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Abstract

We consider a one-dimensional kinetic model of granular media in
the case where the interaction potential is quadratic. Taking advan-
tage of a simple first integral, we can use a reformulation (equivalent
to the initial kinetic model for classical solutions) which allows mea-
sure solutions. This reformulation has a Wasserstein gradient flow
structure (on a possibly infinite product of spaces of measures) for a
convex energy which enables us to prove global in time well-posedness.

Keywords: Kinetic models of granular media, product Wasserstein space,
gradient flows.

AMS Subject Classifications: 35Q70, 35D30, 35F25.

1 Introduction

Kinetic models for granular media were initiated in the work of Benedetto,
Caglioti and Pulvirenti [4], [5] who considered the following PDE

O f+0-Vof = divy(f(VW, f)), (t,2,v) € Ry xRIXRY, flimg = fo, (1.1)

where fj is an integrable nonnegative function on the phase space and W is
a certain convex and radially symmetric potential capturing the (inelastic)
collision rule between particles, and the convolution is in velocity only (VW x,
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f)(@,v) = [ou VIV(v — u) fy(x,u)du (so that there is no regularizing effect
in the spatial variable). At least formally, (1.1) captures the limit as the
number N of particles tends to 400 of the second-order ODE system:

Xi(t) =Vi(t), Vi= —% D> VW (Vi(t) = Vi(0)dx,y-x, i =1, N,
J#i
(1.2)
which describes the motion of N particles of mass % moving freely until
collisions occur, and at collision times, there is some velocity exchange with
a loss of kinetic energy depending on the form of the potential .
Surprisingly there are very few results on well-posedness for such equa-
tions. This is in contrast with the spatially homogeneous case (i.e. f depend-
ing on ¢ and v only) associated with (1.1) that has been very much studied
(see [4, 11, 12, 17, 6, 13] and the references therein) and for which existence,
uniqueness and long-time behavior are well understood. In fact, the spatially
homogeneous version of (1.1) can be seen as the Wasserstein gradient flow
of the interaction energy associated to W, and then well-posedness results
can be viewed as a consequence of the powerful theory of Wasserstein gra-
dient flows (see [3]). For the full kinetic equation (1.1), local existence and
uniqueness of a classical solution was proved in one dimension in [4] for the
potential W (v) = |v|*/3 (as observed in [2], the arguments of [4] extend to
dimension d and W (v) = |v|’/p provided p > 3 — d) when the initial datum
fo is a non-negative C* N Wh°(R x R) integrable function with compact
support. Under an additional smallness assumption, the authors of [4] also
proved a global existence result. In [1], the first author has extended the
local existence result of [4] to more general interaction potentials W and to
any dimension, d > 1. The proof of [1] is based on a splitting of the kinetic
equation (1.1) into a free transport equation in x, and a collision equation in
v that is interpreted as the gradient flow of a convex interaction energy with
respect to the quadratic Wasserstein distance. In [2], various a priori esti-
mates are obtained, in particular a global entropy bound (which thus rules
out concentration in finite time) in dimension 1 when W is subquadratic
near zero.

Understanding under which conditions one can hope for global existence

or on the contrary expect explosion in finite time is mainly an open question.
Let us remark that the weak formulation of (1.1) means that for any 7" > 0



and any ¢ € C°([0,T] x R? x R?) one has
T
/ / (Oep(t, x,v) fr(x,v) + Vo o(t, x,v) - vfi(z,v))dzdodt
0 JRixRd
— [ otanrodede— [ o050 fo(w, o)dede
Réx R4

RIxRd
T
+/ / Vo, o(t, x,v) - VW (v — u) fy(z, v) fi(x, u)drdudvdt
0 JRIXRIXRE

and for the right hand side to make sense, it is necessary to have a control
on nonlinear quantities like

T
/ / fi(x,v) fi (2, u)drdudvdt
0 R2x R4 xRd

which actually makes it difficult to define measure solutions (this also explains
why in [4] or [1], the authors look for L' N L*> solutions). Observing that
(1.1) can be written in conservative form as

Ouf + dive o(fF(f)) = 0, with F(f)(z,v) = (v, =(VW %, f)(z,v)),

we see that, at least for smooth solutions, (1.1) can be integrated using the
method of characteristics:

Ji = St fo
where S; is the flow of the vector-field F'(f) i.e.

2 6 0) = FUYSI0)

So(z,v) = (z,v), o

and f; = Sy, fo means that
/ o, 0) fu(r, v)dad = / oSy, ) folr, v)dadv, Vi € Cy(RIXRY),
RIx R4 R xRd

In the present work, we investigate the one-dimensional case with the
quadratic kernel W (v) = |v|? which is neither covered by the analysis of [4]
nor by the entropy estimate of [2] (actually the entropy cannot be globally
bounded in this case, see [2]). In this case the convolution takes the form

/R (v — )il w)du = pu(e)o — m(a),

where

pe(x) == /th(:v,v)dv, my(x) ::/vat(x,v)dv, (1.3)
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so that the kinetic equation (1.1) rewrites

0ufu(a,v) + 00.fi(,v) = 0, (filw, ) pu(e)o —ma))),  (1.4)
and we supplement (1.4) with the initial condition

fli=o = fo, (1.5)
where fy is a compactly supported probability density:

fo € L' R? x RY), / fodzdv =1 (1.6)
R4 xR4
and
Supp(fo) C Bgr, X Bg, (1.7)

for some positive constants R, and R,. We shall see later on, how to treat
more general measures as initial conditions. Our first contribution is the
observation that, thanks to a special first integral of motion for the charac-
teristics system associated with (1.4), one may define weak solutions not at
the level of measures on the phase space but on a (possibly infinite) prod-
uct of measures on the physical space. Our second contribution is to show
that this reformulation has a gradient flow structure for an energy functional
with good properties which will enable us to prove global well-posedness.
To the best of our knowledge, even if the situation we are dealing with is
very particular, this is the first global result of this type for kinetic models
of granular media. As pointed out to us by Yann Brenier, our analysis has
some similarities with (but is different from) some models of sticky particles
for pressureless flows (see [9], [8]) and Brenier’s formulation of the Darcy-
Boussinesq system [7].

