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ABSTRACT

We use the Kossakowski-Lindblad-Davies formalism to consider an open system de-
fined as the Markovian extension of one-mode quantum oscillator S, which is perturbed
by a piecewise stationary harmonic interaction with a chain of oscillators C. The long-
time asymptotic behaviour of various subsystems of S 4+ C are obtained in the framework
of the dual W*-dynamical system approach.
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1 Introduction

A quantum Hamiltonian system with time-dependent repeated harmonic interaction was
proposed and investigated in [TZ]. The corresponding open system can be defined through
the Kossakowski-Lindblad-Davies dissipative extension of the Hamiltonian dynamics. In
our previous paper [TZ1] the existence and uniqueness of the evolution map for density
matrices of the open system are established and its dual W*-dynamics on the CCR C*-
algebra was described explicitly.

The aim of this paper is to apply the formalism developed in [TZ1] to analysis of
dynamics of subsystems, including their long-time asymptotic behaviour and correlations.

Let a and a* be the annihilation and the creation operators defined in the Fock space
Z generated by a cyclic vector € (vacuum). That is, the Hilbert space .# is the com-
pletion of the algebraic span .Zg, of vectors {(a*)"Q},,>0 and a, a* satisfy the Canonical
Commutation Relations (CCR)

la,a*] =1, Ja,a]=0, [a",a"]=0 on F,. (1.1)

We denote by {4}, the copies of .Z for an arbitrary but finite N € N and by 2%
the Hilbert space tensor product of these copies:

N
AN = Q) A = FENY (1.2)
k=0

In this space we define for £k = 0,1,2,..., N the operators
by =1®..01RaR1®...01L, b =1®..01lRd®I1I®...01, (1.3
where operator a (respectively a*) is the (k + 1)th factor in (1.3). They satisfy the CCR:

b, b5] = e, [brobe] = b5, 00] =0 (kK =0,1,2,...,N) (1.4)



on the algebraic tensor product (%, )®WV+1,

Recall that non-autonomous system with Hamiltonian for time-dependent repeated
harmonic perturbation proposed in [TZ] has the form

N N
Hy(t) = Ebjbo + € > bk +1 > X(e—yrkr) (£) (B5bk + bibo) - (1.5)
k=1 k=1

Here t € [0, NT), the parameters: 7, F/,€,n are positive, and x;,)(-) is the characteristic
function of the semi-open interval [z,y) C R. It is obvious that Hy(t) is a self-adjoint
operator with time-independent domain

N
Do = (] dom (bjby) € ™. (1.6)
k=0

The model (1.5) presents the system S + Cy, where S is the quantum one-mode cavity,
which is repeatedly perturbed by a time-equidistant chain of subsystem: Cy = &1 + S +
...+ Sn. Here {Sk}r>1 can be considered as “atoms” with harmonic internal degrees
of freedom. This interpretation is motivated by certain physical models known as the
“one-atom maser” [BJM], [NVZ]. The Hilbert space .#% := J#) corresponds to subsystem
S and the Hilbert space .77 to subsystems S, (k= 1,..., N), respectively. Then (1.2) is

N
AN = s @ ey, Ay = Q) A, . (1.7)
k=1

By (1.5) only one subsystem S, interacts with S for ¢ € [(n — 1)7,n7). In this sense, the
interaction is tuned [TZ]. The system S+Cy is autonomous on each interval [(n—1)7, n7)
governed by the self-adjoint Hamiltonian

N
H, = Ebjby+ €y by +n(bba +b3bo) , n=1,2,.... N, (1.8)
k=1

on domain Dy. Note that if
n” < Ee, (1.9)

Hamiltonians (1.5) and (1.8) are semi-bounded from below.

We denote by ¢ (™) the Banach space of the trace-class operators on M), Its
dual space is isometrically isomorph to the Banach space of bounded operators on 52 ):
(AN ~ L(A#N). The corresponding dual pair is defined by the bilinear functional

(B1A) i) = Tr piwy (0 A) for (¢, A) € € (M) x LA (1.10)

The positive operators p € € (M) with unit trace is the set of density matrices.
Recall that the state w, over £(5#™)) is normal if there is a density matrix p such that

wp(+) = {p[ ) - (1.11)
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1.1 Master equation

To make the system S + Cy open, we couple it to the boson reservoir R, [AJP3]. More
precisely, we follow the scheme (S + R) + Cy, i.e. we study repeated perturbation of the
open system S + R [NVZ].

Evolution of normal states of the open system (S 4+ R) + Cy can be described by the
Kossakowski-Lindblad-Davies dissipative extension of the Hamiltonian dynamics to the
Markovian dynamics with the time-dependent generator [AL], [AJP2]

Lo(0)(p) =~ [HIn(0) ] + (1.12)
+Q(p) - 5(Q W+ pQ (W),

for t > 0 and p € domL,(t) C € (™). Here the first operator Q : p — Q(p) €
¢, (™) in the dissipative part of (1.12) has the form:

Q() = by (VB + 04 85 (Vo , 05 >0, (1.13)
and the operator Q* is its dual via relation (Q(p)|A) ) = (p| Q" (A)) pv:
Q'(1) = o b () b+ 4 o () 8. (1.14)

By virtue of (1.5), for t € [(n — 1)7,n7), the generator (1.12) takes the form

Lon(p) == —i[Hy, p] + Q(p) — %(Q*(Jl)p +pQ7(1)). (1.15)

The mathematical problem concerning the open quantum system is to solve the Cauchy
problem for the non-autonomous quantum Master Equation [AJP2]

Ohp(t) = Lo (t)(p(t) ,  p(0) = p. (1.16)

For the tuned repeated perturbation, this solution is a strongly continuous family {77 }+>o,
which is defined by composition of the one-step evolution semigroups:

,I‘t(,TO - n?(n—l)’r g—l s TQO Tla )
where t = (n — 1)1 + v(t), n < N,v(t) < 7. Here we put
7 =T(7),  T7(s):=etork (5>0), (1.17)

and then 77, ;= T7(v(t)) holds. The evolution map is connected to solution of the

