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Abstract

This paper presents an extension of the polarization based iterative scheme in the
context of non linear composites. The polarization based algorithm, used for com-
puting the effective properties of composite materials, converges independently of
the value of the contrast between the phases. However the application of this scheme
in the initial form is restricted to the case of linear elasticity. In this paper we pro-
pose some modifications of this iterative scheme in order to deal with the most
general case of non linear constituents. Two applications are proposed to show the
capability of the method. The first concerns a composite made up of a power-law
type non linear matrix with rigid inclusions while in the second illustration we deals
with the determination of the macroscopic yield surface of porous plastic materials.

Key words: Non Linear Composites, Homogenization, Fast Fourier Transform,
Polarization, Power law material analysis

1 Introduction

Since two decades, the Fast Fourier based iterative schemes has been employed
for various applications in the field of homogenization of periodic microstruc-
tures (see for instance Bilger et al. [2], Willot et al. [28], Brenner et al. [5],
Brenner [4], Monchiet and Bonnet [18], Lee et al. [13], Ghossein and Lévesque
[10], Li et al. [14], Lebensohn [12], Nguyen et al. [22]...). The FFT based itera-
tive scheme has been proposed, in its simplest form, by Moulinec and Suquet
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[20] and generalized later for non linear composites [21]. The method of reso-
lution uses exact expressions of the Green operator in the Fourier space and
the Fast Fourier Transform (FFT) algorithm 1 . It is an efficient alternative to
micromechanical Finite Element methods since it considers the exact images
of the microstructures which can be obtained, in particular, from modern ex-
perimental techniques such as tomography. However, the rate of convergence
of this algorithm initially proposed in [20,21] is known to depend drastically
on the contrast between the phases and cannot be used for infinite contrasts.
To circumvent these incapacities, new iterative schemes, based on the aug-
mented Lagrangian, have been further proposed [15,16]. Note also that in [27],
the authors provide an extension of the ”accelerated” scheme first proposed
by Eyre and Milton [7] for applications to nonlinear periodic composites. Al-
ternatively, in [17], we have proposed a polarization based iterative scheme
for computing the macroscopic properties of elastic composites. The method
uses the same ingredients as the strain based iterative schemes, proposed by
Moulinec and Suquet [20] and its dual (stress based) formulation [1,3]: the
periodic Green tensors for the strain and the stress, the FFT algorithm for
computing the Fourier Transform and its inverse... No additional treatment or
numerical tools (Lagrangian, conjugate gradient,...) are required for its imple-
mentation. The approach has the particularity to solve the unit cell problem
for the elastic composites for which an average polarization is prescribed over
the unit cell instead of the usual average macroscopic strain or stress in the
classical approaches. It has been shown through several numerical tests that
the convergence of this new iterative scheme is independent of the local elastic
properties. More specifically, it has been shown that the problem of composites
containing both voids and rigid inclusions can be solved by the method with
a very good rate of convergence. By taking advantage of the linearity of the
considered elasticity equations, it is possible to obtain the effective properties
by computing the macroscopic strain and stress for a prescribed average po-
larization.
In this paper we provide an extension of the polarization approach to the case
of non linear composites. The initial polarization scheme has a specificity since
it provides the solution of a problem related to a unit cell submitted to an
average polarization. For applications to non linear composites it is practically
necessary to consider the unit cell problem submitted to an average macro-
scopic strain or stress instead of an average polarization. Indeed, two scales
homogenization methods in the context of non linear structure problems (see
for example [25,8,9]), considered a macroscopic strain applied to the RVE in
order to compute the macroscopic response of the composites.
The paper is organized in three parts. In section 2, we recall the cell prob-
lem in the context of elasticity and the polarization based iterative scheme
for its solution. Still in the context of elastic constituents, we propose in sec-

1 Note that an alternative method which does not use Fourier Transform and its
inverse has been recently proposed by Yvonnet [29]
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tion 3 to modify this algorithm in order to deal with prescribed macroscopic
strain or stress. The case of non linear composites is considered in section 4.
The method is implemented for a composite made up of a power-law type
non linear matrix with rigid inclusions. Various calculations based on several
microstructure occurrences are then performed to show the good rate of con-
vergence of the polarization based iterative scheme. In a second illustration,
we determine the macroscopic yield surface of plastic materials which contains
randomly distributed cylindrical cavities.

