subgroup. Niwa [12] gave a more dir-
ect proof of this correspondence and lowered the level of the congruence group
involved. Fix a squarefree integer r. We write y, for the principal character of
modulus 2 and define a character y, by

= () (2).

Letf € &, ;. Then, the Dirichlet series defined by the product

+oo 9
L(;(,,s—f+1)2f(";)

n=1
is the Dirichlet series of a cusp form of integral weight 22 over the congruence
subgroup I'y(2). We denote by Sh, f this cusp form and .S,, the vector space of
cusp forms of weight 2¢ over I',(2). At this point, the dependence in ¢ of Sh, f is
not really clear. It will become clearer after we introduced the Hecke operators.
The Hecke operator of half-integral weight Z + 1/2 and order p? is the linear
endomorphism &, on &, /, that sends any cusp form with Fourier coefficients

(/f\(n))nzl to the cusp form with Fourier coefficients defined by

— ~ -1 ’ y R
T2 (n) = f(0*n) + xo(p) <( P) n> P00+ rr <I%> '

If n/p? is not an integer, then /f\(n /p?) is considered to be 0. Hecke operators and
the Shimura correspondence commute, meaning that if T, is the Hecke operator of
order p over .S,,, then

Sh,(Z 2f) = T,(Sh, {)
for any f € @, /,. In particular, if f is an eigenform of &, then Sh,  is an eigen-
form of T, with same eigenvalue. Let f be an eigenform of all the Hecke operators

< »: denote by w), the corresponding eigenvalue. Since Sh, f is an eigenform of all
the Hecke operators T),, it has real Fourier coefficients. From

f(t 2) S )z (m) S Sh, fn)
2 . Zl ns— £+1 2 ns ?

n=1

where y is the Mobius function, it follows that f(n?) is real for any squarefree
integer ¢ and any integer n. Since any integer may be written uniquely as tn*> with
squarefree ¢, it follows that the Fourier coefficients of | are real. Moreover, one has

+o0 o o R 4
L()(,,s—f+1)2f(;rz ) =f(t)H(1_%+ Xo(P) ) o
n=1 P

p23—2f+1
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the product being over all prime numbers. This product is the L-function of a cusp
form in .S,,. We denote by Shf this cusp form. Remark that it does not depend on

t and that Sh, f = f(¢) Shf.
Let y be the arithmetic function defined by

wm =[] (1+p77)

pln
the product being on prime numbers. We write 7 for the divisor function and clearly
w(n) < 7(n) for every n € N*. The next Lemma improves slightly Lemma 4.1
in [4].

Lemma 6 — Let | € &, be an eigenform of all the Hecke operators X . There
exists a constant C > 0 such that, for any squarefree integer t and any integer n we
have

[fen®)| < |2 emwmn.

Proof. From (7) we get

foy =T Y i (2) u (2) (2) Shica ®)
d|n

By the Deligne estimate, there exists C > 0 such that
[Shi(@)| < ca®D"z(a) ©)
for any d. It follows from (8) and (9) that

[fen®)| < c[fo ]! Z‘u (5)|a"2e@ < c[f|n " eimwn.
din

O

The size of the Fourier coefficients of a half integral weight modular form is
therefore controlled by the size of its Fourier coefficients at squarefree integers.
Deligne’s bound for integral weight modular forms does not apply, although it con-
jecturally does. Let a be a positive real number such that, if f € €, , then

|?(l)| < C¢+1/2-1)/2+a

for any squarefree integer ¢ (and C is a real number depending only on { and «a).
Ramanujan-Petersson conjecture asserts that @ can be taken arbitrarily small. The
best proven result is due to Conrey & Iwaniec [3] (see also the Appendix by Mao
in [1] for an uniform value of C). Their result implies that we can take « = 1/6+ ¢
with any real positive €. If f € &, , is an eigenform of all the Hecke operators,
we have by comparison of (1) and (6)

()

Ay(n) = WC+1/2-)2

For any squarefree integer ¢ and integer n, we have then

|4:0m%)| < €| 40 |rmwn) < Gz () (10)
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with the admissible choice & = 1/6+ ¢, where C, and C, are positive real numbers
not depending on # or n.

