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BALLISTIC AND SUPERDIFFUSIVE SCALES IN
MACROSCOPIC EVOLUTION OF A CHAIN OF
OSCILLATORS

TOMASZ KOMOROWSKI AND STEFANO OLLA

ABSTRACT. We consider a one dimensional infinite chain of har-
monic oscillators whose dynamics is perturbed by a random ex-
change of wvelocities, such that the energy and momentum of the
chain are conserved. Consequently, the evolution of the system has
only three conserved quantities: mass, momentum and energy. We
show the existence of two space—time scales on which the energy of
the system evolves. On the hyperbolic scale (te=t, ze™1) the lim-
its of the conserved quantities satisfy a Euler system of equations,
while the thermal part of the energy macroscopic profile remains
stationary. This part of energy starts evolving at a longer time
scale, corresponding to the superdiffusive scaling (t6_3/2, re 1) and
follows a fractional heat equation. We also prove the diffusive scal-
ing limit of the Riemann invariants - the so called normal modes,
corresponding to the linear hyperbolic propagation.

1. INTRODUCTION

Consider a chain of coupled anharmonic oscillators in one dimension.
Denote by g, and p,. the position and momentum of the particle labeled
by z € Z. The interaction between particles x and x —1 is described by
the potential energy V (t,) of an anharmonic spring, where the quantity

Ty =z — Qo1 (1.1)

is called the inter-particle distance or wolume strain. The (formal)
Hamiltonian of the chain is given by

H(q>p) = Zeﬂc(qap)> (1'2)

xT
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2 TOMASZ KOMOROWSKI AND STEFANO OLLA

where the energy of the oscillator x is defined

%mmw=§+vm» (1.3)

The respective Hamiltonian dynamics is given by the solution of the
equations:

qawzggmmzm, (1.4)

. OH
pxﬂ——5£Mm% rel.

There are three formally conserved quantities (also called balanced) for

this dynamics
Dot D b D (1.5)

that correspond to the total volume, momentum and energy of the
chain. The corresponding equilibrium Gibbs measures vy are parametrized
by A = [B,p, 7], with the respective components equal to the inverse
temperature, velocity and tension. They are product measures given
explicitly by formulas

dvy = HeXp {_ﬁ [ex — PPy — T + g()‘)]} dv, dp,, (1'6)

where

G(A) = ‘%2 + log |:\/27Tﬁ_1Z(7'7 5)}

and
Z(1,B) = /[Rexp {=B(V(r)—1r)}dr

The length and internal energy in equilibrium can be expressed as
functions of A by

r= <tx>1/>\ - ﬁ_laﬂ-g(A>7
(1.7)

w= () = 5 = ~59(N).

Therefore the tension 7(r,u) and inverse temperature 3(r,u) can be
determined from the relations:

B = 0,5(u,r), T8 = —0,5(u,r), (1.8)
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where S(u,r) is the thermodynamic entropy defined by the Legendre
transform

S(u,r) = 1Tn6f [—B1r + pu—G(5,0,7)]. (1.9)

-1

It is expected that, after hyperbolic rescaling of space and time (te~*, ze™1),

the empirical distribution of the balanced quantities

w0 (1) = [ta(t), pa(t), e (1)), (1.10)

defined for a smooth function J with compact support by the formula:
t
J(ex)w, | -
€ ; (ex) (e)

converges, as ¢ — 0, to the solution w”(t,y) = [r(t,y), p(t,y), e(t,y)]
of the compressible Fuler system of equations:

Oyr = Oyp,
Op = Oy7(r,u), (1.11)
e = 0y [pr(r,u)],

where u(t,y) := e(t,y) — p*(t,y)/2 is the local internal energy. For a
finite macroscopic volume, this limit has been proven using the relative
entropy method, provided the microscopic dynamics is perturbed by a
random exchange of velocities between particles, see [8] and [3], in the
regime when the system of Euler equations admits a smooth solution.
After a sufficiently long time, the solution of (ILII]) should converge to
some mechanical equilibrium described by:

p(x) =po,  7(r(z),ulz)) =7, (1.12)
where py and 7y are some constants.

To characterize all possible stationary solutions of (LI2]) can possi-
bly be a daunting task. Most likely they are generically very irregular.
But it is quite obvious that if we start with smooth initial conditions
that satisfy (LIZ), the respective solutions of (ILIT]) remain station-
ary. Also by the same relative entropy method as used in [§] and [3], it
follows that starting with such initial profiles, the corresponding empir-
ical distributions of the balanced quantities converge, in the hyperbolic
time scale, to the same initial stationary solution, i.e. they do not
evolve in time. On the other hand, we do know that the system will
eventually converge to a global equilibrium, so this implies that there
exists a longer time scale, on which these profiles (stationary at the
hyperbolic scale) will evolve.

There is a strong argument, stemming from both a numerical evi-
dence and quite convincing heuristics, suggesting the divergence of the
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Green-Kubo formula, defining the thermal diffusivity, for a generic un-
pinned one dimensional system, see [6] [7]. Therefore, we expect that
the aforementioned larger time scale (at which the evolution of these
profiles is observed) is superdiffusive. Furthermore, an argument by
H. Spohn [9], based on fluctuating hydrodynamics and mode coupling,
also suggests a superdiffusive evolution of the heat mode fluctuation
field, when the system is in equilibrium. Consequently, one can conjec-
ture the following scenario: after the space-time rescaling (e=°t, e 'x),
the temperature T'(t,y) = B71(t,y) evolves following some fractional
(possibly non-linear) heat equation. The choice of the exponent o may
depend on the particular values of the tension and of the interaction
potential V' (r).

In the present work we prove rigorously that this picture of two
time scale evolution holds for the harmonic chain with a momentum
exchange noise that conserves the total momentum and energy. We
consider the quadratic Hamiltonian:

1 1
H(q>p) = Z §p925 - Z Zax—:c’(qx - qx’)2 (113)

where harmonic coupling coefficients «,_,/, between atoms labelled by
x and 2/, are assumed to decay sufficiently fast. The detailed hypothe-
ses made about the potential are contained in Section 2.1l Furthermore
we perturb the Hamiltonian dynamics, given by (L4]), by a random ex-
change of momentum between the nearest neighbor atoms, in such a
way that the total energy and momentum of the chain are conserved,
see formula (26 below. We assume that the initial configuration is
distributed according to a probability measure p. such that its total
energy grows like ¢! (i.e. macroscopically, it is of order 1). Addi-
tionally, we suppose that the family of measures (f).., possesses a
macroscopic profile w” (y) = [r(y),p(y), e(y)], with r, p, e belonging to
C°(R) - the space of all smooth and compactly supported functions.
The above means that

: _ T
lig e o, o) = [Ty, (114)
for any test function J € C§°(R).

We decompose the initial configuration into a phononic (low frequen-
cies) and thermal (high frequences) terms, i.e. the initial configuration

(v,p) is assumed to be of the form

t,=t,+t, and p,=p. +p,, x€EZ, (1.15)
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where the variance of (¢7, p”) around the macroscopic profile (r(ex), p(ex)).cz
vanishes, with € — 0+ (see (2.26) and ([227) below). This obviously
implies that the macroscopic profiles corresponding to (¢, p’) equal to

0. Concerning the distribution of this configuration we suppose that

its energy spectrum, defined in ([222) below, is square integrable in

the sense of condition ([224]). We call the respective energy profiles
corresponding to (tv/,p") and (¢7,p”) as the thermal and phononic (or
mechanical) ones, see Definitions 2.2 and 23] below.

In our first result, see Theorem B.1]and Corollary B.2] below, we show
that the empirical distribution of w,(f) converges, at the hyperbolic
time-space scale, to a solution satisfy the linear version of (LIII) with
7(r,u) := 77, where the parameter 7, called the sound speed, is given
by formula (2Z3).