Cauchy problem (1.16) by
T{o = p = p(t) = T (p)- (1.18)
The construction of unique positivity- and trace-preserving dynamical semigroup on
¢, (M) for unbounded generator (1.15) is a nontrivial problem. It is done in [TZ1]
under the conditions (1.9) and
0<o, <o_. (1.19)

for the coefficients in (1.13, 1.14). Then, {77 (s)}sso for each k (1.17) is the Markov
dynamical semigroup, and (1.18) is automorphism on the set of density matrices.
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1.2 Evolution in the dual space

In order to control the evolution of normal states, it is usual to consider the W*-dynamical
system (L(AMN), {T¢" }iz0), where {T7"}i=0 are weak*-continuous evolution maps on
the von Neumann algebra £(#N)) ~ &(# ™)) [AJP1]. They are dual to the evolution
(1.18) on & (s#M™)) by the relation (1.10):

(T2o() | A) ey = (p | TE (A)) e for (p, A) € € (D) x £(7), (1.20)

which uniquely defines the map A +— T7*(A) for A € L(A# (M), The corresponding dual
time-dependent generator is formally given by

Lo(4)() =i[Hn(t), ]+ (1.21)
PO - Q@O+ (W) for 120,

When t € [(k — 1)7, k7), the above generator has the form

: . L *
Loy() = ilHe, [+ Q°() = 5(Q°(1)() + ()Q(2)) - (1.22)
We adopt the notations
T2 =1T7(r)" , b (n1)r = T2 (v(t)", and T7(s)" := elor (s >0), (1.23)

n

dual to (1.17) for t = (n — 1)7 + v(t), n < N, v(t) < 7. Then, we obtain

To(A) = T *T9 * . TINTE 1), (A)  for A€ L(AMN) . (1.24)

Let o7 (.#) (or CCR(C) ) denote the Weyl CCR-algebra on .%#. This unital C*-algebra
is generated as operator-norm completion of the linear span <7, of the set of Weyl oper-

ators
w(a) =@ (ael), (1.25)

where ®(a) = (@a + aa*)/+/2 is the self-adjoint Segal operator in .%. [The closure of the
sum is understood.] Then CCR (1.1) take the Weyl form

W(on)W(ag) = e~ m@192)/2 G 4 ) for  a,ay€C. (1.26)

We note that o7 (.%) is contained in the C*-algebra L£(.%) of all bounded operators on .Z.
Similarly we define the Weyl CCR-algebra o7 (V) c L(#™N)) over #N). This
algebra is generated by operators

Co
v G
W(Q)=Q)w(¢) for ¢=| |eCM (1.27)
j=0
(v



By (1.3), the Weyl operators (1.27) can be rewritten as

W (¢) = expli((¢,b) + (b,())/V2] (1.28)

where the sesquilinear form notations

N N
G0y = Gbyy (B0 =Y by (1.29)
j=0 Jj=0

are used. Let us recall that o7 (")) is weakly dense in £(™N))[AJP1].

Explicit formulae for evolution operators (1.23) acting on the Weyl operators has been
established in [TZ1]. For n =1,2,....N, let J, and X,, be (N + 1) x (N + 1) Hermitian

matrices:
1 (j=k=0or j=k=n)
(n)ie = {O otherwise ’ (1.30)
(E—¢)/2 (J, k) = (0,0)
—(E—-¢/2 (k)= (nn)
(Xn)ik =9 (J,k) =(0,n) . (1.31)
n (J,k) = (n,0)
0 otherwise

We define the matrices
E—e¢
Yn::e[—l—TJn—l—Xn (n=1,...,N), (1.32)
where [ is the (N + 1) x (N + 1) identity matrix. Then Hamiltonian (1.8) takes the form

Hy, = (Vo) jubjbs. (1.33)

Ji 0

We also need the (N + 1) x (N + 1) matrix Py defined by (Fy);x = djodko (j,k =
0,1,2,..., N). Then one obtains the following proposition which is proved in [TZ1]:

N
7k;:

Proposition 1.1 Letn = 1,2,...,N and ( € CN*'. Then for s > 0, the dual Markov
dynamical semigroup (1.23) on the Weyl C*-algebra has the form

T ()W () = 7 ((OW (U (5)C) (1.34)
where | o_to.
00 = e | — 3 (G0~ UG U ()0)] (1:35)
and
U?(s) :exp[is(YnJrz’ 7= ;0+P0>] (1.36)
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under the conditions (1.9) and (1.19). Therefore, the k-step evolution (t = kT, k < N in
(1.24)) of the Weyl operator is given by

T7,(W(Q)) = exp| —

o_ _'_0'+

m(@)@‘(% UG UYL TR C))}
x WUy ..Ul (), (1.37)
where T 5 =Ty *T5 " ... T " and U7 == U7 (7).

Remark 1.2 The explicit expression of the matriz UZ(t) in (1.36) is given by UZ(t) =
e Vo(t), where

97 ()27 () ko + g7 ()w (¢) bkn (7 =0)
(Ve D)jr = 97w (t) Opo + 97 (1)27 (=) bkn (G =1) - (1.38)
d; (otherwise)

Here E, .= FE+i (0 —04)/2 and

. 2 - — )2
g (t) == eMEe=9)/2 wi(t) == il sint\/M +n?, (1.39)
V(Be =€) + dn?

Ea —€)? J EO' - . Ea —€)?
27(t) = cost\/u +n? + i ¢ smt\/u +n? . (1.40)
i V(B — O+ I i
Note that the relation 27 (t)2°(—t) — w?(t)> = 1 holds for any oy > 0, whereas one has
7 (P22 ()2 + [w (1)]2) < 1 and 27(—t) £ 27(8) for 0< oy < 0.
Hereafter, together with (1.37) we also use the following short-hand notations:

9° =9¢°(7), w” =w(1), 22 =2°(1) and V7 :=V7(7). (1.41)

Remark 1.3 Dual dynamical semigroups (1.34) and the evolution operator (1.37) are
examples of the quasi-free maps on the Weyl C*-algebra. Using the arguments of [DVV],
we have shown in [TZ1] that they can be extended to the unity-preserving completely
positive linear maps on L(' ™)) under the conditions (1.9) and (1.19).

The aim of the rest of the paper is to study evolution of the reduced density matrices
for subsystems of the total system (S + R) + Cy.

