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QUASI-STATIC HYDRODYNAMIC LIMITS
ANNA DE MASI AND STEFANO OLLA

ABSTRACT. We consider hydrodynamic limits of interacting parti-
cles systems with open boundaries, where the exterior parameters
change in a time scale slower than the typical relaxation time scale.
The limit deterministic profiles evolve quasi-statically. These lim-
its define rigorously the thermodynamic quasi static transforma-
tions also for transition between non-equilibrium stationary states.
We study first the case of the symmetric simple exclusion, where
duality can be used, and then we use relative entropy methods to
extend to other models like zero range systems. Finally we con-
sider a chain of anharmonic oscillators in contact with a thermal
Langevin bath with a temperature gradient and a slowly varying
tension applied to one end.

1. INTRODUCTION

Quasi-static transformations are defined in thermodynamic litera-
ture as those transformations where the external conditions change so
slowly that at any moment the system is approximately in equilibrium.
They are usually presented as idealization of real thermodynamic trans-
formations [3]. On the other hand they are necessary, in the traditional
approach, in order to construct thermodynamic potentials, for example
to define thermodynamic entropy from Carnot cycles.

Equilibrium statistical mechanics succesfully describes the equilib-
rium thermodynamics states from the microscopic dynamical proper-
ties of the system, in particular the corresponding stationary proba-
bility distributions, given explicitely by the Gibbs measures. Let us
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2 ANNA DE MASI AND STEFANO OLLA

consider the simple situation when the internal dynamics of the sys-
tem has a certain number of conserved quantities (energy, density,...),
and the external conditions (temperature of the heat bath, pressure
of the external forces,...) select the stationary equilibrium probability
distribution for the microscopic dynamics. The fact that, when the
microscopic system is large, there are only few of such conserved quan-
tities, and correspondingly few external parameters will determine the
equilibrium state, is related to the ergodicity of the microscopic dy-
namics.

The system can be driven out of equilibrium by changing the exterior
parameters. If this is done abruptly, eventually the system will relax
to a new equilibrium state corresponding to the new values of temper-
ature, pressure etc.. The typical relaxation time to equilibrium may
depend on the size of the microscopic system.

The situation is similar but more complex when the external agents
are space inhomogeneous, for example when the system is submitted to
gradients of temperature or pressure. In the stationary situation fluxes
of the conserved quantities can cross the system. The correspond-
ing probability stationary distributions for the microscopic dynamics
are called non-equilibrium stationary states. These are not explicitly
computable as in the equilibrium case, but are locally close to the equi-
librium ones, when the size of the system is very large.

In the present article we want to obtain, at least for some systems, in
a rigorous way the quasi-static thermodynamic transformations from
the microscopic dynamics, through a space-time scale limit. In sys-
tems of size N with diffusive behavior, where the typical time scale
for reaching equilibrium is of order N2, we look at the evolution of
the conserved quantities at the time scale N?*°t, for a a > 0, and we
change the exterior conditions smoothly at this time scale (i.e. very
slowly with respect to the typical relaxation time). We obtain that in
this time scale, at each instant ¢, the profile of the conserved quantities
converges to the deterministic profiles corresponding to the stationary
state for the boundary condition given at time t. This means that
the profiles evolve quasi-statically, following the rules of the thermody-
namic quasi-static transformations. Consequently the paradox of the
quasi-static transformations disappears when these transformations are
understood (also in a mathematically precise way) in a proper macro-
scopic space-time scale. Remarkably we also obtain quasi-static trans-
formations between non-equilibrium stationary states, that could be
the base for constructing a thermodynamics of non-equilibrium.

We consider three different models, in order to illustrate the gener-
ality of the idea.
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We consider first the symmetric simple exclusion in an interval of
size N, i.e. particles performing symmetric random walks with ex-
clusion rule, with density reservoirs at the boundaries. These reser-
voirs are realized with random creation and annhiliation of particles so
that the average density of particles at the boundaries will be respec-
tively p_(t) on the left and p,(¢) on the right. The rate of jumps or
of creations/annhiliation is N*™® « being any positive number. We
prove that at every time ¢ the empirical particle’s density converges, as
N — 00, to the linear interpolation between p_(t) and p, (t), i.e. to the
solution of the Laplace equation 0,,p = 0 with the given boundary con-
ditions. We actually prove the strongest result of the local equilibrium
property.

We first prove the above convergence in section [ by using duality
techniques as in [§], where analogous results were proved in the case of
p+ fixed constants. With the duality techniques we prove local equi-
librium in the strong form of Theorem 2.1l and the same techniques
allow to study the limit of the covariance function. In fact we prove
in Theorem that the covariance behaves at each time ¢ as in the
corresponding stationary states, as first computed by Spohn [16].

In Section B see Theorem [B.I we prove a weaker version of the
local equilibrium by using entropy methods as in [9] and [I1] that are
suitable to be used for more general models. In particular the proof
of Theorem B] can be adapted to prove the analogous statement for
all gradient conservative dynamics with creations/annihilations at the
boundaries as the ones studied in [7] in the case of constants p..

In Section ] we consider the zero-range process, where more particles
per site are allowed, and jump symmetrically with rate depending on
the number of particles in the site they occupy. A chemical potential A
characterizes the equilibrium measures, which is the expectation of the
jump rate, and in general is a non-linear function of the density. At the
boundaries the reservoirs are given again by creations/annihilations of
particles corresponding to two possibly different values of A, (t) at time
t. Jumps and creations/annihilations happen at rate proportional to
N2Fe and we prove that at each macroscopic time ¢ (in a weak sense)
the empirical density of the particles converges to the solution of the
non-linear Laplace equation

OuaA(p(z,1)) =0, Ap(£1,1)) = Ax(t). (1.1)

Finally, in Section [5 we consider a chain of (unpinned) anharmonic
oscillators in contact with a heat bath with a gradient of temperature
and subject to a force (tension) 7(t) acting on the last right particle,
that changes at the macroscopic time scale. The left end of the chain
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is attached to a point and the heat bath is modeled by Langevin ther-
mostats acting on each particles. The temperatures of the Langevin
thermostats may depend on the atom and change slowly form one atom
to the neighbor one, giving rise to a smooth macroscopic profile of tem-
perature. When temperature profile 371(y) is constant in space and
time at a value S~ and tension is constant 7(¢) = 7, the stationary
(equilibrium) distribution is given by the canonical Gibbs measure with
these values of temperaure and tension. In equilibrium the tension 7
is equal to the expectation value of the anharmonic force between par-
ticles.

