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A transmission problem across a fractal self-similar interface

Yves Achdou * Thibaut Deheuvels’

Abstract

We consider a transmission problem in which the interior domain has infinitely ramified structures.
Transmission between the interior and exterior domains occurs only at the fractal component of the
interface between the interior and exterior domains. We also consider the sequence of the transmission
problems in which the interior domain is obtained by stopping the self-similar construction after a
finite number of steps; the transmission condition is then posed on a prefractal approximation of the
fractal interface. We prove the convergence in the sense of Mosco of the energy forms associated with
these problems to the energy form of the limit problem. In particular, this implies the convergence
of the solutions of the approximated problems to the solution of the problem with fractal interface.
The proof relies in particular on an extension property.

Emphasis is put on the geometry of the ramified domain. The convergence result is obtained when
the fractal interface has no self-contact, and in a particular geometry with self-contacts, for which an
extension result is proved.

1 Introduction

Transmission problems naturally arise in various fields of physics and have been extensively studied. An
introduction to this class of problems can be found in [20] and several applications are detailed in [14].
Such problems were more recently studied in the case when the interface is irregular, Lipschitz contin-
uous or even fractal. These problems find many applications, such as the study of rough electrodes in
electrochemistry or diffusion across irregular membranes in physiological processes, etc. (see [41, 19]).
Several transmission problems with fractal interfaces have been studied in the case of the Koch flake or
the Sierpinski gasket in 2D and 3D (see e.g. [28, 37, 38, 29, 11, 10, 13, 12]).

This paper deals with transmission problems between two domains iy and Qext where Qi is a
ramified bounded domain as defined in Section 2.2 (see Figure 2). The domain Qi,; presents infinitely
many ramifications, and its boundary contains a fractal self-similar set I' which plays the role of the
interface.

The domain Q¢ can be seen as a bidimensional idealization of the bronchial tree, for example. Since
the exchanges between the lungs and the circulatory system take place only in the last generations of the
bronchial tree (the smallest structures), it is reasonable to consider transmission problems with specific
transmission conditions accross the fractal boundary I' of the tree. We will however limit ourselves to
simple transmission conditions.

The fractal boundary T" belongs to a family of self-similar sets introduced by Mandelbrot et al. in [30].
Elliptic boundary value problems in the domain 2;,,; have been studied in [3], and traces and extension
results for these domains have been proved in [1, 16].
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The considered problem can be formally stated as

—Au = f in Qi]ﬂt U Qexta
[u] =0 onT,
[Onu] = au onT,

anuimt = anuext =0 on aQi]ﬂt \ Pu
8nucxt = O; Uint = Up ON Foa

anuext =0 on 8D,

where « is a positive real number, D is a regular bounded open domain in the plane with D = Q¢ U Qext
such that T' € D, and T'° is a line segment included in the boundary of Qin.. The sets Qi and Qe are
disjoint subdomains of D, and [u] (resp. [Onu]) denotes the jump of u (resp. of the “normal derivative”
Onu of u) accross the fractal set I'. Since the interface I' is fractal, the normal derivative on I' has to be
understood in a suitable weak sense, which will be made precise later.

Problem (P) is a model problem. Its study is the first step in the modelling of physical transmission
problems in ramified structures.

The goal is to study approximations (P,) of problem (P), obtained by stopping the construction of the
ramified domain Q4 at step n. The interfaces in the problems (P,) are called prefractal approximations
of the fractal set I". They consist of disjoint finite unions of line segments, which makes problems (P,)
much simpler than problem (P). A natural question is to understand the asymptotic behavior of the
problems (P,) as n — oo, and in particular to investigate the convergence of the solutions u, of the
problems (P,,) to the solution u of problem (P).

Remark 1. In contrast with the references [28, 37, 38, 29, 11, 10, 13, 12], the boundary value problem
does not only involve transmission conditions at the interface between Qint and Qext: there are also
homogeneous Neumann conditions on the polygonal part of OQint; as a consequence, the traces of uine and
Uext ON this set do not match a priori. Coping with these discontinuities will be a difficulty in studying
the convergence of the solutions uy of the problems (P,) to the solution u of problem (P).

Remark 2. We have chosen that the source term in (P) appear both in the Dirichlet boundary condition
on Ty for uiny and in the Poisson equations in Qiny and Qexy; this is of course completely arbitrary.

A crucial step in the study of the asymptotic behavior of (P,) is the question of extending functions
defined in the domain ,¢. More precisely, it is of particular importance that i, should satisfy a
WLP_extension property for some p € [1,00], i.e. there should exist a bounded linear operator

E WP (Qyne) — WHP(R?)

such that £(u)g, ~=uforallue WP (Qint). The domains satisfying this property for all p € [1, c0] will
often be referred to as Sobolev extension domains.

It is well known that every Lipschitz domain in R", that is every domain whose boundary is locally
the graph of a Lipschitz function, is a Sobolev extension domain. Calderén proved the W1 P-extension
property for p € (1,00) (see [9]), and Stein extended the result to the cases p =1 and p = oo (see [42]).

In [22], Jones generalized this result to the class of (g,d)-domains, also referred to as Jones domain,
or locally uniform domains (see [31]). In dimension two, the definition of (e, d)-domains is equivalent
to that of quasi-disks, see [32]. This extension result is almost optimal in the plane, in the sense that
every plane finitely connected Sobolev extension domain is an (e, §)-domain, see [22, 32]. The case of an
unbounded domain in R? has been studied in [44]. Extension properties for domains which do not have
the (g, d)-property have been studied e.g. in [33], where the authors examine in particular the case of
domains with cusps.

When the fractal boundary I' of the domains i, studied in this paper has no self-contact, (i, can
be proved to be an (g, §)-domain, and and is therefore a Sobolev extension domain. However, in the
case when the boundary self-intersects, Qi does not have the W1 P-extension property for all p > 1. In
particular, the extension property does not hold for p = 2, which is the relevant case here, since the vari-
ational formulations of (P) naturally involve the spaces H!(Qiy). In the particular geometry considered
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in Section 5, it will be proved that the transmission condition imposed on I' yields a better regularity of
the trace on I, for functions belonging to the function space arising in the variational formulation. It is
then possible to deduce an extension result in this case (see Theorem 9).

The main question investigated in this paper is the question of the convergence in the sense of Mosco
of the energy forms associated with problem (P,) to the energy form of the problem (P). The notion of
Mosco-convergence, or M-convergence, was introduced in [35], see also [36]. It is a stronger convergence
in the space of forms than I'-convergence. In particular, it also implies the convergence of minimizers of
the energy forms to the minimizer of the limit form. The M-convergence of forms is equivalent to the
convergence of the resolvent operators associated with the relaxed forms in the strong operator topology
(see [36]).

The main results of this paper are Theorems 6 and 9. Theorem 6 is about the convergence of the
energy forms associated with (P,) in the sense of Mosco to the energy form associated with (P), in the
case when the fractal interface has no self-contact. The proof uses the extension operator from H 1(Qint)
to H'(R?) as a main ingredient. The existence of a continuous extension operator from H'(Qin) to
HY(R?), for a particular geometry where the fractal interface self-intersects, is stated in Theorem 9. As
a consequence, the proof of Theorem 6 can be reproduced in this case, to show the M-convergence of the
energy forms.

The paper is organized as follows: the geometry of the interior and exterior domains is detailed in
Section 2, as well as the prefractal geometry. Section 3 is devoted to the study of the function spaces
involved in the paper, and emphasis is put on trace and extension results for the domains under study. The
considered transmission problem is described in Section 4. Section 4.3 is devoted to the M-convergence of
the energy forms associated with the problem with prefractal interface to the energy form of the problem
with fractal interface, in the case when the boundary of €2, has no self-contact. In Section 5, a particular
geometry in which the fractal part of the boundary of ;¢ self-intersects is considered; an extension result
is proved in this particular case and the M-convergence of the energy forms follows.