The article is organized as follows. In section 2, we show how a certain first
integral of motion can be used to give a reformulation of (1.4) which allows
for measure solutions. Section 3 investigates the gradient flow structure of
this reformulation. Section 4 proves global existence thanks to the celebrated
Jordan-Kinderlehrer-Otto (henceforth JKO) implicit Euler scheme of [16] for
a certain energy functional. In section 5, we prove uniqueness and stability
and give some concluding remarks.

2 A first integral and measure solutions

2.1 A first integral for classical solutions

Let us consider a C!' compactly supported initial condition f, and a classical
solution f, that is a C' function which solves (1.4) in a pointwise sense on
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R, x R? x RY. It is then easy to show (see [2]) that f remains compactly
supported locally in time; more precisely (1.7) and (1.4) imply that

Supp(ft) C BRz"l‘tRu X BRN vt > 0. (21)
The characteristics for (1.4) is the flow map for the second-order ODE
X = —p(X)X + my(X) (2.2)

in the sense that
ft = (Xt7 %)#fo
where (Xo(z,v), Vo(x,v)) = (z,v) and

Ly ,0) = —pu(Xal, 0))Vila, 0) + mel(Xu(,v)),

dt
(2.3)
with p and m being respectively the spatial marginal and momentum asso-
ciated to f defined by (1.3). Integrating (1.4) with respect to v, first gives:

d
ﬁXt(x,v) = Vi(z,v),

Opr(x) + Opmy(x) =0, >0, z € R (2.4)
so that there is a stream potential G such that
p = 0.G, m=—0,G, (2.5)

and since p is a probability measure, it is natural to choose the integration
constant in such a way that G is the cumulative distribution function of p:

Gy(z) = / " o)y = prl(—o0,2]). (2.6)

Replacing (2.6) in (2.2) then gives

. . d

so that X + Gy(X) is constant along the characteristics. Since Gy can be
deduced from the initial condition fy by

Gotw) = | [ Aloroay,

we have the following explicit first integral of motion for (2.3):

Vi(z,v) + Gi( Xy (z,v)) = v + Go(x). (2.7)



2.2 Reformulation and equivalence for classical solu-
tions

In view of the first integral (2.7), it is natural to perform a change of variables
on the initial conditions:

a(z,v) = v+ Go(x)), vy(z) = fo(z,a — Go(x))

so that for every ¢ € C(R x R) one has
O, alw, ) folw, v)dadv = | o, ) (x)dada,
RxR RxR

and then to rewrite the characteristics as a family of first-order ODEs parametrized
by the label a:

d o\ Al Yl
7 X{(2) = a = GUX{(x), Xf(2) = 2. (28)

The flow (2.3) may then be rewritten as:
Xi(z,v) = X{(x), Vi(z,v) = a — G(X](x)) for a = a(z,v) = v + Go(x).

Hence setting
vy = X{ 10, (2.9)

the relation f; = (X, V)4 fo can be re-expressed as:

o(z,v) fr(z,v)dzdv = g o(z,a — Gi(z))v)(z)dzda (2.10)

R2

for every ¢ > 0 and every test-function ¢ € C'(R?). This implies in particular
that

o) = [ vila)da

and then also
Gu(x) :/Rczg(x)da with G () = 17((—o0, ]). (2.11)

On the other hand, using (2.8), we deduce that for each a € R, v* satisfies
the continuity equation:

0w+ 0 (v (a = Gulw))) =0, V*licofw) = 1 (2) = folw,a— Go(w)). (212)



Note that v is a nonnegative measure but not necessarily a probability
measure, its total mass being that of 1§ i.e. h(a) := [ fo(x,a — Go(x))dz

The previous considerations show that any classmal solution of (1.4) is
related to a solution of the system of continuity equations (2.12)-(2.11) with
initial condition f, via the relation (2.10). The converse is also true: if v* is
a family of classical solutions of (2.12) with G* and G given by (2.11), then
the time-dependent family of probability measures f; on R? defined by (2.10)
actually solves (1.4). Indeed, by construction the spatial marginal p of f is
0. G as for the momentum, we have

my(x) == /R of, (2, v)dv = / (a — G, (2))v?(z)da.

R

Then, thanks to (2.12) and Fubini’s theorem, we have

/ /8ty Jdyda = — / /8 vy Gi(y)))dyda

_ / (a = Gyla))vf (@) do = —my(x).

Then let us take a test-function ¢ € C!(R?), differentiating (2.10) with re-
spect to time, using 0,G = p, ;G = —m, (2.10) and an integration by parts
and (2.12), we have

/RQ of = /R O, a = Gu(@)0 (v} (a = Go)) + 0u6(w, 0 — Gy}’ ) dada
= [ (96(e.0= Gutw) = 210(0.0 = Gula)) @) (a = Gulw)vf )i
" /R 0u6(, v)my(a) i, v)drd
= [ (@0t 0)0+ 0,00, 0)(mi(z) = pua)o) e, o)

This proves that, for classical solutions, the kinetic equation (1.4) is ac-
tually equivalent to the system of PDEs (2.12)-(2.11) indexed by the label
a.

2.3 Measure solutions

We now take the system (2.12)-(2.11) as a starting point to define measure
solutions. We have to suitably relax the system so as to take into account:



e the fact that shocks may occur i.e. atoms of p may appear in finite
time, then the cumulative distribution G may become discontinuous
(in which case it will be convenient to view G, which is monotone, as
a set-valued map),

e the fact that when shocks occur, the velocity may depend on the label
a/7

e more general initial conditions.

