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The irregularity of two types of trees
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The irregularity of a graph G is defined as the sum of weights |d(u) — d(v)| of all edges uv of G, where d(u) and
d(v) are the degrees of the vertices v and v in G, respectively. In this paper, some structural properties on trees
with maximum (or minimum) irregularity among trees with given degree sequence and trees with given branching
number are explored, respectively. Moreover, the corresponding trees with maximum (or minimum) irregularity are
also found, respectively.
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1 Introduction

Let G be a simple connected graph with vertex set V(G) and edge set E(Q). Its order is |V (G)|, denoted
by n, and its size is |E(G)|, denoted by m. For v € V(G), let Ng(v) (or N(v) for short) be the set
of neighbors of v in G, and dg(v) = |Ng(v)] (or d(v) for short) be the degree of v in G. Let A4 (G),
Ay (@) and 6(G) (or Ay, Ag and ¢ for short) be the largest, second largest and minimum degrees of G,
respectively.

A graph whose all vertices have mutually equal degrees is said to be regular, otherwise it is irregular.
Albertson [?2] defined the imbalance of an edge uv € E(G) as |d(u) — d(v)| and the irregularity of G as

irr =irr(G) =Y |d(u) — d(v)], (1)

weE(G)

where the summation is over all (unordered) edges uv in G.

The problem of determining the graph with maximum (or minimum) irregularity (or estimating bounds
on irr(G)) among some classes of graphs is of great interest. Hansen and Mélot [4] determined the
maximum value for the irregularity of graphs of order n with m edges and constructed the correspond-
ing graph which attaining this value; Henning and Rautenbach [5] explored the structural properties on
bipartite graphs with maximum irregularity. Various upper bounds on the irregularity of some classes of
graphs, such as K, -free graphs, bipartite graphs, triangle-free graphs were deduced in 112}/ 10], respec-
tively. In particular, Zhou [10] established the relationship between irr(G) and Z(G), and determined
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the graphs with maximum irregularity among trees and unicyclic graphs with a given number of pendent
vertices, where Z(G) = >_ oy (q) d%(v) is the first Zagreb index of G. Recently, Luo and Zhou [11]
determined the graphs with maximum irregularity among trees and unicyclic graphs with given matching
number, respectively. More results on imbalance, the irregularity of a graph can be found in [361/12}|13].

A positive integer sequence m = {dy, da, - - - ,d, } is called the degree sequence of G if d; = d(v;) for
v; € V(G),i =1, -+ ,n. Throughout this paper, we order the vertex degrees in non-increasing order,
ie,dy > dy > -+ > d,. Also, a sequence 1 = {dy,ds, - ,d,} is called a tree degree sequence if
there exists a tree T having 7 as its degree sequence. Furthermore, the sequence 7 = {d1,da, -+ ,dy}
is a degree sequence of a tree of order n if and only if 3" ; d; = 2(n — 1). For a tree T, a vertex of
degree 1 is called a leaf (or a pendent vertex); a vertex v with d(v) > 3 is called a branching vertex. The
branching number of T', denoted by k(7T'), is the number of those vertices v € V(T') with d(v) > 3. For
convenience, the degree sequence of T (7 (7)) is the sequence of the degrees (in descending order) of non-
leaf vertices. Let .7, and .7, ;, be the sets of trees of order n with degree sequence 7 and k branching
vertices, respectively. Let T}7 .. (or T}7. ) be the tree which has maximum (or minimum) irregularity
among trees in 7,7, and Tz k (OF Tpnin ;) be the tree which has maximum (or minimum) irregularity
among all trees in .7}, j.

In the present paper, we explore some properties on 17 . (or T)7 .
TN e Cor T ), as well as Thypq0,1 (OF Thpin k)

min

), and find the corresponding trees

2 Preliminaries

We use G — uv to denote the graph obtained by deleting the edge uv € E(G) from G. Similarly, G + uv
is the graph obtained by adding an edge uwv ¢ E(G) to G.

Consider a path vgv1vs - - - V041 in a tree T, where dr(vg) = dr(viy1) = 1, let TO be a new tree
obtained from T by reversing the order of the components attached to v;, v;41,- - ,v;. Thatis T =
T —v;—1v; — VUK +1 +0;— 1V + ;011 . Clearly, T9 and T have the same degree sequence. This operation
is denoted by S(v;, vy) on the path vov1vs - - - vrv441. This process are shown in Fig. |1} respectively.

vO vl vi -1 vi vi+1 Vk 1 vk Vk+ 1 Vt vt+l

TO

Fig. 1: A new path in 7° obtained from T' by S(v;, vy ) on the path vov1 vz - - - VsV 1
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Let e = uv be an edge of a graph G. Let G’ be the graph obtained from G by contracting the edge e
into a new vertex u’ and adding a new pendent edge u’v’, where v’ is a new pendent vertex. We say that
G’ is obtained from G by separating an edge wv (shown in Fig. .