2 The geometry

2.1 The fractal interface
2.1.1 Definitions

Consider four real numbers r, 81, Ba, 0 such that 1/2 <7 < 1/v/2, 81 >0, B2 > 0 and 0 < 0 < 7/2. Let
fi, i = 1,2 be the two similitudes in R? given by

1\ (= z1 cosf — xosinf
h (£C2> o < B ) tr <xlsin9+xgcos6‘> ’

f T o Bl + T C089+$2 sin 0

2 z2)  \ P2 " —x18inf 4+ xocos6 )

The two similitudes have the same dilation ratio r and opposite angles +6. One can obtain fo by
composing f; with the symmetry with respect to the vertical axis {x; = 0}.

Let I" denote the self-similar set associated with the similitudes f; and f2, i.e. I' is the unique compact
subset of R? such that

I'= fl(l—‘) U fg(r)

It was stated in [30] (see [15] for a complete proof) that for any 6, 0 < 6 < /2, there exists a unique
positive number r} € [1/2,1/+/2[ which only depends on the angle 6 such that

o if 0 <r <rj, then I is totally disconnected,
o ifr=rp, then I' is connected.

In the following, we will always assume that r < rj.
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Notations For every integer n > 0, we note A, = {1,2}". For o0 € A,, we note f, the similitude
for0...0 fs, . We agree to extend the notation to the case n = 0: f, =1d if o € Ag. We also introduce
the notation A :={J,,5 0 An.

For 0 € A, we note ' = f,(I'?), and for every integer n > 0, I = U fo(T9).

oA,

2.1.2 Hausdorff dimension of I

If r < r}, then it can be seen that the open set condition (or Moran condition) holds, see [34] or [25] for
a definition. The open set condition is satisfied e.g. for the domain €, defined in (6), if Assumption 1
below is satisfied (Theorem 2 proves the existence of such a domain).

The open set condition implies that the Hausdorff dimension of T is

log 2

d:=dimgI' = —
logr
see [34,25]. f0 < 6 <m/2, then 1/2 < r <71j < 1/\/5 and thus 1 < d < 2.

In the case when r = 7, introduce the set

== AN (D). (1)

In this case, the fractal set I self-intersects, and union of the images of = by the similitudes f5, o...0 f5,,
O1,...,0, € {1,2} is the set of the multiple points of T
Two situations can occur, depending on the angle 6 (see [30]):

— if 0 is not of the form g for any integer & > 0, then = is reduced to a single point, and I' has
countably many multiple points,

— if 6 is of the form g where k > 0 is an integer, then = is a Cantor set, and the Hausdorff dimension

of =, noted dimy =, is %.

2.1.3 The self-similar measure 1
Recall the classical result on self-similar measures, see [17, 21] and [25] page 26.

Theorem 1. There exists a unique Borel regular probability measure u on I' such that for any Borel set
ACT,

pA) = S (F () + g (757 (4) 2)

The measure p is called the self-similar measure defined in the self-similar triplet (T, f1, f2).
Let LP(T), p € [1,400) be the space of the measurable functions v on T' such that [ |v[P du < oo,

endowed with the norm [|[v|| oy = (fp |v]? dp) P A Hilbert basis of L2(T) can be constructed e.g.
with Haar wavelets.

The space W*P(T') for s € (0,1) and p € [1,00) is defined as the space of functions v € LP(T") such that

V] yyen(ry < 00, where
1
[v(z) — v ’
Vlyprs, = —————dp(z) duly) | -
| |W »(T) </F/F |x—y|d+p ( ) ( )

Endowed with the norm [|v|lyy«pry = |0l 1oy + [Vlyen(r), the spaces W*P(T') are Banach spaces. In
the special case p = 2, the space W*#P(T") is a Hilbert space, and is noted H*(T').
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Remark 3. In the special case when 8 = 0 and r = 5 = 1/2, the set I' is in fact a line segment. This
geometry will be discussed in Section 5 (see Figure 3). In this case, it can be proved that if s € (0,1),
then an equivalent norm of the space W*P(T') is given by

ey = [P e 32 30 [ o g e ®)
k>0 oA fo(F)

where 2f,(T') is the intersection with T' of the segment obtained by expanding the line segment f,(T') with
a factor 2 around its center (see [23, 24]). As in the rest of the paper, if v is a measurable function in a
measured space (X, m), the notation (v)x refers to the mean value ﬁ [x v dm.

2.2 The domains Qi and Q.

Call P, = (—1,0) and P, = (1,0) and T'° the line segment I'° = [P, P]. Let us assume that fo(P;) and
f2(P2) have positive coordinates, i.e. that

rcosf < 1 and rsinf < fs. (4)

Let us also assume that the open domain Y inside the closed polygonal line joining the points P, P,
f2(Py), fa(Pr), f1(Ps), f1(Py), Py in this order must be convex and hexagonal, except if # = 0, in which
case it is trapezoidal. With (4), this is true if and only if

(81 —1)sinf + Ba cosd > 0. (5)
Under assumptions (4) and (5), the domain Y is contained in the half-plane 25 > 0 and symmetric with

respect to the vertical axis x1 = 0.

Call K9 = Y0. It is possible to glue together K°, f1(KY) and fo(K") and obtain a new polygonal domain.
The assumptions (4) and (5) imply that Y° N f1 (YO =0 and YO f2(Y?) = 0.

f1(T0) fo(T)

Py 170 P,

Figure 1: The construction of the first cell Y

Let the open domain ¢ (see Figure 2) be defined as follows:

Qint = Interior ( U fU(KO)> , (6)

o€ A
with the notations of §2.1.1.

For a given 6, with 7} defined as above, the following assumption on (a, 3) will be made:
Assumption 1. For 0 < 6 < 7/2, the parameters o and j satisfy (4) and (5) for r = 7}, and are such that

i. for all 7, 0 < r < rj, the sets Y, f,(Y?), o € A, are pairwise disjoint,
1. for all r, O<T<T9,f1( mt)ﬁf2( 1nt)—®a
iii. for r =175, f1(Qint) N fo(Qne) # 0.
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Remark 4. Assumption 1 implies that if r = 1}, then fi(Qint) N f2(Qine) = 0.

In the case 6 = 0, Assumption 1 is satisfied by any a > r5 = 1/2 and § > 0. The following theorem,
proved in [5], asserts that for all 6 € (0,7/2), there exists («, ) satisfying Assumption 1.

Theorem 2. If 0 € (0,7/2), then for every a > rj cosf, there exists 3 > 0 such that for all B > B3, («, B)
satisfies Assumption 1.

Let D be an open bounded domain with a Lipschitz boundary, containing the closure of €;,;. The
exterior domain eyt is defined by

Qext := Interior(D \ Qint)- (7)

Remark 5. The assumption that Qine € D may be relazed: in fact, it would be enough to assume that
I'eD.

Displayed on Figure 2 are examples of the domains ;¢ and Qext, for the parameters § = 7/5 in the
left-hand side and 6 = w/4 in the right-hand side.

Figure 2: The ramified domain 2 for § = 7/5 (left) and § = /4 (right) when r < 7}, 51 = 0.7, 2 = 4.