In Section 2, we consider the subsystem S. This includes analysis of convergence to
stationary states in the infinite-time limit N — oco. We also perform a similar analysis for
the subsystems S + &, and S,,, +S,,. Section 3 is devoted to a more complicated problem
of evolution of reduced density matrices for finite subsystems, which include S and a part
of Cn. This allows us to detect an asymptotic behaviour of the quantum correlations
between S and a part of Cy caused by repeated perturbation and dissipation for large N
in terms of those for small N with the stable initial state.

For the brevity, we hereafter supress the dependence on N of the Hilbert space #)
as well as of the Hamiltonian Hy(t) and the subsystem Cy, when it will not cause any
confusion.



2 Time Evolution of Subsystems I

2.1 Subsystem S

We start by analysis of the simplest subsystem S. Let the initial state of the total system
S + C be defined by a density matrix p € €;(H#s ® ). Then for any ¢t > 0, the evolved
state wh(+) on the Weyl C*-algebra o7 (#5) of subsystem S is given by the partial trace:

wg(A) = wp(t)(A ® ]l) = TI'%@%N (Tt(j(](pg & pc) A® ]1) for A€ ﬂ(%) 5 (21)

where p(t) = Tf,p and 1 € o/ (Jz). Recall that for a density matrix o € &, (s ® ),
the partial trace of o with respect to the Hilbert space . is a bounded linear map
Tty 0+ 0 € € (Hs) characterised by the identity

Trrgon(0(A®1) = Trog(G4) for A€ L(H). (2.2)

If one puts
ps(t) = Tr (T7(p)) , (2.3)
then one gets the identity
W(A) = T (ps(t) A) = wp(A) | (2.4)

by (2.1), i.e., ps(t) is the density matrix defining the normal state wk.
In the followings, we mainly consider the initial density matrices of the form:

N
p=ps®@pc for ps=po, pe=QQpx Wwith p1=ps=...=py. (2.5)
k=1

Note that the characteristic function E,4:C— C of the state wgs on the algebra o7 (%) is
Eus(0) = ws(w(6)) (2.6)
and that (2.6) can uniquely determine the state ws by the Araki-Segal theorem [AJP1].

Lemma 2.1 Let A = w(0). Then evolution of (2.1) on the interval [0,7) yields

W"—*ﬁ(
4 o_ —oy

Ey(0) = exp [ - 1= 1g7()=" (0 = lg ()" (1) )]

X, (W g7 (£)27 (1)) )w,, (W(e"™ g% (H)w (£)0)) , t € [0,7) . (2.7)

Proof : By (1.27), we obtain that W(fe) = w(f) ® 1 ® ... ® 1 for the vector e =
8(1,0,...,0) € CN*1 where (...) means the vector-transposition, cf (1.27). Then (2.1)-
(2.4) yield

HBO)) = ) (B0 918 ... © 1) = w0 (T(6) . 23)



By virtue of duality (1.20) and (1.37) for k = 1, we obtain
Wos () (W(0)) = Wosape (Teg"W)(0e)) = wegn , (T W)(be))

0 o + 0.

=exp | —
P 4 0_—oy

(1= (U7 (t)e, Uf(t)@)}wwzo , (W(OUT()e)) .

Taking into account (1.38) and (2.6), one obtains for (2.8) the expression which coincides

with assertion (2.7). O]
Similarly, for ¢ = m7 we obtain the characteristic function

B W o_+ o4

B (0) = Wpseone (TS50 (W (0e)) = exp [ TRr—— (1—(Uy...USe, U7 ... U;@)]

xwgn ,, (W(OUT ... Use)) = (2.9)

WJ,—FJJF

=exp | —
P 4 o_ —oy

(L= (U7 - U, U7 . Uze)) | T, (806 (UF - Ufe),)

where we have used (1.27) and (1.37). By (1.38) we obtain

e (o (7)27 ()" (k= 0)
U ... Ug = { N (e (D) (=)t (1<b<m)  (210)
0 (m<k<N).

Then taking into account |g727| < 1 (Remark 1.2), we find
(e,ey = (U7 ... U e, U] ..U e) (2.11)

97w ?
1—g727?

By setting m = N, (2.6), (2.9)-(2.11) yield the following result.

= (1= g7 ™)1~

Lemma 2.2 The state of the subsystem S after N-step evolution has the characteristic
function

By (0) = wpsvm) (w(0)) (2.12)
00— + 0. 2N 97w |
exp[ 4 0_—a+( 1972 )< 1—|g"z°’|2>}

X W ({E(eiNTE(gO')N(ZO')Ne)) H Wy (,L/D(eiNTe(ga)N—k—l—l(ZU)N—kwoe)) )

To consider the asymptotic behaviour of the state w)™ for large N, we assume that
the state w,, on &7 (%) is gauge-invariant, i.e.,

efidm*apk eidm*a = Dk (gb c [R) (213)

for each component of the initial density matrix pe (2.5).
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Theorem 2.3 Letw,, be gauge-invariant fork =1,2,..., N and suppose that the product

D(9) := [ Jw (@((9727)°6)). (2.14)

converges for any 0 € C and let the map R > r — D(rf) € C be continuous. Then for
any initial normal state w%(-) = w,,(+) of the subsystem S, the following properties hold.
(a) The pointwise limit of the characteristic functions (2.12) exists

E.(0) = A}im wys(nry(W(0)), HeC. (2.15)
— 00
(b) There exists a unique density matriz pS such that the limit (2.15) is a characteristic
function of the gauge-invariant normal state: E,(0) = w,s(w(0)).
(c) The states {w& }m=1 converge to w,s for m — oo in the weak*-topology.

Proof: (a) By (1.25) and by the gauge-invariance (2.13), one gets w,, (0(e¢'?0)) = w,, (w0 (0))
for every ¢ € R. Hence, for 1 < k < N the characteristic functions Ewmc (0) depend only
on ||, and we can skip the factor ¢¥7¢ in the arguments of the factors in the right-hand
side of (2.12). Note that for N — oo the factor w,, converges to one, since the normal
states are regular and |g727| < 1 (see Remark 1.2). Hence, the pointwise limit (2.15)
follows from (2.12) and the hypothesis (2.14). It does not depend on the initial state w,,

of the subsystem S and the explicit expression of (2.15) is given by

WJ,—FJJF

E.(0)=exp| — T—

(1 M)} D(g°w?0) . (2.16)

17z

A~

(b) The limit (2.16) inherits the properties of characteristic functions E »- () = wg™ (w(0)):
(7) normalisation: F,(0) =1,
(
(

it) unitary : E,(0) = E.(=0) ,

ii1) positive definiteness: ng,zl Zrzpe ImO0)/12 B0, — 0/) > 0 for any K > 1 and
2k EC (k:1,2,,K) ,

(iv) regularity: the continuity of the map r +— D(r€) implies that the function r — FE,(r 0)
is also continuous.