Notice that since we are working in infinite volume, relative entropy
methods cannot be applied to obtain such hydrodynamic limit, as done
in [3] and [§]. Instead, we obtain the limit result, using only the tech-
niques based on the L? bounds on the initial configurations. After a
direct computation it becomes clear that the function

T(y) = e(t,y) — epn(t,y), (1.16)
is stationary in time. The macroscopic phononic energy is given by
2
p-(t,
emlt.y) =W 4 o y) (117)

Also, the entropy in this case equals
S(u,r) = Clog(u — my7?)

for some constant C' > 0 depending on coefficients (c,). In fact, as it
turns out, see Theorem B.I] below, T'(y) and e, (t,y), given by (LI1G)
and (LI7)) above, are the respective limits of the thermal and phononic
energy profiles.

Concerning the behavior of the thermal energy profile at the longer,
superdiffusive time scale it has been shown in [4] that after the space-
time rescaling (e%2t,e 'z), the thermal energy profile converges to
the solution T'(¢,y) of a fractional heat equation

OT(ty) = —¢lA | 'T(ty),  with T(0,y) = T(y) (1.18)

and the coefficient ¢ given by formula (B.5I) below. This result is
generalized in the present paper to configurations of the form (LI3]).
Finally, in Theorem B4 we consider the empirical distributions of
the microscopic estimators of the Riemann invariants of the linear wave
equation system that describe the evolution of the macroscopic profiles
of (t.(t),p(t)) - the so called normal modes. We show that they evolve
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at the diffusive space-time scale (te~2,ye~!). A similar behavior is
conjectured for some an-harmonic chains, e.g. those corresponding to
the 8-FPU potential at zero tension (cf. [9]).

Concerning the organization of the paper in Section 2] we rigorously
introduce the basic notions that appear throughout the article. The
main results are formulated in Section Bl In Sections [ — & we present
their respective proofs. Finally in Section [ we show examples of dis-
tributions of the initial data that are both of phononic and thermal

types.
2. THE STOCHASTIC DYNAMICS

2.1. Hamiltonian dynamics with a noise. Concerning the interac-
tions appearing in (LI3]) we consider only the unpinned case, therefore

we let
Qo ‘= — Zaw- (21)
x7#0
Define the Fourier transform of (a).cz by
a(k) = Z agexp {—2mikx}, keT, (2.2)

where T is the unit torus, that is the interval [—1/2,1/2] with the
identified endpoints. Then, from (2.1]), we have &(0) = 0.
Furthermore, we assume that:

al) coefficients (o, ),cz are real valued, symmetric and there exists
a constant C' > 0 such that

lay| < CeVC forall z € Z.
a2) stability: a(k) > 0, k # 0,
a3) the chain is acoustic : &”(0) > 0,

The above conditions imply that &(k) = a(—k), k € T. In addition,
& € C*°(T) and it can be written as

a(k) = 4ns° (k)p*(s* (k). (2.3)

The function ¢ : [0, +00) — (0, +00) is smooth and ¢(0) = 1. For the
abbreviation sake, we shall use the notation

s(k) :=sin(rk) and c¢(k) :=cos(mk), keT. (2.4)

The parameter 7 appearing in (2.3]), called the sound speed, is defined
by

T = &”<O>. (2.5)

82
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Since the Hamiltonian is invariant under the translations of the po-
sitions g, of the atoms, the latter are not well defined, and the configu-
ration space of our system is given by ((t, ps))zez, Where t, should be
thought as the distance between particle x and x — 1. The evolution is
given by a system of stochastic differential equations

de,(t) = Vp,(t) dt, (2.6)

dpa(t) = {—axau(t) = (B+p(t). | at
2N (YVarapa () dwess(t), € Z.

with the parameter v > 0 that determines the strength of the noise in
the system. The vector fields (Y, ).ez are given by

Y;ﬂ = (pm - p$+1)aprl + (pm—l-l - pw—l)apz + (pw—l - p$>8px+1' (2'7)

Here (w,(t), t > 0),ez are i.i.d. one dimensional, real valued, standard
Brownian motions, that are non-anticipative over some filtered proba-
bility space (2, F, (F;),P). The symbol x denotes the convolution, but
in particular, since &(0) = 0, we can make sense of

Ak (g = E g/ Q2! )
:L',

where
Z{E’<w”<m t{E”v lf x, < x,

qQore =1 0, if ' = x, (2.8)

Ywcan<y Ty f T <2
Furthermore, 3, = ABQ(DO) and Bg(cl) = V*Bg(co), where

—4, =0,
BO = ¢ 1, z=41, (2.9)
0, if otherwise.

The lattice Laplacian of a given (g;).ez is defined as Ag, = g1 +
o1 —2g.. Let also Vg, := g,4+1 — g, and V*g, :== g,_1 — g.. A simple
calculation shows that

B(k) = 8s2(k) (1 + 2¢%(k)) = 8s2(k) + 4s2(2K), (2.10)

and
BW(k) = die”?™5(k) (1 + 2¢*(k)) . (2.11)
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The evolution equations are formulated on the Hilbert space ¢, made
of all real valued sequences ((ts,p.)),., that satisfy

> (2 +p2) < +oo. (2.12)

Concerning the initial data we assume that it is distributed according
to a probability measure p. that satisfies

sup € Z (v2+ pi>u€ < 4o0. (2.13)

e€(0,1] T,

The above means that the total macroscopic energy of the system is
finite. Here (-),, denotes the average with respect to ..

Denote by [E. the expectation with respect to the product measure
P. = p ® P. The existence and uniqueness of a solution to (2.6]) in ¢,
with the aforementioned initial condition can be easily concluded from
the standard Hilbert space theory of stochastic differential equations,
see e.g. Chapter 6 of [2].

2.2. Energy density functional. For a configuration that satisfies
(ZTI2), the energy per atom functional can be defined by:

pz 1
ea(t,p) = — 7 >l (2.14)

Notice that ) e, = H(q,p). We highlight here the fact that, although
the total energy is non-negative, in light of the assumptions al)-a3)
made about the interaction potential, the energy per atom e, does not
have definite sign. However we can prove, see Appendix [Al below, the
following fact.

Proposition 2.1. There exists a deterministic constant ¢, € (0,1)
such that

S leep) < St < Ylawp)l  (215)
and

C*Z(tiwi)SZex(t,p)siZ(tiﬂoi), (t,p) € Lo, (2.16)

*

x x

Thanks to (2I3) and (2I6]) the distribution of the initial data is
such that the macroscopic energy of the chain at time ¢ = 0 is finite,
i.e. that

Ky := sup eZ(eﬁue < +400. (2.17)

e€(0,1] -
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We shall also assume that there exists a macroscopic profile for the
family of measures ()., i.e. functions r(y), p(y) and e(y) belonging
to Cg°(R) such that the respective w”(y) = [r(y),p(y), e(y)] satisfies

(14,
2.3. Macroscopic profiles of temperature and phononic energy.

The macroscopic temperature profile corresponding to the family of laws
(Me)ec(o,] is defined as a function T': R — [0, 4+-00) such that

/T(y>J y_ 11%1+€ZJESL’ { 5pm __Zagc x’ 5qmm > }
R e— He

(2.18)
for any J € C{°(R), where .p, := p, — p(ex) and
Zx’<x”§x 55tx//, if l'/ <z,
Oefu =14 0, if ' =, (2.19)

4 /
Y peareg Octer, if @ <2,

with d.t, ;= t,—r(ex). After a simple calculation one gets the following
identity

T(y) = e(y) — epn(y), (2.20)
with
epn(y) = % (P*(y) +7r*(y)), yeER, (2.21)

the phononic (or mechanical) macroscopic energy profile.

2.4. Energy spectrum. The energy spectrum of the configuration
distributed according to . is defined as

k) = ([p(k)), + 452 <\ W), (2.22)

where p(k) and t(k) are the Fourier transforms of (p,) and (t,), respec-
tively. Using (2.3]) we get
k) = (Ip(R)[F), + e (s* (k) ([R(R)?), , KkeT.