For a non-constant profile of temperature we have a non-equilibrium
stationary state where energy flows from hot to cold thermostats. We
consider only situations where the profile of temperature does not
change in time, and only the applied tension is changing in the macro-
scopic time scale. Again the dynamics is speeded up in time by N2+,
We prove that the empirical strain of volume converge to the solution
of the equation

7(r(z,t), B(x)) = 7(¢) (1.2)

where 7(r, 3) is the equilibrium tension corresponding to the volume
(lenght) r and temperature f~!, i.e. 7 = 0,F(r,3), where F(r,3) is
the thermodynamic free energy. We have obtained this way the quasi-
static isothermal transformation.

The main interest in this last model is that we can define the heat
Q(t) as the limit of the the total flux of energy between the system and
the thermostats, divided by the number of particles, and it turns out
that this is a deterministic function of time that satisfy

Ut) —U(0) =Q(t) + W(t) (1.3)

where U(t) is the limit of the internal energy (per particle) and W(t) is
the work done by the exterior force. In the context of the equilibrium
case (constant temperature profile), this is the first principle of thermo-
dynamics for isothermal quasi-static transformations. For non-constant
temperature profile (¢) is usually called excess heat. Also this quasi-
static transformation satisfies Clausius identity, i.e. the work W(t) is
equal to the time difference of the free energy after properly identifying
the macroscopic free energy as integral over space of the equilibrium
one.

Quasi-static limits where previously considered on the macroscopic
hydrodynamic diffusive equation, rescaling the boundaries parameters
after having performed the hydrodynamic limits (cf. [1], [14], [13]),
i.e. in a two step approach. The point of this article is to show that
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quasi-static transformations can be obtained in a straightforward way
from the microscopic dynamics by considering the proper space-time
scaling.

2. SIMPLE EXCLUSION WITH BOUNDARIES

We consider the exclusion process in {0, 1}V, Ay := {—N,.., N}
with reservoirs at the boundaries with density p.(f) € (0,1). We as-
sume that p(t) are Lipschitz continuous. Presumably our results can
be generalized to piecewise continuous functions but we did not inves-
tigate this case.

Denoting by n(z) € {0,1} the occupation number at z € Ay we
define the dynamics via the generator

Lyi=N""Lexe + Ly, t>0, a>0 (2.1)

where
N-1

Lol 0) = 2 32 (J0#) = 1) = 5 D2 Vw0 (22

n®¥) is the configuration obtained from 7 by exchanging the occupation
numbers at x and y, and

Lo f(n) = pe®) "N (1= po(6))"NM[f (") = f(m)]  (2.3)
where 7" (z) = 1 — n(z), and n*(y) = n(y) for x # y.

Theorem 2.1. For any o > 0 and for any macroscopic time t > 0 the
following holds. For any initial configuration no, for any r € [—1,1]
and for any local function ¢

Jim By (6ve(n)) =< o) >pe0=: $(o(r.1))  (24)

where [-] denotes integer part, 6 is the shift operator, < - >, is the
expectation with respect to the product Bernoulli measure of density p,
and

P ) = Slos(t) = p- (O + 5o 4o (0], rel-11] (25

18 the quasi-static profile of density at time t.

We prove Theorem [2.1] by using the self-duality of the exclusion that
can be adapted to our process as we explain in Propositions and
2.4 below. The dual process is defined in terms of absorbed stirring
walks as explained in Definition 2.1] below.
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In the rest of this section we use the equivalent definition of the
dynamics obtained by considering the generator

Lns = Lexe + Ly y—2-as (2.6)

and then studying the process up to times of order N?*°¢, ¢+ > 0 being
the macroscopic time.

Definition 2.1. The absorbed walkers.

One absorbed random walk is the Markov process in

Ani1 = [-N — 1, N + 1) N Z that after an exponential time of mean
1 jumps with equal probability on its nearest neighbor sites and when
it reaches £(N + 1) it stays there forever. We denote by {x;,t > 0} a
trajectory and we denote by T the absorbing time:

T = min{7_(n41), TN 41} T, =inf{t >0:2, =a} (2.7)
For any positive integer n we also consider the process {(xil), i x§">),

t > 0} of n stirring walks absorbed at +(N + 1). The stirring process
1s defined by exchanging independently at rate % the “content” in x and

x + 1, so that if zgi) = x before the exchange then it moves to v + 1

while if ) =z + 1 then it moves to x after the exchange (see (224)
below for the generator of the stirring process). If one disregards labels
this is the exclusion process. We denote by {xgi), s>0},i=1,.,n the
trajectory of particle i starting from x(()i) = x; and call T; its absorption
time. We call L the generator, P, the law and &, the expectation of

this process starting from x = (x4, .,2,).