Let us treat first the case of more general initial conditions. What really
matters is to be able to make the change of variables a = v + Gy(z) in a
non-ambiguous way, which can be done as soon as p, is atomless i.e. does
not charge points. We shall therefore assume that f; is a probability measure
on R? with compact support and having an atomless spatial marginal:

Supp(fo) C Br, X Bg,, po is atomless i.e. fo({z} xR) =0, Yz € R. (2.13)

Defining the spatial marginal py of fy by

/ s@)dpo(z) = | é(x)dfo(z,v), Y6 € C(R)
R R2
as well as its cumulative distribution function

Go(z) := po((—o0, z]) = fo((—o0,z] X R), Vo € R,

Gy is continuous and py is suppported on [—R,, R,]. Since G, takes values
in [0, 1], then a(x,v) := v+ Go(z) € [—Ry, Ry, + 1] for (x,v) € Supp(fo)-
We then define the probability measure 1y as the push-forward of f, through
(z,v) = (z,a(x,v)) ie.

no(C) == fo ({(:c,v) D (z,v+Go(a)) € C’}), for every Borel subset C' of R?.

(2.14)
We then fix a o-finite measure p such that the second marginal of 7y is
absolutely continuous with respect to p; for instance it could be the second
marginal of 79, but we allow i to be a more general measure (not necessarily a
probability measure; for instance it was the Lebesgue measure in the previous
paragraph 2.2, and in the discrete example of paragraph 2.4 below, u will
be a discrete measure). Then we can disintegrate 7y as 79 = v§ ® p which
means that for every ¢ € C(R?) we have

o(,v + Go())dfo(z,v) = /R ( /R ¢(x,a)dyg(x)) du(a).

RQ
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Note that v/§ is supported on [—R,, R,] and it is not necessarily a probability
measure. We denote by h(a) its total mass i.e. the Radon-Nikodym density
of the second marginal of 1y with respect to pu:

. ¢(v+ Go(x))dfolz,v) = /Rcb(a)h(a) du(a), V¢ € C(R) (2.15)

so that h € L'(u), [z h(a) du(a) = 1 and h = 0 outside of the interval
[—R,, R, +1].
The rest of the paper will be devoted to study the structure and well-

posedness of the following system which relaxes to a measure-valued setting
the system (2.12)-(2.11):

vy + Oy (vivf) = 0, V=0 = 175, (2.16)
subject to the constraint that
vi(z) € [a — Gy(x),a — G; ()] (2.17)

where
pr :I/th“du(a),Gt(fv)Ipt((—ooax])a Gy (z) = pe((—00,2)).  (2.18)

Note that when p is the Lebesgue measure and there are no shocks i.e.
when G, is continuous, we recover the system (2.12)-(2.11) of paragraph 2.2.
Denoting by Po(R) the set of Borel probability measures on R with finite
second moment, solutions of (2.16)-(2.17)-(2.18) are then formally defined
by:

Definition 2.1. Fiz a time T > 0; a measure solution of the system (2.16)-
(2.17)-(2.18) on [0, T] X R is a family of measures (t,a) € [0,T] x [—R,, R, +
1] = v € h(a)P2(R) which

1. is measurable in the sense that for every Borel bounded function ¢ on
0, T] xR xR, the map (t,a) — [ &(t,a, x)dvi(x) is dt® p measurable,

2. satisfies the continuity equation (2.16) in the sense of distributions for
hu-a.e. a, with a v} @ u® dt-measurable velocity field vy which satisfies
(2.17), v} @ p & dt a.e, and with Gy and G, defined by (2.18).

Note that since v{ constrained by (2.18) is bounded, ¢ — v} is actually
continuous for the weak convergence of measures for Ay a.e. a. Note also that
the fact that ¢t — v satisfies the continuity equation (2.16) in the sense of
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distributions is equivalent to the condition that for every ¢ € C([—R,, R, +
1]) and ¢ € C1([0,T] x R) one has:

(a) (Gep(t, ) + 02¢(t, x)vf (2))dvf (z)dt |dp(a)
foel] ) )
:/ﬂ§w(a)</ﬂ§¢(T,x)dy§”ﬂ(x) —/RQS(U,x)dVg(z))du(a)

2.4 A discrete example and a system of Burgers equa-
tions

As an example, let us consider the special case

N
1
Jo=po® N E Oa;—Gol(x)
i—1

where py is a smooth compactly supported probability density and a; < --- <
ay are the finitely many values that the label @ may take. In this case, we
take p as the counting measure and then

al 1, 1
Mzzaaw h(al) = Na Vy = NPO-

i=1

Even though Gj is smooth, we have to expect that shocks may appear in
finite time. Let us relabel the measures v* := v% and the corresponding
cumulative distributions G* := G%, G = Z;VZI GY. If there were no shocks,
the system (2.16)-(2.17)-(2.18) would become

N

o' + 0p(V(a;i = > _Gy)) =0, Vg =

i=1

i=1,---,N.  (219)

Integrating with respect to the spatial variable between —oo and x would
then give a system of Burgers-like equations:

N
0G + 0,G'(a; = Y G =0, G'|i= = %Goa i=1--- N (2.20)

j=1

We can at least formally rewrite each of these equations in the more familiar
form

8G' + 8,Gi(G) = 0
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where each function ¢ is implicitly defined in terms of the pseudo inverse
H} of Gi:
Vi) = a;—a =Y Gl(H{(a)).
J#i

Note that 1} is decreasing for every ¢t and actually (¢!)" < —1. In the absence
of shocks, H} simply solves 0;H" = 1)!. Let us then take r; < zo belonging
to a certain interval on which py > v with v > 0 and define y, := %Go(xl),
Y2 := +-Go(x2), we then have y, — y; = + ;12 po > 5 (x2 — x1). Integrating
O,H" = 4} and using the fact that (') < —1, we get

Hi(y2) — H{ (1) = 22 — 1 + /0 (Vi(y2) — Yi(yr))ds < o — 21 — t(y2 — 1)

This means that H; becomes noninjective before a time

To — X1 <:ZY

Yo—Y1  V

In other words, discontinuities of G* i.e. shocks appear in finite time O(N).