2.2. Some associated Dirichlet series. Letf € &, ,, and assume it is an eigen-
form of all the Hecke operators. We define

+00
DE®F.5)= D An?n. (11)
n=1

Write 6 = Re s and 7 = Im 5.! According to (10), we know it is absolutely conver-
gent as soon as ¢ > 1 + 2a. We state analytical informations on this function. The
proof is quite standard, but since we have not found a handy proof in the literature
for this case, we provide the details for completeness.

Proposition 7 — Let f € ©,,,,, and assume it is an eigenform of all the Hecke
operators. The Dirichlet series (11) converges absolutely as soon as Res > 1. It
can be continued analytically to a meromorphic function in the half plane Re s > %
with the only pole at s = 1. This pole is simple. Further for any € > 0 we have

D(f®f, 5) <. |T|2max(1—a,0)+£ (% +e<o<3 || > 1) .

The implied constant depends on f and € only.

Proof. Let a be a cusp of I' = I';(4). We denote by I', its stability group, and by
o, its scaling matrix (see [7, §2.3]). The Eisenstein series associated to a is

E (z,5) = Z Irn(a;lyz)s
rer,\I'
= Z Im(yaa_lz)s = Eoo(aa_lz, s).
re€r\I
We take {0, —1/2, 00} as a representative set of cusps and obtain
1 z
Eo(z9) = B (=7205)  and E_ip(z9) = Eq (- ).
0(2,5) o \"17 s an 1/2(2, 5) o\"37 -1 s
These series converge absolutely for Res > 1 (see, for example [11, Theorem
2.1.1]). Moreover, f, admits a Fourier expansion

+0o0
o, (2) = D 020200 (n)e(nz).
n=1

Let
_ ay 2
D(fy ® o) = ) |Apalm| 7. (12)
n=1
Classically (see, for example, [7, §13.2]), we have
— dxd
()12 (s £ 1) DG, ®F,.s) = / YV H2i()RE, (2, 5)
2 [‘\% y2

INo confusion will arise with the divisor function 7(n) from the context.
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for Re s large enough. The right hand side provides an analytic continuation in the
region Re s > 1. By Landau Lemma, this implies that the Dirichlet series (12) is ab-
solutely convergent for Re s > 1. The general theory implies that s = E (z, s) has
a meromorphic continuation to the whole complex plane and satisfies the functional
equation
E(z,5) = ®(s)E(z,1 — 5)

where E is the transpose of (E,, Ey, E_; ;) and @ = <(pa,b)
scattering matrix. Indeed,

(a,b)ef{o0,0,-1/2)2 18 the

A
) Z N(c)e

>0

/2

Pap(s) =

where N'(c) is the number of d, incongruent modulo ¢ such that, there exist a and
b satisfying

a b\ _
O, (c d) abl ely@).

1 22s—1 -1 22s—1 -1

This leads to

_A@s—1) 212

d(s) = 22s-1 _ 1 1 2251
A(2S) 225 —1 22s—1 -1 223—1 -1 1
AQ2s—=1)
= —III 9 9
ACs) (s), say

where A(s) = 775/2I'(s/2)(s). On the half plane Res > 1/2, E, and ¢, , have
the same poles of the same orders [11, Theorems 4.4.2, 4.3.4, 4.3.5]. The only pole
on Res > 1/2 is then s = 1 and it is simple. Note that this follows also from

the general theory since we are working on a congruence subgroup ([8, Theorem
11.3]).

Let i(f ® f, s) be the transpose of
(DG ®F.9). Do & T 9). D112 ®F 12:5))

and
A, $) = Qa)y BT + £ — 1/2)¢2)LE T, 5).
We proved that
o A(f,s) = Y()AGF, 1 - 5)

« in the half plane Re s > 1/2, the function D(f, ® E s) has only a simple
pole at s = 1.

Now, let ||-|| denote the Euclidean norm in R3. Using || D(f, ®E, l+e+in)| <, 1
for any 7 € R and any fixed € > 0, we deduce

|E(=2¢ + 2i7)| - ||i(f ®F —¢ + ir)” <o (1|7
from the functional equation, and the estimate

1£25)] - ||i(f ®F. s)n <o L+ 22170 (s=6+ir, 6 €[0,1], [7] 2 1)
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by the standard argument with the convexity principle.? This leads to the desired
result. U

Another useful Dirichlet series is
b _
MG, s)= ) k. (13)
t>1

The series M (f, s) is absolutely convergent for Re s > 1 by the Cauchy-Schwarz
inequality and Proposition 7. The next lemma is due to Hulse, Kiral, Kuan & Lim
[4, Proposition 4.4].
Lemma 8 — Let £ > 4 be a positive integer and | € €, , be an eigenform of
all the Hecke operators. The series M (f, s), given by (13), converges for Re s > %.
Further for any € > 0 we have

M@, 0 +ir) <, (o] + 0002 Cpe <o <3,]7 2 1)

where the implied constant depends on | and € only.