Proposition 2.2. Let ng be any initial configuration. Then for all
x e AN

Eo[me(#)] = Ex [0 (20) Lrst] + Ex[Lrcy s, (t — 7)] (2.8)
where
us(n41)(8) = pr(N7ETs) (2.9)

Below we often write u+(s) = ug(nv41)(s)-

Proof. Given z and t, a trajectory »x = {zs,s € [0,t]} of the
absorbed random walk starting at x and a trajectory n = {ns, s € [0,t]}
starting from 7, we define for all s <t a

ns(zi—s), if7T>t—s,
Up (t—7) if7<t—s

V(s,m,s) =

(2.10)
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Calling P = P, xP,,; the (product) law of (s, 1) and E the expectation
with respect to P, we observe that for xz € Ay

E((32,n,t)) = Eyy(ni(x)), E(¢(3,1,0)) = right hand side of (28]
(2.11)
Thus to prove ([Z8) we show below that £ E[(¢(sx¢,1,s))] = 0. We

first define for x € Ay,q, n € {0,1}* and ax € (0,1)

n(x), if [z[ <N,
ar \ T, 1) = . 2.12

and we will prove that

%E(w(z,ﬁ, 5)) = (%E(s@ai (xt-s,ns))> g 213)
Let 0 < s < s <t and call
D(s,s') = ¥(z,1,8") — (2,1, ),
D(s,5') = ¢a. (-5 11) = Pa (Te-s,715) (2.14)
First observe that for any choice of a4,
D(s,8) ;<19 =0,  D(5,8)1,<i—9 =0 (2.15)

If instead 7 > ¢t — &' it is important to choose ax = uy(t — s). In fact,
since u4 are Lipschitz continuous functions, we have

sup ‘w (ﬂv , U) = Pug (t—s) (xt—0'7 770) ‘ 1T>t—s’ < C(S/ - S)ITG[t—s’,t—s}

o€ls,s’)
(2.16)
Since P(t € [t —s',t —s]) = 0 as &' | s, from from (2I5) and (2.16])
we get that

lim

lim
s'ls s’ —s

s'ls s’ —s

EUX&&):< deaw5>

a+=u+(t—s)

Thus the Proposition will follows from the fact that the derivative of
E(p,, ) is 0. This last derivative is easier to compute because ¢,, is a
function of (z,7) unlike v that is a function of the whole trajectories
(5¢,m). In fact we have

%E [Qoai (xt—& 773)} =-FK [ﬁ(ﬂai (xt—m 773)] +FE [EN,SQOCH: (xt—& 773)}

= —lay — E(HS(N)lxtfszN)] + [uy(t —s) — E(nS(N)]‘SL’tfs:N)]
-~ B(n(~N)Lay - n)] + [u—(t = 8) = E(n(~N)Ls,_ )]
(2.17)
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because the contribution of the generator Le,. cancels with the jumps
inside [—N, N] of the random walk. Thus %E[gpai (z1-s,m5)] = 0 by
O

putting in (2I7) ax = us(t — s) in agreement with (2.13)).

Corollary 2.3. For any o > 0, any initial configuration ny, any t > 0
and any r € [—1,1]

Jim B, [are(N1])] = a1 (2.18)
Proof. We use (28)). First observe that for any x € Ay
Po(r > 5) < ce™ /N (2.19)

thus the first term on the right hand side of (2.8)) converges to 0 expo-
nentially. Call

Fngo(s) = Potner < 8, 7ono1 > T

then by (Z.19)

N2ty
}gx |:17_:7_N+1§N2+at UN+1(N2+at — T)j| - / UN+1(N2+at — S) dFN@(S)}
0

< Ce_C/Na/Z
Recalling (2.9) we next observe that by Lipschitz continuity

tN2+a/2 - t
¢ N2+a —CNa/2

N2+a/2t
/ ‘UN+1(N2+% —s) — p—l—(t)’dFN,m(S) <
0

Finally, by (2.19),
«a «a —No/
|FN7x(N2+ /2t) _Px[T—(N—i-l) >7—N+1:|‘ SPJ;[TN+1 > N2+ /2t] SC(E Ner?

and analogously for the term with u_(y41). Finally observe that
1

< T =4

Px(TN+1 =T (N+1)) 2 2(N+ 1)

U

We now generalize (28] by writing a duality formula for the corre-
lation functions. We thus consider n > 1 distinct points x1,..,z, in Ay
and recalling Definition 2.1l we prove the following Proposition.

Proposition 2.4. For any positive integer n, any xi,..,x, distinct
points in Ay and for any ny we have that for all t > 0 (recall (29))

n n

£ [T mie0] = & TT [Lnst mel) + Loc wot—7)]] (2:20)

i=1 i=1
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Proof. Denoting by £ =P, x E,, and by X = (2,2l s e 0,1]),
we prove below that

—EW(X,n,5)] =0, W(X,ns)=][vns (221

The strategy is to adapt the proof given in Proposition forn = 1.
Let F,_, be the sigma-algebra generated by {(xS), , ,xgl)), s e ]0,t—
s|}. Given F;_s we know k= number of particles absorbed by time t —s
and the times of absorption 7; <t — s, 7 = iy, ..ix. Thus calling

Ut —s) HU (y) 1r<is, I = {iy, i}

jel
we have that for all 0 < s’ < s <,
E[\I]<Kv , 8/) - \II(X 7, S)):|

:E[ (t =) E[[[1rst-s(@?, n, ¢") = (2, n, 5))| Fiz 5}]
id

Recalling (2.12)), as in (2.16) we have that for all 0 < s’ < s <t
H 1Tz>t Sw 7 777 U) - H 17—i>t—s§0ui(t—s) (ZIJ’E?U, m, O-)‘

g C(s" — 8)130mcft—s—s

sup
o€ls’,s)

Thus as in the case n = 1, (Z20) is a consequence of

. 1
g’lglss—s’ [ (t=s)E glﬂ%s

(Soui(t—s) (x(l) (t - S/), 773’) - Soui(t—s) (x(l) (t - S), ns))‘ft—sﬂ =0

The above equality can be proved by applying the generators similarly

to [ZID). O

Corollary 2.5. For any wnitial configuration 1y, for any t > 0, any
n > 1 and any distinct points x1,..,7, in Ay, calling ty = N*Tt

lim
N—o0

Ep [ [T @)] = [TEn (@] =0 (222)