Assumption ([2I7) is equivalent with

Ky = sup e/me(k:)dk < +o00. (2.23)
T

e€(0,1]
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Definition 2.2. The family of distributions (), is said to be of a
thermal type if its energy spectrum to (k) satisfies

Ky := sup eQ/mf(k:)dk < 400. (2.24)
ec(0,1]  JT
Remark. In Section 5.l we show that (2.24]) implies that the respec-
tive macroscopic profiles (r(y),p(y)) vanish. Therefore, we conclude
that then the macroscopic phononic energy e,n(y) = 0 (see (221)))
and, as a result,

Jig € 32 ) e = [Iwrmay, Tecr®. @)

We stress that although r(y) = 0 and p(y) = 0, in case condition
(Z24) holds, configuration (t,p) need not necessarily be centered (in
the measure p.). Condition (Z24]) is related to the issue of variability
of the initial data on the microscopic scale, as can be seen in examples
presented in Section

Definition 2.3. The family (u) is called to be of a phononic (or
mechanical) type if

e—0+

lim e " ([e. — r(ex)]*), =0 (2.26)

and

lim € " ([p. — p(e:x)]2>ue =0, (2.27)

e—0+

where r(x) and p(z) are the macroscopic profiles of the strain and
momentum, see (LI4]).

Remark. Using (2.I8) and (2:26) together with (Z.27)) it is straight-
forward to see that the temperature profile corresponding to a phononic
type initial data vanishes, i.e. T'(y) = 0.

3. STATEMENT OF THE MAIN RESULTS

3.1. Hyperbolic scaling. Assume that the configuration (v, p) can be
decomposed into two parts whose laws are respectively of the thermal
and phononic types. More precisely, we assume that

=t 4, pe=p, P, TEZ, (3.1)
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where
K= sup & / (v0])2(k)dk < +o0, (3.2)
T

€€(0,1]
and w’ (k) is the energy spectrum of (v/,p’), i.e.
o (k) = ([p'(k)*),, + me?(s* (k) ([ (K)[*), . keT.

with (p’(k), ¥ (k)) the respective Fourier transforms of (p’,t'). In addi-
tion, we assume that the configuration (¢”,p”) is of the phononic type
in the sense of Definition 2.3

Suppose that (v/(t),p’(t)) and (v”(t),p"(t)) describe the evolution of

the respective initial configurations (¢/,p.) and (¢Z,p”) under the dy-

namics (2.6]). Define the microscopic temperature and phononic energy
density profiles by

eina(t) == e (t(1),p'(1))  and  epna(t) == e ((1),p"(2))  (3.3)
Let
vi(ty) = (r(ty), p(t,y) (3.4)
be the solution of the linear wave equation
Opr(t,y) = 9yp(t,y),
Owp(t,y) = myr(t,y), (3.5)
r(0,y) =r(y), p(0,y) =py).

The macroscopic phononic energy at time ¢, see (Z21), is given by

emlt,y) = 5 ((0,0) + 7r(4,0) (3.6
The components of
w(t,y) = [r(t,y), p(t,y), epn(t, y)]
evolve according to the system of linear Euler equations:
Or(t,y) = 9yp(t,y),
Ip(t,y) = T9yr(t,y), (3.7)
Orepn(t,y) = 10, (r(t,y)p(t.y)), w(0,y) =w(y).
The following result is proven in Section [Gl

Theorem 3.1. Suppose that the initial configuration (t,p) satisfies the
assumptions formulated in the foregoing. Then, (v'(te™!),p'(te™Y)) is of
thermal type for allt > 0 and

+o00 t +oo
li E - = T
Ei)rgiezx:/() J(t, ex)Ecen s (e) dt /0 dt/[R (y)J(t,y)dy

(3.8)
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for any J € C3°([0,+00) x R). Configurations (v"(te '), p”(te™')) are
of phononic type for allt > 0 and

t
Ecepn (—) —epn(t,ex)| = 0. (3.9)
€

lim e
e—0+

T

In addition,

i X [ sente ()= [T [ lent) < Tl s vy

(3.10)
for any J € C§°([0,+00) x R).

Concerning the macroscopic evolution of the vector w,(t), see (LI0),
the above result implies the following.

Corollary 3.2. Assume that

lim ¢ memﬂwwzﬁﬂwmw@,Jeqﬂm (3.11)

e—0+

Then, for any J € C§°([0,400) x R) we have
+00 +oo
El_l}%i_eZ/ J(t, ex)Ecro, ( )dt / / (t,y)w(t,y)dtdy,

(3.12)
with the components of w(t,y) being the solutions of the linear Euler

system (B.1).

3.2. Super-diffusive scaling. It follows from Theorem Bl that the
phononic energy evolution takes place on the hyperbolic scale that is de-
scribed by the linear Euler equation. In consequence, it gets dispersed
to infinity on time scales longer than te~!. On the other hand, it has
been shown, see Theorem 3.1 of [4], that the respective temperature
profile T'(y), see (ZI8), evolves on a superdiffusive scale (te=3/2, xe™1).
Therefore, we have the following result.

Theorem 3.3. Suppose that the distribution of the initial configura-
tion (t,p) satisfies condition BI)). Then, for any test function J €
C5e([0, +00) x R) we have:

(3.13)
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Here T'(t,y) satisfies the fractional heat equation (B.50) with the initial
condition T'(0,y) = T'(y), given by (2.25)).

The proof of the above result is presented in Section [7

3.3. Evolution of the normal modes at the diffusive time scale.
Finally we consider the Riemann invariants of the linear wave equation
system (3.0). They are given by

FPty) = plt,y) + VAt y). (3.14)
The quantities defined in (B.14]) are constant along the characteristics of
([B.3), which are given by the straight lines y £ /71t = const. Therefore

FEty) = fPy £ /7it), (3.15)

with f®)(y) determined from the initial datum. This motivates the
introduction of the microscopic normal modes given by

190 = w0+ V7 145 (S 1) 7]

173

150 = w0 = v [1= 5 (T2 +1) 7] w0
that are the second order approximations (up to a diffusive scale) of
f®)(t,y). The particular form of f*)(¢) is determined by the fact that
we are looking for quantities of the form p(t)4/7 (1 & ¢ V*) v(¢) that,
at the hyperbolic scale, approximate the Riemann invariants (B.14)
and possess limits at the diffusive time scale. The latter requirement
determines that ¢y = (1/2) (3v//7 £ 1).

Remark. The normal modes §*)(¢) capture the fluctuations around
the Riemann invariants of the linear hyperbolic system ([LII)). Their
analogues, called normal modes ¢ (¢), are considered in Appendix 1
b) of [9], in the context of anharmonic chains with FPU-potential, see
(8.18) of ibid.

To state our result rigorously, assume that (/). - the initial laws of
configurations (t, p) satisfy ([LI4]). Denote also the heat kernel

1 y? }
P, = exp ——— >, 3.17
where D :=3v. Let f(t, Po* fO(y), 1 = + and

y) =
FEy) = py) £ Vrry). (3.18)
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With the above notation we can formulate the following result.

Theorem 3.4. Suppose that condition (LI4) is in force. Then, the
phonon modes f@Si) (t) satisfy

lim e} J(ex) LY (t) = /R J(y) fP(t,y)dy. (3.19)

for any J € C°(R). In addition, for any 1 € {—,+}

El_i)ronJreZJ(e:L’—L - )[Ef(b( ) /f (t,y)J(y)dy, (3.20)

The proof of this theorem is contained in Section 8

4. ASYMPTOTICS OF THE PHONONIC ENSEMBLE

In this section we assume that the laws (jc)c~o of the initial con-
figuration (t,p) is of the phononic type, i.e. they satisfy ([2.26]) and

&.27).