G G'

Fig. 2: G’ is obtained from G by separating an edge uv

Lemma 2.1 ([9]) For e = wv € E(G), let G’ be the graph obtained from G by separating an edge uv.
Ifdg(u) > dg(v) for any v € N (u), then we have irr(G') > irr(G).

Lemma 2.2 For positive integer © < "T_Q, the function f(n,z) = n? + (1 — 4z)n + 422 — 2 is mono-
tonically decreasing on .

Proof. Consider the derivative on x of the function f(n, z), we have

7d(f(n,x)) —8r—4n<8x 1 2
dz - 2

—4n =-8<0, asxﬁ%.

Then f(n, ) is monotonically decreasing on x < "7’2 This completes the proof. ]

3 Maximal (or minimal) irregularity of graphs in ™

In this section, we explore some properties on 177 .. (or I77 . ), and find the corresponding trees 777, ... (or
T .-
mn

3.1 Properties onTT,

max

Lemma 3.1 Each path vyvy - - - 04041 with d(vg) = d(vepr) = 1in T,

max’

has the following properties:
1. ifiisodd, then d(v;) > d(vig1—i) > d(vg) fori <k <t+1—1i;
2. ifiiseven, then d(v;) < d(vep1—;) < d(vg)fori <k <t+1—i.

Proof. We prove the result by induction on i. For i = 1, we will prove that d(v;) > d(v¢) > d(vy) for
2 < k <t — 1. Suppose for contradiction that dr= (v1) < drx (vx) for some 2 < k < ¢ — 1. Let
T° be a tree by applying S (v, vg) to TT .. Clearly, T° € 7. Note that the edges vov; and vyvy1 in

max-*
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Tﬂ'

7 o are transformed to the edges vovy and v Vg4 in 70, respectively. Hence we have

irr(T°) —irr(Th,,) = ldpo(vo) — dro(v)| + |dgo(vi) — dro (vks1))|
—ldrz,, (vo) —dryz, (v1)| = |drz,, (vk) — drz,, (Vk41)]
= |drr.  (vo) —drr (vp)|+|dpx (v1) —dpx (Vkg1)]
—ldr= (vo) —drx, (vi)| = |drz, (vk) —drr, (Vg1
= drz, (vi) =1+ |drz, (v1) —drz, (Vkt1)]

)
—(drz,, (v1) = 1) = |drz, (vk) — drzr, (vk11)], as dry, (v0) =1
> dry, (vk) —dry, (1) = |drz, (01) = drz, (k)]

) —

max max
max m ax

= drg,, (o) = drg,, (01) = (drg,, (k) = drg,, (01))
0.

This is a contradiction. Hence drx (v1) > drx (vg) for 2 < k <t — 1. At the same time, we have
drr (v1) > drr (vp). Slmllarly, we can prove that drr (v¢) > drr (vg) for2 <k <t— 1. Hence,

we cenclude that dTw (1) >drx . (ve) > drr (vr) forl <k <t.

Now, assume that the result holds for other values. If ¢ > 2 is even, assume that the result holds for
any [ < i — 1. From that, if [ = ¢ — 1 is odd, we have dp~ (v;—1) > drx_ (viyo—i) > dpx_(vg) for
i<k<t+2-—dandi=1,2,---,[(t+1)/2]. If I = iis even, weshouldprovethathw (v) <
drx  (viy1-i) < dp= (vg) for (z’ < E<t+l-—diandi = 1,2,---,[(t+1)/2]). Suppose for

max

contradiction that dr= (v;) > dpx_ (vy) forsomei+1 <k <t+41—i. Let T° be a tree by applying

S(vi,vg) to T]fmw Clearly, 70 € f’f Note that v;_1v; and vgvg1 in Ty, are transformed to v;_q vy,

and v;vq in TV, respectively. By the inductive hypothesis, we have dr=  (vi—1) > dp=_ (vy) and
drx (vi—1) > drx (v;). Then we have

irr(T%) — irr(T,

mar)