Then by the Araki-Segal theorem, the properties (i)-(iv) guarantee the existence of the
unique normal state w,s over the CCR algebra o (/%) such that E,(0) = w,s(w(0)).
Taking into account (a) and (2.16) we conclude that in contrast to the initial state w2 the
limit state w,s is gauge-invariant.

(c) The convergence (2.14) can be extended by linearity to the algebraic span of the set
of Weyl operators {@w(a)}aec. Since it is norm-dense in C*-algebra o (#5), the weak*-
convergence of the states w@ to the limit state w,s follows (see [BR1], [AJP1]). O

Remark 2.4 (a) By Theorem 2.3 (a)-(b), one has pS = p3(7), i.e. the limit state w,s
is invariant under the one-step evolution T? . Comparing (2.7) and (2.16) one finds that
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S # pS(v) for 0 < v < 7. Instead, the evolution for repeated perturbation yields the
asymptotic periodicity:

n— o0

(b) Let py in (2.5) correspond to the quasi-free gauge-invariant Gibbs state for the inverse
temperature 5 > 0 and let w,,(-) be any initial normal state of the subsystem S. Since

1
Wy (@(0)) = exp [— Z |9|2coth§} (2.18)
holds, we obtain for (2.14):
1 6> o}
D(@) = exp |:— Z % COth§i| . (219)

Put X7 (1) = |¢°w|*(1 — |¢°2°|*)"! € [0,1) (Remark 1.2). Then for the characteristic
function of the limit state in Theorem 2.3, we get

6]

(006 =exp |-IF (0= x(r) :

7-*%  )9(7) coth 5)} . (2.20)

O_ — 04

If w” =0 (i.e. \°(1) =0), the subsystem S seems to interact only with reservoir R,
and it evolves to a steady state with characteristic function

0] 0_ + o,

4 o_ —oy

E.(0) = exp { ] , 0<oy <o, (2.21)

which corresponds to the quasi-free Gibbs state for the inverse temperature By = In(o_ /o).
This reflects thermal equilibrium between S and R. In this sense, By s the inverse tem-
perature of the external reservoir R [NVZ].
If w” # 0, the steady state (2.20) of subsystem S has the characteristic function
6]

E.(6) = exp [‘7 coth £ 2”] |

(2.22)

where the inverse temperature B2(7) is defined by

cothﬁgT@ = (1= X7(7)) coth % + A7(7) cothg :

Note that 52(T) satisfies either B.o < 5I(1) < B or Buwo = PI(T) = 5.

11



2.2 Correlations: subsystems S + Sn and Sm + Sn

To study quantum correlations induced by repeated perturbation, we cast the first glance
on the bipartite subsystems S + S,, and S, + S,,. We consider the initial density matrix
(2.5) satisfying

10* o 10 B

Wpo (W(A)) = exp [— e coth; , Wy, (W(0)) = exp [— e coth 5] (2.23)

From (1.20) and (1.37), we have:

Proposition 2.5 For evolved density matriz p(N7) = TF,  p the characteristic function
of the state wynm)(-) is

e (W(Q) = (o T W (Ohor = exp [ = TG X7NDIO)], (220

where X (NT) is the (N + 1) x (N + 1) matriz given by

a—i—a++1+e_5> (1—|—e_50 1+e‘5> ]
0

X7(Nr) = Ugupt]( - e T

o —oy 1—ef
CEREEY

xU? ... U3+
1 N o —o,

(2.25)
Remark 2.6 In the theory of quantum correlation and entanglement for quasi-free states
the matriz X°(t) is known as the covariant matriz for Gaussian states, see [Adll], [Ke].
Indeed, differentiating (2.24) with respect to components of ¢ and ¢ at ¢ = 0, one can
identify the entries of X7 (t) with expectations of monomials generated by the creation and
the annihilation operators involved in (1.28), (1.29).

Subsystem S + S,. For 1 < n < N the initial state wg, s (-) on the Weyl C*-algebra
A (I @ Hy) ~ A (H) @ () of this composed subsystem is given by the partial
trace

n—1 N
W35, (W) © W) = wyl(i(an) © QL@ W) @ K) 1)
k=1 k=n+1
2 2
=exp | — |ai| coth %} exp [— |Oz| coth g] ) (2.26)
This is the characteristic function of the product state corresponding to two isolated sys-
tems with different temperatures. Put (™ :=*(a,0,...,0,a1,0,...,0) € CN*! where
ay occupies the (n + 1)th position. . Then we get
Wi Ts, (@(0) ® W) = wovn (W (™)) . (2.27)

For the components of the vector U7 ... U™ we get from Remark 1.2 that
(Ue...Ug ¢Om), = (2.28)
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e [(g727)" g + (9727)" " g w” n], (k=0)

N ((g727) N R gTw g + (9727) T (gTw) an], (1< k<)
e [(g727) N g W o + 9727 (—7) ], (k =n)
eNTe (9727 )N =k gow oy (n <k <N).

Substitution of these expressions into (2.24) and (2.25) allows to calculate off-diagonal
entries of the matrix X?(N7) for ¢ = ¢(®™, which correspond to the cross-terms involving
ap and o;.

Because of [¢g727] < 1 (Remark 1.2), these non-zero off-diagonal entries will disappear
when N — oo for a fixed n. Hence, in the long-time limit the composed subsystem S+,
evolves from the product of two initial equilibrium states (2.26) to another product-state.
On the other hand, the cross-terms will not disappear in the limit N,n — oo, when N —n
is fixed [TZ]. It is interesting that in this case the steady state of the subsystem S keeps
a correlation with subsystem S, in the long-time limit.