4.1. Approximation of the macroscopic phononic energy. The
solution of ([B.) is given by

<ty>—r<y+m>+r<y—m>+%[<y+m> p(y — v/ib)
(4.1)

p(t,y) =py+vnt) +py—vnt) + V7 lr(y+/nt) —r(y—v/nt)],

where r(y), p(y) are the initial data in ([B.5]). Using the above formulas
and (B.6]) we can write ey, (f,y) in terms of the profiles r(y) and p(y).
We can easily infer the following.

Lemma 4.1. Suppose that r,p € C3°(R). Then,

GZ eph (t, €x) — / epn(t, y)dy
- R

lim sup = 0. (4.2)

=0+ 4>

4.2. Evolution of the mean ensemble. Define the mean configura-
tion

(e(t), pe(t) = (Fealt), Pew(t))wez,
where

Es,x(t) = [Eet:c(t)a ﬁ&,x(t) = [Eep:c(t)- (43)
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The respective energy density is defined then as

(1) := ep(T(2), Pe(t) = ﬁﬁ’g(t) — i Q2 4 (1), (4.4)

where g, ./(t) is the respective mean of q, ,/(t) defined by (2.8]).

Let o7 (t,k) := [¢(¢t,k),p(t, k)], k € T, where t(t,k),p(t, k) are the
Fourier transforms of the respective components of the configuration
(ve(t),pz(t))). Suppose that § > 1. Define

t(t, k) = el t (%,ek) and  p.(t, k) = eEp (%,ek) . (45)
€ €

Conservation of energy and condition (ZIT) imply that

E,:= sup / ([te(t, k) > + |pe(t, k)|[})dE < +o0. (4.6)
>0,e€(0,1] Je1T
From (2.6) we obtain
d o ]_ o
Ene(t’ k) = WAE(k)UE(t, k), (4.7)
where
o; (t, k) = [tc(t, k), pe(t, k)] (4.8)
and
0 a
A(k) = : (4.9)
—7(ek)a* b

with a* - the complex conjugate of a and

7(k) = np2(sin®(wk)), a:= %(1 — exp {—2miek}),

b= %|1 — exp {—2miek} |*[2 + cos(2mek)].

Observe that for a given M > 0 we have

lim sup |Ad(k) — Ap(k)| =0 4.10
i sup A (K) ~ Aok (4.10)
and
0 2mik
Ao(k’) =
2wtk 0
Since both eigenvalues of Ay(k) are imaginary we have
D, := sup | exp{Ao(k)t}| < +oo. (4.11)
(t,k)eR?
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Here || - || is the matrix norm defined as the norm of the corresponding
linear operator on a euclidean space. In fact, an analogue of (L11))
holds in the case of the linear dynamics governed by (.1).

Lemma 4.2. We have

Co=  sup [lexp{Adk)t}]| < +oo. (4.12)
(t,k)eR?,e€(0,1]

Proof. The eigenvalues of A (k) equal
—1
- 2 _ 2
Ae = {bi Vb2 — 4 (ek)|al }

Since both b and 1(ek) are real and non-negative it is clear that ReAy <
0 and the conclusion of the lemma follows. U

4.3. Asymptotics of the mean ensemble. Let o' (t,k) be the so-
lution of the following equation

d fas 1 o a3 Fay

CHO(R) = S ARRO (LK), 500,k = B(0.K).  (413)
Let also 0(t, ) be the Fourier transform of v(t,y) the solution of the
linear wave equation system given in (3.4)). It satisfies

0(t, ) = exp {Ag(£)t} (0, ¢). (4.14)
Conditions (2:26]) and ([2.27) imply
~ R 2 .
51—1>%1+ . v.(0,¢) —0(0,¢)| dl=0. (4.15)
Lemma 4.3. Suppose that 6 € [1,2) and M > 0. Then,
M
lim loc(t, k) — 0Ot k)|?dk =0, t>0. (4.16)
e—0+ M
Proof. Note that A (k) = Ayg(k) + €B.(k) (see (£9)), where
bo(M) := sup sup ||B.(k)|| < +o0. (4.17)
e (0,1] |k|<M

From (4.17) we can write
45
dt

Therefore, by Duhamel’s formula, we conclude

t —_ ~
b.(t, k) — 0O (¢, k) = 62—5/ exp {;—_18140(1{:)} B.(k)v(s, k)dE.
0

(4.19)
The lemma then follows from (L), (£I7) and Lemma O

(4 k) = 65—1_1A0(k)§5(t, k) + 25 AL (k). (1, ), (4.18)
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Lemma 4.4. For anyt >0 and 6 € [1,2) we have

e =0 (4.20)

lim
e—0+ 1T

and, in consequence,

. _ [t t
E1_1}:%1+EZ 0, (5) —v (65—_1,@)

Proof. Formula (€.21) follows from (€.20) so we only focus on the proof
of the latter. We have

6.(1,0) = exp {Aﬁ(e)ef—_l} 5.(0,0).

= 0. (4.21)

Therefore,from the above and ([{I4]) we can write

. ~ . t
hzr_iggp /elT o.(t,0) — v (66—_1,6)
< 2lim sup/ exp {Ae(ﬁ)%} [36(0, 0) — @(0,6)]
e—0+ 1T €
t

+2lim sup/ exp {Ae(f)%} 0(0,¢) — exp {Ao(f)ﬂ} 0(0,¢)
e—=0+ Je-1T € €

Using Lemmald.2land (£.15]) we conclude that the first term on the right
hand side vanishes. To estimate the second term divide the domain of
integration into the regions [¢| < M and its complement. On the first
region we use LemmalL.3|to conclude that the respective limit vanishes.
Therefore, we can write that, modulo multiplication by factor 2, the
second term on the right hand side of ([A22]) is equal to

lim sup/
=0+ JM<[01<1/(2¢)

< 2lim sup/
=0+ JM<|e<1/(2¢)

< 4(C, + D,)lim sup/ 19(0, ) de.
M<[<1/(2¢)

2
dl

2

2
-+

exp {Ae(ﬁ)@%} 8(0, 0)

e—0+

the last estimate following from Lemma and estimate (LII). We
can adjust M > 0 to become sufficiently large so that the utmost right
hand side of (L23) can be arbitrarily small. The conclusion of the
lemma therefore follows. O

de (4.22)

exp {AE(E);—_l} #(0,6) — exp {Ao(ﬁ)eéi_l} #(0,0)

exp {AO(E)EJL_I}@(O,E)

2
}df

(4.23)
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Suppose also that (r(t,y),p(t,y)) is the solution of the linear wave
equation (B.0]) and é,y(t, y) is the corresponding macroscopic phononic
energy density profile, defined by ([B.6). As a direct corollary from
Lemma [£.4] we conclude the following.

Corollary 4.5. For anyt > 0 we have

- 2
. _ t
51_1>I011+€Z Ty (E) —r(t, e:c)] =0,

T L

(4.24)

. [t ?
El_lféﬂfz _pE,m (E) —p(t, Ex)} =0.

xT

Concerning the behavior of energy functional e (t) corresponding
to the average phononic ensemble (see (4.4])) we get the following.

Corollary 4.6. For anyt >0 and é € [1,2) we have
tim S [6 (L) = e (o ex )| =0 (4.25)
e—0+ T\ el oh \ - < )T ’

where epn(t,y) is given by B.4). In addition, for any § € (1,2) we have

El_i>:f0n+eZJ ex)eld ( ) =0, JeCFR). (4.26)

Proof. In light of Lemma [L.4] only equality (4.26]) requires a proof. As-
sume that § € (1,2). Note that the left hand side of (£26) equals

lim 04 [J; 6)(t) + jQE) ()], where

) (4 o (1
t) = epr,x (e_‘5> J(ex) (4.27)
1/ 26 ~ R t
:/ dﬁ/ (51,—6—]?)136(?,]{7)(”{?
R 1/(25 €
and
€ € _ t
70 = -5 ¥ eyt 5 )

a [ - 1/(26) sy )
- Z 0 / J(f) / hZ(_E(k + E))hz(Ek)fg (ﬁ, -0 — k‘) T,
— 4 Jr ) €~

—1/(2¢
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Recall that b.(¢, k) and 0 (¢, k) are given by ([@7) and (@I3) respec-
tively. Using Lemma [4.4] we conclude that

Jim [717(0) = ZO0] =0 and - Tim [7°(0) = L7 (1) = 0,
where

() :/j(ﬁ)dﬁ/ﬁ<%,—€—k:)ﬁ<%,k) dk (4.29)
R R € €
and
€) 22 (075 R t
T Z / / (65 S k:) ; (65—_11{;) dedk.