= |dro(vi-1) — dro(v)| + [dro(vi) — dro(vit1)]
—ldrg,, (vie1) = drz, (0i)| = |drg,, (o) = drg,,, (V1)
= |drg,, (vi-1) —drz, ()| + |drg,, (vi) — dr, (Vk41))]
—(dry,, (vi1) — drz, (vi) = |drr (oK) — drz, (Vk41)]

mazx

= dT%'mm(Ul—l) drr (Uk)+|dTgm( v;) — drr (Vky1)|

max max

—(drr. (vic1) —dpx (vi)) = |dp= (vk) — drz, (Vkg1)]
> drx, (vi) —drx, (vi) = |7z, (vk) = drz, (03]

max

= dry, (vi) —drz, (vk) = (drz, (vi) —drs ()

max max

= O,

a contradiction. Hence, d7= (v;) < dpx (vg) forany i+ 1 < k < ¢+ 1 —4. At the same time, we have
dr= (vi) < drx. (viy1-:). Now we prove that dpr  (vip1-4) <dpx (vg) fori+1 <k <t+1—i.
Suppose for contradiction that drx  (viy1-¢) > dpx  (vg)fori+1 <k <t+1—i. Let 79 be the tree

obtained by applying S(vk,vi41—;) to TF Clearly, T° € Z,". Note that v_1vg and vy 41— V442

max”®
in T7 . are transformed to vg_1vs+1—; and vEvipo—; in 79, respectively. Moreover, by the inductive
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hypothesis, we have dr~  (vi42-i) > dpr (vy) and dpx  (vip2—i) > dpx (vi1-4). Then we have

irr(T%) —irr(Ty,,) = ldro(vk—1) — dro(vep1—i)| + |dro (k) — dro(vega—i)|
—ldrs, (vk-1) —drz, ()| = drz, (Vi41-i) — drz, (Vi2—i)
= |drg,, (vk—1) = drg,, (vir1-3)| + |dzz,, (vi) — drg,, (Vi2—3)]
—ldry,, (vk—1) —drz, (o) = ldry, (ve41-i) — dog, (Vig2—i)]
= l|drg,, (vk-1) = drg, (vis1-0)| + drg, (vig2—i) — dry, (0k)
—ldry,, (ve-1) — dryz ()| = (drg,, (Ve42—i) — dry,, (Ves1-3))
> —ldrg,, (o) —drg, (Vep1-i)| + dry, (vig1—i) — dog, (k)
— (A (o) — do-

mazx max
max max max
= 0,

(Vt+1-4)) +drr, (vir1-3) — dry, (0k)

a contradiction. Hence we have dr~ (viy1-i) < drx. (vg) fori+1 < k <t + 1 — i. Therefore,
dr=. (vi) <drx (vip1-i) <dpm (i) fori <k <t+1—dandi=1,2,---,[(t+1)/2].
The case for odd i is similar. The proof is completed. (]

Let v; ; be the vertex whose closest leaf is at distance 7, and let vg ; be a leaf in 77

T ap- FOI integers
i, 7, k, 1, by Lemma[3.1} we have the following:

Lemma 3.2 For 1 <1 < j, we have
1. dr= (vig) > dpx (vj) for odd i;

max max

2. dTw (Ui,k) S dTW

max max

(vj,1) for even i.

Let Zp and 27 be the sets of leaves and vertices which are adjacent to the leaves in 7', respectively.
Let d' = min{d(v),v € 2r} and 27/ be the set of leaves whose adjacent vertices have degree d’ in T'.
Lemma 3.3 Fortrees T and T™* with root v, let T" and T"' be two trees obtained from T by identifying the
root * of T* with v’ and v", respectively, where v’ € P} andv" € P\ Py Thenirr(T') > irr(T").
Proof. Let v1,vy € V(T) such that v1v" € E(T) and vov” € E(T). Note that dp(v1) = d' < dr(ve).
Then we have

irr(T") —irr(T") = |dp/(v1) — dp (r*)| + |dp (v2) — dr (V)]

—|drr(v2) = dpr (r)| = |dr (v1) — dpr (V')

= ldr(v1) = (dp- (") + 1)| + |dr (v2) — dr ()]
—ldr(v2) — (dp- (r*) + 1)| = |dr (v1) — dr (v')]

= |dr(v1) = (dr- (") + D] + (dr(v2) — 1)
—ldr(v2) = (dp-(r") + 1) = (dr(v1) — 1), as dp(v') = dr(v") =1

> —|dr(v2) — dp(v1)| + dp(ve) — dr(vr)

= —(dr(v2) — dr(v1)) + dr(v2) — dr(v1)

= 0.