Subsystem S, + S,. We suppose that 1 < m < n < N. Then the initial state w2 s (-)
on o (A, @ ;) ~ o (H;,) @ (H,;,) of this composed subsystem is given by the partial

trace

n—1 N
W3, 1.5, (@(a1) @ W(az)) ®1®wa1 X 1edm) e Q) 1)
k=m+1 k=n+1
2 2
= exp [— |OZ| coth g] exp [— |0z42| coth g} . (2.29)

This is the characteristic function of the product-state corresponding to two isolated

systems with the same temperature.
We define the vector (™™ :=*(0,0,...,0,01,0,...,0,0,0,...,0) € CN*!, where a;
occupies the (m + 1)th position and ay occupies the (n 4 1)th position, then

o v, (@(01) ® W(az)) = wovny (W(EC™™M)). (2.30)

Again with help of Remark 1.2, we can calculate the components of U7 ... Ug (™™ as

(U7 ...Ug ¢y, = (2.31)
(N7 (g727) ! gw g + (g727)" M) (k=0)
piNTe (gozo>m—k—1(gowo>2 [ag 4 (g727)" ™ o] (1<k<m)
eNTe (g7 (—T) aq + (g7w)? (¢727)" " L) (k=m)
eNTE (g727) R (g7w)? (m < k<n)
eNTE G727 (1) g (k=n)
L0 (n<k<N)

The correlation between S, and S,,, i.e. the corresponding off-diagonal elements of
X?(NT) are non-zero when w # 0, and large for small n — m and they decrease to zero
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as n — m increase. Note that in contrast to the case S + S, (2.28) the last components
n < k < N in (2.31) as well as the state (2.30) do not depend on N. This reflects the fact
that correlation involving S, and S,, via subsystem § is switched off after the moment
t =nt. If w=0, then (2.31) implies that X?(N7) is always diagonal and that dynamics
(2.30) keeps S,,, + S, uncorrelated.

3 Time Evolution of Subsystems II

The arguments of Section 2.2 indicate that the components in the subsystems & + Sy +
...+ Sn_, have large mutual correlations for small n at t = N7 even when N large. And
those correlation seems asymptotically stable as N — oo.

In this section, we consider the correlation among those components simultaneously for
product initial densities. For this aim, let us divide the total system into two subsystems
Spi and Cy, ; at the moment ¢ = k7, where

S =S+ S+ S+ F Sknt, (3.1)
and
Cok=Sn+...+S1 +Sk—n+...+81. (3.2)
Here, n € N is supposed to be fixed small and N € N large enough. We may imagine that
the “cavity” & and “atoms” Si,...,Sy are lined as
SN, - 78k+1, S, Sk, . ,Sk7n+17 Sk,n, . ,81
at this moment. The interaction between S and each of Sy, ..., i has already ended, and

they are correlated. While Si1,...,Sy have not interacted with S, yet. Let us regard
that S, is the “state” at ¢ = k7 of the time developing single object S.,,. That is, S.,
has S, Sy, ...,S,_, as its components at the time ¢ = k7. And it develops changing its
components as well as the correlation among them. As the time pass from t = (k — 1)7
to k7, the “atom” S, enters into S.,, and the “atom” S,_,, leaves from S.,. It is also
possible to regard S.,, as the view from the window which is made to look the “cavity”
and the n “atoms” just have interacted with the “cavity”.

We are interested in S.,, since it might be interpreted as a simplified mathematical
model of physical objects in equilibrium with the reservoir or of metabolizing life forms
which maintain their life by interacting with the environment, i.e., the macroscopic many
body systems which are macroscopically stable but exchange their constituent particles
as well as energy with the reservoir microscopically.

Below we consider the large-time asymptotic behavior of state for S.,, i.e., for the
subsystem S, , with fixed n and large and variable k for the initial state (2.5) with general
density matrices pg, p1 € €1(.F).

To express the state of S.,, at ¢ = k7, we decompose the Hilbert space 7 into a
tensor product of two Hilbert spaces

H = s, , ® e, -

14



Here /s, , is the Hilbert space for the subsystem (3.1) and ¢, , for (3.2):

N

—n

a@;%@(éﬁw Ao, = ( @@Né%) (33)

j=k—n+1 j I=k+1

Il
—

If p € € (J€) is the initial density matrix of the total system S, ; + C,x, the reduced
density matrix ps_, (kT) of S.,, at t = k7 is given by the partial trace

Psen(kT) = Tro  (Ti0p) = Trom, (Tro, (T p) (3.4)

for k > n as in (2.2), where we decompose ¢, , as

k—n N
Ay, = Ho Q ey Hoy = QNG Hoy= Q) .
j=1

I=k+1

3.1 Preliminaries

Here we introduce notations and definitions to study evolution of subsystems in somewhat
more general setting than in the previous sections.

In order to avoid the confusion caused by the fact that every .7 coincides with .#
in our case, we treat the Weyl algebra on the subsystem and the corresponding reduced
density matrix of p € €,(J#) in the following way. On the Fock space F&(m+1 for
m=20,1,..., N, we define the Weyl operators

<C> b>m+1 + <b> C)m—i—l)
\/5 )

where ¢ € C™*!, bo, . .., by and BS, ce l;fn are the annihilation and the creation operators
in F2m+1 which are constructed as in (1.3) satisfying the corresponding CCR and

Win(C) = exp (i (3.5)

By o/ (#®m+1) we denote the C*-algebra generated by the Weyl operators (3.5).
To discuss the dynamics of our open system, it is convenient to introduce the modified
Weyl operators (cf. Proposition 1.1)

o_+oy4

WiQ) = e | 3756 Omen| Wn€) (3.6)
form =0,1,2,..., where ¢ € C™™! and (-, - ), 41 denotes the inner product on C™!. We
also use the notation

@°(0) = W)  for O€C, (3.7)

15



Below, we adopt the abreviations:
A" = of (FEMH) and € = ¢ (FEH) (3.8)

for the Weyl C* algebra on .#®(™+1) and the algebra of all trace class operators on . @("+1)
form=0,1,2,..., respectively. Note that the bilinear form

(o] e &) x o™ 5 (p, A) = Tr[pA] € C (3.9)

yields the dual pair (€™, .<7(™). Indeed, the following properties hold:
(i) {p| A)p = 0 for every A € /(™ implies p = 0;
(ii)  (p|A)pm =0 for every p € €™  implies A = 0;
(i) [{p[ Aml| < llolle Al

These properties are a direct consequence of the fact that &/™ is weakly dense in
L(F®m+) the dual space of ™. Below we shall use the topology o (%™, .o (™)) in-
duced by the dual pair (™, .7 ™)) on €™, We refer to it as the weak*-.27™ topology,
see e.g. [Ro|, [BR1].