(4.30)
ﬁ< o k) _ <exp {Ao<k>%}@<’f>=ez>cd

where e = [0,1] and (-, -)¢a is the scalar product on C?. Therefore

/ d£/< exp{Ag(—k—ﬁ)@L_l}egkjd
<A(k) exp {AT(k)e 1}e2>Cddk

By an elementary application of the Riemann-Lebesgue theorem we get

lim J'7() =0, j=12

e—0+

This ends the proof of ([E24]). O

Recall that

ﬁ‘\

4.4. Evolution of the conserved quantities at the hyperbolic
scale. Our goal in this section is to prove the following result.

Theorem 4.7. Suppose that [220) and (227) are in force. Then,

- 2
t

lim e » [E. v, <—) —r(t,ex)} =0,

e—04+ i €

xT

(4.31)

r 2
. t
lim > b (6) — plt, esc)] =0

t
E.e, (—) — epn(t, €x)
€

and

lim €
e—0+

=0, t>0. (4.32)

T
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Proof. Equality ([4£.32) is a consequence of (A31]). We only need to sub-
stantiate the latter. Let (dv.(t),0pc(t)) := (0ve(t), OPe(t))zez, Where
(

0Te(t) == teu(t) = Tealt), OPen(t) = Pealt) — Peult),  (4.33)
with t,(t) and p.,(t) given by (£3). We have (see (IHI))
Eee, (ve(t), pe(t)) = Eceo(Oec(t), dpe(t)) + & (1) (4.34)

By conservation of the total energy we obtain

S -Eee () o(2)

€T

e () ()5 ()

>€Z[Eem (& ( ) 6p6< ))Jre;éph(t,ex)—e m

Letting € — 0+ and using assumptions (Z20) and (2.27) we conclude
that the limit of the energy functional appearing on the the utmost left
hand side equals

[ en0.dy= [ iy, ter (4:36)
R

R

with epn(t,y) given by (B.6). Using the above together with ([£.25) we
conclude that

/eph(() y)dy > lim supez Ee, (5‘c6 ( ) op. (E))—I—/ epn(t, y)dy.
e—04+ R

From (36]) we infer therefore that

higﬁpeZ[ ¢y <5r5< ) op. (t)) = 0. (4.37)

Equalities ({3T]) are straightforward consequences of (ZIG]).

O

4.5. Evolution of energy density at the superdiffusive scale. In
this section we show that the energy density disperses to infinity at
time scale t/€°, where § € (1,2).

Theorem 4.8. Suppose that [2.20) and 2.27) are in force, and § €
(1,2). Then,
t
lim € Y J(ex)Ece, (—5) =0, (4.38)
€

e—0+
T

t
o0 () et ex)

(4.35)
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for any J € C°(R), t > 0.
Proof. In analogy to (A35]) we write

Soem. e ((2)o(2)
e () (1)
(4.39)

—(e) t _ t
¢, 6_6 — €ph 66—_1, (44 .

Therefore taking the limit, as € — 0+, in ([{.39) we obtain (using (4.2)
and (£.23))

' '
0,v)dy >1 Ece, | ove | = ) ,0pc [ —
/[Reph( ,y)dy liggpez ¢ (t( ) p (55))

(4.40)
t
+ limsu /e <—, )d.
msup | eon | 5509 | dy

By (4.36) we conclude

imgwe e, (60 (5) o (5)) =0

Since, for any J € C§°(R) we have

s ((5)+(2)
(4.42)
—EZJex[Eex<5t( ) 5pe< ))+EZJ6x ) (—)

The conclusion of the theorem follows directly from (4.41]) and (4.20).
O

+€Zeph( -1 € ) —e

xT

5. EVOLUTION OF A THERMAL ENSEMBLE

In this section we investigate the limit of dynamics of ensemble fami-
lies whose initial laws (g )e>o satisfy condition (Z24]). Then, as it turns
out, the respective macroscopic profile of (v, p) is trivial, i.e. r(y) =0
and p(y) = 0. In fact, we show that condition ([2.24]) persists in time
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and the temperature profile remains stationary at the hyperbolic time
scale.

5.1. Wave function. Define the wave function of a given configura-
tion as

by = (@xq) +ip,, 2€Z, (5.1)

where (@, ) are the Fourier coefficients of the dispersion relation defined

as, see (22),
w(k) = a'2(k) = 2y/ms(k)|p(s*(k)). (5.2)

and q\) = qz,0 is given by (2.8). Using (5.2)) we can rewrite (5.I)) in
the form

hy = (@M xv) +ip,, w€Z,
with (@) are the Fourier coefficients of
w (k) = ie™*sign(k)/Tre(s*(k)), keT. (5.3)

The Fourier transform (k) of the wave function (1) can be written
as

(k) = w D (k)e(k) + ip(k). (5.4)
Therefore,
(V8% e = (0 (R)E(R)]* + [p(K)]),, + 2(Im (%(k)w<1)(k)ﬁ*(k))(>5ug)

On the other hand, since t(—k) = t*(k) and p(—k) = p*(k) we obtain
(=) P = @ (KR + [B(R)*),, — 2(Im (f(/f)w(l)(k)ﬁ*(k)()gpg)-
From (55) and (5.0) we obtain '

/T o2 (k) dk = / (k)2 dk. (5.7)

Condition ([Z:24)) therefore is equivalent with

sup 62/T<\¢(/f)\2>iedk < +o0. (5.8)

e€(0,1]

Remark. Note that the macroscopic profile (r(y), p(y)) correspond-
ing to a given configuration (v, p) satisfying (2.24]) necessarily vanishes,
ie.

e—0+

lim € » (v;), J(ex) =0 and EEI&GZ@I)MEJ(E@ =0 (5.9)

xT
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for any J € C3°(R). To show (B.9) it suffices only to prove that

lim eZwme (ex) = 0. (5.10)

e—0+

Indeed, from conditions (IZEI) and (2.27), we obtain
6l_1>%r£re (V) oI (€x) /@D y)dy, (5.11)

where

Y(y) = v H(r)(y) +ip(y)

1 f(y)dy'
‘= ——p.V.
H(f)(y) A
is the Hilbert transform of a given function f € C3°(R). The integral
on the right hand side is understood in the sense of the principal value.
In particular, ¢(y) = 0 implies that both p(y) = 0 and r(y) = 0.
To show (B.I0)) observe that by the Plancherel identity we can write

that the absolute value of the expression under the limit in (5.10]) equals

@( )i Je(R)dk|

and

(5.12)

where
1 k
ZJ (ex) exp {—2mikx} ~ — (—)
€ \¢€
and J(k) is the Fourier transform of .J(z). Expression in (5.12) is

therefore estimated as follows
3/4
IANEL
()]

it (&) ae| <[ fiierz.a] [ /

where the estimate follows by Hoélder inequality. Using the change of
variables k' := k/e in the second integral on the right hand side we

conclude that it is bounded by e, ’* HJ||L4/3 for e € (0, 1], which

proves (B.10).

5.2. Evolution of the energy functional at the hyperbolic time
scale. Define by to (¢, k) the energy spectrum (2.22)) corresponding to
the configuration (v(t),p(t)). The following result asserts that there is
no evolution of the macroscopic temperature profile at the hyperbolic
scale. Moreover, if the initial energy distribution is of the thermal type
it remains so at this time scale.
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Theorem 5.1. For any J € C5°([0, +00) x R) we have

400 +oo
el_lgﬁre;/o J(t,ex)[Eeex<)dt / / (t,y)T (y)dtdy.