Proof. We only sketch the proof since it is nearly the same as in [4, Proposition
4.4]. By the relation

pmy* =Y u(r)

r2lm
we have
+0o0
M(§,s) = ) u(r)D,(s) (14)
r=1
where

+oo
D(s) = ) Axmym™".
m=1

m=0 (I'I_'lOd %)
This series is absolutely convergent for Re s > 1 by Cauchy-Schwarz inequality
and Proposition 7. Then, introducing additive characters to remove the congruence
condition and applying the Mellin transform, we get

(27[)s+(f+1/2—1)/2

1 u
D’(S)zr(s+(f+1/2—1)/2)'72Z ) A<f’2’s>

d|r? u (mod d)
(u,d)=1

with

y
for any rational number g. Using the functional equation for A(f, g, s) (see [4,
Lemma 4.3]), we obtain

D,(—& +it) < ; (1 + |z])! 2745,

e r-1/2)29y
A(h.q.5) = / iy + gy -0 Y
0

20ne needs the estimate |¢2s)] - ||Z(f ® f, )| < e for some n > 0 in the strip so as to apply
the convexity principle. This can be easily verified by the Fourier expansion of E,(z,s) and [11,
(2.2.6)-(2.2.11)].



SIGN OF FOURIER COEFFICIENTS OF MODULAR FORMS 11

From (10), we have also
D,(1+e+ir) <5 =
) r2
Finally, by the Phragmen-Lindelof principle, we deduce
D,(c +ir) < ; (14 |z])!7oFe 274,

Reinserting this bound into (14) leads to the result. U

3. PROOF OF THEOREM 1

We begin by establishing mean value results for the Fourier coefficients at square-
free integers.

Lemma 9 — Let f € ©,,, ), and assume it is an eigenform of all the Hecke
operators. Let € > 0. There exist positive real numbers C,, C, and C; such that,
for any x > 1, we have

b
Y hnlog (3) < ¢/
1<x !
and )
Cyx < )7 At < Csx

1<x

for any x > xy(f).
Proof. Using the Perron formula [16, Theorem I1.2.3], we write

3 oree (3) =5 |

1<x —ico

2+ic0 ds
M(F, s)x*—.
2

We move the line of integration to Re s = 3/4 + € and use Lemma 8 to have
b
X hnlog (3) </,
1<x 4

For the second formula, we use an effective version of the Perron formula [16,
Corollary 11.2.2.1]:

k+T _ ate
Zﬁf(n)2=ﬁ/ D(f<z<>f,s)x39+0(x1+2+ )

n<x k—iT S T

forany T < x and k = 1 + 1/logx. Proposition 7 allows to shift the line of
integration to Re s = 1/2 + €. We get

I - .ds 1 - .ds
— D®f,s)x—==rix+-— [ Di®F 5)x"—
271 J i s 2z Jp s

where r; is the residue at s = 1 of D(f ® f, s) and L is the contour made from
segments joining in order the points ¥k —iT', 1/2+¢ —iT, 1/2 + e +iT and x +iT.
With the convexity bound in Proposition 7 we have

k+iT _ ds x
/ D®f, 9)x'— <
1 N

/2+e+iT

1+e

T
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if T < x!/? and

1/24€e+T _ ds
/ D ®f, s)x*— < x!/7*eT,
1/2+4e—iT s

We choose T = x!/4t and obtain

Z /1f(n)2 =rx+0 (x3/4+"’+5) ) (15)

n<x

Each positive integer n may be decomposed uniquely as n = tm? with squarefree ¢.
Using (10) we have

Y amt < Y uwr Y wmwm)

n<x 1<x m<(x/H)1/2

b /lf(l)

1/2 ( )

<< X .
IZ;C tl/z

Combining this with (15) we find
b ﬂf(f)z

X 1/2
IZ;C 1172 log ( p ) 20X (x = xo(P) (16)
where the constant ¢; depends only on f. On the other hand, (15) leads to
z /2
2 11/2 log<t>52 1/21g< )Sc2x (a7
1<x n<x

where ¢, depends only on f. Let ¢; €]0, 1[. From (16) and (17), it follows that

log(1/c3) SR A1) X
(cs x)l/2 Z A" 2 2 1172 log<7>

e3x<I<x e3x<1<x
p A1) b As()?
B g; ;/2 log G) - ,g;x :1/2 log G)
> <cl - 02031/2> x!/2,
We deduce
Cl/2
X A0 2 iz (e eel)

3 x<t<x
Choosing c¢3 < min(1, c% / cg) we have

b b

DU A0 > D A0 > x.