Proof. By (220)) and (2.I9) it is enough to prove that
lim |Dy x| =0 (2.23)
N—o0 -
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where

Dyn =& [[]1nzin U, (ty — DI | U, (ty = 7))

=1 =1

We use the coupling explained in [6] (see also [5]) between n inde-
pendent random walks and n stirring particles. Both the stirring and
the independent particles move in the whole Z. The evolution of the n
stirring particles is the process with generator L** that acts on functions
fonZy ={xeZ": x; #x; for all i # j} as follows

() = 5 3 S ) - f(a)] (2.24)

i=1 o=%1

with 27 = z + oe; — oe; if there is j # i such that z; = z; + oe;,
otherwise 2% = x + oe;, e; being the unit vector in the i direction.
We refer to Section 6.6 of [6] for the definition of the coupling and we
denote by z%(t) and x;(t) the position at time ¢ of the independent and
respectively interacting particle with label 7. The initial positions are
the same 2°(0) = 2(0) and the law of the coupling is denoted by Q.
(we denote by @, also the expectation). In Proposition 6.6.3 of [6] it
is proved that for any positive v and k there is ¢ so that for all ¢ > 0

Qy < sup |7;(s) — 29(s)| < 1t Vi=1, ..,n) >1—ct™  (2.25)

T \0<s<t

We call 70 = min(r"",70") with 70F the first time the independent
particle ¢ is at (N + 1), 7, = min(7;",7;7) is the analogue hitting
time for the interacting particle 7. Observe that since the particles are
moving by stirring, then the hitting time of interacting particle ¢ is not
influenced by the fact that another particle (say 7) is inside the interval
after being outside. Moreover the function inside the expectation in

D, n depends only on the hitting times. Thus

[1Ti§t1\r uxi(Ti)(tN - TZ)}
1

DLN = Qz(

n
1=

- H [1T?St1v um?(ﬂo) (tN N TZO)})
=1

We call a = (ay, .., a,), a; € {—1,1} the vector that specifies where the
stirring particles exit the interval, namely a; = +1 if stirring particle
i exits in £(N + 1), thus 7, = 77, Analogously b = (by,..,b,), b; €

{—1,1} specifies that 70 = 7%, Given a and b we denote by 7(a) =
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(7, .., 7%) and by 7(b) = (7', .., 7b»). With this notation we have

Denv =) > Qu(6(r(a),7(1))) (2.26)

Call
Ayv={n < N2+O‘/2,7'Z-0 < N*2foralli=1,..n}
Then by (2.19)
Qx(6(m(a), (1)) = Qu((7(a), 7()1ay) + e (2.27)

We now use the Lipschitz continuity of u.

1Qu(6(7(a), 7(1))Lay ) — Qu(®(7(a), 7(b))1a, )| < C”Ni/z

n
- Hual (tN)]'T,L:TZaZStN Hub tN 0_7_ ’L<tN
i=1

Observe now that if @ = b then ®(7(a), 7(b)) = 0, thus

1Qu(®(7(a), 7())1ay) CZ Y Qull ey —Lo_oig,)

i=1 be{—1,1}

Call
By = {|z:(t) — 29(1)] < Nzt5 for all t € [0, N2+e/2]}
thus by (2.25) for a suitable v and for k sufficiently large

‘ : : Ql(lTi:T;b<tN _1T?=Tl-()’b§t1v)

be{-1,1} -

~Qu(1sy > [Liey - 1T?:Tg,b§tN])‘ch—’f
be{-1,1}

(2.29)
Call Xf = N+1FN2ts and Y = =N —1F N2t5. Call
Cx = { independent particle i reaches Yy and goes to Xy before reaching Yy }
U {independent particle ¢ reaches X5 and goes to Y, before reaching X;Q} )
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Then in C¥f;, the complement set of C'y, we have that independent and
interacting particles ¢ exit from the same side. Thus

Qﬁ(lczc\rlBN Z 1Tz‘=Tf§tN>:Q£(1czcleN Z 1Ti=Tf’§tN17-?:'rf’b§tN)
be{-1,1} be{-1,1}

so that

QQ(]‘C}:\;]‘BN Z [1Ti:7i7b§t1v - 17’?:7'1-07bgt]\7i|> =0
be{-1,1}

We are thus left with the trajectories in C'y which is an event that
involves only the independent particle ¢. Thus

Qg(lchBN Z [1Ti=Ti7bStN o 17’?:7’?'b§t1\7]) S QQ(CN)

be{-1,1}
Nz+%
S 7))0,; (TXXI > TY]\7) + P‘()](—]?f (TYAJ; > TX;) S C m

O

Proof of Theorem[21. Since any cylinder function is a linear combi-
nation of functions of the type [[, n(z), ([2.4) is a consequence of (2.18])
O

and (2.22).

We conclude this section, by computing at any macroscopic time the
covariance of the process. For x; # x5 € Ay and s > 0 we call

on(ar,azi ) i= By ([ [@) = pu (@i s)] )y p(an,s) = By (na(a:)

i=1

(2.30)

We know from Corollary that vy converges to 0 as N — oo and in
the next Theorem we show that it is of order N~!.