2 The polarization based iterative scheme for solving the unit cell
elastic problem

Let us recall the elastic problem for the unit cell of the periodic composite:



ε(x) = 1
2
(∇u(x) +∇tu(x)), ∀x ∈ V

σ(x) = C(x) : ε(x), ∀x ∈ V

div(σ(x)) = 0, ∀x ∈ V

u(x)−E.x periodic

σ(x).n antiperiodic

(1)

in which u(x), ε(x), σ(x) are the local displacement, strain and stress field
respectively. By E we denote the macroscopic strain and by C(x) the local
elastic tensor which depends on the vector position x. A parallepiped is con-
sidered for the unit cell of the periodic medium (a rectangle for 2D problems)
and we denote by L1, L2 and L3 its lengths taken respectively along the axes
Ox1, Ox2 and Ox3 of the cartesian coordinate system. A new FFT based it-
erative scheme has been recently proposed in [17] for the computation of the
effective properties of linear elastic composites. This method is formulated
with the polarization tensor τ (x) = (C(x)−C0) : ε(x) and consists in solving
the system (1) under prescribed average polarization < τ (x) >V= T . This
new iterative scheme differs from those already proposed in the literature (see
[20], [1], [3], [29] etc.) for which the macroscopic strain or stress is prescribed.
This algorithm contains 7 steps which are recalled below:
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1) τ i(x) = F−1(τ̂ i(ξ))

2) εi(x) = (C(x)− C0)−1 : τ i(x)

3) ε̂i(ξ) = F(εi(x))

4) σ̂i(ξ) = C0 : ε̂i(ξ) + τ̂ i(ξ)

5) convergence test

6) τ̂ i+1(ξ) = τ̂ i(ξ) + α
[
∆̂0(ξ) : ε̂i(ξ)− C0 : Γ̂0(ξ) : σ̂i(ξ)

]
, for ξ ̸= 0

7) τ̂ i+1(0) = τ̂ i(0), for ξ = 0

(2)

In the above relations, tensor C0 is the rigidity of the reference medium, which
is independent of the vector position. In (2), the symbolic notations F and
F−1 denote respectively the Fourier transform and its inverse. The fourth
order tensors Γ̂0(ξ) and ∆̂0(ξ) are the periodic Green operators for the strain
and for the stress. Their exact expression in the Fourier space can be found in
[17]. For the numerical implementation of the iterative scheme, a finite number
of wave vectors ξ

n
for n = −N..N − 1 which are located over the reciprocal

lattice.
In the case of an isotropic reference material, the latter is defined by its shear
modulus µ0 and its compressibility k0. Parameters α, µ0 and k0 must be chosen
as:

0 < α < 2, −∞ < µ0 < 0, −∞ < k0 < 0 (3)

The inequalities in (3) give then a sufficient condition for having the con-
vergence of the polarization based iterative scheme. It is worth noticing that
these conditions of convergence do not depend on the elastic properties of the
constituents. The numerical investigations of the rate of convergence of the al-
gorithm (2) has shown that the value α = 3/2 is optimal. The values of µ0 and
k0 are adjusted in order to obtain the best convergence of the iterative scheme.
Their values will be further discussed in the sequel of the paper. At each step
of the iterative scheme (2) the condition < τ i(x) >V= T is preserved. The
fields εi(x) and σi(x) are compatible or equilibrated only at convergence of
the iterative scheme, namely when τ i+1(x) = τ i(x). In order to evaluate the
accuracy of the solution, we use a test based simultaneously on compatibility
and equilibrium:

max


√∑

n

∥Q(ξ
n
) : ε̂i(ξ

n
)∥2√∑

n

∥ε̂i(ξ
n
)∥2

,

√∑
n

∥P(ξ
n
) : σ̂i(ξ

n
)∥2√∑

n

∥σ̂i(ξ
n
)∥2

 < ϵ (4)
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The first term, which contains the fourth order tensor Q(ξ
n
), is used to check

the compatibility for the field εi(ξ
n
) whereas the second term, which con-

tains the fourth order tensor P(ξ
n
), corresponds to the equilibrium for σi(ξ

n
).