This completes the proof. ]

The following recursive algorithm can be used to construct the tree 7,7 . with 7 = {d;,da, -+ ,dp }.
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(1) If m — 1 < d,,, then by Lemma[3.1] it is easy to get a tree T},..:

Rooted at r with d,,, children with degrees d1,- -+ ,dy,—1 and 1,--- | 1;
——
dpy—m—~+1

2) If m —1 > d,, + 1, then by Lemma we see that the vertices in {vy j|j = 1,2,---} take
the largest degrees and they are adjacent to the vertices (in {vo x|k = 1,2,---}) with the smallest
degrees. Construct the subtrees that contain vertices in {vg ;|¢ = 1,2,---}, {v1]7 = 1,2,--- } and
{va |k = 1,2, -} first. Note that by Lemma we will let the larger degree vertex be adjacent to
the smaller degree vertex whenever possible. Thus, we produce the following subtree 77 :

Rooted at r with d,,, — 1 children with degrees d1, - - - , dg,,—1, where r € {vy x|k = 1,2,--- } with
degree d,, in T}, ., the children of r are vertices in {vq ;|j =1,2,--- }.

ax’
Note that removing 73 (except the root) from 77 .. results in a new tree S with degree sequence

{d4,,  ,dm_1}, in which Lemmas and still hold. Thus S is a tree with the new degree
sequence has the maximum irregularity.

(3) Now the only problem is how to attach 77 to S (by identifying the root of 737 with a leaf of S). By
Lemma we should identify the root of T; with a vertex v in &}, of S.

We now give an example which is a tree 7,7 ., has degree sequence m = {7,6,5,5,4,4,3,3,3,2} to
illustrate above mentioned process.

Firstly, by (2) we have the subtree T} and new degree sequence{6, 5, 5, 4, 4, 3, 3, 3}. Then, we can find
a tree with this new degree sequence has the maximum irregularity. Similarly, we also have the subtree 75
and T3 by (2). The remaining degree sequence {4, 3} satisfies (1), producing the tree S with maximum
irregularity, where 77, T5, T3 and S are shown in Fig. 3}

Secondly, attaching 73 to S (according to (3)) yields a tree with degree sequence{5, 4, 4, 3, 3} has
maximum irregularity. Now attaching 75 to this new tree (according to (3)) yields a tree with degree
sequence {6, 5, 5, 4, 4, 3, 3, 3} has the maximum irregularity. We then have a new .S (see Fig. E]);

Lastly, finding a leaf in the new S (Fig. 4) whose neighbor has the smallest degree, attaching 7} to the
new S as described above in (3) yields 777 ... However, T)"  is not necessarily unique, two of them are

max* max

shown in Fig.[3] both are achieved through our algorithm.

A A O N

T T, T, s

Fig. 3: Construction of subtrees.

3.2 PropertiesonT’..
Lemma 3.4 Each path vgvivs - - - 001 with d(vg) = d(vey1) = 1in TF .., has the following proper-
ties:

d(v;) < d(veg1-i) < d(vg),
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Fig. 4: Attaching subtrees to S.

Fig. 5: Two trees T}, with the same degree sequence.

wherei+1<k<t+1—iandi=1,2,---,[(t+1)/2].

Proof. We prove the result by induction on i. For i = 1, suppose for contradiction that dr~ (vy) <
dTTwm, (v1) for2 < k < t — 1. Let TV be the tree obtained by operating S(v1, vx) to Tmm Clearly,
T% € . Note that the edges vov; and vjvy4q in T . are transformed to the edges vovy and v3vy41

min
in TY, respectively. Then we have

irr(T°) —irr(T};,) = |dro(vo) — dro(vi)| + |dgo(v1) — dgo(veg))|
—ldr=. (vo) —drr, (v1)| = |drr. (vk) —drr, (Vk41)]

min ( min min min

= |drr. (vo) —dpx, (vi)| + |dp= (v1) —drr. (ves1)|
—|dr=. (vo) —drr, (v1)| = |drx. (vi) —drr, (Vkt1)]

= dpr. (vk)—1—|—|dT7r (v1) — dT,’,’Lm( Vgt1)]

min min

—(drr, (v1) = 1) = |drr, (vk) —drr, (vk41)], asdrr, (vo) =1

< dTgm(k) d;7n(v1)+|dmm( 1) — d(vg)|
) —drr,

mzn

= 0.