3 A gradient flow structure

In this section, assuming (2.13) we will see how to obtain solutions to the
system (2.16)-(2.17)-(2.18) by a gradient flow approach. Existence of such
gradient flows using the JKO implicit scheme for Wasserstein gradient flows
will be detailed in section 4. We denote by M (R?) the set of Borel measures
on R? and P(RY) the set of Borel probability measures on R?. Given two
nonnegative Borel measures on R? with common finite total mass h (not
necessarily 1) and finite p-moments, v and 6, recall that for p € [1, +00), the
p-Wasserstein distance between v and 6 is by definition:

1

Ww0) = nt { [ e—yParen)
R4 x R4

y€Ell(v,0)

where II(v,0) is the set of transport plans between v and 6 i.e. the set of
Borel probability measures on R? x R? having v and 6 as marginals (we refer
to the textbooks of Villani [18, 19] for a detailed exposition of optimal trans-
port theory). Wasserstein distances are usually defined between probability
measures such as h~'v and h=10 , but of course they extend to measures with
the same total mass and WP (v,0) = hWP(h~'v,h~'0). We shall mainly use
the 2-Wasserstein distance but the 1-Wasserstein distance will be useful as
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well in the sequel. We also recall that the 1-Wasserstein distance can also be
defined through the Kantorovich duality formula (see for instance [18, 19]):

Wi(v,0) = sup { /Rd fdlv—=0) : f 1—Lipschitz}. (3.1)

We will see in section 4 that one may obtain solutions to the system (2.16)-
(2.17)-(2.18) by a minimizing scheme for an energy defined on an infinite
product of spaces of measures parametrized by the label a. Wasserstein
gradient flows on finite products have recently been investigated in [15], [10].
To our knowldege the case of an infinite product is new in the literature.

3.1 Functional setting

Let A := [-R,, R,+1] and denote by X the set consisting of all v := (1*),¢a,
p-measurable families of measures such that

v*(R) = h(a); for p-a.e. a and /A/Rxle/“(x)du(a) < 400.

Given R > 0 (the precise choice of R will be made later on, see (4.2) below),
let us denote by Xg the subset of X defined by

Xr:={v e X : Supp(v*) C [-R, R], for u-a.e. a € A}. (3.2)

For v € Xpg, let us define the probability (because [ h(a)du(a) = 1)

measure
U::/V“d,u(a)
R

and the energy

J(v) = %/RXR |z — y|do(z)dv(y) + /A/R (% — a):vdl/“(:v)du(a). (3.3)

Note that J is unbounded from below on the whole of X but it is bounded
on each Xg. Note also that the interaction term can be rewritten as:

[ o= slaw@dm) = [ o -yl @ )dn@dus). (30

We equip Xy with the distance d given by:

P(v,0) = /A W2(u", 0% dp(a), (1,0) = (V)acn, (0%)aca) € Xp X Xn.
(3.5)
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It will also be convenient to work with the weak topology on Xy that is the
one defined by the family of semi-norms

p)=| [ oo | secxi-nR)

where v ® p is the probability measure defined by

/AX[—RJ{} Pd(v @ p) = /A </[_R’R] o(a, x)dl/“(a:))d,u(a)

and
K := AXx[-R,R]

so that convergence for the weak topology is nothing but weak-* convergence
of v ®p. Since for all v € Xy, v ®p is a probability measure on the compact
set A x [—R, R], Xg is compact for the weak topology. Note also that since
the weak-* topology is metrizable by the Wasserstein distance (see [18, 19])
on the set of probability measures on a compact set of R?, the weak topology
is metrizable by the distance d,,:

2 (v,0) =Wiveounu), (v,0) € Xp x Xg, (3.6)

so that (Xg,d,) is a compact metric space. We summarize the basic prop-
erties of J, d and d,, in the following.

Lemma 3.1. Let Xg, J, d and d,, be defined as above then we have:

1. J is Lipschitz continuous for d,,,
2. dy, <d,

3. d is lower semicontinous for dy: if (Vy,), is a sequence in Xg, (v,0) €
Xg x Xg and lim,, d,(v,,v) = 0 then liminf, d*(v,, 0) > d*(v, 0).

Proof. Let us recall that if 6 and v are (compactly supported say) probability
measures on R? then by Cauchy Schwarz-inequality,

Wl(l/, 9) S WQ(V, ‘9) (37)

and, it follows from (3.1) that, if f is M-Lipschitz then

fd(v —0) < MW, (v, 0). (3.8)

Rd
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Moreover,
Wi(v@v,0®60) < 2Wi(v,0). (3.9)

1. Let us rewrite J as
J(v) = iJO(V) + AW,
with
Jo(v) == /K2 |z — yld(v @ p)(a,z)d(v @ p)(b,y), (3.10)
and
Ji(v) = /K (% - a) 2d(v ® p)(a, 7). (3.11)

The fact that J; is Lipschitz for d,, directly follows from (3.7), (3.8) and the
fact that the integrand in J; is uniformly Lipschitz in z. As for Jy, using
also (3.9) and the fact that the distance is 1-Lipschitz, we have

Jo(w) = Jo(0) < Wi((v @ p) @ (v @ ), (8 @ p) @ (6 @ pr))
<2Wh(v @ i, 0 @ p) = 2d,, (v, 0).