Tensors P(ξ) and Q(ξ) are defined by, ∀ξ ̸= 0:

Q(ξ) = (I − k)⊗(I − k), P(ξ) = I−Q(ξ)

where I is the identity for fourth order symmetric tensors, Iijkl = (δikδjl +
δilδjk)/2, the tensorial product a⊗b for second tensors a and b is defined by
(a⊗b)ijkl = (aikbjl + ailbjk)/2 and the second order tensor k is given by:

k =
1

|ξ|2
ξ ⊗ ξ (5)

3 The modified iterative scheme

The iterative process (2) cannot be used in practice for nonlinear constitutive
equations, because the mean stresses and strains are obtained at convergence
of the algorithm, while in practice these values must be prescribed at the
beginning of the iterative process (more particularly in the case of constitutive
equations described incrementally). For an extension to non linear composites,
we propose to modify the iterative scheme (2) in order to deal with a unit cell
with prescribed macroscopic strain E. To this end, we replace step 7 in (2) by
the following new step:

7∗) τ̂ i+1(0) = τ̂ i(0) + γC0 :
[
< εi(x) >V −E

]
(6)

When the convergence of the new iterative scheme is attained, one has τ̂ i+1(0) =
τ̂ i(0) and then < ε(x) >V= E which means that the average of the local com-
patible field ε(x) is equal to the prescribed macroscopic strain E. In this new
iterative scheme, the polarization is still initialized by the constant polarisa-
tion T but at convergence, the average of the local polarization, τ (x), is no
more equal to T . In (6), the stiffness tensor C0 is introduced in the last term,
so that γ is a non dimensional parameter. As concerns the choice of γ, there
is no theoretical arguments that leading to its optimal value, however, several
numerical tests have shown that the convergence is reached when γ lies in
the interval [0, 2] and the optimal value is closed to γ = 3/2. Note that the
parameter α also lies in the interval [0, 2] for obtaining the convergence and
its optimal value is generally closed to 3/2 (see [17] for more details). Conse-
quently, the value γ = α has been considered in our applications.
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Since the equality < ε(x) >V= E is only verified at the strict convergence
of the iterative scheme, a new condition is added in the convergence test (4).
The convergence test of this new algorithm is then:

max


√∑

n

∥Q(ξ
n
) : ε̂i(ξ

n
)∥2√∑

n

∥ε̂i(ξ
n
)∥2

,

√∑
n

∥P(ξ
n
) : σ̂i(ξ

n
)∥2√∑

n

∥σ̂i(ξ
n
)∥2

,

∥ < εi(x) >V −E∥
∥E∥

)
< ϵ

(7)

Alternatively, it is also possible to prescribe the macroscopic stress to the unit
cell. In this case the step 7 of the iterative scheme (2) is replaced by:

7∗∗) τ̂ i+1(0) = τ̂ i(0) + δ
[
< σi(x) >V −Σ

]
(8)

When the convergence is reached, the average of σ(x) complies with< σ(x) >V=
Σ. The value δ = −α has been found to be optimal in our calculations and
is considered in the next part of the paper. Again a constant polarisation T
is used to initialize the iterative scheme. The convergence test used for this
iterative scheme is:

max


√∑

n

∥Q(ξ
n
) : ε̂i(ξ

n
)∥2√∑

n

∥ε̂i(ξ
n
)∥2

,

√∑
n

∥P(ξ
n
) : σ̂i(ξ

n
)∥2√∑

n

∥σ̂i(ξ
n
)∥2

,

∥ < σi(x) >V −Σ∥
∥Σ∥

)
< ϵ

(9)

To summarize, we now have three iterative schemes corresponding respectively
to:

• a unit cell subjected to an average polarization T . This is the original
approach developed in [17] and given by (2). This scheme is called T-
polarization scheme in the sequel of the paper.