Theorem 2.6. For any initial configuration ny, any r < ry € (—1,1)

and any t > 0 we have
. o 1 2
Jim Nvy ([N71], [N7o]; N*Ft) = ~1 [P+ () =p- ()] 11 (1=r2) (2.31)

Furthermore for any t > s

Jim NE, ([ees(@) = p(, N*25)] [pasea(y) — oy, N*1)] ) = 0
(2.32)
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Proof. We compute the t-derivative of vy:

T = BBl Tt 0 -t )])
. Z Eno (W [n(l’j,t) - p(SL’j, t)} 1j7éi>

ij=1
After easy calculations we get:

duy (1, xo5t < 1 2
% = Lt’NvN(xl,Iz;t)—§[pN(x1,t)—pN(zz,t)} Ly —za)=1

1
— §UN(SC1, 225 1) [Ljay)=n + 1jay=n] (2.33)

where vy (1, 29;t) is thought of as a function of the positions z; and x5
and LN is the generator defined in (224) but with “jumps” outside
2

Ay suppressed. By setting vy (x1, x9;t) = 0 in the set U{\xz| =N +1}
i=1

we can rewrite (Z33) as an equation for vy (xq,x9;t) for x; # xo with

|z;| < N 41 as follows

d . 1 2
EUN(IhSCz;t) = L*'vy (21, 22;t) — 5 [on (21, 8) — pv (@2, 8) ] Ly g =1

2
un (21, 9;t) =0 in U{|ZL’Z| = N+ 1} and when ¢t =0 (2.34)

i=1

which is solved by

1 t
vy (xy, 295 t) = —5/ E;tlxz ([pN(xl(s),t —5) — pn(ma(s), t — s)}z
0
X1‘$1(5)_w2(3)‘:117’1>8,7’2>S) (235)

where E;‘jy denotes expectation with respect to the process of two stir-
ring particles, labelled 1 and 2, which start from z7 # x5 € Ay respec-
tively. 71 and 7 are the first time when particle 1, respectively particle
2, reaches £(N + 1). From ([ZI8) we get that for ty = N?To¢

lim sup  sup Nz‘[pN(:c,tN—s) —pN(x+1,tN—s)}2
N=00 s N2+a/2y zEAN
1

—5o+(t) = p—(t)}Q‘ =0 (2.36)
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From (2.19) we get

tn
S 2
[ B ([ox(oi(o)t = 9) = ovlaa(s).t = )] L gmssot s
0
N2+a/2

_/0 E;E,m([/)N(xl(s)vt_s) _pN(I2(3)7t_S>}2

< de N (2.37)

XLz (s)—a(s)|=1 1n>s,T2>s)

From (2:36]) and (Z37),
lim Noy ([Nr1], [Nro]; N*7%1)
N—o0

_ —i [p+(8) = p-(1)] /0 " Fun (9510 (B ) 1rs12)

dp(x) the Dirac delta at x, B(s) and B'(s) independent Brownian mo-
tions starting from r; and 7o and 7, 7’ the hitting times at +1. As
the right hand side of the above expression is identify to the kernel of
(—A)~! with Dirichlet boundary conditions, ([2.31)) easily follows.

To prove (Z32) we observe that

B, <[77N2+“s(x) — pn(, N*7s)][nyzres(y) — pn(y, N2+°‘t)])
=E, ([nN2+as(l’) — pn(, N2+as)]nN2+%(y)>
=By, <[77N2+as(55) — piv (@, N*8)]Ey (Lrs N2t p—gy naras (2(NZF(E — s)))
€, (Leanzro(ptta, (t = 7)) Eqy ( [mv2es(2) = pv(a, N*25)])
=By, <[77N2+as(55) — pv (2, N?T98)|Ey (Lo n2vo(—s)linoros (TN (E — s)))
that by (ZI3) implies (). o

As a corollary of Theorem 2.6 one can prove that the fluctuation field
converges to a Gaussian field as in the case of constants py studied in

[12]. We do not proof this here.

3. SIMPLE EXCLUSION: ENTROPY METHOD

We prove here the quasi-static limit using the entropy method. This
gives a weaker result, but the methods extend to other models where
duality cannot be used. We assume here that pL(t) are differentiable
functions of time with bounded derivative. This can be relaxed to
Lipschitz continuity, as assumed in the previous section, but the proof
would be more involved.

In the following 7, is the process generated by (2.1]).
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Theorem 3.1. For any a > 0, any t > 0, and any local function p(n),

lim E, </
N—oo

where G is a continuous test function on [—1,1].

ZG Wplese) = [ Gy s)dy
(3.1)

The above theorem is stated for any initial configuration 7. More
generally we can start with any initial distribution, since in the follow-
ing all we need is that the relative entropies are bounded by C'N for
some constant N, that in this case is automatically satisfied by any
probability measure on the configuration space {0, 1}2V+1,

Consider the empirical distribution of the density at time ¢:

w0 iy DO 62

where G(y, t) is a smooth function on [—1, 1] xR with compact support
n (—1,1). The time evolution is given by

Eni(G)—Eno(G /iNs (N®O2+05)G)ds+O(N“"")+My(t) (3.3)

where My (t) is a bounded martingale. By dividing by N, we have
immediately that

t
dim. /0 Ens(02G) ds = 0. (3.4)

This implies that every limit point of the empirical distribution &y is
a measure on [—1, 1] that satisfies Laplace equation, in a weak sense,
with boundary conditions that we will identify in the following.

Corresponding to the quasi-stationary profile p(x,t) defined in (1),
we consider the inhomogeneous product measure

= [T A5 0" = ot or (3:5)

as reference measure at time ¢. The Dirichlet forms associated to the
generator are then D4y ,, ¢)(f) and De, . (f):

Dot f Zpl "1 = p)" N F ) = )P u(n),  w=+N

SNGEESS 3 (Voo VT () (3.6)

n z=-N
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Let fn;: be such that the law of n, is given by fw ., the following
holds.