(5.13)
Moreover, at any time t > 0 the energy spectrum satisfies
t
Ki(t) := sup 62/1'03 <—,/€> dk < 400 (5.14)
€€(0,1] T €
and
EE)I&EZ[Et( ) =0 and El_l}%i_EZ[&p( )
(5.15)

for any J € C°(R).
The proof of this result is given in Section

5.3. Wigner transform. Define " (t) := ¥, (tet) and O(t, k) its
Fourier transform (belonging to L?(T)). By W,(t) we denote the (av-
eraged) Wigner transform of ¥(°)(t), see (5.9) of ], given by

(W.(t), ) == W.(t, p, k)J*(p, k)dpdk, (5.16)

RxT

where ﬁ/\e(t, p, k) the Fourier - Wigner transform of ¢(©) () given by

W.(¢,p, k) = %[Ee [(%E)) (t J— —) e (t, kot %)} (5.17)

and J belongs to S— the set of functions on R x T that are of C*° class
and such that for any integers [, m,n we have

sup (1+y*)"0L00 I (y, k)| < +oc.
yER, k€T

Let A be the completion of S under the norm

1Tl = / sup | (5. )| dp. (5.18)
R

In what fol}ows we shall also consider the Fourier - Wigner anti-
transform of ¢()(¢) given by

V(t,p, k) = %[EE WE) (t, k4 %) e (t, k+ %)] (5.19)
From the Cauchy-Schwartz inequality we get
€ 7 (e
[(We(t), J)] < §||J||A[Es||w( )1 Z2m)-
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Thanks to energy conservation property of the dynamics and Cauchy-
Schwartz inequality we get

sup Sup(HY( Ma + W@ o) < 2K, (5.20)

ec(0,1] ¢

where K is the constant appearing in condition (2.23)). As a direct
consequence of the above estimate we infer that the family (We(+)).co 1
is *—weakly sequentially compact as ¢ — 0+ in any L*([0,77];.A’),
where 7" > 0, i.e. for any ¢, — 0+ one can choose a subsequence
€, such that (Wen,(-))n, that is *-weakly converging. In fact, using
hypothesis ([224]) one can prove that, see Proposition 9.1 of [4], the
following estimate holds.

Proposition 5.2. For any M > 0 there exists C; > 0 such that
IWe(t, p, )IZory + Vet p, ) 2 (5.21)
< (IWe(0,p, Eaqr) + 1700, p. YFaqr ) €, Ve € (0,1], lpl < M, ¢ > 0.
The right hand side of (5.21)) remains bounded for € € (0, 1] thanks
to (B.8).
In fact asymptotically, as € — 0+, the function [){7 () |? coincides

with the energy density e, (te~!), which can be concluded from the
following result, see Proposition 5.3 of [4].

Proposition 5.3. Suppose that condition (5.8) holds. Then,

El_i)I&e;J(ex {() |8 ( \}:o, t>0,JeCX(R).
(5.22)

From the above result we conclude that for a real valued function
J(y, k) = J(y) we can write

lim (W.(t),.J) = lim - ZJ ex) [l (t) |2

e—0+ e—0+ 2

(5.23)

e—0+

t
= lim €Y J(ex)Ece, (—) :
€

T

5.4. Homogenization of the Wigner transform in the mode
frequency domain. It turns out that in the limit, as ¢ — 0+, the
Wigner transform W, (¢, z, k) becomes independent of the k variable
for any t > 0. To avoid boundary layer considerations at the initial
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time t = 0 we formulate this property for the Laplace-Fourier transform
of the respective Wigner function. More precisely, let

+m —~
We + (A, p, k) == / e‘AtWE(t,p, +k)dt, (5.24)
0

+oo -
TTLe,:l:()‘vp7 k) = / e_AtUe,:I:(tvp7 k)dt7
0

where

~ 11~ ~
Ue,-i—(tvpu k) = 5 [K(t7p7 k) + }/:(t, -p, k)] )
~ 1 1~ Sy

UE,—(t>pa k) = Z |:)/e(tap> k) - Y; (t> —-D, k):| :

Thanks to Proposition the Laplace transform is defined for any
A > 0 and for any M > 0, compact interval I C (0,4o00). In addition,
we have

Cr:= sup sup ||we7b()"p)||L2(T) + Z Hﬂg"()\’p)”LQ(T) < oo
ec(0,1] Ae1,|p|<M ve{—,+}

(5.25)
Let
wgi)(AJD) = <U_Je,+()‘>7 e:l:>L2('[|') = <U_Je,—()‘>7 e:l:>L2('|]')7
where <
e (k) = 554(k), e_(k) == 25%(2k). (5.26)
The following result holds, see Theorem 10.2 of [4].

Theorem 5.4. Suppose that the initial laws satisfy (2.24). Then, for
any M >0 and a compact interval I C (A, +00) we have

lim sup / |@e (A, p, k) — wH (N, p)| dk = 0, (5.27)
T

€0+ \el |pl<M

and
lim  sup /|ﬂﬁ,i()\,p, k)| dk = 0. (5.28)
T

=0+ zel |pl<M

5.5. Proof of Theorem [5.1]. Applying (5.:22)) at p = 0 we conclude
that

~ 2
sup 62/ ([EEW(E)(t, k)\2) dk < +oo. (5.20)
€€(0,1] T

Condition (5.14]) then follows directly from (5.7). In addition equalities
(EI8) can be inferred from (5.29) and (5.9).
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Concerning the proof of the convergence of the energy functional
in (5.I3), recall that we already know that (W,(-)) is x—weakly se-
quentially compact in L>([0, 7], A’) for any 7' > 0. Therefore for any
e, — 0, as n — +00, we can choose a subsequence, denoted in the same
way, such that x—weakly converging to some W (-) € L>([0,7], A'). In

light of (5.20) we have
sup [[W(#)[|.+ < Ko, (5.30)
>0
with Ky the same as in (Z23]). Therefore, its Laplace-Fourier transform
w(A, p, k) can be defined for any A > 0. Thanks to Theorem [5.4] any

limit w(A, p, k) = w(A, p) obtained this way will be constant in k. In
fact

w(A,p) = lim wi(\p).

n—-4o0o

We claim that in fact for any J € Cy(R)

(w(N), J) = / J()T(y)dy, (5.31)
which implies that
Wity k) =T(y), t=>0.

In light of Proposition 5.3 this allows us to claim (I3]). The only thing
vet to be shown is therefore (5.3T]).

Proof of ([6.31)). Letting 17(-/\6(2 — W, +(0) and [75(,0) = U...(0) we obtain
that for any A > 0 (see (10.5) of [4])

Ny — W = —i6e . — iVR'Dite + 2L (s — Tier) + D,
’ €

(5.32)
~ 20 1
)\ﬂ67+ — UE(SI)— - ?wae,— _l_ %»C ae,-{- - 5 (wed- _l_ wE,—) + E,F£2)?
200 2 R
N~ 00 = —Za, — DRa - w0, —wy) + a®

Mo — WO = 6wt _ + iy R pit— + 2L (0o — ticy) + 7™,
€
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where
k=2 (D) -]
(5.33)
w(k,p) = % [w (/{:4—%) +w <k— g)] )
Lw(k):=2 / R(k, KNw(kdk' — 2R(k)w(k), w € LY(T),
and
Rk, ) = Z S ak)e (W), (5.34)
ve{—,+}
R(k) = / Rk, )dK,
with
e (k) = 254(/@, e (k) = 252(2k). (5.35)

The remainder terms satisfy

4
sup sup Y 7 (A, p)lpam) < oo (5.36)
ce(0.1 AeL|p|<M ]

for any M > 0, compact interval I C (0, +00).
From the first equation of the system (5.32]) we get

= 3
D(E)QZJE = EWE(O) + 57 Z eLwE_L) + e, (5.37)
ve{—,+}
where
D@ = e) + 2vR + ied.w, (5.38)
and ¢, := Z?:l qe(i), with
¢V =Y @ = ~ra., ¢® = —ieyR'pi. _. (5.39)

Computing w, from (5.37) and then multiplying scalarly both sides of
the resulting equation by ~ye,, ¢ € {—, +} we get the following system

3ye_ey 372 ¢?
yw, /T (1 0 ) dk 5 We /T DE dk

0
e, IWe €.
A RN e

= ve dk, €{—,+}.
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Adding sideways the above equations corresponding to both values of
¢ and then dividing both sides of the resulting equation by € we obtain

RWY Rq.

aQw® —al) (W —wH) = 3 ). D@ + 3 D@ vk, (5.40)
where
dy [ A+ idw
©O\p) == | m———Rdk 5.41
W0 =3 | 5 (5.41)
. A+ id.w
asr)()\,P) =7 . Dl dk.