• a unit cell submitted to a macroscopic strain E, for which step 7 in (2)
is replaced by (6). This new algorithm is called thereafter E-polarization
scheme.

• a unit cell submitted to a macroscopic strain Σ, for which step 7 in (2) is
replaced by (8). This approach is called Σ-polarization scheme.
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In order to validate the substantial modifications of the initial polarization
based iterative scheme, we propose to show that the rate of convergence of the
E-polarization and Σ polarization schemes is as good as the initial formulation
proposed in [17]. For this, we consider a linear elastic composite consisting
of a matrix containing randomly distributed cylindrical inclusions. The cell,
depicted on figure 1, is assumed to be subjected to plane strain loadings.
The matrix and the inclusion are both incompressible and we denote by µM

and µI their shear moduli. The cell contains 25 inclusions having the radius
R = 0.05 (the cell is squared and its area is equal to 1): the volume fraction of
inclusions is then cI = 0.196. We now examine the rate of convergence of the
three polarization based iterative schemes for various values of the contrast
µI/µM . The unit cell is submitted to the macroscopic loadings (T11 = −T22 = 1
and T12 = 0) for the T-polarization scheme, to (E11 = −E22 = 1 and E12 = 0)
for the E-polarization scheme and to (Σ11 = −Σ22 = 1 and Σ12 = 0) for the
Σ-polarization scheme. Each iterative scheme is initialized by the polarization
T11 = −T22 = 1 and T12 = 0. The modulus of the reference medium is chosen
as µ0 = −5µM when the contrast is larger than 1. When the contrast is lower
than 1 we put µ0 = −µM/5 (which is almost optimal for the problem). The
value of α = 3/2 has been also considered. The resolution of the image is
512× 512. On figure 2, we represent the number of iterations at convergence
as a function of the contrast obtained for the different polarization schemes. It
can be observed that they give comparable results: the convergence is reached
for any value of the contrast. Moreover the good rate of convergence obtained
with the initial polarization scheme is still observed for the E-polarization
scheme and the Σ-polarization scheme.

Fig. 1.
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Fig. 2. Number of iterations at convergence as a function of the contrast. Comparison
between the initial polarization based iterative scheme (with prescribed average
polarization) with the modified schemes which use prescribed average strain E or
stress Σ.

4 Case of non linear materials

4.1 General principles

We now extend the approach in the case of constituents which obey a non
linear behavior. This requires a modification of step 2 in (2). The strain-stress
relation can be put into the general form:

σ(x) = F (ε(x)) (10)

When the polarization τ i(x) is known at step i, the associated strain field
εi(x) is computed by solving the following non linear equation:

F (ε(x))− C0 : ε(x) = τ i(x) (11)

at each node of the regular grid. Note that the problem is described here for
a non linear elastic law; however, the case of plasticity or viscoplasticity can
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be also considered by using the strain stress relation in an incremental form
as already done in [21].

4.2 Exemple 1: power-law matrix with rigid inclusions

In this section we propose to investigate the particular case of a power law
type material containing rigid inclusions and which has been also considered
in the paper of Michel et al. [16]. The matrix is assumed to be incompressible
and the deviatoric part of the stress is given by:

σ(x) =
2σ0

3ε0

(
εeq(x)

ε0

)m−1

ε(x), tr(ε(x)) = 0 (12)

in which εeq =
√

2
3
ε(x) : ε(x) is the von Mises equivalent strain,m is the power-

law exponent, ε0 and σ0 are two material parameters, σ(x) is the deviatoric
part of the stress tensor σ. For simplicity we put ε0 = 1. The non linear
equation (11) becomes, for the power-law incompressible material and a linear
incompressible reference medium of shear modulus µ0:

2σ0

3
(εeq(x))

m−1ε(x)− 2µ0ε(x) = τ (x) (13)

where τ (x) is the deviatoric part of the polarization tensor.
It follows that the equivalent strain, εeq(x), is solution of the non linear equa-
tion:

εmeq(x) + pεeq(x)− q = 0 (14)

with:

p =
3µ0

σ0

, q =
τeq
σ0

, τeq =

√
3

2
τ : τ (15)

Once this non linear equation is solved, the strain field ε(x) is given by:

ε(x) =
1

2σ0

3
(εeq(x))m−1 − 2µ0

τ (x) (16)

In the rigid inclusion, the strain field is prescribed as zero. Let us recall that
the value of the shear modulus of the reference medium, µ0, is chosen strictly
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negative. So, the term ”2σ0

3
(εeq(x))

m−1 − 2µ0” which appears in (16) is strictly
positive.
The unit cells considered for the applications are represented on figure 3 and
consist of randomly distributed rigid circular inclusions. The radius of the in-
clusions is R = 0.05 (a squared unit cell with an area equal to 1 is considered
for the calculations) and four volume fractions are considered: cI = 0.118,
cI = 0.196, cI = 0.275, cI = 0.353. These volume fractions are obtained by
considering M = 15, M = 25, M = 35 and M = 45 inclusions in the unit cell.
For each volume fraction, various occurrences are also considered.

Fig. 3. Unit cells of the periodic composite. From the left to the right, the volume
fraction cI of inclusions and the number of inclusionsM are:M = 15 and cI = 0.118,
M = 25 and f = 0.196, M = 35 and cI = 0.275, M = 45 and cI = 0.353

For the numerical solution of the cell problems, the E-polarization method is
employed. The E-polarization based iterative scheme has been used instead
of the Σ-polarization scheme since for large values of the power-law exponent
the behavior of the matrix is closed to a rigid ideally plastic material, and
consequently, the value of the macroscopic stress saturates for large values of
the macroscopic strain. The cells are then submitted to a macroscopic strain
E. For our application, the following plane strain conditions are considered:
E11 = −E22 = 1 and E12 = 0. The iterative scheme is initialized by the uniform
polarization T11 = −T22 = 1 and T12 = 0. The value α = 3/2 and a regular grid
of 512×512 pixels have been used. There is no theoretical argument which leads
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to the choice of the optimal shear modulus, µ0, of the reference medium and
the latter must be determined numerically. This optimal shear modulus, which
leads to the lowest number of iterations at convergence of the iterative scheme
is generally strongly influenced by the local material properties. In the present
case, the optimal value of µ0 depends on σ0 and on the power-law exponent
m. Therefore, the optimal value of µ0 is determined numerically on a lower
grid of 32 × 32 pixels, for which the solution of the cell problem is very fast.
The optimal reference medium has been determined for one occurrence with
M = 15 inclusions. The optimal value obtained for µ0 is thereafter considered
for computing the solution in all other cases. This numerical research of the
optimal value is illustrated on figures 4 and 5. On figure 4 we represent the
number of iterations at convergence of the E-polarization scheme as a function
of µ0/(σ0/3) for m = 0.5. Figure 4 displays similar results for m = 0.2. On
each figure the full line represents the number of iterations obtained with a
grid of 512×512 pixels while the dashed curve is obtained with a grid of 32×32
pixels. It can be observed that the optimal reference medium (corresponding
to the minimum of each curve) is relatively independent on the resolution of
the image.
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Fig. 4. Number of iterations at convergence of the E-polarization scheme as a func-
tion of µ0/(σ0/3) for m = 0.5 and for two grids: 32 × 32 pixels (dashed line) and
512× 512 pixels (full line).
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Fig. 5. Number of iterations at convergence of the E-polarization scheme as a func-
tion of µ0/(σ0/3) for m = 0.2 and for two grids: 32 × 32 pixels (dashed line) and
512× 512 pixels (full line).