1<x c3x<t<x

Finally, (15) gives
b

DA <D An)? < x

t<x n<x
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hence

Zb A()? = x.

1<x

O

With this Lemma, we can complete the proof of Theorem 1. From (10) we derive

|/1f(t)|log< >>>x_"‘ b|,1f(t)|210g(§>

> x~ Z |/1f(t)|

t<x/2

Hence, Lemma 9 implies

Z |/1f(t)|log< ) pa 21 (18)
We detect signs of Fourier coefficients with the help of

|41 + 4(0) {Af(t) if A1) > 0

2 0 otherwise.

Using (10), we have
b
S (1501 + 4(1) log (5) < T (0x" log x. (19)
1<x !
Moreover, (18) and Lemma 9 imply

37 (1301 + 40) log<§> Y |/1f(t)|log< >+ 3 Af(t)log( )

1<x t<x t<x
> x17% 4+ 0 (x3/4F)
> x!7®, (20)
Finally, equations (19) and (20) give

1 2a
T+(x) >

log x
Similarly, using

14O = 4@ —A(0) if (1) < 0
2 “]o otherwise
we obtain

1 2a
T (x) >

This finishes the proof of Theorem 1.
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4. PROOF OF THEOREM 4

The basic idea of proof is the same as for Theorem 1, although here we localize
on short intervals. The device (5) with the analytic properties of M (f, s) gives a
nice mean value estimate for A:(f) over the squarefree integers in a short interval,

see (21). However our series D(f ® f, s) runs over all positive (not just squarefree)
integers. We cannot obtain a counterpart for |/1f(t)|2. To get around, we consider a
bundle of short intervals and lead to two moment estimates (22) and (29) in §4.1.
Then we can enumerate the sign changes in §4.2.

4.1. Computation of moments of order 1 and 2. Let 5, = 3/4 + a. Let 5 satis-
fying hypothesis in Theorem 4. Suppose that x is sufficiently large. We set h = x”
and define 6 by €?° = 1 + h/x. We have § < h/x.

For all s € C such that |Re s| < 2, we have (e‘ss —1)2 /s> < min (62, 1/|s|2).
It follows then by Lemma 8 and (5) that

Zb A(t) min <10g (#) ,log (i))

x<t<x+h

] 3/4+e+ioo (eés _1)2
=— M, s)———x*ds
271 J3/446-ic0 52

+o0
< x3/4+6/ (7] + DY/**¢ min (52, 1 > dr
—o 1+ |77
< W3 /4xe. (21)

For any integer constant A > O, let (g4, ...,¢,,) € {-1, 1}4. The bound for the
moment of order 1 follows from (21), that is

b 2
e, Y A@min log<u>,log m)) «n¥xe. (22
" i tm? x

m<A X Xt
m m

We turn to the evaluation of the moment of order 2. By (10), we have

Y AP < Y tm)? Zb A1),

x<n<x+h m<\/x+h iz<t<%
m m

Since n > 1y, this equation and equation (15) imply

chs Y wmt Y ae? (23)

X
< — <t<—-
m<y/x+h ) g

for some constant C > 0. We prove next that v/x + h can be replaced by some
constant A in the outer sum up to the cost of a replacement of C by C/2.
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Set k = 2(1_71 ;- Then, if m < x*~¢, we have h/m? > (x/m?)"0*¢ hence, equa-
—o

tion (15) leads to

b h
Y < .
m2
X x+h
ﬁ<t<7
If m > x*7¢, then we use either (3) to derive

Zb Aty < Zb 20 <« (1 + i) X

. . m2 /) me
- <t< - <t<
m m

2

m2 m2

or we use (15) to get

b b xl+£
D k0r< Y K0P < .
i f m2
R <Xt

Let A > 0 be a constant to be chosen later but large enough so that n > A implies
7(n) < n'/%. We split the right hand side of (23) into four sums according to m < A,