Proposition 3.1. There is C' so that for all t

K Ct
/ (QN,s,p+(s) (fN,s) + Q—N,s,p,(s)(fN,s) + Qex,s(fN s)) ds < N
0
(3.7)
Proof. We have that

O (e i) = (Lipfne) (3.8)
where LY, is the adjoint with respect to p(n) that can be computed
as:

> G (Ly.F)(n ZF

(L G)(m)pe(n)
+NTN T F(n) ) G (nw’x“) (pe (™)

Observe that

- ut(n))

)77(95)—77(95+1) _ 1} Nt(n)

N
and
(p(“’%l,t)(l — ﬁ(%>t))n( et g g 1 P51 P g
P, t)(1 = p(52,1) N p(5,t)(1 = p(5,t)

) e+ D] D O( : )

N2
Denote Hy(t) = Z fne(n)log f e () pe(n)
_HN Zlongt (Lyifne)(n +Z Orfny(n
:Zvat )(Lnlog fai)(n +Zatht
7

Observe that, since 4 >y Ina(mp(n) = 0, we have

> 00 f e ()] me

n

(%ut = O(N)
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By the inequality alog(b/a) < 2\/a(v/b — \/a), we have that

F)(Lilog )(n) < 24/ F(n)(Lnav/f)(n

Furthermore

22\/th )L/ Fa)

N2+O‘Z Z Vit th MVaor1(V/ yap)(n)

n r=-—
B N2+a (©N7t7p+(t (fN7t) _'_ Q—N,t,pf t (fN,t))
and

N-1

S Y VeI eara i) ) = 3 S (Ve For)

n x=—N n x=—N

+ Z VI YV it (V) () Vs 1sta ()

n z=—N

2

-1

S S AN

n x=—N
N-1

—l—%z Z VI Ve wir (Vv In(x) — n(x+1)]B(%,t),ut + O(NY

- 2©ex,t(fN,t) + %BN(t) + O(N_l)

Bu(t) =3 3 Vv Ve (V) (nla) = nla +1)) Bl D

n x=—N

By an elementary inequality we have:

B (D) € T0unslhvn) + 520 3 30 Fualr =) (o) e+ 1)) B, )

N
<
-2

N 2 =
- Egex,t(fN,t) + ﬁ Z B(%at)2 (1 + Z fN,t(n)Vx,x-l—lMt)
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and since B(z,t) < 1|7, iterating on the bound for V, .41, we
obtain

~ N
BN(t)‘ S ;Qex,t(fN,t) + C’a

All together we have
t
HN(t) - HN(()) == _N2+a/ (QN,s,er(s)(fN,s) + Q—N,s,p,(s)(fN,s) + Qegc,s(fN,s» ds
0
t
_Nl—i-a/ BN(S) dS+O(N1+a)t
0

t
< _N2+a/0 (9N7p+(s)(fN,s) + K/D—N,s,pf(s)(fN,s) + gex,s(fN,s)) ds

N2+a
2

t
+ / Dews(fvs) ds + N'FT2Ct + O(N')¢
0

/0 (QN,p+(S)(fN,S> + Q—Nmf(S)(fN,s) + %Qex(fN,S>) ds

_ Hy(0) + N'2Ct+ Oty _ ¢ ™
— N2+a — Nlto + N :

U

Proof of Theorem[Z1. Consider for any point y € [-1+k/N,1—Fk/N]
the set A, of 2k + 1 integers defined by A, = {[Ny] — k, ..., [Ny|+ k},
and define fy,[s, the marginal of fy, on A,. It follows from (3.7) that

for f, = ]\}1_{1(1)0 Inila,

k—1
@ew,k,t,y(ft,y) = Z Z (\/ny(Uw’w+1) — \/fT,y(ﬁ))2MIp€(y,t) =0

ne{0,1}2k+1 x=—k

(where “I;(y,t) is the Bernoulli measure on {0, 1}2**1 with density p(y, t)).
This implies that fi,(n_k,...,n) is symmetric for exchanges. Fur-
thermore, considering the boundary blocks {—N,...,—N + 2k} and
{N —2k,..., N} we obtain respectively

©N7t,p+(t)(ft,—1) =0, ©—N7t,pf(t)(ft,1) =0

that implies f;; and f; _; are constant, and since they are probability
densities with respect to u';+(t) and :U];,(tp they are equal to 1 in those
boundary blocks.
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From the above argument we obtain that

1- k/N
lim lim ds/ st< ts(n)

k—o00 N—o0 1+k/N

LY b -¢ % S @) || =0

|z—Ny|<k |lz—Ny|<k

(3.9)

Next we extend this statement to macroscopic blocks. Consider now,
for any y,y’ € [-1+ k/N,1 — k/N]| the two blocks A, and A/, and
let fnty. (1, 7) the corresponding joint marginal. Define, for functions
on two separate blocks f(n_k,..., Mk Tk, ---,7k), the Dirichlet form
corresponding to the exchange of the occupation of the centers of the
box:

D40 = 32 (VIT0n ) = VT 1)) i (i ()

where T is the exchange of (0) with 7(0).
By the same telescoping argument used in [L1], we have that f;, .,/ (n,7) =

Hm fn ¢y, (n,7), satisties

Dol fryy) < Cly — y/|2
It follows that (see [T0] for standard details):

1- k/N
i i i [ [ 2 fualadin)
LR | Nl ’ (3.10)
2% 1 1 Z 77(93)—2—]\,6 Z n(x) =0
x=[Ny|]—k =[N (y—e)]
In fact we already know that
. | A2k 2
[ (57 35 r=0-0) tomi =
(3.11)
and similarly for the block [N — 2k, N]. By (8.10) we have
. | Va9 ?
liy lim | a5y | oz ZN (@) = p-(s) | fas(m)ps(n) =0
1 p=—

(3.12)
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This implies, with ([34)), that the limit of -1- S ZjVJr(; o (x) as N —
oo and € — 0 converges strongly to the solution of the Laplace equation

with this boundary condition given by p4(t), i.e. p(y,t).
U

4. ZERO RANGE

The results of the previous section extend quite straightforwardly to
any gradient conservative dynamic. As an example, let us consider the
zero range process, whose generator is given by

N2+a N

LY o f(n) = = {zng»z [F(™7) = f ()]
o=%1 (4.1)

2 MO0 - o

where ™Y is the configuration n with a particle moved from z to y,
for x,y = —N,...,N. For n™"*1 and n=~"=1 we have destroyed
a particle in the correspondig site, while n®" means we have addeed
a particle in the site x = N, —N. We assume that the rate function
g : N = R, such that ¢(0) = 0, g(k) > 0 for k > 0, and sup,, |g(k +
1) — g(k)| < 4+00. As before we assume that Ay (t) are differentiable
functions of time with bounded derivative.