Equality (5.37]) is then a consequence of the following.

Proposition 5.5. For any J € S such that J(y, k) = J(y) and XA > g
we have

2 ) .
lim ( / VR ©) Fdpdk — / TJdpdk) —0, (5.42)
=0+ \ Jrur D RxT

In addition, for any M > 0 and a compact interval I C (0, +00)
tm sup ol (0p) (PO p) — )| =0, (5.43)

€0+ xer |p|<Mm

2\
lim su E)\p———O 5.44
=0+ e, |p1|:)<M (Ap) 3 ( )
and A "
= e
lim su dk| = 0. 5.45
=0+ xer, |pI|)<M 3¢ Jy D© ‘ (5:45)

Proof. Equality (5.:42) follows from (2.:25) and (£.23). Formulas (5.43))

and (5.44]) can be easily substantiated using the Lebesgue dominated
convergence theorem. To argue (.43]) it suffices only to prove that

Rq(j)
Ii “dk| =0, j=23. 5.46
i [ ) p | oo
Note that
Rq®” APl R Nl [ Rl /
—1 dk| < dk < C | |a._
3¢ ). ook =3 | Tpe e

and (5.46) for j = 3 follows from (M)
In the case j = 2 note that fwr Jdk = 0, therefore

RqE 2 (A + iéew)qe
— dk = = | ———————dk.
3e + DO 3 [T DO
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Since k — d.w(k,p) is odd for each p we get that the latter integral
equals
2v [ AMeA+ 29R) + e(d.w)?

I, = ——
3 Jr | D)2

L, ,dk.
(5.47)

— ¢
= —5 U€7+ /_n— W [)\(6)\ + Q’YRE) + €(5€W)2} dk

[A(eXN + 2vR.) + €(6ew)?] dk,

with
ug;)()\’p) = <ﬂ€7b()\)’ eb/)Lz(T)a Ly / € {_a +}
We conclude therefore that there exists a constant C' > 0 such that

Rltc|(dew)?
L] < TR RO k. (5.4
s 2 (-} +|/ ID(G 2 dk+ /wr | D)2 dk. (548)

Denote the terms appearing on the right hand side by 1 and 16(2),
respectively. Since |D(9]? > 2e\yR we conclude that there exists C' > 0
such that

V<0 Y fuyl and 1P < Ol
LE{_vJ"}

Therefore (5.46]) for j = 2 follows directly from (528]). O

5.6. The limit of energy functional at the superdiffusive time
scale. We have shown in Theorem [£.]] that the evolution of the tem-
perature profile takes place on a scale longer than the hyperbolic one.
In fact the right time-space scaling is given by (te=%/2, z¢™!) as it has
been shown in Theorem 3.1 of [4].

Theorem 5.6. Suppose that the distribution of the initial configu-
ration (t,p) satisfies condition [224)). Then, for any test function
J € C5°([0,+00) x R) we have:

+00 +oo
6l_1)r(1)r£rez:/ tea:[Eex( )dt / / (t,y)J(t,y)dtdy.

(5.49)
Here T(t,y) satisfies the fractional heat equation:

OT(t,y) = —e| AT (¢, y) (5.50)
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with the initial condition T(0,y) = T(y), given by [225) and

. [a//(o)]3/4

= ST (5.51)

6. PROOF OF THEOREM [B.1] AND COROLLARY

Since the dynamics is linear, the solutions of (2.6]) are of the form
() =) + (1) and  pa(t) = po(t) +p(1), t20,z€7,

where (v/(t),p’(t)) and (¢”(t),p"(t)) are the solutions corresponding to
the initial configurations (v, p’.) and (¢7,p”) under the dynamics (2.6]),
see Section B.Il The convergence of the v and p components of the
vector to(t) from Corollary is therefore a direct consequence of the
conclusions of Theorems [5.1] and [4.7]

The statements concerning the asymptotics of the thermal and phononic
components of the energy functional contained in (B.8) and (B3] also
follow from the aforementioned theorems. To prove ([B.I0), finishing in
this way also the proof of Corollary B.2], note that

(0] oo (0 pome (e (2 () (0) () ()

(6.1)
where ey, ,(t) and epp (1) are defined in ([B.3]). Given two configurations
(¢, pU)), j = 1,2 the "mixed” energy functional is defined as

1 1 (2
Here q;j 36, are computed from (Z8) for the respective configurations (%),

j = 1,2. Formula (3I0) is a simple consequence of the following.

Lemma 6.1. Under the assumptions of Theorem [31] we have

s e () () () (9) 0 o5

for any J € C(R) and t > 0.
Proof. Let (see (2.19)

(3 () v () ()
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Using Cauchy-Schwartz inequality we can estimate

st (v (O (o (o ()

€

xT

fzee (@ () {zen (o (D)

T

The first factor on the right hand side stays bounded, due to the con-
servation of energy property of the dynamics, while the second one
vanishes thanks to (£37]).

We can conclude therefore that

(o)) e C)ow ()]0 o

xT

for any ¢ > 0, Equality (€3] would follow, provided we can show that

: AN AN _
65%1+€ZJ(@)[E€% (t (E) P (E) ,Te(t),pe(t)) =0, (6.5)
for any J € Cg°(R) and ¢ > 0, where

(re(t), pe(t)) := (r(t, ex), p(t, €x)) ez -

The latter however is a direct consequence of (5.15).

7. PROOF OF THEOREM [B.3]

Using the notation from Section [6l we can write the analogue of (G.I)
at the time scale t/e*2. Thanks to (E38) for any J € C5°(R) we have

. t
i 3 (e ) =0 (7.)

The respective time-space weak limit of e, , (t/ 3/ 2) can be evaluated
using Theorem B3l Finally, to finish the proof of Theorem [3.3 we need
the following analogue of Lemma

Lemma 7.1. Under the assumptions of Theorem [3.3 we have

. / t / t W/ t " t =
61_1>%1+€ J(ex)Ece, <t <E?’7) P <E?’W) ;v <€3W) P (m)) =0

' (7.2)
for any J € C°(R)



BALLISTIC AND SUPERDIFFUSIVE TRANSPORT 33

Proof. Using Cauchy-Schwartz inequality we can estimate

zz: J(ex)Ece, (t’ (63%) 3 <63%) v <ei’%) ¥ (65”%))’
< {€||Jy|oo§m:[56em (a (é’%) p' (;/2»}1/2
{gen e (5 (4))

The first factor on the right hand side stays bounded, due to the con-
servation of energy property of the dynamics, while the second one
vanishes thanks to (LI]). This ends the proof of the lemma. O

€

8. PROOF OF THEOREM [B.4]

From the definition of the normal modes, see ([B.16), we conclude
that

AP (¢, k) = { + (1 — e~ 278) /i3 (8, k) (8.1)
+ Do (1 — ™) E) (¢ k) + 0(53(1<:))} dt 4 dM,(k),

where
dM,(k) == 2iy'/? / r(k, Kp(t, k — K')B(dt, dk'), (8.2)
T

with B(dt, dk) Gaussian white noise in (¢, k), satisfying
B*(dt,dk) = B(dt,—dk),

E[B(dt, dk)B*(dt',dk")] = 6(t — t")o(k — k)
and Dy are given by

3y + /7
Dy = % (8.3)
Let

%i) (t, k) = E[Ee]e(i) (E,Ek) . keelT.
€

It satisfies

S (k) = i%ﬂ — e HR)E) (0, k) + O(e), (8.4)
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An elementary stability theory for solutions of ordinary differential
equations guarantees that for any 7', M > 0 we have