Note that for the initial normal product state (2.5) the calculation of the partial trace
over ., in (3.4) is straightforward:

Tr e, (T mo ®/71 k}’TO ®PJ (3.10)

Here T,:ngb ) stands for the evolution map (1.18) on €™, for k < m < N.
To check (3.10), it is enough to show

ak
®pJ|Wk (17§ ®pj|wk (3.11)

for any ¢ € C*, where 1 is the unit in algebra @™ —*1_ Let ¢ € CN~+1 be defined by
CJ = (for 0 < j <k, QJ =0 for k <j < N. Then Wi(¢) ® 1 = Wx(¢) holds. Remark
1.2 readily yields

ur™ e = wr® L ur® oy~
Together with (1.37), it follows that

I (W) = (126" W) o 1,

which implies

®p]|T;;<éV Wi(() ® 1))y = ®pJ|TkTo AGHS (3.12)

7=0
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This proves (3.11) and thereby the assertion (3.10).

Here we have used the notation U;(k) for the (k+1) x (k+1) matrix whose components
are given by

€77 (7) (03027 (7) + (7)) (i =0)
U7 = § €797 (N)gow” (1) + 85027 (=7)) (i =0) (3.13)
€Teb;; (otherwise)

for ¢ =1,2,...,k (c.f. Remark 1.2 ). Then the one step evolution Tf(k) on €W is given
by

(T p | Wi (O = (0| T7 W Wi (O
where

o_+ o4

Tga(k)*Wk(C) =exp | — m

(¢ ke = (U7 ¢ U7 ) [Wa(U7 M), (3.14)

p € €™ and ¢ € CF*! (see Proposition 1.1).
To calculate the partial trace (3.4) with respect to J7,, we introduce the imbedding:

& @
G
G
G ¢
Tmpim :C"23¢=1] - [ — _2 = Tyy1mC € C™F2 (3.15)
Cm o
form =0,1,2,..., N and the partial trace over the second component R,, ,,, 11 : ¢ mtl)

€™ characterised by

(Ronm+10]0(G0) @W(G) © .. @ W(Gm))m = (plW(C0) @LRW(G) @ .. Q@W((m))m41 (3-16)

for p € €Y. Therefore, its dual operator Ry, 41 has the expression:
R:’L,m—l—le(C) = Wm+1(7“m+1,m§) for ¢ € cmtt (3.17)

Lemma 3.1 Form eNand {=1,2,...,m,

UZET—H)Tm—H,m = Tm—f—l,nga(m) ) (318)

holds.
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Proof : In fact, for the vector ¢ =*((y, (1, -+, m) € C™, one obtains

O i 1.mC)s = FnsrmU7 ™),

(g7 (7) (27 (7)o +w(T)¢) (= 0)
0 G=1
=97 G 2<5<0)
e g7 (1) (w7 ()G + 27 (—7)C) (j=(+1)
\eingj—l +2<j<m+1)
by explicit calculations. This proves the claim (3.18). O

For k € N and m = 0,1,2,...,k — 1, let the maps ry,, : C™" — CF1 and R, :
¢ *) — €™ be defined by composition of the one-step maps (3.15), (3.16):

Teem = Tkk—1°Tk—1,k—2C -« - O Tmt1im

and

Rm,k - Rm,m—f—l o Rm+1,m+2 ©...0 Rk—l,k >
respectively. This definition together with (3.16) and (3.17) imply that Ry , : &™) —
/®) and

R @(C0) @ B(C) @ . @ B(Gn) = D) ®1® ... QL@ B(() © ... @ B(Gn) - (3.19)

Hence, by (3.16) the map R, j, which is predual to (3.19), acts as the partial trace over
the components with indices j = 1,2,...,k — m of the tensor product ®?=o p; € ¢*).
Therefore, the map R, . coincides with the partial trace Tr., in (3.4). Then R, ; combined
with (3.10) gives the expression

k
ps.. (k1) = Rn,kT,:T(f)(@ pj) for k>=n+1. (3.20)

Jj=0

We summarise the action of the above maps (3.15), (3.17)-(3.14) on the modified Weyl
operators (3.6) by

Lemma 3.2 Let k € N. Then,

(i) Ryt (WE(O) = W (FmamnC) (3.21)

(ii) k(WS (O) = Wo 4 (FsenC) (3.22)
holds form = 0,1,2,..., ¢ € C™*; and

(iii) Ty "W () = W (U™ ¢) (3.23)

(i) Iy Q) = wouf™ L ui sy (3.24)

(v) U ™ m = T U7 (3.25)

holds form € N, ¢ € C™*! and £ =1,2,...,m.
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Note that the claim (v) in the above is an obvious extension of Lemma 3.1. This lemma
yields the following statement.

Lemma 3.3 Form,k €N, {=1,2,...,m,

ek T0 = TR (3.26)
holds on o™ . Therefore
Rk Ty = T7 ™ Ry i (3.27)
and
Ry TPt R potmth)
= (Rt TV ™) - (Ronne ot 1 TV N (Rt tmse TT) (3.28)

hold on €™k

Proof :  The identity (3.26) follows from Lemma 3.2 by considering the action on the
modified Weyl operators. By taking its adjoint, (3.27) follows. A simple application of

induction over k yields the last identity. 0
Let us concentrate on the evolution of the subsystem &, first. To this aim, we introduce

the map 7[-|-]: €© x €O — €O to express the one-step evolution
Tloolpr) = RoaT7 " (po @ 1) for po,pr € €7, (3:29)

of the density matrix py under the influence of p;, see (3.20). We also denote by
Tlp] = e ™ petma’ e for pe€® (3.30)

the “free” one-step evolution of density matrix corresponding to any of subsystems S,
c.f. (1.8). Then one obtains the following assertion.