For any A > 0 consider the measure ) on the non negative integer

(k) = Sl (k) = g(1).(h). 9(0)! = 1

Hx _g(k‘)!Z()\)’ gw)=g\t)...g(r), glu) = 1.

where Z()) is the normalization constant.

Let A(r,t), r € [—1,1] be the linear interpolation of Ay (¢) defined as
in

Consider as reference measure the inhomogeneous product

H 3 (1(2) (1.2
Observe that for all N, ¢t and all local function ¢:

ZLW (n) = 0. (4.3)

For constant A, we denote by pa the corresponding homogeneoous
product measure.

Assume that the initial configuration 7y is randomly distributed by
a probability measure with density fy o with respect to x5’ () and such
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that the relative entropy >_, fno(n)log Ivomud(n) < CN for some
constant C' > 0.

Theorem 4.1. For any local function p, denoting ¢(A) =< ¢ >, the
average of @ with respect to py:

t
lim E (/ ds
N—oo 0
(4.4)

where G is a measurable bounded test function and 6; is the space shift
by 1, well defined for N large enough.

=0.

%;G(%)ew(ns) —/0 G(?J)@@(?J;S)W?J)

We omit the proof of Theorem 1] being very similar to the one of
Theorem B.1] for simple exclusion.
As observed in [4] in the case of A1 constants, ([A3]) straightforwardly

yields (4.4).

5. DAMPED ANHARMONIC CHAIN IN TEMPERATURE GRADIENT

We consider a chain of N coupled oscillators in one dimension. Each
particle has the same mass, equal to one. The configuration in the
phase space is described by n = {qs, ps;z = 1,..., N} € R?". The in-
teraction between two particles x and z—1 is described by the potential
energy V (g, — qz—1) of an anharmonic spring. The chain is attached
on the left to a fixed point, so we set qo(t) = 0,po(t) = 0. We call
{re =@z — qu—1,© = 1,..., N} the interparticle distance. We assume
V to be a positive smooth function, and that there exists a constant
C > 0 such that:

V(T’) — 50, lim V”(T‘) < C < oo (5.1)

|r|—o00 ‘T| [r|—o0

Energy is defined by the following Hamiltonian:

o= i (%2 + V(rm)) (5.2)

r=1

The particle dynamics is subject to an interaction with an environ-
ment given by Langevin heat bath at different temperatures 3. We
choose 3, as slowly varying on a macroscopic scale, i.e. §, = (z/N)
for a given smooth strictly positive function S(y), y € [0, 1].
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The equations of motion are given by
(dr.(t) = N*"(p,(t) = poa (1))t
dps(t) = N*F(V'(rpia(t) — V'(ra(t))) dt
—N2*aqyp, (t)dt + N'+e/2 ;—Zdwx(t), r=1,,N-1
dpn(t) = NZ(7(t) — V'(rn(t))) dt — N*Typy(t) dt
FN2 2 duy (1),

\

(5.3)
Here {w,(t)}, are N-independent Wiener processes, v > 0 is the cou-
pling parameter with the Langevin thermostats. The force 7(t) is as-
sumed to be a smooth function of the macroscopic time t.
The generator of the process is given by

£ = N#e (AT 498y ). (5.4)
where A} is the Liouville generator
N N-1
AN =D (e =Pe-1)0ry + Y (V! (rag1) = V'(r))Bp, + (F=V'(ry))Dpy
=1 =1
(5.5)
while Sy is the operator
N
Sy = Z (8,102 — pa0y,) (5.6)
=1

An equivalent dynamics is given by a different modelling of the heat
bath: particle x undergoes stochastic elastic collisions with particles of
the environment at temperature 3, !, i.e. at independent exponentially
distributed times of intensity v/N?*® particle x changes its velocity to
a new random velocity normally distributed with variance 8;t. The
evolution equations are given by:

(dry(t) = N*"(po(t) — pe-r(t))dt
dps(t) =  N*(V'(rppa(t)) — V' (ro(t)))dt

4 + (ﬁx,Nz(ﬁ/NHat) — px(t_)) de(’yNz""at), r=1,..,N—-1
dpn(t) = N2T(F(t) — V'(ry))dt
L + (BNAy(yNztan — Py (7)) ANy (7N2TT)
(5.7)
where p, ;, are independent gaussian variables on mean zero and vari-
ance 3.1, and {N,(t),z = 1,..., N} are independent Poisson processes

of intensity 1.
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For 7(t) = 7 constant, and 3, =  homogeneous, the system has a
unique invariant measure given by a product of invariant Gibbs mea-
N .
sures fi; g:

N
dui\jﬁ — H 6_5(51—T7“x)_gr,6d,rxdpx (58)
=1
where &, is the energy of the particle x:
2

a:%+wm. (5.9)

The function G, 3 is the Gibbs potential defined as:

G- = log [\/QWB_l/e_ﬁ(V(T)_W)dr]. (5.10)

The free energy of the equilibrium state (r,3) is given by the Le-
gendre transform of —71G, 4:

Frp=sup{tr + 'G5} (5.11)
The corresponding convex conjugate variables are the lenght
(7, 8) = B710:Gr (5.12)
and the tension
T(r,B) = 0,Fp. (5.13)
Observe that
Euiv,,g [r] =, EM% V'(r)] = . (5.14)

Let Vé\_f the inhomogeneous Gibbs measure

N
e—Bae

dl/é\_[:H

o1 “Ba

(5.15)