This is a contradiction. Hence we have drr . (v1) < dpr_ (vy) for 2 < k <t — 1. At the same time, we
have dr- (v1) < dr= (v¢). Similarly, we also can verify drr () < dr= . (vg) for2 < k <t-—1.
Hence we have dp= (v1) < dg=, (vy) < dpr, (vp) for2 <k <t. '

Now, assume that the result holds for any [ < i — 1. Thatis, we have dr=  (v;) < dpr (vip1-1) <
dr= (vg) forl +1 <k <t+1-11=1,2,---,[(t+1)/2]. Forl = i, Wehavetoprovethat
dT7r ( 1’) < der (Ut+1—i) S dT;er(’Uk) forez+ 1 S k S t+1—idand? = 1,27' * ’V(t + 1)/2-‘

min min

Suppose for contradiction that dr= (v;) > dr=. (vy) forsome i+ 1 < k < t+ 1 —i. Let T° be the



8 Yang Liu, Jianxi Li, Wai Chee Shiu

tree obtained by applying S(v;, vx) to T, . Clearly, T° € Z™. Note that the edges v;_1v; and vV 11

in T77 . are transformed to the edges v;_1vy and v;v,41 In T9, respectively. Moreover, by the inductive

hypothesis, we have dr- (vi—1) < drr (vk) and dr= (vi—1) < drr (v;). Then we have

irr(T%) —irr(Th;,) = |dyo(vie1) — dryo (k)| + |dro (v;) — dro(ves1)]
_|dT”in(”i 1) —drr, (vi)| = ldrr, (vr) — dT“m(Uk+1)|

min min

= |drx, (vi1) —drr, ()| + |dpr (0;) = dgr . (vg))]

min min

(dTiJLm( v;) —drx, (vi-1)) = |drr, (o) — drr, (Vkg)]

min

= drr, (vi) —drr, (vie1) +|drr, (vi) —drr, (V1)
(dT;m(Uz) drr. (vi—1)) = |drr, (vk) — drr, (Vi)

< mm( vg) —drr, (vi) + |drr, (vi) —drr, (0k)

= (o) —dp=. (vi) +drr (v;) —dr= (vg)

'nn n min min min

0.

This is a contradiction. Hence we have dr=. (v;) < drr (vg) fori+1 <k <1+ 1 — 1. At the same
time, we have dr= (v;) < drr (vt41-i). By the same argument as above, we have dr= (vir1—4) <
dr= (vg) fori+1 < k < ¢+ 1 —i. Hence we have dr~ (v;) < drr  (vi11-i) < "dpe (vy) for

min min

i+1<k<t+1—4,i=1,2,---,[(t+1)/2]. This completes the proof. O
Lemma 3.5 ForanyT € I withuv, vy € E(T) and uy, zv ¢ E(T), let T° = T —uv — 2y +uy + xv.
Ifdr(u) > dr(z) > dr(y) > dr(v), then irr(T°) = irr(T).
Proof. Note that d(u) > d(z) > d(y) > d(v). Then we have
irr(T%) —irr(T) = |dro(u) — dpo(y)| + |dro(z) — dpo(v)]
—|dr(u) — dr(v)| = |dr(z) — dr(y)|
= (dr(u) —dr(y) + (dr(z) — dr(v))
—(dr(u) = dr(v)) = (dr(z) — dr(y))
= 0.
This completes the proof. g

Suppose that the degrees of the non-leaf vertices are given. The greedy tree is achieved by the following
”greedy algorithm” [[7,/8]:

(i) label the vertex with the largest degree as vy ; (the root);

(ii) label the neighbors of vg 1 as vy 1,v1,2,--- , assign the largest degrees available to them such that
d(vi,1) > d(vi2) > -

(iii) label the neighbors of v; 1 (except vg 1) as va 1,v22, - - -, such that they take all the largest degrees
available and that d(ve 1) > d(ve2) > - -, then do the same for vy 2, v1 3, -3

(iv) repeat (iii) for all the newly labelled vertices, always start with the neighbors of the labelled vertex
with largest degree whose neighbors are not labelled yet.
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Theorem 3.1 Among trees in I, there exists a greedy tree with minimum irregularity.

Proof. Firstly, by the definition on the greedy tree with a given degree sequence, we easily to see that
the greedy tree satisfies the conditions in Lemma [3.4] However, there are many trees for which these
conditions hold. Then by Lemma[3.5] the greedy trees with minimum irregularity are constructed among
these trees. This completes the proof. (]

Remark 3.1 In fact, there are many trees different from the greedy tree with a given degree sequence
minimize ¢ (7). Following is an example which are two 777 . . One is obtained by the greedy algorithm
with degree sequence 7 = {4,4,3,3,3,3,3,2,2,2,2}, also it is a greedy tree. The other one is not a
greedy tree with the same degree sequence, which are shown in Fig. [6]

a greedy tree a non—greedy tree

Fig. 6: A greedy tree and a non-greedy tree with degree sequence m = {4,4,3,3,3,3,3,2,2,2,2}.