Lemma 3.4 For any {,m € N fulfilling ¢ <m, ¢ € C™, § € C and py, p1,...,pe € EC
the following properties hold:

(i) T W (O] = Wiy (e7C), (T 1)@ W1 (Q)] = Wi 1 (e7*7C) ;
(ii) TRo1 = Roa T
(i) (TTeolpr] | @7(0))o = (po | W7 (g7 (7)27(7)0))o(p1 | W7 (797 (T)w (7)0))o :
(iv) T@(m+1)TU(m) _ 0(m)7-®(m+1)’ (T~ 1) @(m+1) U(m :Tga(m)(']’—l)@(m-l—l);
(v) T(Tlpolprl) = T(TpolTprl, T (T lpolpi] ) =TT " pol T ']
(vi) Rer T oo ® pr @ ... @ p] = Tlpolpr] @ Tlpa] © ... @ T,

/\

Here ()2 denotes the (m + 1)-fold tensor product of the corresponding operator (-).
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Proof : (i) Since
{p| T*[@7(0)])o = (Tp| @ (0)])o
= Tr(pere a7 (8)e %) = Te(p@(¢°0)) = {p| B°(£6) o

holds for p € €9, we obtain the desired equality for m = 1. The equalities for m > 1
follow from (1.27) and the definition of tensor product of (7+!)*.
(i) Taking into account (i) of Lemma 3.2 and the above (i), we get

(TRo) @7 (0) = Ry, T"07(0) = R, @7 (e'70) = WY (€' 00)

= TE¥WY (r1,00) = T R ;07 (0) = (Roa T5%) @ (6).
(iii) By virtue of (3.15) and (3.13) one obtains

0(1 eZTEg Z eZTEg w 0
U T 09 - (ezrsg Tw° ezrsg P ( )) (0)
_ eZTeg ZO’G
- Z’T'Eg w09
(Tlpolpa] [ @7(8))o = (Roa Ty oo @ pr] | 97 (6))o

= {po @ pu | TY M Ry 07 (0))1 = (po @ pu | W7 (U7 V1 00))4

= (po | W7 ("7 g7270))o(p1 | @7 ("7 97w 0))o . (3.31)
(iv) By applying the adjoint operators

which impllies

(7—:&1>®(m+1)*’ T;(m)*
to the modified Weyl operators, we get
(Ti1)®(m+1)*TgU(m)* _ Tga(m)* (Tj:l)@(m—l—l)*

from (iii) of Lemma 3.2 and the above (i). Then, duality derives the assertion.
(v) These identities follow from the above (ii), (iv) and the definition (3.29).
(vi) Let ¢ € C*. By (3.15) and (3.13), we obtain

ol iTe oo o, 0
Ul( )’r&ﬁ—lg =e€ t(g z gOa g w CO) Cl) ) Cf—l)a

where (- ) is the vector transposition. Then we get
(Rer 7 (00 © pr @ . @ pe) [ W4 (O) e

=(po@p @ ... 0 pe | TT R WE(O)e = (po @ p1 ® ... ® pe | WEUTVr00-10))e

= (po |07 (e"7g" (7)27(7)G0))op1 | 07 ("7 9" (T)w ”(r)§0)>0<p2|@”(emg‘1)>o...(pg|w"(emgg,l))0
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= (TTlpolp] | W7 (Co)Yolp2 | T [ (C1)])o - - - {pe | T [ (Ce—1)])o
= (Tlpolpr] @ Tlp2] @ ... & Tloe W71 (C))e-1,

where we used (iii) and (i) at the fourth equality. These finish the proof of the lemma. O
Note that (3.31) coincides with (2.7).
Next we consider the multi—step evolution for the subsystem S. To this aim, we define
T . gOk+) _, @0

T®polpr, - on] = Ros Ty WY .17 P (oo @ pr @ ... @ py), (3.32)

for k € N and py, p1,...,pr € €9, c.f. (3.20), (3.29).
The following lemma holds.

Lemma 3.5 For any @ € C, k € N and po, p1,- .., pr, ... € €9, the following properties
hold:

@) TWpolpr] = Tleolp)
(i) 7 )[Po|ﬂla s i) = TITWpolprs s pi) | T prsa
= T¢ [ [polol| T o2, s Tppsal

(iii) T(T(k) [P0|P1,---,Pk]> =TTl Tor,- - Tox]
7"1(7("“)[/)0\/)1, - --,pk]> =TT ool T o1, T ]

(iv) Rm,kerTl:(ker) . -Tlo(ker) [P0 @ p1 @ ... @ Prym)
= T(k)[po‘pla s 7pk] ® Tk[karl] ®...® Tk[karm] fOT m = 07 17 27 S
V) AT Ppolor| - ol |87 ()0 = (po | @7 (™7 (9727)"6))o

k
X H p]‘ lkeT gaz(’)k J 09)>
J=1
Proof : (i) This is obvious by definition.
(ii) By Lemma 3.3, we get
RopTOTE 7Y = (R T ) (R TV o (R nTT ).

Then, definition (3.32) and Lemma 3.4(vi) yield

T®lpolpr,- -, pr) = (Roa TV Y R12TY ) . (Rie ik TV (o @ pr @ ... @ i)
=TT TTloolol|Tpa) - AT 2o a )| T i,

which iplies the claim.
(iii) This can be derived by induction using above (ii) and Lemma 3.4(iv).
(iv) Due to Lemma 3.3, we have

R o T T 17 (00 @ 01 @ . ® prosm)
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_ (Rm7m+1Tf(m+1)) (Rm+1,m+2T10(m+2)) L

. (Rerkfl,erleU(erk)) (pO X P1 ®...0 karm)

Using successively Lemma 3.4(vi) and the result (ii) of the present lemma, one obtains
the assertion.

(v) By virtue of Lemma 3.4(ii) and of the result (i) above, one can prove the case k = 1.
Let us assume the validity for £ > 1. Then the validity of the case k + 1 follows from the
(ii) above and the formula

(T* D 0polpr, ..o, pesa) |©7(0))o = (TIT®[polpr, - - - o) | TF presa] | @7 (0))o

= (T®polp1,- -, o] | D7 (T g7270))o (T* presr | 07 (€7 g7w76))o
= (po| @7 ("7 (g727) e Tg7270))o
k
< [ Jos 107 (e (9727 )" 97w €7 g 270) ) i | @7 (¢TI g7w70))o
j=1

which proves the assertion (v) by induction. O

Here, we comment that Lemma 3.5 (v) is a revisit to the evolution of the subsystem
S in Lemma 2.2.

3.2 Reduced density matrices of finite subsystems

In this section, we consider evolution of subsystems S, x (3.1) and S.,,. Our aim is to
study the large-time asymptotic behaviour of their states, when initial density matrix is
given by (2.5).