Observe that this is not the stationary measure for this dynamics for
7=0.
Also we will use the thermodynamic entropy defined as

S(u,r) = inf {~Bu — BF(r, )} (5.16)

Let f the density, with respect to Vg , of the probability distribution
of the system at time t, i.e. the solution of

O =Ly N, (5.17)
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where Ejv(t)’* is the adjoint of Ejv(t) with respect to I/é\_[ , i.e. explicitely

N—-1
L) = —N#eAW - e et — Bo)paV (7,
(Ly") N ;(5 +1 = Be)pe V' (1241) (5.18)
+N*B(1)p,7(t) + N>ty Sy.
Define the relative entropy of f¥dv} with respect to dvj":
Hy(t) = / fN log fYdvy. (5.19)
We assume that the initial density fJ satisfy the bound
Hy(0) < CN. (5.20)

We also need some regularity of f&: define the hypercoercive Fisher
information functional:

N-1 2
O, fN + 0, N
]N(T,) = Zﬁ;l/ ( prt ;_N qxft ) dl/ﬁ. (521)
=1 t
where 0y, = 0, — 0, ., v =1,...,N —1, and vg. := I/é\_[. We assume
that
In(0) < Ky (5.22)

with Ky growing less than exponential in N.
Consider a local function ¢(n) such that

eI <C Y MR +V()’,  d<1 (5.23)
€A,

where Ay is the local support of ¢. Let 6;¢ be the shifted function
(well defined for large enough N). Denoting ¢(7, ) =< ¢ >,z the
expectation with respect to dul; defined by (5.8)

Proposition 5.1.

Jim EV (/0 ds %ZG(%)WMS) —/0 G(@/)@(T(S),ﬁ(y))dy>
: (5.24)

The proof uses similar ideas as in the previous cases, plus results
contained in [I3]. In particular from same argument used in [13] follows
that the empirical distribution for the r’s converge to the solution of

/0 s [ /O 18§G(y, )7 (r(y, ), By))dy — ayG<1,s)f(s>] =0 (5.25)

for any smooth function G(y, t) on [0, 1] such that G(1) = 0 and G’(0) =
0.

=0.
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5.1. Some “thermodynamic” consequences. We illustrate here
how the above limit realizes the so-called quasi-static isothermal trasfor-
mation of the thermodynamics. When a temperature gradient is present,
‘isothermal’ should be intended that the temperature gradient does not
change in time. In this case these are quasistatic transformations be-
tween non-equilibrium stationary states.

When performing the usual diffusive scaling, as done in [I4] for con-
stant temperatures and in [I3] for the temperature gradient case, the
results below are obtained in a two step limit, first the hydrodunamic
diffusive limit, then a quasi-static limit, see details in [14] [13]

5.1.1. Excess Heat. The (normalized) total internal energy of the sys-
tem is defined by

N
1 P2
= — E —= . 2
Uy Nm:1(2 + V(r )) (5.26)
then internal energy evolves as:

Un(t) — Un(0) = Wy (t) + Qn(1)

where

W) = V' [ ssipatsids = [ 7)1

is the (normalized) work done by the force 7(s) up to time ¢, while

an(t) =y N3 [ () - 5.7)
o=t (5.27)

N t
+ N2 2yB / Do (5)dw,(s).
r=1 0

is the total flux of energy between the system and the heat bath (di-
vided by N). As a consequence of theorem [5.1] we have that

lim Wy(1) = /0 #(s)dL(s) = W(E)

where L(t) = fol r(y, t)dy, the total macroscopic length at time ¢. While
for the energy difference we expect that

lim (UN(t)—UN(O))I/O [w(7(t), B(y)) — u(7(0), B(y))]dy  (5.28)

n—oo

where u(T, 5) is the average energy for ug ., i.e.

1 i
u(r, B) = /gldlui,ﬁ = % + /V(T)e_B(V(T)—TT)—Q(T,B)dr
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with G(7, 8) = log [ e~ #V(")=)dr. Unfortunately for lack of uniform
integrability for the energy distribution, we do not have a rigorous proof
of (B28)), since energy correspond to a value § = 2 in (.23). Assum-
ing that the local equilibrium established in [5.1] extends to quadratic
growing functions, then we have obtained

Qn(t) — Q) (5.29)

where Q(t) is deterministic and satisfy the relation

Q) = /0 [u(7(1), (y)) — w(T(0), By)]dy — W(t). (5.30)

We call Q(t) excess heat (or heat in the case of constant profile of
temperature), and (B.30) express the first principle of thermodynamics
for quasistatic transformations.

Notice that from (B21), Qn(t) is the time integral of a highly fluc-
tuating random quantity. It is only after the particular space-time
scaling that the this quantity converges, and that the limit is a de-
terministic function of time. In this sense this result is different from
similar identifications of heat as a stochastic flux of energy done in
the so-called “Stochastic Thermodynamics” (cf. [15] for example). On
the other hand in thermodynamics heat is defined as the total flux of
energy between the system and the thermal bath, resulting from the
complete transformation from one stationary state to another, while it
does not attempt to describe the instantaneous flux of energy. But in
a quasi-static transformations at each time ¢t a new stationary state is
reached.

5.1.2. Free energy and Clausius identity. Define

ﬂwzéfw%mmmm (5.31)

A straightforward calculation gives

F(t) — F(0) = /0 ds /0 dy7(5)0ur(y, 5) — /0 F(s)dL(s) = W(H)
(5.32)

i.e. Clausius equality for the free energy.
Equivalently, by using the thermodynamic relation F = v — 718
from (B.I6]), we have

/0 dy 57 (y) (S(r(y. 1), u(y, 1)) — S(r(y,0),u(y,0))) = Q(t) (5.33)



QUASI-STATIC LIMITS 27

In the case of constant temperature profile, this reduce to the expected
thermodynamic relation S = Q) for quasistatic isothermal thermody-
namic trasformations.

1]
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