2.3 The truncated domain (), and the prefractal interface

n

For every integer n > 0, the truncated domain €2}, is defined by

Qn . = Interior U U fU(KO) , (8)

0<k<n oc A,
with the notations of §2.1.1. As above, the exterior domain associated to 2}, is

Q.. = Interior(D \ Q). (9)

int

Note that the set I'" defined in §2.1.1 is a part of the boundary of Q. The sets I'", n > 0, will be
referred to as prefractal approximations of the fractal set T'.

3 Function spaces

Hereafter, we consider a domain Qi as defined in 2.2, with 6 in [0, 7/2) and r < rj, and we assume that
the parameters «, # are such that Assumption 1 is satisfied.
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We define WHP(Q), p = [1,00], © = Qint or Q = Qeyxt, to be the space of functions in LP(2) with first
order partial derivatives in LP({2).

1/p
The space W1P() is a Banach space with the norm (||u|| Loy + | 2 5o 1o (o) + [| 2 5asllTr Q)) , see for

1/p
example [6]. Elementary calculus shows that ||ul[y1.0q) = (HuH r) T HVUHLP(Q ) is an equivalent

norm, with ||VuHLp @ " fQ |[VulP and |Vu| = 1/|8m1 |2 + |8m2 |2.

In the special case p = 2, the space WP(Q) is a Hilbert space, and is noted H(Q).

The spaces W1P(Qine) as well as elliptic boundary value problems in Qi have been studied in [3], with,
in particular Poincaré inequalities and a Rellich compactness theorem. The same results in a similar but
different geometry were proved by Berger [8] with other methods.

3.1 Trace results
3.1.1 The classical definition of traces

We recall the classical definition of a trace operator on dw when w is an open subset of R? (see for instance
[24] p. 206).

Definition 1. Consider an open set w C R?. The function u € L}, .(w) can be strictly defined at z € w if

the limit
1

lim ———— u(y) dy 10
= I B al Jagn. Y 1)

exists, where |B(z,r) Nw| is the 2-dimensional Lebesgue measure of the set B(x,r) Nw. In this case, x
is said to be a Lebesgue point of u.

The trace u|s,, is defined to be the function given by ws,,(z) = U(z) at every point € dw such that the
limit w(z) exists.

Remark 6. Recall that for any p > 1, a function which belongs to WP (R™) can be strictly defined except
on a set with zero p-capacity, see for example [18] and [26].

3.1.2 A trace theorem on T’

It has been shown in [2] (see Theorem 11) that every function in WP (Qiy) can be strictly defined on
I' H!'-almost everywhere, where H' is the one-dimensional Hausdorff measure. Moreover, the following
trace result holds.

Theorem 3. (see [1])

o Assume r < ry. For all p €]1,00], if u € WHP(Qiny), then up € Wl_z;pd’p(I‘), and there erists a
constant C' > 0 independent of u such that

_ < .
||U\F||W172Td,p(r) S C”u”leP(Q;m)

o Assume r =1}, then
o the previous result holds if 1 < p < 2 — dimpy Z,

o if p = 2—dimpy =, then Wl’p(th)W C WeP(T') for all s < < (d dimy Z), and the embedding
is continuous. Moreover, if s > (d dimg =), then WhP(Q mt)\r ¢ WeP(T).

Remark 7. The space of the traces on T' of functions in WHP(Qint), 1 < p < oo was characterized in [5],
whether r < v or r = rj, as the space JLip(1l — 2;fd,p,p;();F), which was first introduced in [23]. Of
course, if r < rp, then JLip(1 — 2;fd,p,p; 0;T) coincides with Wlf%ﬂo(l"). An easy consequence of this

characterization is that the space of the traces on T' of functions in W1P(Qiy) is relatively compact in
Le(T).
m
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Proposition 1 below will be useful in the proofs of the main theorems of this paper.

Proposition 1. For every u € H(Qint),

1
W/ u‘an dr — u‘FQ aps.
rn r

n—00

Proof. The present proof relies on Proposition 1 in [3], which states that for any u € H(Q4y), the
sequence of piecewise constant functions (@, )nen defined on T:

Uy = Z <U>Fff ]lfo(F)’
ogeA,
where (u)p, = ﬁ Jro wre(2) dz, is such that limy, e [T, — upr|[zz(r) = 0. Note also that Jrakdp =
deAn % <u)§(, Hence, in order to prove Proposition 1, it is enough to prove that
’II}_"\ Jon wype? dz — [ ﬁ%d,u’ — 0, or in an equivalent manner, that S, — 0, where

Sn |F"|a§ (/ W (2) dz — 1) (u) ) T Z/d wpe (2) — (u)p? d.

gEAR

From a standard trace result on I'’ and appropriate rescalings, we know that for a positive constant
independent of n, 0 € A, and u € H*(Qint), [ro [ure(2) — <u>Fg}2 dz < C|17| fo(Qim) |Vul?. Hence,
S €O pen, 151 [y VU2 = & Soea [t (@ |Vl which implies that S, — 0. DO

We also recall the following refined trace inequality, we refer to [5] for the proof.

Theorem 4. [see [5], Th. 11] Assume that v > 1/2, then for all real number k € (2r%,1), there exists a
constant C such that for all v € HY(Qin) with vro =0,

HUIF”ii(F) < Czﬁm Z vaHi%fT(Yo))' (11)

m>=0 TEA,

3.2 Extension results
3.2.1 The subcritical case r < 73

As seen in § 1, it was proved in [4] that if 7 < r}, then Qiy¢ is an (¢, §)-domain (see [22] for a definition), or
in an equivalent manner, a quasi-disk (see [32]). Hence, the extension result of Jones and Vodop’janov et
al. applies, and Q¢ is a Sobolev extension domain (see [22]), i.e. iyt has the WlP_extension property
for every p € [1,0c]: there exists a continuous linear operator £ from W1P () to W1P(R?) such that

g(u)mim =u, Yu € Wl"p(Qint). (12)

Similarly, the set Qeyt = D \ Qing is an (£, 6)-domain, and thus a Sobolev extension domain.

3.2.2 The critical case r =1}

When r = 7}, it is easily seen that Qiy is not an (e, d)-domain, and the extension results of Jones and
Vodop’janov et al. do not apply. In fact, if p € (1,00), it is easy to construct a function u € WP (Qy)
such that v = 1 in f1(Qint) and v = —1 in fo(Qint). If p > 2, u cannot be extended to a function
belonging to WP (R?) because the existence of such an extension would contradict the Sobolev imbedding
of WHP(R?) in C(R?).

In the case when r = 7, the situation depends in fact on the Hausdorff dimension of the set & =
f1(T) N fo(I"). The following extension theorem holds.



4 — The transmission problem in the case r < rj 9

Theorem 5. see [16, 2] Set p* =2 — dimpy = (recall that E is defined in (1)).
1. If p € (1,p*), then Qn has the WLP-extension property.
2. If p > p*, then Qi does not have the WhP-extension property.

Point 1 in Theorem 5 was obtained in [16]. Point 2 is a consequence of [1] and [2]: by Theorem 3, if
p > p*, then Wl’p(Qim)lF ¢ W17¥7p(r) = Wl’p(R2)‘F. This is in contradiction with the existence of
a continuous extension operator from WP (Qin) to WP (R?) (see [1] for the proof that the notions of
traces coincide p-almost everywhere on T').

Remark 8. As it was seen in §2.1.2, only two situations can occur, depending on the geometry of Qint:
— if 0 is not of the form w/(2k) for any integer k, then dimy = = 0 and p* = 2,
— if 0 is of the form 7/ (2k) for an integer k, then dimy = = (dimgy I')/2, and p* =2 — (dimgy T") /2.

Remark 9. The special case p = p* is not dealt with in Theorem 5. The latter is of particular importance
in case 1 of Remark 8 above, since the case p = p* = 2 corresponds to the question of the H'-extension
property.