On figure 6 we represent the number of iterations at convergence of the E-
polarization iterative scheme as a function of the power-law exponent m for
various volume fractions of inclusions and different occurences. A good rate of
convergence of the iterative scheme is observed in all situations. Moreover it
can be noticed that the number of iterations at convergence depends weakly on
the power-law exponent. We now present results for the homogenized equiva-
lent stress σhom

0 defined by:

σhom
0 =

Σeq

(Eeq)m
(17)

where Σeq =
√

3
2
Σ : Σ and Eeq =

√
2
3
E : E are respectively the macroscopic

equivalent stress and strain. The macroscopic stress Σ is computed such as
Σ =< σ(x) >V at convergence of the E-polarization based iterative scheme.
The cell is still submitted to the macroscopic loading E11 = −E22 = 1 and
E12 = 0. The effective behavior of the non linear composite with a random
distribution of circular inclusions is evaluated by taking the average of the
equivalent stress obtained for a number of different occurrences. For instance,
on figure 7, we represent the value of σhom

0 /σ0 for various occurrences and
for the volume fraction of inclusions cI = 0.118 corresponding to M = 15
inclusions randomly distributed in the cell. The discrete points (the stars)
represent the value of σhom

0 /σ0 computed by the FFT algorithm while the full
line represent the cumulated mean value of σhom

0 /σ0. For each volume fraction,
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the mean value of σhom
0 /σ0 is then evaluated with 100 occurrences. For more

than 100 iterations, one observes that the mean value of σhom
0 /σ0 oscillates in

a range inferior to 0.1 percents.
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Fig. 6. Number of iterations at convergence of the E-polarization iterative scheme as
a function of the power law exponent for various volume fractions of the inclusions
(corresponding to M = 15, 25, 35, 45 inclusions in the cell) and occurences.
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On figure 8, we represent the homogenized effective stress σhom
0 /σ0 as a func-

tion of the power-law exponent for a volume fraction cI = 0.118. The results
obtained by the FFT iterative scheme are compared with analytic expressions
obtained from non linear homogenization methods provided in [6,23,26,24],
see also [16] for a synthesis of these results in the case of power-law matrix
reinforced by rigid inclusions. On figure 8, the FFT results are then compared
with the variational estimate based on the Hashin-Shtrikman bound ”VE(HS-
)”, the second order estimate using the Hashin Shtrikman Bound ”SOE(HS-)”
and the second order estimate based on the self consistent scheme ”SOE(SC)”.
Figure 9, 10 and 11 give similar results for the three other values of the volume
fraction of inclusions.
It can be noticed that the estimates based on the Hashin-Shtrikman bound
”VE(HS-)” and ”SOE(HS-)” are not very accurate in the case of a random
distribution of circular inclusions. In another hand, the second order estimate
based on the self consistent scheme ”SOE(SC)” is in a good agreement with
our FFT based results for low values of the volume fraction of rigid inclusions
corresponding to figures 8 and 9. This estimate is less accurate for higher
values of porosity, corresponding to figures 10 and 11.
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Fig. 8. Value of the homogenized equivalent stress σhom
0 /σ0 as a function of the pow-

er-law exponent for a volume fraction c2 = 0.118 (M = 15 inclusions). Comparison
of the FFT results with analytic expressions obtained from non linear homogeniza-
tion methods.
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tion methods.
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Fig. 10. Value of the homogenized equivalent stress σhom
0 /σ0 as a function of the pow-

er-law exponent for a volume fraction c2 = 0.275 (M = 15 inclusions). Comparison
of the FFT results with analytic expressions obtained from non linear homogeniza-
tion methods.
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Fig. 11. Value of the homogenized equivalent stress σhom
0 /σ0 as a function of the pow-

er-law exponent for a volume fraction c2 = 0.353 (M = 15 inclusions). Comparison
of the FFT results with analytic expressions obtained from non linear homogeniza-
tion methods.