For the density matrix p; in (2.5), we assume the condition:

(e o]

[H] D(0) = H(p1 | 5((g727)'0))o converge for any 0 € C
1=0
and the map R > ¢+ D(t) € C is continuous.

Here, we do not assume gauge invariance of p;. (c.f. Theorem 2.3)
Under the condition [H], one obtains the following theorem:

Theorem 3.6 There exists a unique density matriz p, on % such that T[p. | p1] = T p«
holds. And p. also satisfies

~ 0?0 +0o |97 (r)w? (1) [?
(1) @ @) =exp | - - (1 - T

o_— o4 1—1g7(7)z7(7)

(2) T(k)[p*|Pla>p1]:TkP* fO?"k’>1,
(3) For any density matriz py in (2.5), the convergence limy_,oo T (’T(k) (o p1,- - ,,01]> =
ps holds in the weak*-2/© topology on €.

5)| P (e n)6);
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Remark 3.7 (a) The weak*-/©) topology on €° induced by the pair (€, .o/0) (5.9)
is coarser than the weak*-L(F) topology, which coincides with the weak and the norm
topologies on the set of normal states [Ro, BR1].

(b) When py is gauge-invariant, the characteristic function in (1) coincides with (2.16)
and the present theorem reduces to Theorem 2.3. Especially, the free evolution T [p. | p1] =
T ps] reduces to the invariance T [p« | p1] = pe-

Proof : First, we note that limy_,.{po|w?((g°27)%0))o = 1 because of |¢°2°| < 1 and of
the weak continuity of the state w,, = (po|-)o. Then by Lemma 3.5 (iii),(v) and Lemma
3.4(i), we get

lim (7 (T O o pr, .. 1] ) [87(6))o

k—oo
= i (T~ [po]|&7 ("7 (4727)"6))c
k
% H(T—k[pl]|@a(6ik67(gaza)k j 08» (333)

= [Tonto (= Yoruros

0|2

[|9|2U—+U+ 9w
=exp |—
4 0 —oy1—|goz)?

]D(g"w"G) :

which means that klim (T7* (T(k) [po | p1s- - ,pl]) |w?(0))o is equal to the right-hand side
—00

of (1) in the theorem. (Recall (3.6) and (3.7).) The right-hand side of (1) satisfies: (i)
normalization, (ii) unitarity and (iii) positivity, and (vi) regularity, since it is a limit of
characteristic functions, under condition [H]. Hence from the Araki-Segal theorem as in
Section 2.1, there exists a state w, on the CCR-algebra o7 (.#) such that its characteristic
function is given by the right-hand side of (1). Moreover, the continuity assumption about
the function D yields that the state w, is normal by the Stone-von Neumann uniqueness
theorem [BR2]. Hence, there exists a density matrix p, such that w, = Wp, , which conclude
(1). Now, (3) is obvious.

Free evolution T [p.|p1] = Tp« can be derived from (1) by the use of Lemma 3.4
(iii),(i) and (3.6), (3.7). Indeed, one has

(Tloulpall@7(0))o = (pu| @7 (e"7g"270) o (1| @7 ("7 97w H) o

_ &UJZ o, .0
= o [ 1970l 17w o)

X (. |0 (€T g7 270)) o (p1| W (T g7wh))g (3.34)

o_+ 04 ( 2, g w7 |? 2)]
g 0'9 g 0'0

xD(g%w? emg 270)(p1|@(e 97w 0))o

:exp[
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= o- + o+ |g0,wa|2 €T 0,0
= exp [4(U_a+)1_|gozg|2D(e g°w’0)
o-to A _LET ~c P

where we used the equahty D(g7270){p1|w(0))0 = D(0).
Now the assertion (2) follows directly from T [ps | p1] = T p«, by using Lemma 3.5(ii) (iii).
To prove the uniqueness of p,, let pa be another density matrix satisfying T [pa | p1] =
T pa- Then, pa satisfies the property (2) and

p*:hmT [ [P0|P1>--->P1Ha

which coincides with p, by (3). Hence, one gets pa = p.. O

Now we consider the large-time behaviour of the states (3.4) of subsystems S.,,. Let
p1 be a density matrix on .Z satisfying the condition [H]. Then we have the following
theorem.

Theorem 3.8 For any density matriz pg on F and n,m € N, m > n, the limit:

(T F)2m DR, m+kT(n(f]:)—f)0 (po @ pF ™Y — T (9. @ p¥™) as k — oo ,

n,0

holds in the weak*-o/ ™ topology on €™ . Here p, is the density matriz on F given in
Theorem 3.6.

Proof : By Lemma 3.3, Lemma 3.5(iv) and Lemma 3.4(iv), we obtain

_ m o(m+k m-+k
(T k)®( +1)Rm,m+k‘T(n(+kJ)rT)0(p0®p®( " ))

= (T Ry gt 7 Ry T TP (g @ 7))
= (T F)m et 7™ (T® pglpy, ..., o] @ (T 1))®™)
— Tg(m) N .Tf(m) (Tfk>®(m+1) (T(k) [olp, -\ p1] ® (Tk[pl])®m)
= T (THTPlpolor, i) @ pF™).

Since one has

lim 7% (T(k) [polp1, - - ,p1]> = ps

k—00

in the weak*-27(©) topology, we obtain also the weak*-.a7(™) convergence
(T_k[T(k)[p0|p177p1]])®p®m —>,0*®p®m aSk‘—)OO

By the duality (3.9), one also gets the continuity of 7] nTO ) and hence, the weak*-g/(™
convergence

Tl (T T®loo | o1, pall @ p5™) — Te (p. @ p§™)  as k — o0,

claimed in the theorem. 0
Let us put m = n in the theorem. Then by (3.20), we obtain the limit of the reduced
density matrix ps_, () for the subsystem S.,,:
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Corollary 3.9 The convergence

lim (75)%0 Vs ((n+ k)7) = T (o ® p§™) (3.35)

k—o0
holds in the weak*-a/™ topology on €™.

Since T is the free evolution (3.30), the limit (3.35) means that dynamics of subsystem
S, is the asymptotically-free evolution of the state, which is given by the n-step evolution
of the initial density matrix p, ® p©" of the system S + C,.

From the continuous time point of view, the subsystem S., shows the asymptotic
behaviour, which is a combination of the free evolution and the periodic evolution, c.f.

Remark 2.4(a).
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