In fact, it was proved by Koskela in [27] that if a domain in R™ has the W1 ™ -extension property, then it
must have the W1 P-extension property for every p > n. Hence, a consequence of Theorem & is that Qint
cannot have the WP -extension property when p = 2. In particular, the domains that we will consider in
Section 5 fail to satisfy the H'-extension property.

To the best of our knowledge, the question of the extension property for p = p* in case 2 of Remark 8
seems to be open.

4 The transmission problem in the case r < r}

4.1 The transmission problem with fractal interface

The transmission problem can be formally stated as

—Au=f in Qing U Qext,

[u] =0 onT,

[Onu] = au onT, (13)
Oning = OnpUext = 0 on Y,

Ontlext = 0, Uing = ug on I'0,

Ontiext = 0 on 0D,

where a > 0, ¥ = Qipe \ (TUT?), [u] (resp. [,u]) denotes the jump of u (resp. of the normal derivative
of u) across T', f € L?*(D) and ug € H'/?(T?). We also use the notations ui,; := U0y, AN Uexs 1= Ul -

The transmission condition [0,u] = au on T' has no real meaning, since the normal is not defined on T.
The rigorous meaning of (13) is the following variational formulation:

find u € V such that for all v € Vj,

a(u,v) = /D fudz, P)

where V is the affine space defined by
V = {u € LQ(D)v Uing € Hl(Qint)a Uext € Hl(cht)a uint|I‘0 = Uo, uint|I‘ = ucxt|I‘}- (14)

Recall that v € H*(Qint) — vy € HY2(T') and v € H'(Qex¢) — vyr € HY?(T') are continuous maps,
hence V' is closed. Note that if u € H'(D) and wjro = ug then u € V.
The vector space Vj is defined as V, except that the condition wintjro = g is replaced by wingjro = 0.

Finally,
a(u,v) = / Ving * Voine do +/ Vext + VUext d + a/ upo)r dp. (15)
Q Q r

int ext
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Remark 10. The traces in the condition Uint|T = Uext|T i1 (14) are meant in the sense of Definition 1.
The above definition of the space V is suitable when v < r; and in the special case when r =1y and 0 =0
discussed in Section 5. In the other cases, the transmission condition has to be considerably changed, see

Remark 14.
Note that the space Vp, equipped with the norm a(u, u)1/2 is a Hilbert space. From the Lax-Milgram
theorem, we see that for every function f given in L?(D), there exists a unique weak solution u € V to

(P). Moreover, « minimizes the functional

vEVHa(v,v)—Q/ fudx. (16)
D

4.2 The transmission problem with prefractal interface

For any positive integer n, let us consider the similar transmission problem in which the interior domain
has been truncated by stopping the construction at step n. This class of problems is much more standard
since the interface I'™ consists of 2" pairwise disjoint line segments. The boundary value problem reads:

—Au=f in QF UQ2

int Y % fext
[u] =0 on '™,
[Onu] = T U on I'", (17)
Onpully = Opuly, =0 on X",
Opully =0, ul'y =ug onTl?
Ontg =0 on 0D,

where X" = 901\ (I UTY), and [u] (resp. [0,,u]) denotes the jump of u (resp. of the normal derivative

of u) across I'". We also use the notations ul}, = ujor - and ugy = ujgr -

The variational formulation of problem (17) can be stated as follows:

find v € V™ such that for all v € V",
an(u,v) = / Sfvdz,
D

where V™ is the affine space defined by

V" = {ue L*(D), ufy, € H' (D), uly € H (), “&HFO = Uo, uirfntu“n = Uth\rn}- (18)

Remark 11. Let G™ be the closure of the set 9QF, \ (T° UT™), which is a finite union of polygonal lines.
It is easy to see that V™ is the set of the functions in H*(D\ G™) such that intjro = ug.

Similarly, if we define G as Oy \ (T° UT), we observe that G is not closed, since its closure contains
I'. Observe that, in general, the functions w € H*(D \ G) do not satisfy Uint|r = Uext|r, S0 V' cannot be
identified with the set of the functions w € H'(D \ G) satisfying the Dirichlet boundary condition on T'°.

On the other hand, since D \ G is not an open set, dealing with H (D \ G) is not very straightforward.

Here also, V" is defined as V", except that the condition uf ro = uo is replaced by ufy o = 0, and
ay, is defined by

an(u,v) = / Vaul, - Vo, dz +/ Vext - Vg, do + ﬁ/ upn Ve da. (19)
Q:Vl n Fn

int ext

The space Vg, equipped with the norm a,(u,u)'/? is a Hilbert space. We also remark that V" C V
with a continuous imbedding. Again, the Lax-Milgram theorem implies that for every function f given
in L?(D), there exists a unique weak solution u,, € V" to that problem, and u,, minimizes the functional

v e V"™ = ay(v,v) — 2/ fv de. (20)
D
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Lemma 1. The sequence u,, is bounded in V.

Proof. Let @ be a function in H'(D) such that Tg|ro = up, and such that @ is supported in a compact
set which does not intersect the sets I', Vn > 1. It is clear that 4y € V and that ug € V,, for all n > 1.
Let us define Cy = fD (|Vﬁo|2 — 2fﬂ0) dz. Thus, for all n > 1,

an(un,un)—Q/ fup dz < an(ﬁo,ﬂo)—Q/ fug dz = Cy, (21)
D D

because g r» = 0. On the other hand, since V" C V,

A (Un, Up) = /

Qnr

int

|Vun|2dx+/ |Vu,|? de = / |V, |? dx+/ |Vu,|? de.  (22)
Q Qint

n
ext ext

We shall also use the following Poincaré inequality: there exists a constant C' > 0 such that, for allv € V,

lol2a < c(|v|po||%2<m+ |owepass [ |w|2dsc). (23)

in ex:

From (21), (22) and (23), we deduce that

1
2
/ |V, |2 dx—i—/ (Vg |? dz—2VC| £l p2(p) [||u0|po|iz(m+/ |V, |2 d:c—i—/ |Vun|2dx} < Cy,
Qint Qext ¢

int ext

which implies that the quantity |, . [Vun|* dz + [, . |V, |? dz is bounded by a constant independent
of n. Using (23) again, this implies that [u,| z2(py is also bounded by a constant independent of n.
Combining the previous two observations, we obtain that the sequence w,, is bounded in V. O

4.3 M-convergence of the energy forms in the case r <
We start by extending the definition of the forms a and a,, to the whole space L?(D) by setting

a(u,u) =00 ifue L3(D)\V, (24)
an(u,u) =00 ifue L*(D)\ V™. (25)

We are interested in proving the convergence of the forms a, to a in the following sense, introduced by
Mosco (see [36]).

Definition 2. A sequence of forms (a,),, is said to M-converge to a form a in L?(D) if

i. for every sequence (u,), weakly converging to a function u in L?(D),

lim an(unvun) P a(uvu) as n — 00, (26)

ii. for every u € L*(D), there exists a sequence (uy), converging strongly in L?(D) such that

lim a,(un,un) < alu,u) asn — oo. (27)

Theorem 6. Assume that r < 1}, then the energy forms a, M-converge in L*(D) to the form a.

Remark 12. The M -convegence of forms differs from the T'-convergence only in that the sequence (uy,)
in point i. of Definition 2 is assumed to converge weakly instead of strongly. In the following, only the
T'-convergence of the energy forms a,, will be needed.

Proof. We will prove separately points i. and 4. in Definition 2.