A<m<x*¢ x*¢ <m < h'/? and h'/? < m < \/x + h. The last three pieces
contribute no more than

4 4
T(m . _ 1 T(m
h Z (—)+x£ min (x, hx?ed 2’f)) —x2 Z (m)
l’)’l2 m2 m4a
A<msxrme xee<msh!/? h'2<m<y/x+h

< RA7Y? 4 X7 min (x, Ax®*1720) 4 x1/24e 0 (24)

We note that min (x, hxza(l‘z")) = x if and only if @ > 1/12. It follows that the
right hand side of (24) is bounded by Ch/2 for large enough A if

>§+2_a incalseoc<i
T2 4" T+ 4a =12
or | | (25)
n>§+3_4a incasea>§.

Under this condition we deduce a lower bound for the first split piece:

b
h Y zm* Y A
m<A %<t<’:—2’1

This equation remains true if we replace (x, h) by (x + h/4, h/2), so

h< ) o(m) Zb A, (26)

m<A xth/2 ., x43h/4
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Moreover
b 2
2 r(m)4 2 /1f(t)2 min (log (x + h) log ( n >>
m<A X << h tm X
4 b , . x+h tm?
> Z 7(m) Z Af(t) min { log < ) ,log | — 27)
tm? x
m<A quxugﬁ

and, if 1 € [x+h/4’ x+3h/4] then

2
X min log (x ha h) ,log tm” > 1. (28)
h tm? x

We deduce from (27), (28) and (26) that

2 2
> m)’ Zb A1) min <log (xt;;’) log <’%>> > h; (29)

m<A <1<M

This is our moment of order 2.

4.2. Implication on the number of sign changes. We use (22) and (10) to write

2 2 <|/1f(t)| + em/lf(t)) min <1Og <Xt;2h) ,log (%))

m<A x x+h
2

b . x+h tm?
> Z 2 t a/lf(t)zrmn <log< s ),log <7>> +O(h3/4+e)

mSA X cq Xt
m m

> x717h% + O (h¥/+F) (30)

by (29). If > i(1 + a) and # also satisfies (25), we deduce

Z 2 ('ﬂf(t)i +¢ Af(t)> min <log< ;;l) log (%)) > 21-1-a

m<A X <Xth

Assume that, forallm e {1, ..., A}, there exists ¢,, € {—1, 1} such that the sign

of A;(7) is —¢,, for every squarefree ¢ € ] r:: x+h _Then,

mz; XZ <|/1f(t)|+£ if(t)>rn1n <log< ;h),log <%>> -0

in contradiction with (30). Consequently, there exists m € {1, ..., A} such that the

interval ] % xmLzh [ contains squarefree integers ¢ and ¢’ satisfying

=—A() #0
ie. 2(DA(") < 0.
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Let X be any sufficiently large number. Write B = (1 +1/A)?, H = (BX)" and
J=|(B-1)X/H|.Forany j € {0,...,J —1}andany m € {1, ..., A}, let

X+jH X+(G+1)H

Ij(m) = 3 3

The interval I;(m+ 1) is on the left side of I(m). Moreover, if j # k, then 1 ;m)n
I,(m) = @. It follows that the AJ intervals j(m) are disjoint. Since, for any j,

there exists m such that I;(m) contains a sign change, we obtain at least J > X 1=n
sign changes over the interval [1, X]. The proof is complete after simplifying the
conditions in (25) and n > %(1 + a), and replacing # by 1 + €.

REFERENCES

[1] V. Blomer, G. Harcos, and P. Michel, A Burgess-like subconvex bound for twisted L-functions,
Forum Math. 19 (2007), no. 1, 61-105, Appendix 2 by Z. Mao. MR 2296066 (2008i:11067)

[2] Jan Hendrik Bruinier and Winfried Kohnen, Sign changes of coefficients of half integral weight
modular forms, Modular forms on Schiermonnikoog, Cambridge Univ. Press, Cambridge, 2008,
pp- 57-65. MR 2512356 (2010k:11072)

[3] J. B. Conrey and H. Iwaniec, The cubic moment of central values of automorphic L-functions,
Ann. of Math. (2) 151 (2000), no. 3, 1175-1216. MR 1779567 (2001g:11070)

[4] Thomas A. Hulse, E. Mehmet Kiral, Chan Ieong Kuan, and Li-Mei Lim, The sign of Fourier
coefficients of half-integral weight cusp forms, Int. J. Number Theory 8 (2012), no. 3, 749-762.
MR 2904928

[5] Ilker Inam and Gabor Wiese, Equidistribution of signs for modular eigenforms of half integral
weight, Arch. Math. (Basel) 101 (2013), no. 4, 331-339. MR 3116654

, A Short Note on the Bruinier-Kohnen Sign Equidistribution Conjecture and Haldsz’
Theorem, arXiv:1408.2210 [math.NT], August 2014.