4  Maximal (or minimal) irregularity of graphs in .7, x

In this section, we explore some properties on 1y, i (0 Trnin k), and construct the corresponding trees
Tmaz,k (OI' Tmzn,k)

We now explore some properties for trees in .7, . For T' € 7, 1, let n; be the number of vertices of
degree i in T fori =1,2,--- ,A;. Then we have

Al A1
Zni:n and Zini:Q(nfl).
i=1 i=1

Note that
Al A1
2(n—1) :Zini:nl—&—Qng—&—Zini >ni+ne+3k=n—k+3k=n+2k.
i=1 i=3

This implies that
Proposition 4.1 For any tree T € T, 5, k(T) < “52.
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Moreover, note that

Aq Ay
2(n—1):Zini = n1+2n2+zmi
i=1 i=3
> ny+ng+3(k—na,) +Aina,

= n—k+3(k—na,) +Aina,
n+2k+ (A1 —3)na, > n+2k+ (A —3).

This leads to the following conclusion.

Proposition 4.2 For any tree T € T, 1, A1(T) <n — 2k + 1.

4.1 Properties on T,,q

Lemma 4.1 For1 <k < "T_2 Trax,k has the following properties:
1. Ty i contains no vertex with degree 2;
2. Tyaa,k contains at most one vertex of degree larger than 3.

Proof. (1) Assume that there exists v € V(Tyaq,k) such that dr, ., (v) = 2. Let N, ., (v) =
{wi,ws}. Then dr,,, ,(w1) > 2ordr,,, ,(ws) > 2. Letu € V(Tnaek) with dr,,, , (u) =
A1 (Thag,k)- Let Np a“( ) = {ur,ua, -+ ,un,}. fu € N, (v), let T’ be the tree obtained
from T},q4. by Separating an edge uv. Clearly, T € 7}, . Then Lemma implies that irr(T") >

irr(Tmax,k)» a contradiction. If u ¢ N, . , (v), then there exists a path contains v and v in T;,q., k- Let
v be the vertex connected to v via wy with dr,, ., (w1) > 2. Let T" = Ty40,x — vwz + uws. Clearly,
T' € I, k. Hence we have

irr(T") — irr (T k)
= |dp(u) — de(w2)| +dr1,,,, . (w) + |dr (V) = dps (w1)]
AT 0 (V) = A (W1)| = .., (V) = d i (W2)]
= |dr,.. (W) +1- dTmaz W(w2)| +dr,,,, . (u)
Hd 1001 (V) = 1 = d10y o (W1)| = [d7,000 (V) = AT (W)
—1d7y00 (V) = AT, 1 (W2))]
= dp,,.(u) +1- dT oo (W2) + A1, ()
+2-1—dr,,, , (W) - (dr,,, . (w1) — 2) = |d,,, , (w2) — 2|, asdr,,, , (v) =2
= 2r,,,,(u)+2—drg,,,  (w2)=|dr,,,, , (W2) — 2|
> 0,

a contradiction. Hence the result follows.
(2) Assume that there exists two vertices u,v € V(T jnaqe k) such that dr, ., (u) = A1 (Thazk) > 3
and dr,,,, . (v) > 3. Letdr,,,,(v) = s and Nr,, ., (v) = {vi,v2,---,vs}. Ifuw € Ng,, . (v),
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without loss of generality, we assume that u = vs. Let T/ = Typepk — {vV1,002,- -+ ,005_3} +
{uvi, uve, - - ,uvs_s}. Clearly, T € 7, ;.. Hence we have

irr(T") —irr (Toaz k)
s—3

= > [ldr(u) = dpo(v3)] = |dn,, , (v) = dr,,.., . (v3)]]

i=1

+2(s = 3) + (s — 3) (dr,,,, . (u) — 1)

+ > [ldr(v) = dp(vi)| = ldn,,. . (v) = dr,,.. , (v3)]

1=s—2

w

S—

= [ldz, o, () + 5 = 3 = du,,.,, , (vi)] = ldn,,, (V) = dr,,,, , (v3)]
i=1

+2(s = 3) + (s — 3) (dr,,,,. . (u) — 1)

+ Z_: ldr, (V) = (s = 3) = dr,,. . (vi)| = ldr,,. . (V) — dr,,, . (V)]

1=s—2

> _(S - 3) |dTmaz k(’U) - dTmaz k(u) - (S - 3)’

+(s = 3) (d,p0 () +1) = 2(s =3
= _(S - 3) (d Trmaz,k u ) + S - 3 ( Trmax k(u) - 1)7 as dTma,m,k(v) =S
= 2(s—3)
> 0,
a contradiction. If u ¢ N7, .., (v),1et T" = Tppap k. — {vV1, 002, -+ , 0053} + {uvy, uvy, - - - ,uvs_3}.
Clearly, T" € 7, ;. By the same argument as above, we have irr(T") > irr(Tinaq,%). This is also a
contradiction. Hence the result follows. O

Combing Proposition 4.1 and Lemma4.1] we then have the following.