Proof of point i. Suppose that (u,) weakly converges to u in L?(D). Without loss of generality, one can
suppose lim a,, (un, u,) is finite. We may further assume that there exists a subsequence, still called (uy,),
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such that a,(un,u,) converges to some real number as n — 0o; as a consequence, there exists a constant
¢ independent of n such that

an (Up, upn) < c. (28)
In particular, for all n, u, € V", which implies that u, € V. Then, (66) implies that (unq,,, ) is
bounded in H'(Qiy), and (tn|q.,,) is bounded in H 1(Qext). Therefore, there is a subsequence that we
still note (u,) such that (un|q,,, ) converges weakly in H'(Qiy), and strongly in L?(Qin). Since u, — u
in L*(D), we see that w,q,,, — tint in H'(Qine). Similarly, up to a further extraction of a subsequence,
Un|Qo — Uext in H 1(Qext). Consequently,

lim / |Vt |? dx+/ [Vun)® dz | > / |Vu|2d3:—|—/ |Vul® dz.
Qn Qn Qint Qoxt

int ext ex

We will now prove that \F_1"| Jrn vz dz — [ u? du as n — oo, which will yield point .
The following inequality was proved in [3]: for every v € H(Qint), v — <”>F°HL,3(F) < ClIVoll poqy.-
This implies that
[(W)ro| < lvllLz(r) + ClIVVllL2 (g,
Similarly, [[v — (v)ro|[ 2oy < ClIVY]l12(q,,,) implies that
Iy < [Gehro] + Vol

vl

for some constant independent of v that we still note C. Combining these two inequalities, we obtain
that

int)'

1
WHUHL?(FO) < ||UHL,3(F)+O|WUHL2(QM)'

Hence, for every o € A,
1
WHUHL%FU) < o fo||Lﬁ(F) +C[|V(vo fo)||L2(Qim)
= 2% |lollLa s,y + ClIVOllLas, @)
This yields that

1 n n 2

WHUH%z(Fv) <2 HUH%ﬁ(fg(F)) +202% |0l 2 (7, ) 1Vl 25, )y T CEIVON 201, (0 ))-
Therefore
1 , 1 1 ,
— up“der = — — uy” do
T Jpn 2n a;ﬁ L] Jra
_n C? 2
< unllZary +2027% Y Nlunllza g op IVl o g, @y + 5 2o 1Vl 2207, (00
o€A, oEA,

2
_n 2 2
< Nunllzz oy + 2027 lunllz ) <Z |V“n||L2<fU<9m>>> +om 2 IVunlliagr, @)
O’E.An UEAn

Since Un |y, 1S & bounded sequence in H 1(Qim), there exists a constant M such that

C2M?
on

_1 J—
N /F un” dz < ||U”H%i(F) +20M27 % [|un]| 22 r) +

Moreover, since u, weakly converges to u in H*(j,¢), then up to the extraction of a subsequence, Un |
strongly converges to up in Li(I‘), from Remark 7. Hence, we obtain that

— 1
lim = un2 dr < /u2 du.
T Jpn r



M-convergence of the energy forms in the case r < rj 13

Similarly, the following inequality holds for every v € H!(Qin):
lollaay < —r=
NN

for some constant C’ independent of v. As above, we deduce that

||UHL2(F0) + CI”VUHH(Qim) (29)

1
lim — up? dz > /u2 du,
| Jpn r

and we obtain the desired result.

Proof of point ii. Take u € L*(D). By (24), we may assume that u € V. We must construct (u,)
converging strongly in L?(D) such that (27) holds. Note that the choice u,, = u cannot be made, since
u & V™ in general.

Take § > 0 and consider a neighborhood w C D of Qi such that Qi € w and sup,¢,, d(x, Qine) < 9,
where d(z, Qint) = infyeq,,, [r—y|. We introduce the notations w” = fo(w) for o € Aand wy, =, 4, w7
for all integer n.

For every n, introduce the cut-off function x, in D defined by
Xal(@) = (1=dr"d(z,wn))", (30)

where o™ stands for the positive part of a real number . Hence, x, = 1 in w, and x, = 0 outside
Wn ={x € D, d(z,w,) < or"}. Note that if we set © := {x € D, d(zr,w) < §} and @7 := f,(v) = {z €
D, d(z,w?”) < 0r"} for o € Ay, then @, = J,c 4, ©7-

We can assume that ¢ is small enough so that @ N@™ = ) when 0,7 € A, and o # 7, since f5(Qint) N
fT (Qint) - @

We now define a sequence of functions wu,, by
Un = (1 - Xn)u + Xng(uint)v (31)

where £ is the extension operator introduced in (12) and as above, uin, = u|q,,,. Obviously, u, belongs to
the space V™ and the sequence (u,,) strongly converges to u in L?(D). We will prove that lim ay, (un, u,) =
a(u,u) as n — oo. We start by showing that

I, ;:/ |Vu|2d3:—|—/ V| dz — / |Vun|2da:+/
Qint Qext Qe pE

ext

|V, daz) — 0 (32)

as n — 0o. First observe that

I, = / |Vu|? dx—/ V| dz.
B\ Qing B\ Qi

Hence, it is enough to show that [ \Dine IV (u— u,)]* dz — 0 as n — co. Note that

[ W) = [ V) - o) de < 20341 (3)
G \Qint B\ Qint
where I} = Jonaue [V (E(uine) — w)|? dz and 12 = Jon e [(VX0) (€ (tine) — w)|? da.

First observe that I} — 0 as n — oo since V(€ (tint) — u) € L?(Qext). We are left with dealing with I2.
One has

~
[\v]
VA

c r72”/ |E (ting) — ul”® dz
@n\Qint

< e Z / |E (Uine) — ul? da.
ged, 07\ Line
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where ¢ > 0 is a constant independent of n. Introduce the set @ = f1 ' (f1(©) \ Qint). We have the
following Poincaré inequality: there exists a constant C' such that for every v € H'(®) such that ur =0,

/|v|2 dr < c/ IVo|? da. (34)

Observe that if ¢ is small enough, then &7 \ Qi = fo () for every o € A. Therefore, applying a rescaled
version of (34) to the function &(uint) — u, we obtain that there is a constant ¢/ > 0 indenpendant of n
such that

o< dy / . IV (& (uing) — u)|* da
O'EAn w? int

- c'/ IV (& (uing) — u)|* da
@On \Qint

since the sets @7, o € A, are pairwise disjoint. We deduce that I2 — 0 as n — 00, since &(ujn) — u €
H'(Qext), which yields (32).
We will now prove that

1
— Up? do — / u? dp (35)
T Jrn r

as n — oo, which will conclude the proof of point 7i.. Observe that for every integer n, &(uint)r» = u,
which implies that u,p» = u. We are left with proving that ﬁ frn u? dz — fr u? dp as n — oo,
which holds by Proposition 1. O

A standard consequence of the Mosco-convergence of the energy forms proved in Theorem 6 is the
convergence of the solutions of the problems (P,) to the solution of problem (P), in L?(D) and in V/
(recall that u,, is bounded in V from Lemma 1).

Theorem 7. Take f € L?*(D), and note u, (resp. u) the solution of problem (P,) (resp. (P)). The
sequence (uy) converges to u in the space V.

5 A particular geometry with r =1}

As seen before, the proof of Theorem 6 is based on the extension result of §3.2.1. In the case r = r}, the
H'-extension property is no longer true for the domain Q;,; (see Remark 9). In what follows, we focus
on the special case when § = 0. We will see that in this case, the transmission condition imposed on I'
yields an extension result (see Theorem 9) which is the main ingredient for proving the M-convergence
of the energy forms.