2. Let v = (1) 4ea and 0 = (0%)4c4 be two elements of Xg and let 4* be
an optimal plan between v* and #* (which can be chosen in a py-measurable
way, thanks to standard measurable selection arguments, see [14]). Let us
then define the probability measure o on K? by

/K dl(a.a). (b p)da(aa.b.)

= [ ([0t @)

for all ¢ € C(K x K). Observing that o € II(v ® u, 0 ® v), we get

@2 (v,0) < /

KxK

r—yPdatorb) = [ ([ le—afarey)aua
- /A W2(u", 6% dp(a) = d*(v, ).

3. Let 7 be an optimal plan (u-measurable with respect to a) between
v2 and 0. Again passing to a subsequence if necessary we may assume that
72 ® p weakly * converges to some measure of the form v* ® u. Using test-
functions of the form v (a)(a(z) + S(y)) we deduce easily that for u-almost
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every a, v* € II(v*,0%) and then
liminf d*(v,, 8) = lim inf/ / lz — y[Pdy(z, y) du(a)
n A J[-R,R)?

- / / 2 — yPdy (2, y) dula) > (v, 6).
A J[-R,R2

O

3.2 Subdifferential of the energy and gradient flows as
measure solutions

Let us start with some convexity properties of J. Let v = (¥*),ca and 0
belong to Xz and let 7y := (7*)4ca be a measurable family of transport plans
between v* and 6* (which we shall simply denote by v € II(v,8)). For
e € [0, 1], then define

ve = ((1—¢e)m +em) gy )aca (3.12)

where 7 and m are the canonical projections m(x,y) = z, m(z,y) = v.
Then ¢ € [0,1] — v, is a curve which interpolates between v and 6. Similarly
if we take transport plans v* induced by maps of the form id +£% with & =
(€ aca € L®(v @ p) le. 6* = (id +£%)»v® then v = (id4+e£*)»r® and in
this case, we shall simply denote & := ({%),c4 and v, as

v.=(id+ef)yv, 0 = (id + &) 4.

Lemma 3.2. Let v and 6 be in Xg, v € II(v,0) and v. be given by (3.12).
Then

J(v.) <(1—¢e)J(v)+¢eJ(B), Ve € [0,1].
In particular, the same inequality holds if v. = (id+e€) v with € € L® (v ®
).
Proof. This immediately follows from the construction of v., the convexity

of the absolute value in Jy defined by (3.10) and the linearity in x of the
integrand in J; defined by (3.11). O

Definition 3.3. Let v € Xp, the subdifferential of J at v, denoted 0J(v),
consists of all w = (W)qen € LY (v @ u) such that for every R' > 0, every
0 € Xgr and every v = (V")aea € IlI(v,0), one has

1(0) — J(v) > / W (y)(z — )y (y, 2) dua(a).
[—R,R]x[~R/,R'|x A
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Remark 3.4. An equivalent way to define 0J(v) (which will turn out to
be more convenient in the sequel to prove stability properties, see Lemma
4.4) is in terms of transition kernels rather than of transport plans. More
precisely, given v € Xy, we define the set T'(v) of v ® p measurable maps
n: (a,y) € K — n®¥ € P(R) such that there exists an R’ > 0 such that n®¥
is supported by [-R', R'] for v ® p almost every (a,y) € K. We then define

vy = (Vip)aca by
[ o) = [ i), v e c)
By construction, v = (7*)4ea with 4v* = v* ® n®¥ defined by
Lotz = [ plr i@ ), v e CR?)

belongs to II(v,vp) and thanks to the disintegration Theorem, it is then
easy to check that w € 9.J(v) if and only if, for every n € T'(v), one has

o) = W) = [ w)c =i ). (313

Remark 3.5. If we restrict ourselves to transport maps (i.e. take n®Y = d0ga(y)
in (3.13)), we obtain a condition which is weaker than definition 3.3 but
somehow easier to handle. If w := (w%)4en € L' (v @ u) € 0J(v) then for
every & = (§%)aea € L®(v ® i), one has

J(([d+&)yv)—J(v) Z/K'wéd(v@w) Z/Kw“(fﬁ)ﬁ"(fﬁ)dVa(fﬂ)du(a)- (3.14)

Remark 3.6. The subdifferential d.J obviously has the following monotonicity
property (which will be crucial for uniqueness, see section 5) : if v; and v
belong to Xg and w; € 9J(vq) and we € 9J(vy), then for every v €
(v, vy), one has

[ @i = s = 0, 2)ula) 2 0 (3.15)

The connection between the subdifferential (in fact the weak condition
(3.14)) of the energy J given by (3.3) and the condition (2.17) is clarified by
the following:

Proposition 3.7. Let v € Xy, if w € 0J(v) then, defining the a-marginal

of v ® u by
pi= [ vidula)
A
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and its cumulative distribution function by
G(x) := p((=00,2]), G~ (2) = p((—00, 7)), Vz € R,
we have
w(z) € [G™(z) —a,G(z) —a] forv@ p a.e. (a,x). (3.16)
In particular w € L™ (v ® p) with
Jwl|Loewepy < Ry + 2. (3.17)

Proof. Let £ € L®(v ® p) and define v, := (id + €£) v for € € [0, 1]. Since
w € 0J(v) we have in particular

lim ~(J(v.) — J(v)) > /K wEd(v @ 1) = /K w* ()€ () dv*(z)dp(a).

e—=0t €
(3.18)
Defining Jy and J; as in (3.10)-(3.11) and K := A x [-R, R] , first we have

é(Jl(Ve) W) = Iy = /K (% )@ () dua). (319)

We then write
1

S = b)) = [ bl (e @ p).) (320
with

1 b
ne(abayy) = - (lo+e€@) =+ @) — e —yl).  (32D)