A

FE) (k) = 21+ O()F) (k). k| <M, [t|<T.  (85)
After a straightforward calculation we obtain that the left hand side of

BI9) equals

lim [ J(p)f*) (t,—p)dp = lim [ J(p)e™™'{*) (0, —p) dp,
e—0+ R e—0+ R

which tends to the expression on the right hand side of (B.I9), as
€ — 0+ for any J € C3°(R).
Let

2 t . t
oW (t, k) .= fW (—, k) exp {—L(l — e imek) @
€

€

} ) L e {_7 _'_}
for k € e 'T. For any T, M > 0 and ¢+ € {—, +} we have

dol D, pimein
o (k) = (1= ™20t k) + O(e), [k < M, t € [0,]. (8.6)

2
Using again the elementary stability theory of ordinary differential
equations we conclude that

A~

0 (¢, k) — 51 (0, k) e DR

lim sup =0, te{- +}

=0+ 4e(0,7),|kI<M

For any J € C§°(R) we can write that the expression under the limit
on the left hand side of ([B.20) equals

lim | J(p)exp {—L2m’p\/771£} %L) (E, —p) dp
€ €

e—0+ R
R . t
— 1 _ —2miep __ . R -0 .
61_1)%5r i J(p) exp {L\/Tl (1 e 27rzep) = } vt (t,—p)dp
1 ; 2 2 S0 (5
61_1)155r : J(p) exp {2vy/Tim*p*t + O(e) } 01 (t, —p) dp

and the latest limit equals

/ﬁ@ﬁMPMaW”W@n
R

with f®(p) the Fourier transform of f®(y), given by (BIR), which
ends the proof of ([B.20). O
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9. EXAMPLES

In the final section we give examples of the initial data that are
either of thermal or phononic types introduced in Definitions and
The examples are formulated in terms of the wave function.

9.1. Non-random initial data. Suppose that ¢(z) is a function that
belongs to C§°(R). Let a > 0 and let u. be d-type measures on /o
concentrated at

Pl = V20 (), xeZ. (9.1)
We have
e(k) = elem)/2 / o(p) [Z exp {2miz(e"p — k‘)}] dp.
R el
Using Poisson summation formula (see e.g. p. 566 of [5])

> exp {ibat} = %Z&O (g - 2%:5) , EER, (9.2)
rze”Z

zel

that holds for any b # 0, and the fact that ¢(k) is rapidly decaying we
conclude

- 1 [k
Ve(k) ~ i ¢ <€—a) -
9.1.1. Case a =1 - macroscopic initial data. Note that then

imsup [ an [(100F) | = [160Pp <100 03)

e—0+

where ¢(p) is the Fourier transform of ¢(y). The data is of phononic
type, in the sense of Definition 2.3 with the macroscopic profile given
by ¢(y). On the other hand, condition (224]) fails, as can be seen from
the following computation:
(%)
€

[ [ <‘¢<’“>'2>Her = [ i///

9.1.2. Case a € (0,1) - oscillating (but not too fast) data. In this case
one can easily verify that condition (Z23) holds, but again condition
(2.24) fails. However, the rate of the blow-up is slower than in the case

4 1 R
dk~ ! / 16.(p) |"dp.
€ JR
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of the macroscopic data. Indeed,

[ [Qioor) | = [1iwra

1 puee) , X ,
~ L |¢<k>|dm—a/|¢<p>|dp.
) e Jr

a
€ J-1/(2e

On the other hand, it is easy to verify that the macroscopic profile for
the initial data vanishes but

o=l 3 (W0F),, = 16w rar

Hence the family (p)eso is neither of phononic, nor thermal type.

9.1.3. Case a =0 - microscopically oscillatory data. We have
k) =e 2> g(x) exp {—2mizk} = e (k)
xe”Z
where, the periodized Fourier transform of ¢(y) is given by

=> oz +k). (9.4)

xze”Z

In this case condition (2.24]) holds, since

[ i) ] - s

The data is of termal type.

9.2. Random initial data. Assume that (1,).cz is a zero mean, ran-
dom stationary field such that E|ng|*> < +oo. We suppose that its
covariance can be written as

re = E (o) = / exp {2mikz} R(k)dk, x € Z, (9.5)
T

where R € C(T) is non-negative. Given a > 0 and ¢(z) € C°(R)
define the wave function as
Pl = V20 (), x e Z. (9.6)

One can easily check that condtion ([2.23) holds. We show that both
micro- and macroscopically varying initial data satisfy condition (2.24]).
For a € (0, 1] (the oscillatory case) we have

A 1 [kt
3O (k) ~ W/ﬁ( - )ﬁ(df), 9.7)
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where 77(dl) is the stochastic spectral measure corresponding to (1) .cz-
Then, thanks to (O.7)) we get
YA
(%)
€

/Tdk; {e[EWe)(k)P}Q ~ 6‘2“/Tdk{/T
s fad BB

Changing variables ¢/ := '/e* and k := k/e* we get that the last
expression equals
(k=) o

/ dg{/—wea /—wea
R(O)AE(Z)(M{/R‘q@(k)‘zdkr.

which, as ¢ — 04, tends to
Thus, condition (2.24)) is clearly satisfied by this family of fields. In the
case a = 0 (microscopically varying initial data) the condition is also

valid, as then
9Ok = [ (k- i(a)
T

with ¢(k) given by (Iﬂl) As a result

/ {ew(f( )2 /dk{/}qs (k — E d€}2 < +o0.

APPENDIX A. PROOF OF PROPOSITION [2.1]

J%(e)de}

(9.8)

é(f)é(f’)dﬁdﬁ'} .

)

R(e“f’)dk:dﬁ’} ,

A simple calculation, using the fact that ) a, = 0, shows that

Z(Oé * q Qe = —3 Zax y (Al)

xT

for any (q.) such that v := V*q is square summable.
Using ([A.J)), the Plancherel identity and (Z3) we can write

Seter = [ (P amiaor) ar

-/ (@ +71s02(52(k))|ﬁ(k)|2) k. (A.2)




38 TOMASZ KOMOROWSKI AND STEFANO OLLA

Here t(k), p(k), q(k) are the Fourier transforms of t,, p,, . respec-
tively. In light of the assumptions made about ¢(+) it is clear that the
utmost right hand side is equivalent to Y. (2 + p2), so (Z.I6) follows.

Obviously only the lower bound in (ZI5]) requires a proof. Note that

Soled € 5300+ Dl el (A3)

Here q, . is given by (Z8). By Cauchy-Schwartz inequality for x > 2

we have
Py < (z—2) E 2,

<z <z

and an analogous inequality holds also for 2 < /. Therefore

Z|az ! |7“Cliw < Z |2 — 2|yt

x>z >z’

+ Z |z — 2| |etp_ar|t2.

/>m//>x

Substituting z := x — 2’ in the first summation and z := 2/ — x in the
second we get that the right hand side equals

Zz|az| Z ti,,+2z|az| Z 2.
z>0 x>z >r—2 z>0 r+z>z!" >z
Denote the first and the second term by I and II respectively. We have

Zz|ozz\2t,, Z 1

2>0 ' +z>e>x!

(Z 2|az>zt,,

z>0

On the other hand

=) zlo|d 2 Y 1 <Z 2\%)2“

z>0 z!’ zt+z>x" > z>0

and, as a result, we get
D el <CD (024 12), (A.4)

which combined with the already shown estimate (ZI€]) ends the proof
of the lower bound in (2.15).
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