In the case 6 = 0, it can be seen that r; = %, and the ramified domain described in §2.2 is as in Figure
3. In this particular case, the set f1(I") N f2(T") is reduced to a single point that we call A. Observe that
the self-similar part I" of the boundary is a line segment, and the self-similar measure p associated with
T" is the normalized one-dimensional Hausdorff measure.

Since r = rj, the domain ey has infinitely many connected components. Call U the outer connected
component of Qey, ie the only connected component which has a nonempty intersection with 9D (see
Figure 3). Observe that I is a subset of U, and that the intersection of I" with the boundary of every
other connected component of ey is reduced to a single point. Apart from U, each connected component
of Qext is a triangle whose top vertex is at a dyadic point of I'. The largest triangle is named T', see
Figure 3, and all the other triangles are the images of T by f,, 0 € A,, n > 1.

We consider the transmission problem

—Au+pu=f in Qing U Qext,
Uint |0 = Uext|D

[Onu] = au on T,

OnUint = Oplext = 0 on O \ T,
Opttext =0, Une = ug on I'Y,

Optlext = 0 on 0D,

(36)
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where o and 8 are positive numbers. The trace uext|r in the transmission condition is meant as the trace
of the function w; on the set I'.

Remark 13. The reason for considering the operator —Au + Su with § > 0 instead of —Au as in the
former case is that, in the present case, Qoxt 1S an infinite union of disjoint connected sets: Qexy =
UUUyeu fo(T). Therefore, (36) involves Neumann problems in T and in fo(T), 0 € A, n > 1, which
are not well posed if 8 = 0 and the average of f in these sets is not zero. It would also be possible to
consider the case B = 0 under additional assumptions, on the support of f for example, but this would
imply further technical details, because the solutions of Neumann problems in the holes would then be
defined up to the addition of constants.

Remark 14. When 6 > 0 and r = r*, the situation is quite different: T is not entirely contained in the
boundary of any connected component of Qext. It can be shown that there exists § € (1,d) such that the
intersections of I' with the boundary of the connected components of Qext have Hausdorff dimension §.
These sets are called the canopies of the domain Qine. In this case, the transmission condition has to be
described more carefully. This is the topic of a work in progress.

The meaning of (36) is the variational formulation (P) where V' is defined by (14) and

a(u,v) = /Q (Vtting - VUing + BintVing) dz+ /Q

int ext

(vuext 'vvext+6uextvext) d(E—f—Oé/ ulrvr dM (37)
r

In order to set the transmission problems in the geometries with prefractal interfaces, we first need to
define some trapezoidal subsets of the triangular holes as follows: let H be the height of the triangle 7'
Choosing the coordinates in such a way that T is a segment of the line {x5 = 0}, we see that I' is a
segment of the line {zy = 2H}. Then, we can also define 7" and T/ by 7™ = T N {(2 — 3/2"t1)H <
T < (2—2""H} and T = f,(T)N{(2 —3/2"t)H < 25 < (2—2"")H} for o € A,, and m < n.
Finally we define

n—1
n n 3 n
are=U U T chxtm{w gl < w2 <2H - 27 H} (38)
m=0o0€A,,

The transmission problem with interface I'" is then

—div (v, Vu) + fu= f in QL UQL,,
[u] =0 on '™
[Onu] = ks on I, (39)
Onpully = Opuly =0 on X",
Opull, =0, ul, =uy onlY
Onulyy =0 on 0D,
where
vn =2""gn, + Ip\an, - (40)

Note that v, =1 in Q] and that the Lebesgue measure of the set where v,, = 272" vanishes as n — 0.
Hence vy, tends to 1 almost everywhere in D. The variational formulation of (39) is (P,) with V,, defined
n (18), and a,, defined as follows:

an (u,v)

:/n (Vuiy, - Vol + Buipviy,) do "‘/
int

Qn

ext

n n n n a
(vnVuly - Vo, + Bugviy) doe + W /rn ujpn e da.
(41)

Remark 15. The reason for modifying the partial differential equation in (39) by taking —div (v,Vu)
instead of —Au in (17) is that for a function uw € V', uq,,, is completely independent from s, (ry. This
explains why the construction of a sequence of functions (uy) such that u, € Vi, u, — u in L*(D) and
an,(Uny ) = alu, u), is difficult without modifying the coefficients of the partial differential equation near
the top of the triangles T and f,(T) in order to cope with the possibly strong gradients of u,. Although
we have not tried it, it may be possible to choose a parameter larger than 272" in the definition of vy,.
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Qint;

D U

Figure 3: An exemple of the domains Q1 and eyt in the case § =0

The main result of this paragraph is the following theorem

1

Theorem 8. Assume that 6 =0 and r =15 = 5.

in L*(D) to the form a defined in (37).

Then the energy forms a, defined in (41) M-converge

Since 9U is Lipschitz-continuous, a standard trace result yields that for every u € V', textjr € H 1/2 (T).
Hence, the transmission condition in (36) implies that

Uinejr € HY2(D). (42)

Note that (42) is not only a consequence of the fact that wuin, € H'(Qint), because the latter property
only implies that uinp in H*(T') for all s < § (see Theorem 3).

For proving Theorem 8, we need the following extension result, which is not available in the literature:

Theorem 9. There exist a linear extension operator F from {v € H'(Qy), vr € HY*(T')} to H'(D)
and a constant C > 0 such that for every v € H'(Qne) with vr € HY/2(T)},

~12 2 2
o030y < € (W1 @ + 10300y ) (43)

Theorems 10 and 11 below will play an important role in the proof of Theorem 9. We start by recalling
an extension result for multiple cones from [7].

Theorem 10. [see [7], Th. 5.1] Call C the double cone in R? defined by |z1| < |z2|. Write p(x) = ||z||
(the notation || . || stands for the euclidean morm), and, for every v € H(C), introduce the antiradial
part v, of v in the cone C, defined by

va(z) = v(z) - <U>SP(1)7

where for any R >0, Sg ={z € C, |[z|| = R}, and (v)g, is the mean value of v along the arc Sg.
There exists a linear extension operator

A {v e H'(C), %" € LQ(C)} — H'(R?), (44)

L2(C)>

such that for every v € {v € HY(C), va/p € L*(C)},

Vq

A0 1 gy < c<|v||Hl<c>+

where ¢ > 0 is a constant independent of v.
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Remark 16. The construction in [7] is such that if v is radial (resp. constant) in C N B(0, R), then Av
is radial (resp. constant) in B(0, R).

As mentioned in [7], Theorem 10 can be immediately extended in R™ to the case of a union of two half-
cones sharing the same vertex, separated by a hyperplane passing through the vertex and not containing
any direction of the boundaries.

Theorem 11 : Peetre-Tartar. [see [/0, 43]] Let E, E1, Es, F be Banach spaces, and let A;, i = 1,2, be
continuous linear operators from E to E;, and suppose Ay is compact. Further assume that there exists
a constant co > 0 such that for any v € E,

lollg < colllAroll g, + 1420 g,)- (45)

If L is a coninuous linear operator from E to F such that L|ye: 4, = 0, then there exists a constant c¢; > 0
such that for any v € E,
[Lvllp < cllAzvllg,. (46)

Notations We start by introducing notations for the proof of Theorem 9.

We first introduce a domain C' which is the union of two truncated half-cones included in 2,4, whose
common vertex is the point A. Recall that T is the main hole of the domain Q. Call g € (0, F) the
upper half-angle of the triangular domain T (see Figure 4), and take ¢1 > ¢g. Call C the half-cone whose
boundary is made of the two half-lines through A with respective angles po and ¢; with the vertical axis
(see Figure 4). Call C; =C ﬂ( int \ YO) We can assume that ¢ > ¢p is small enough so that Cy C Qint,
in other words C3 does not intersect any of the holes of 2;,,;. We define C7 to be the symmetric of Cs
with respect to the vertical axis x5 = 0, and we write C' = C; U Cs.