[7] Henryk Iwaniec, Topics in classical automorphic forms, Graduate Studies in Mathematics,
vol. 17, American Mathematical Society, Providence, RI, 1997. MR 1474964 (98e:11051)

, Spectral methods of automorphic forms, second ed., Graduate Studies in Mathematics,
vol. 53, American Mathematical Society, Providence, RI; Revista Matematica Iberoamericana,
Madrid, 2002. MR 1942691 (2003k:11085)

[9] W. Kohnen, Y.-K. Lau, and J. Wu, Fourier coefficients of cusp forms of half-integral weight,
Math. Z. 273 (2013), no. 1-2, 29-41. MR 3010150

[10] Winfried Kohnen, A short note on Fourier coefficients of half-integral weight modular forms,
Int. J. Number Theory 6 (2010), no. 6, 1255-1259. MR 2726580 (2011i:11070)

[11] Tomio Kubota, Elementary theory of Eisenstein series, Kodansha Ltd., Tokyo; Halsted Press
[John Wiley & Sons], New York-London-Sydney, 1973. MR 0429749 (55 #2759)

[12] Shinji Niwa, Modular forms of half integral weight and the integral of certain theta-functions,
Nagoya Math. J. 56 (1975), 147-161. MR 0364106 (51 #361)

[13] Ken Ono, The web of modularity: arithmetic of the coefficients of modular forms and q-series,
CBMS Regional Conference Series in Mathematics, vol. 102, Published for the Conference
Board of the Mathematical Sciences, Washington, DC; by the American Mathematical Society,
Providence, RI, 2004. MR 2020489 (2005¢:11053)

[14] Goro Shimura, On modular forms of half integral weight, Ann. of Math. (2) 97 (1973), 440-4381.
MR 0332663 (48 #10989)

[15] K. Soundararajan, Smooth numbers in short intervals, arXiv:1009.1591 [math.NT], September
2010.

[16] Gérald Tenenbaum, Introduction to analytic and probabilistic number theory, Cambridge Stud-
ies in Advanced Mathematics, vol. 46, Cambridge University Press, Cambridge, 1995, Trans-
lated from the second French edition (1995) by C. B. Thomas. MR 1342300 (97¢:11005b)

(6]

(8]




18 Y.-K. LAU, E. ROYER, AND J. WU

[17] J.-L. Waldspurger, Sur les coefficients de Fourier des formes modulaires de poids demi-entier,
J. Math. Pures Appl. (9) 60 (1981), no. 4, 375-484. MR 646366 (83h:10061)

YUK-KAM LAU. DEPARTMENT OF MATHEMATICS, THE UNIVERSITY OF HONG KONG, POKFU-
LAM RoAD, HONG KONG, HONG KONG
E-mail address: yklau@maths.hku.hk

EMMANUEL ROYER. (1) UNIVERSITE CLERMONT AUVERGNE, UNIVERSITE BLAISE PASCAL,
LABORATOIRE DE MATHEMATIQUES, BP 10448, F-63000 CLERMONT-FERRAND, FRANCE. (2)
CNRS, UMR 6620, LM, F-63178 AUBIERE, FRANCE

E-mail address: emmanuel .royer@math.univ-bpclermont.fr

JIE WU. UNIVERSITE DE LORRAINE, INSTITUT ELIE CARTAN DE LORRAINE, UMR 7502,
F-54506 VANDEUVRE-LES-NANCY, FRANCE
E-mail address: jie.wu@univ-lorraine.fr



	1. Introduction
	1.1. Results
	1.2. Methods
	Acknowledgement

	2. Background
	2.1. Modular forms of half-integral weight
	2.2. Some associated Dirichlet series

	3. Proof of Theorem 1
	4. Proof of Theorem 4
	4.1. Computation of moments of order 1 and 2
	4.2. Implication on the number of sign changes

	References