4.3 Exemple 2: macroscopic yield surface of porous materials

In this second example we propose to determine the macroscopic yield sur-
face of porous material containing cylindrical cavities. The problem is two
dimensional, the unit cells of the porous medium are given on figures 3. Plane
stress conditions are considered and the basic cell is subjected to the following
macroscopic strain loadings:

Eij =


E11 0 0

0 E22 0

0 0 0

 , Eij =


E11 E12 0

E12 E11 0

0 0 0

 (18)

The methodology for the determination of the macroscopic yield stress is in-
spired of one already proposed in [16] and also used in [2]. Since for rigid ideally
plastic material the strain energy (in fact the dissipation potential) is a non
smooth function of the strain, the idea is to use the following differentiable
expression:
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w(ε(x)) =
9

2
kεm(x)

2 + f(εeq(x)),

f(εeq(x)) =


3

2
µεeq(x)

2 +
σ2
0

6µ
if εeq < ε0

σ0εeq if εeq ≥ ε0

(19)

with:

εeq =

√
2

3
ε : ε, ε0 =

σ0

3µ
(20)

and ε0 = σ0/(3µ). In (19), k and µ are the elastic bulk and shear moduli of the
matrix. σ0 is the yield stress in uniaxial tension of the matrix. The introduction
of elastic coefficient does not affect the value of the macroscopic yield strength
but is just a numeric artifice in order to make the function differentiable at
the origin. By derivation, the strain-stress relation in the matrix is:

σ =


2µε if εeq < ε0

2σ0

3εeq
ε if εeq ≥ ε0

(21)

The polarization is τ (x) = τm(x)I + τ (x) with:

τm(x) = 3(k − k0)εm(x) (22)

while the deviatoric part is:

τ (x) = σ − 2µ0ε =


2(µ− µ0)ε if εeq < ε0

2

(
σ0

3εeq
− µ0

)
ε if εeq ≥ ε0

(23)

Let us now express the strain has function of the polarization. The inversion
of (22) is trivial:

εm(x) =
τm(x)

3(k − k0)
(24)

The inversion of (23) for εeq < ε0 is also trivial:
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ε =
τ (x)

3(µ− µ0)
(25)

Consider now the case εeq ≥ ε0 in (23), we have:

τeq =

√
3

2
τ : τ = σ0 − 3µ0εeq (26)

In particular, for εeq = ε0, one has:

τeq = σ0 − 3µ0ε0 = σ0

(
1− µ0

µ

)
(27)

Let us introduce τ0, defined by:

τ0 = σ0

(
1− µ0

µ

)
(28)

The deviatoric part of the strain is then given by:

ε =


τ

2(µ− µ0)
if τeq < τ0

σ0 − τeq
2µ0τeq

τ if τeq ≥ τ0

(29)

In the cavity the stress field being null, the relation giving the strain as function
of the polarization is:

ε = −S0 : τ (x) (30)

with:

S0 = C−1
0 =

1

3k0
J+

1

2µ0

K (31)

with J = 1
3
I⊗I, K = I−J where it is recalled that I is the two order identity

tensor and I is the fourth order, symmetric identity tensor.
With relations (24) and (29) and (30), it is possible to compute the strain due
to a given polarization, as required in the polarisation based iterative schemes.
Again, theE-polarization scheme is considered to solve the non linear problem.
In our calculations, the resolution 512×512 is considered, the value is σ0 = 1 is
chosen for the yield stress of the matrix and the following values for the elastic
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coefficient of the matrix and the reference medium are considered: µ = λ = 1
and µ0 = λ0 = −1.
The components of the macroscopic strain are chosen on the form:

E11 = q cos(θ), E22 = q sin(θ) 1st loading case

E11 = q cos(θ), E12 = q sin(θ) 2nd loading case
(32)

where the value of θ is fixed and the value of q is applied incrementally. It is
then possible to reproduce the macroscopic strain stress curve and, for large
values of q, to determine the values of macroscopic stress that stands on the
macroscopic surface (the author could refers to [2] for more details). Various
values of the angle θ are considered in the range [0, π/2] in order to reproduce
the yield surface in the plane Σh − Σeq with Σh = (σ11 + Σ22)/2. In each
cases, the unit cell is squared and represented on figure (3) (first image on the
left side). The volume fraction of inclusions is cI = 0.118 and the number of
inclusions is M = 15.
On figure 12 we represent the macroscopic criterion in the plane Σh−Σeq. On
this figure we compare the FFT simulations with the Gurson criterion [11]:

Σ2
eq

σ2
0

+ 2f cosh

(√
3

2

Σ11 + Σ22

σ0

)
− 1− f2 = 0 (33)

and the criterion obtained by [19]:

Σ2
eq

σ2
0

+ 2f cosh

 1

σ0

√
3

2
(Σ2

11 + Σ2
22) + 3Σ2

12 + 3Σ2
13 + 3Σ2

23

− 1− f 2 ≤ 0 (34)

Figure 13 displays similar results for the 2nd loading case. It must be noted
that the criteria (33) and (34) which comes from the limit analysis of the hol-
low cylinder overestimates the extremal surface of randomly voided materials.
This has been already reported in [16,2] and is attributed to the highly local-
ized plastic deformation which occurs in the ligament between the voids. It
can be also observed that the FFT simulations predict a yield surface which
is different for the two loading cases while the analytic criteria (33) and (34)
produce the same curve in the plane Σh−Σeq. The reason is that the analytic
criterion are based on the limit analysis of a hollow cylinders submitted to
homogeneous strain rate boundary conditions for the Gurson model and ho-
mogeneous stress boundary conditions in [19]. So, due to cylindrical geometry
of the cell, the resulting analytic criteria for the porous plastic material are
equivalent under in plane pure shear stress loading at 0◦ or 45◦. The differ-
ences observed with the FFT simulations between figures 12 and 13 is then
attributed to the spatial repartitions of the voids.
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Fig. 12. Macroscopic yield surface for porous material containing randomly dis-
tributed cylindrical cavities: 1st loading case. Comparison between FFT simulations,
the Gurson criterion [11] and the one of Monchiet et al. [19].
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Fig. 13. Macroscopic yield surface for porous material containing randomly dis-
tributed cylindrical cavities: 2nd loading case. Comparison between FFT simula-
tions, the Gurson criterion [11] and the one of Monchiet et al. [19].
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5 Conclusion

This paper has dealt with an extension of the polarization based iterative
scheme in the context of non linear composites. This approach performs the
computation of the solution of the cell problem by means of an iterative scheme
which uses exact expressions of the Green operators in Fourier space and the
Fast Fourier Transform (FFT) algorithm which makes the computation very
fast. One specificity of the polarization approach initially proposed in [17] was
to provide the solution of an auxiliary problem for which an average polariza-
tion is submitted to the unit cell of the periodic composite. In order to deal
with non linear composites we have provided some modifications which allow
to deal with prescribed macroscopic strains or stresses. The rate of convergence
of these two new algorithms, called E-polarization scheme and Σ-polarization
scheme, has been first evaluated in the case of linear elastic constituents. It has
been shown that the convergence of these two new approaches is as efficient
as the one of the original polarization scheme. The E-polarization iterative
scheme has been next extended in the context of non linear composites. The
example considered in the paper consists of a power-law type non linear elastic
matrix containing rigid inclusions which are randomly distributed in the unit
cell. Again a good convergence of this algorithm has been observed and this,
whatever the values of the power-law exponent. The homogenized effective
stress has been computed and compared with analytic expressions obtained
in the framework of non linear homogenization methods. As a second exam-
ple, we have applied the new iterative scheme for the determination of the
macroscopic yield surface of plastic materials materials containing randomly
distributed cylindrical cavities. The results have been compared to available
micromechanics based analytic expressions of the macroscopic criteria of duc-
tile porous material.
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