We also introduce the sets Y51 := f1 o o1 (Y?) and Y*2 := fy 0 ;"7 1(Y") for every k > 1 (see Figure
4), and we write Y* := Y®»1 UY* 2, We also note v := f1%(I') U fo*(I') (see Figure 5).

Py O P

Figure 4: The region C' = C; U Cy and the domains Y, k,i = 1,2.

Call Q1! = f1 (Qing \fg( mt)) and Q52 := fo(Qine \ f1(Q mt)) (see Figure 5). We introduce the sets Q%
defined by Q% := g*=1(Q%), k > 1, i = 1,2, where g is the homothety centered at A with ratio 1/2, see
Figure 5.

For every integer k > 1, we introduce ¥F := {r € A, f.(Y?) c Q' UQ*2}, with the notations of §2.1.1.

Take £ € (1/2,1). We introduce the space G = {v € L{ (A" UQ"?), ||Jv]|; < oo}, where

LRSS VR N (47)

m>1 TeXINA,,
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Ql,l Ql,?

v=f*T)U L)

Figure 5: The domains Q%% k,i = 1,2 (in light grey: Q%! and Q"2 in dark grey: Q%! and Q22) and
the sets f;%(T), i = 1,2.

Endowed with the norm || - ||, the space G is a Hilbert space.
We also introduce the space H = {v € L?(Qb1 UQb?), Vo € G}, which is a Hilbert space with the norm
1

2 2 2
(19011 + ol a0mns))

Moreover, from Theorem 4, we see that v € H ~ v}, is a continuous operator from H to LfL (7). Arguing
by contradiction, we can show that

1
2 2 2
(vl +llop 113, )
is an equivalent norm on H.

We first state and prove two lemmas which will be useful in the proof of Theorem 9.

Lemma 2. There exists a constant ¢ > 0 such that for every v € H,

L, (0@ = 0ysa P+ @) = whyal?) e < e [ lo= 0P dus oty ).

Proof. We introduce the Hilbert space E = {(v,w) € H x L%(y), v, = w}, endowed with the norm
: 2 2 2
Il 5 given by [|(v, w)[[ 5 = [IVollg + wllzz (-

We now introduce the operators

Ar:(v,w) € E = (v),,
Ay : (v,w) € E = (Vo,w — (w),),

L:(v,w) € E— (v—(V)y11,0— (V)y12).

With the notations of Theorem 11, By = R, Ey = G'x L7 () and F = L2(YY)?. Tt is easily seen that Aj,
As and L are continuous linear operators, and A; is compact. Moreover, (45) is clearly satisfied.
Observe that (v,w) € E lies in ker Az if and only if v is constant in Q! and in Q2. Hence, it is obvious
that Ljyer 4, = 0. From this, we deduce by Theorem 11 that there exists a constant ¢ > 0 such that
[L(v,w)|[[p < cl|A2(v,w)] g, for all (v,w) € E, which yields (48). O

Lemma 3. Assume that v € H'(Qne) and vir € HY2(T), then e € L*(C), and

J.

2
Ua

p

dx<cZ2k/

k=1 v

v — (v)%|2 dp + Z ZﬁpikJrl Z / |Vol? de
k f-(Y0)

k>1pzk TEZFNA,



5 — A particular geometry with r = rj 19

for some constant ¢ > 0 independent of v, where v* = g*~1() (recall that g is the homothety centered at

A, with ratio 1/2).

Proof. We first observe that, by self-similarity, there exists a constant ¢; > 0 such that for all z € Y*,
p(x) > g. Therefore,
[l

since C' C Uk>1 Y* by construction. Hence, there is a constant ¢z > 0 such that /
c

Va

p

dz < 0122%/ lva|? da,

k>1

2
dor < 02(11 +Ig),

Ua

where

L = 22%/ l(z) — (0)yi|* da, (49)

E>1 Yk
L o= ) 2% / (W)yr = (v)g, ., I” da (50)
E>1 YF
We start by dealing with I;. We note that
1
L < 3 22% / . (|v - <U>Yk,1|2 +lv— (v)Ym|2) dz. (51)

E>1 Y

For every k > 1, we can apply Lemma 2 to the function v o g*~1. Since v* = g*~1(v), we obtain

Z2k |v— - du—l—zz,’q Z /)C . Vol da

k>1 k>21m>1 TE€XINA,,

2
ZQk |v— TR s / |Vol* dz | | (52)
k>1 k>21p>k TEXFNA,

for some constant ¢ > 0 independent of v, since {g* o fr, T€ L N AL} ={fr, TESFNApin_1}.
Let us now deal with I5. For every R > 0 and ¢ = 1,2, call S}é = SrNC; and <’U>S;;? the mean value of v

on the set S’}é. We note that
52 X ([ o= gy, ) &2
i=1,2 k>1

Take i € {1,2} and z¢ € fl-(YO) and, for every integer k > 1, pp = p(zo)/287 1.
We observe that -, 22 [, [(v)yr: — <'U>Si( )|2 < 2(J1 + Jz), where

Ji = Z2Qk+1|yk,i|(<v>Ykﬂ _ <'U>S; )27 (54)
k>1 k
_ 2k o ) 2
S = 22 / v) Si, <U>s;(z)| dz. (55)
k>1
Let us first examine J;. The following Poincaré inequality holds in Y1* = f;(Y?): for every v € H' (Y1),
[ =g Par < [ v an, 56)
Y1, P yii

where the constant M > 0 is independent of v.
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: ki _ ok—10y1,i i _ k—1(gi
Observe that for every integer k > 1, Y*' = g"~*(Y'"'), and S}, = ¢*7(S5,,). Then

2
|<U>Yk’i_<v>52k|2 - |Y7:€lz /Ykl(v(x)—@)s;k)dx
< |y1“|/ v(z 2d:z:
S WIY’“I Y“'“og @)~ (o gt g, " da
< J,., Vest P
M

_ M 2
— DY Jy |Vo|” da,

where we used (56). From this and (54), we deduce that
Ji < SMZ/ Vol (57)
k>1

To deal with Jy, we use polar coordinates (p, p) centered at A. Introduce the positive constants Ry, R;
such that for all (p,p) € Y1, Ry < p < Ry. Observe that if x € Y*,

1 2

— %o

1 / /@) v
s,p) ds de
1= %0 Joo Jpi 6p( )

/ " w(pl@). 0) — (i ) e

2

-, = |

1 /wl /p(r) v
< ——3 ——(s,9) sdsdsa / / —dw
((,0 _900)2 w0 pr dp vo Jpk
Rl Ry /2F~ 2
< (s,0)| sdsdy
/0/2k 1 8/’ )
log &
= ﬂ Vo)l dy.
— Yo Jo(k)

where C(k) = {(p, ), 522 < p < 582, ¢1 < || < ¢o}. Hence,

log i
2 [ [ 9 ay da.
SDOZ vk JC(k)

k>1

and there is a constant ¢ > 0 independent of v such that

Note that every point (p, ) in C(k) lies in at most logy 7 R1 sets C(l), | > 1. Therefore,

Ja < czlogy — /|Vv NP dy < eslogy — Z/ |Vo|? da. (58)
O k>1

By the inequalities (57) and (58), I < ¢4y Jyx |Vu|? dz for some constant ¢4 > 0 independent of .