Observing that 7. is bounded by 2||£|| @ ey and that

. N a _¢b f
i (b g) = S DE@ - E) ity
0% §(z) = &), ifz =y,
by Lebesgue’s dominated convergence theorem, we get
1
ln& E(J(l/g) — J(V)) = [0+[1 —|—]2 (323)
with Iy given by (3.19), and
1 . “
B[ Lepsin—y)€ () -€0)Awen) o den(b.y) (29
KxK
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and

1

b= /K Lenyf€(0) ~ €@l @ p)o, ) @ wby). (3.25)

To compute I; we observe that thanks to Fubini’s theorem
. /K | Leyl€(a) ~ €A © (0, )l © w)6.9)
~1 [ €06 @ e mian -1 [ L0)0- G oy
-1 /K £(2)(G (z) + G(z) — Dd(v @ p)(a, 2).

Treating similarly the integral on {z < y} we thus get

I = /K (w . %)ga(sc)d(v ® p)(a, ). (3.26)

As for I, we have

h< / ( /{_R’R] (I6(@)] + 1€"(@)] )" ({x})dv(x) ) dpa()dpa(d), (3:27)

then we use Fubini’s theorem to get

/AxA (/ € (2)[v* ({x})dl/“(x))du(a)du(b)
/ ‘5 G (z))d(v @ p)(a, x).

Note that in the previous integral, the integration with respect to x is actually
a discrete sum, because the set of atoms where G > G~ is at most countable
since G is nondecreasing; let us denote this set by

S:={r e [-R R : G(z) =G (2) > 0} = {i}ies

where [ is at most countable. Similarly for the second term in the right hand
side of (3.27) observing that [£%(z)| [, v*({z})du(b) < [|€]|rewew(G(z) —
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G~ (z)), we only have to integrate in x over S which gives

/AxA (/[—R . |§b($)|Vb({x})dya(x)>dlu(a)dlu(b)
/AXA <Z|§ Z; \I/ ({x: v “({xi}))d,u(a)d,u(b)

el

= [ (Z @ () (Gl = 6 () )dut)

el

_ /K €(@)|(G(z) — G~ (2)d(v © w)(b, ),

so that

L [ 1€@IE -6 @ire e, (2

Putting together (3.18), (3.19), (3.23), (3.26) and (3.28) we arrive at the
inequality

which holds for any € € L* (v ® p) and (3.16) obviously follows.
U

Definition 3.8. A gradient flow of J on the time interval [0, T] starting from
vy is a Lipschitz continuous (for d) curve t € [0,T] — v(t) = (V(£)*)aeca €
Xr together with a measurable map t € [0,T] — v(t) € L' (v ® p) such that
v(t) € —0J(v(t)) for almost every t € [0,T], and for p-almost every a € A,
t — v(t)® is a solution in the sense of distributions of the continuity equation
(2.16).

It then follows from Proposition 3.7 that gradient flows starting from
v, are measure solutions of the system (2.16)-(2.17)-(2.18). Note also that
thanks to the bound (3.17), gradient flows are not only absolutely continuous
but automatically Lipschitz for d and even more is true: for py-almost every
a, the curve t — v is Lipschitz for Wy, more precisely

Wy (v, v®) < |t — s|(Ry + 2)h(a)'/? hence d(v(t),v(s)) < |t — s|(R, + 2).
(3.29)
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4 Existence by the JKO scheme

We will prove existence of a gradient flow curve on the time interval [0, T
starting from vy = (1§)aca by considering the JKO scheme. Given a time
step 7 > 0, starting from v, we construct inductively a sequence vy by

) 1
Vit € argming, {Zdz(u, Vi) + J(u)} (4.1)

for k=0,---, N with N := [L].

4.1 Estimates

The first step in proving that this scheme is well-defined consists in showing
that one can a priori bound the support. This is based on the following basic
observation:

Lemma 4.1. Let Ry, R > 0 and 7 be positive constants, vy be a probability
measure on R with support in Br, and v € Pa(RY). Let P be the projection
onto Bry+-r and define v := Pyv. Then, for every a € Bg, one has

1 1
§W22(19,1/0)—7'/ al’dﬁ(:p) < §W22(1/,1/0)—7'/ a-xdu(x).
Rd

R4

Proof. Fix an optimal transport plan between vy and v i.e. a v € (v, V)
such that W3 (v, 1) = [pa, pal® — y[?dy(z,y). Since the map (z,y) —
(z, P(y)) pushes forward v to a plan having vy and © as marginals, we have

1 ~ 1 1
w2 < L / 2 — Py)Pdy () = S W20, 10)
2 2 RdXRd 2

-3 / [y = Ply)dy(z.y) + / (y— Py)) - (v = P(y))dy(z,y)

R x R4
and then
1.5, R 1.,
§W2 (O,v) =7 | a-xzdi(x) — §W2 (v,v0) +7 | a-zdv(z)
Rd Rd

<[ (=Pw)-@+ra=Pu)b ),

But since y-a.e. x+7a € Bpr,4-r, we get that the integrand in the right-hand
side is nonpositive by the well-known characterization of the projection onto
Bpry+rr- O
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Now consider the first step of the JKO scheme. Since v§ is supported by
[—R., R.], for every a € A and a € A = |a] < R, + 1, the previous lemma
implies that if one replaces v = (v%)4ea € X by U = (0%)4e4 defined for
every a by 0* = Puv® where P is the projection on [-R, —7(R,+3/2), R, +
7(R, + 3/2)], one has