Theorem 4.1 For1 <k < "772 Tz, k has the degree sequence m = {n — 2k +1,3,--- ,3}.
——
k—1
Lemma 4.2 For any tree T € I, with degree sequence m = {A1, Ay, -+, Ao}, where k < "5=, then
%,_/
k—1

irr(T) = A7 + A1(1 — 289) + 2n — 2+ (1 — k) Ag](Ap — 1).

Proof. Note that 7" with degree sequence m1 = {A1,Ag, - ,Ag}. Then T hast = 2(n — 1) — Ay —
—_———

k—1
(k — 1)Ay leaves. Assume that u; € V(T') with d(uy1) = A;. Note that for any tree T € 7,7, there are
A, disjoint pendent paths which begin with the vertex w;. If one of them is P; = ujus - - - u;v;, where
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d(u;) = Agfor2 < i < k,and d(v;) = 1for 1 < j <t. Then we have

irr(P) =) ld(x) —d(y)l

oyeB(Py)
= |d(u1) — d(u2)| + [d(u2) — d(us)| + - + [d(u;—1) — d(u;)| + |d(u;) — d(v;)]
= d(u1) — d(u2) + d(uz) — d(uz) + - + d(u;—1) — d(u;) + d(u;) — d(v;)
d(ur) — d(v;)

Ay —1;

if one of them is P, = uqv;, where d(v;) = 1. Then we have irr(P;) = |d(u1) — d(v;)] = Ay — 1.
Obviously, there is A1 (A — 1) contributes to irr(T"), by the A; disjoint pendent paths which begin with
the vertex u;. By the construction of trees, there are leaving ¢ — A; pendent vertices which just adjacent
to the vertices with degree Ao, then they have (t — A1)(Ag — 1) contributes to irr(7"). No matter how to
construct the tree 7', there are some edges as the edge u;u; with d(u;) = d(u;) = As, and their balance
is 0 as |d(u;) — d(u;)| = 0. Therefore, we have

iTT(T) = Al(Al *1)+(t*A1)(A2 71)4’0

AT — Aj Ay +t(Ay — 1)

= AT =AM+ 2(n 1) = Ay — (k= 1)A2)(Az — 1)
= A2 A(1-200)+ 20— 2+ (1 —k)Ag](Ay —1).

This completes the proof. O

Remark 4.1 Lemma also holds for A; = A,. That is, for any tree 7' € .7, with degree sequence
{A1,-+ A}, where k < 252, then irr(T) = —kA} 4+ (2n + k — 2)A; — 2n + 2.
———

k

By Theorem [.1]and Lemma[4.2] we then have the following.

Theorem 4.2 For any tree T € T, j;, where 1 < k < ";2, we have

irr(T) < n? + (1 — 4k)n + 4k* — 2,
and the equality holds if and only if T has degree sequence m = {n — 2k +1,3,--- ,3}.
——
k—1
Moreover, by Theorem[4.2]and Lemma [2.2] we have

Corollary 4.1 irr(Tiag,1) > irr(Tmaz,2) > -+ - > irr(T,

maz,[";QJ )

4.2 Properties on T, .

Lemmad.3 For1 <k < 222 Ay (Tping) < 4.
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Vo Vi Viiou Vi ViV Vo Vi Viao u Viq ViV
up U, up
w Iw
1 ° Uy g
LTINS 1
W T o W T

Fig. 7: Trees Tonin,k and T' in Lemma

Proof. Suppose that there exists u € V(Tpnin k) such that dr, ., (u) = A1(Tink) > 4. Let N(u) =
{Ul, U,y UA;—2, Vi1, ’U1'+1}. Let P = vovq, - - ,Ui_lu(: Ui)’l}i_;,_l, ---,u; be the longest path in
Tinin,k; that contains u. Let w; be a pendent vertex connected to u via uq (it is possible that w; =
ul)(Fig.. Let T = Tppin k. — uug + ugwy. Clearly, T € 7, 1.