Hence,
D95 DI DR B (59)
- (Y0)

k>1p>k TEXFNA,
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Indeed, observe that the terms in the sum of (59) for which p = k are exactly & [y, |Vo|? da.
Therefore, (52) and (59) yield, which (49), which achieves the proof. O

Proof of Theorem 9. In the proof we will write < when there may arise in the inequality a constant that
does not depend on the function v € H* () we consider.
By Lemma 3 and Theorem 10, for every v € H'(Qn¢) such that vr € H'/2(T), there exists Av € H*(R?)

such that (Av)|c = v and
2

2 2
1802 ey S ol3 ey +

12(0)

Define C' = Int(C U 70) (see Figure 4). Introducing a cut-off function with support in the main hole T
and using the operator A and Remark 16, we can construct a linear extension operator Fy from H'(C)
to HY(C' UT) such that F1 =1 and for all v € H'(C)

/|V(]—'0v)|2d:1: < /A|Vv|2d:1:+
T C

2 2
||]'—OU||H1(6UT) N ||UHH1(6) =+

2
el da, (60)

which also implies
2

(61)

LQ(C).

We will now define an extension © € H 1((~2int) of a function v as in Theorem 9, where ﬁim is the convex
hull of the domain Qj,¢. Recall that T' is the main hole and {f,(T), o € A} is the collection of the holes
of the domain i, (see Figure 4). Introduce the function ¥ defined in Qi by

Vi=10 in Qine,
D= ]:O(U o f,)o fgfl n fU(T), o€ A
By Lemma 3 and (60), we get the estimate

/|V.7:ov| dz < sz |U— (W, [P du+> Y wp N / [Vol? da. (62)
£+ (Y0)

k>1 k>0p>k TEXFNA,

Indeed, & [y Vol dz (resp. K [ |VU|2 dz) is bounded from above by the terms for which k =p =0
(resp. k =21, p=k) in the second sum in (62).
Observe that for every integer k > 1, v* C I'°" where o* = (1,2,...,2) € Ag_a, (recall that the sets re
have been introduced in Remark 3). Therefore,

o= P S [ o= s do (63)

Tk
for i = 1,2, where the constant in the inequality does not depend on k. Take o € A,,, one has

/ Vo]?de = /|V(f0(vof,,))|2dx
Jo(T) T
S 32 [ o ) e

E>1 fo(T77)
DI VR AN e
k>0 p>k resknd, ’ for (Y°)

where we applied (62) to the function v o f,, and we used (63). The constant in the inequality does not
depend on n. The notation o7 for 7 € Ay, stands for (o(1),...,0(n),7(1),...,7(k)) € Aptk.

We can write
/~ |Vo|? da / Vo] dz + Z/ |Vo|? da
Qine Qint

ccA

A

/ |Vo|® dz + Sy + Sa,
Qint
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where
n 2
So= XYY [ ot e
n>00€A, k>1 fo(ToF)
So= DDy AN / Vol de.
c€Ak>20p>k TETFNA, for(Y0)

We first deal with S;. Take 0,7 € A and k,l > 1. Note that if co* = 70!, then k = [ and 0 = 7.
Therefore,

2 2
Si< XY [ o @nl de S Tl (64)
k20 oeAyYT7

by (3).
We are left with dealing with Sa. Assume that n € Ay and = o7 with 7 € ¥ N A,, then p < N. Since
the sets ¥, k > 1, are pairwise disjoint, this means that the term ffn(Y") |Vv|2 dx appears at most IV
times in the sum Ss.
Moreover, we observe that p — k 4+ 1 € [1, N + 1]. It can be seen that there is at most one quadruplet
(o/,7',1,q) with o’ € A, 7 € 2N Ay, I > 1 and ¢ > [ distinct from (o, 7, k,p) such that n = o/7" and
p—k+1=qg—1+1. As a consequence,

N+1

Sy < 2 m/ vol? d
2 YD Dk |7

N>0neAny m=1

2 / 2 2 2
< [Vo|" de = —— |[Voul” da. (65)
11—k 7762./4 o (Y0) 1 K

- Qint
Therefore, (64) and (65) give
" 2 2
||UHH1(§M) S ||UHH1(Qim) + ||U\F||H1/2(F)'

Since Qi is a polygonal domain, we can further extend ¥ into a function Fv in H(D), where F is a
linear operator satisfying (43). O

Proof of Theorem 8 We will prove separately points 4. and . in Definition 2.
Proof of point i. Suppose that (u,,) weakly converges to u in L?(D). Without loss of generality, one can
suppose im a,, (t,, uy,) is finite. We may further assume that there exists a subsequence, still called (uy, ),
such that a,(un,u,) converges to some real number as n — 0o; as a consequence, there exists a constant
¢ independent of n such that

an, (Un, up) < c. (66)

In particular, for all n, u, € V", which implies that u,, € V. Then, (66) implies that (un|q,,, ) is bounded
in H'(4,) and that VVnVinq,,, is bounded in L?(ext). Therefore, there exists a subsequence that
we still denote (u,,) such that

* (unq,,) converges to u|q,,, weakly in H*(Qiy), and strongly in L?(Qins)

® \/Un Viupq,,, converges weakly in L?(Qext) to Vuiq,,, (recall that v, converges to 1 almost every-
where, so the weak limit of \/vy, Vg, must be Vg, .)

Thus

(1/n|Vun|2 + ﬂui) dx)

lim / (|Vun|2 + Bui) dz +/
o, ¢

n
zext

> /Qint (|Vu|2 + Buz) dx +/s (|Vu|2 + Buz) dx.

ext
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Moreover, exactly as in the proof of Theorem 6, we see that ‘F—ln‘ Jrn vz dz — [ u? dpas n — co. We
have proved point 1.

Proof of point #. Take u € L?(D). By (24), we may assume that u € V. We must construct (u,)
converging strongly in L?(D) such that (27) holds.

Recall that H is the height of the triangle T' and that I'° is a segment of the line {zy = 0}, ' is a
segment of the line {x9 = 2H } We then introduce a sequence of smooth cut-off functions x,(z2) such
that xn(22) = 0 if 32 < 2H — 2y (w2) = 1if 22 € [2H — £, 2H] and that 27"||x}, || + [[xn| L is

271 I

bounded by a constant independent of n.
We now define the functions u,, by

Uint () Vz € Qint,

Uext (JJ) Vx € U,

E(uint ) () Vo € fo(T

un(x) - mLZJn U€L¢J4m (67)
X (#2)€ (Uing ) (@) + (1 = Xn(22))text (2) \EAS U U fo(T)
m=0c€A,,

where £ is the extension operator introduced in Theorem 9, iy = U Qg and Uext = UjQ,,, - 1t is easy to
check that wu,, belongs to the space V" and that the sequence (u,,) strongly converges to u in L?(D). We
claim that

Sy / ) [V (o (€ (i) = o)) dar — 0, (68)
m=0oc€A,
> 2 / € (tint) — ext)|” dx — 0. (69)

m>noc€An,

Indeed, we readily obtain (69) from the fact that the measure of |J,,~, U,c,, fo(T) tends to zero
and the fact that ||€(wint)||z1(py and [[text| g1 (py are finite. We obtain (68) because ||/Zn Vx| Lo is
bounded uniformly with respect to n and x,, is supported in a region with vanishing measure, and because
Hc‘:(uint)HHl(D) and ||uCXtHH1(Qext) are finite.

Therefore,
i ([ Ol Pyt [ O+ ) )
:/Q. (|Vuim|2+ﬁui2m)dx+/n ([Vutext |2 + Buy,) da
where ufy, := unjgn and uly = unqn . Finally, from Proposition 1, ‘F—ln‘ Jon u? dz — [Lu? dp as

n — 0. Collecting all the above results, we obtain that lim a, (un, u,) = a(u,u) as n — oo, thus point
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