! (1 — a) xdv(z) < 1VVQQ(V“, ug)+¢/ (1 — a) xdv®(z).
2 2 e \ 2

Wiy [

2 R

As for the interaction term, it is also improved by replacing v by v; this
is obvious from the expression (3.4) and the fact that P is 1-Lipschitz. In
the first step of the JKO scheme, we may therefore impose the constraint
that v € Xp, - (r,4+3/2). After k steps, we may similarly impose that the
minimization is performed on Xg, y1r(r,+3/2), s0 simply setting

R=R,+ (T +7)(R, +3/2), (4.2)

we may replace (4.1) with a bound on the support:
1
Viy1 € argming ey, {Zdz(u, Vi) + J(u)}. (4.3)

By a direct application of Lemma 3.1 and the compactness of (Xg,d,),
we then see that the minimizing scheme (4.3) is well-defined and actually
defines a sequence vy, k = 0,---, N + 1. We also extend this sequence by
piecewise constant in time interpolation:

v (t) =vy, forte (k—1)1 k7], k=1,--- N+ 1. (4.4)

In the following basic estimates, C' will denote a constant (possibly de-
pending on 7T') which may vary from one line to the other. By construction,
forall k =0,..., N, we have

%d2(vk+17 vy) < J(wi) = J(Vigr). (4.5)

Summing and using the fact that every v belongs to Xz and that J is
bounded from below on Xg we get:

N

1

o > P, vr) < J(vo) — J(wna) < C. (4.6)
k=0

From (4.6), Cauchy-Schwarz inequality and Lemma 3.1 we classically get a
uniform Hélder estimate:

(v (), v:(5)) < (v, (£), v:(s)) < O]t — 8| + 7, Y(s,t) € [0, T]% (4.7)
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Since (X, d,,) is a compact metric space, it follows from some refined variant
of Ascoli-Arzela theorem (see [3]) that there exists a limit curve

t — v(t) belonging to C%2([0,T], (Xg, d.))
and a vanishing sequence of time-steps 7,, — 0 as n — +o00 such that

sup dy(v,, (1),v(t)) = 0 as n — 4o0. (4.8)
te[0,T

4.2 Discrete Euler-Lagrange equation

Let vi11 = (V41)aea € H(vg, viqa) be such that 4f; is an optimal plan for
p-almost every a and let v, be defined by

[ cwsaiaw = [ gy
[—R,R] [—R,R]?

for all {£ € C([—R, R]), or equivalently, disintegrating ~{,; with respect to its
second marginal v, as dvyi (z,y) = dyti (2) @ dvp,(y):

UZ+1(?J) = l (y - /[_R X l’dVZfl(x))- (4.9)

T

The Euler-Lagrange equation for (4.1) can then be written as

Lemma 4.2. Let vy be a solution of (4.1), v.1 € vk, Vi) and v
be constructed as above, then:

Viy1 € —8J(Vk+1) (410)
Proof. Let R >0, 6 € X and v € II(v**!, ), and define for € € [0, 1]
Ve = (V) aea with v¢ := ((1 — &)my + emg) 27"

Then by optimality of v,,; and using Lemma 3.2, we have

N A
0< hen_1>31+1f . <§(d2(lj€’ vi) — (v, vr)) + J (Vo) — J(VkH))
1,1
< liminf—(Q—

e—0t €

(@ (ve,vy) — (Vi uk)) 4 J(0) — J(vis).

T

We have already disintegrated the optimal plan 7}, ; between v} and v} ; as
’yg+1(d:13, dy) = 72f1(dx) ® Vlg-',-l(dy)'
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Let us also disintegrate the (arbitrary) plan v* between v}, and 6 as:

7 (dy, dz) = v, (dy) @ y*¥(dz).

Define then the 3-plan 3% by ¢ = (v} ® v*¥) @ vi, i.e.

a5 (w2) = [ ([ oy @)dr ()t )

R3

for every ¢ € C(R3). Setting

(ﬂ-l(xvyv2)771-2(%7?/72)771-3(%73/72)) = (x,y, Z)7
(W12($a Y, Z),?ng(l’,y, Z)a 71'13(1’, Y, Z)) = ((x,y), (y> Z)a (ZL’, Z))’

we have by construction, w948 = i, T34 = 7. By the very definition
of v¢, we also have (7, (1 — e)my + em3)) 2 5% € II(vg, v2) so that

Wi ) = [ o= ol Ge.2)

and

Wa(vi, v2) < | (1= ey +ez — " dB%(x,y, 2).
R3

Using Lebesgue’s dominated convergence Theorem and recalling the defini-
tion of 4 and vy, we then get

lim inf © <2i(d2(1/5, ) — (Vs vk)> <

e—0t € T

/A ( /Rg(z —y) gdﬁa(x,y, Z)>d,u(a)
N /A ( /R < /[_R,R] gdw‘i’f.’l(x)) (= = y)ay™ (2)dvi, (y) ) dp(a)
S P R
This yields
N0y = ) = - /[_R,R]X[_R/,RI]XA v (v) - (= = 9)dr* (v, 2)du(a)

le. Vg4 € —8J(uk+1). ]
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Let us also extend viy; by piecewise constant interpolation
U, (t) = Vg, t € (b1, (E+1)7], t € [0,T], Vis1 = (Vj11)aca, (4.11)
so that, thanks to the previous Lemma, we have
v.(t) € —0J(v,(t)), t €[0,T]. (4.12)