Then we have

irr(T") — irr(Tmingk) = |dp(w1) —dp(u2)| — 1 - (dr,,,, . (u) — 1)
=ld1,.; 0. () = d1,5, 0 (u2)]
= |dr.(01) +1=dr,,,, . (u2)| — dr,,, . (u)
(A1 (W) = dr,,,, 0 (2))
= |2—dr,,, (u2)| —2dr,,, . (u) +dr,,, , (u2), asdrx (w1) =1

< 0,
a contradiction. This completes the proof. (]
Theorem 4.3 For1 < k < "52, Tonin i has the degree sequence m = {3,--- ,3,2,--- 2}
: N— e N——

k n—2k—2
Proof. By Lemma we assume that T,,;,, 1, has degree sequence {3,---,3,2,---,2,1,--- , 1}, where
——— —— N —

k x Yy
x,y are integers. Note that k + = + y = n and 3k 4+ 22 +y = 2(n — 1). Those yield that z = n — 2k — 2
and y = k£ + 2. Hence the result holds. O

Theorem 4.4 Forany T € 9, ), where k < ”7_2, then we have

irr(T) > 2k + 4,

and the equality holds if and only if T 2 T . withm = {3,---,3,2,---,2}.
—— ——
k n—2k—2

Proof. By Theorem [4.3| for any T' € .7, ., we have irr(T) > irr(Tpmink) = irr(T,;,) with T =

{3,---,3,2,---,2}. Moreover, by Theorem form={3,---,3,2,---,2}, there exists a greedy tree
—— —— ——— ——

k n—2k—2 k n—2k—2
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T* such that irr(T*) = irr(T,,,). By the construct of the greedy tree 7* withm = {3,--- ,3,2,--- 2},
—— ——
k n—2k—2
we have
(1) = 3 ld(u) - d()
uwveE(T™)
= 33-1)+*k-1)B-2)(3-1)+0
= 2k+4.
Hence the result follows. O

From the proof of Theorem we know that irr(7*) is monotonically increasing on k. Then we have

Corollary 4.2 6 = irr(Tyin,1) < irr(Tmin2) < --- <irr(T,

min,L";zj)'

References

[1] H. Abdo, N. Cohen, D. Dimitrov, Bounds and computation of irregularity of a graph, Filo-
mat, 28(2014), 1315-1322.

[2] M. Albertson, The irregularity of a graph, Ars Combin., 46(1997), 219-225.

[3] G. Chartrand, P. Erd6s, How to define an irregularity graph, Coll. Math. J., 19(1988), 36-
42,

[4] P. Hansen, H. Mélot, Variable neighborhood search for extremal graphs 9. Bounding the
irregularity of a graph, DIMACS Ser. Discrete Math. Theoret. Comput. Sci., 69(2005), 253-
264.

[5] M.A. Henning, D. Rautenbach, On the irregularity of bipartite graphs, Discrete Math.,
307(2007), 1467-1472.

[6] M. Tavakoli, F. Rahbarnia, M. Mirzavaziri, A.R. Ashrafi, . Gutman, Extremely irregular
graphs, Kragujevac J. Math., 37(2013), 135-139.

[7] H. Wang, Extremal trees with given degree sequence for the Randi¢ index, Discrete Math.,
308(2008), 3407-3411.

[8] R. Xing, B. Zhou, Extremal trees with fixed degree sequence for atom-bond connectivity
index, Filomat, 26(2012), 683-688.

[9] Y. Liu, J.-B. Lv, The effects on the irregularity of graphs with some transformations, J.
Minnan Normal University, 4(2014), 8-14.

[10] B. Zhou, On irregularity of graphs, Ars Combin., 88(2008), 55-64.



The irregularity of two types of trees 15

[11] W. Luo, B. Zhou, On the irregularity of trees and unicyclic graphs with given matching
number, Util. Math., 83(2010), 141-147.

[12] H. Abdo, D. Dimitrov, The irregularity of graphs under graph operations, Discuss. Math.
Graph Theory, 34(2014), 263-278.

[13] M. Tavakoli, F. Rahbarnia, A. R. Ashrafi, Some new results on irregularity of graphs, J.
Appl. Math. Inform., 32(2014), 675-685.



	Introduction
	 Preliminaries
	 Maximal (or minimal) irregularity of graphs in Tn
	Properties on Tmax
	Properties on Tmin

	 Maximal (or minimal) irregularity of graphs in Tn,k
	Properties on Tmax, k
	Properties on Tmin, k