Thanks to Proposition 3.7, note that sup,cjo 7y [|v-(t)||zow,new < C;
we can then define the time-dependent-family of signed measures

dg. (1) = v.(t)dv,(t), ie. dg-(0)" = v-(t)"dv- ()",

Denoting by A the one dimensional Lebesgue measure on [0,7], we may
assume, taking a subsequence if necessary, that the bounded family of mea-
sures on q, ® pu ® A converges weakly * to some bounded signed measure

n [—R, R| x A x [0,T] which is necessarily of the form q ® ;1 ® A because
marginals (with respect to the a and ¢ variables) are stable under weak lim-
its. Since |q, | @ p® A < Cv,, @ p® A and v,, ® p converges weakly
to v ® p, we have |qg| @ p @ A < Cv @ p® A. Hence, for p @ X a.e. (a,t),
the limit satisfies |q(t)*| < Cv(t)* and therefore can be written in the form
dg(t)* = v(t)*dv*(t) (g = vv for short) with ||v(t)|| L@ @ew < C for A-a.e.
t € [0,7]. We thus have

q, QU = (V,, U, )OURN = gRuRA = (VV)RuRA as n — +oo. (4.13)
In other words, for every ¢ € C([0,7] x A x [-R, R]) we have

lim / / / o ta,x)an(t)“(:c)dz/m(t)“(:c))d,u(a)dt

_ /0 /A /[_RvR}¢(t,a,:c)v(t)“(m)dy(t)a(x)>du(a)dt.

4.3 Existence by passing to the limit

Our task now consists in showing that the limit curve ¢ — v(t) is a gradient
flow solution associated to the velocity t +— v(t) constructed above. Let us
first check that it satisfies the system of continuity equations (2.16). To do
so, take test functions ¢ € C(A) and ¢ € C*([0,T] x [—R, R]) and let us
consider

/NT /w(a)&eqﬁ(t,x)duT(t)“(x)dM(a))dt
/?/) Z/ (k+1)7,x) — ¢(k7‘,x))d1/,‘j+1(x))dﬂ(a)‘
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Then, we rewrite

Z/ (E+1)7,2) — ¢p(kr,2))dvi  (x)

Using the optimal plans ;. ; as in Lemma 4.2, we then rewrite

R R
/ olkr, o) = )e) = [ [ (olhr,a) = olhr ot o)
-RJ-R
A Taylor expansion gives

¢(k7—7 $>—¢(]€T, y) = 8ﬂc¢<k7—7 y)(x_y)_'_lk(T? CL,LL’,y), ‘lk(7—7 CL,LL’,y)‘ < H8wx¢||00‘x_y‘2

Integrating and using the optimality of 7, gives

R R

a 2/ a a4
wra) = [ [ it tes) < 0ol W )
and then, recalling (4.6) we have
N-1
/¢ )Y l(r, a)dp(a) < C7)| 0 dlloo |- (4.14)
A k=1

Recalling the definition of the discrete velocity vi,; from Lemma 4.2, we
can rewrite

R R R
[ [ vtk -t == [ oot 0@t o),
-RJ—-R -R

hence by definition of v, and v,

/ ¢<a>(§ [ [ aotme - ptaten))anto
= [ [ v@ot e aranor@auaat + o),
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Now thanks to (4.8), we have

hm/¢ /¢N7n, 2)dv (z du /w /quxdy ())d()

(4.15)

and
im [ v [ o0naien)an = [ [ o0nwsw)a

(4.16)
where we use in the above limits that vf, = v? (N7,) and vf = vZ (7).

Putting the previous computations together, summing and using (4.15),
(4.14), (4.16), we thus obtain

/ONT </Kw(a)aﬂb(t,:L’)dVT(t)“(x)dlu(a))dt
_/OT/KlP(a)am(t, 2)v, (8)*dw, ()% (x)dp(a)dt

+ [ o@( [ o))
- [o@( [ o0nsw)ana +e.

where €, goes to 0 as n — +o0o. Taking 7 = 7,, using (4.8), (4.13) and
letting n — +o00 in the previous identity we get

Je@( [ ] @tt.0)+ oot 000r@)ave@r)anta

/¢ /ngz):dy /gbO:):dz/O())du()

In other words, we have proved the following:

Lemma 4.3. For p-almost every a, the limit curve t — v(t)* solves the
continuity equation (2.16) associated to the limit velocity t — v(t)®.

It remains to check that
Lemma 4.4. For a.e. t € [0,T], we have v(t) € —0.J(v(t)).

Proof. By construction of the curves v, and v, and thanks to Lemma 4.2,
we have seen in (4.12) that

v, (t) € —0J (v, (1)), Vt € [0,T]
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which means that for every 7 > 0, every t € [0,7] and every n € T'(v,(t))
(as defined in Remark 3.4), we have

W (t)y) = J(v-(1) 2 —/ v () () (z — y)dn™? (2)dv- ()" (y)dp(a).

AXR2
(4.17)
We wish to prove that there exists S C [0,7], A-negligible, such that for
every t € [0,7]\ S and every n € T(v(t)), one has

J(W(t)y) = J(v(t) = —/ v () (y)(z = y)dn™*(2)dv(t)*(y)dpu(a). (4.18)

AxR?2

To pass to the limit 7 = 7,,, n — oo in (4.17) to obtain (4.18), we shall
proceed in several steps. Let us remark that it is enough to prove (4.17)
when n*¥ is supported by a fixed compact interval [—R’, R’] (and then to take
an exhaustive sequence of such compact intervals). Let us also recall that,
thanks to Lemma 3.1 and (4.8), J(vs,(t)) converges to J(v(t)) as n — oo
uniformly on [0, 7.

Step 1: Let us first consider the case where m is continuous in the sense
that (a,y) € K — f[—R’,R’} ©(2)dn™¥(z) is continuous for every ¢ € C(R).
Let ¢ € C(AxR). Since py defined by ¢n(a,y) = [ ¢(a, z)dn™¥(z) belongs
to C'(K), using the fact that

<¢a Vs, (t)n ® :U> = <9077> Vs, (t) ® :U>>
(0, v(t)n @ p) = (pn, v(t) @ p)

and (4.8), we deduce that lim, dy (v, (t)n,v(t)y) = 0 for every t € [0, T].
Hence, thanks to Lemma 3.1, we have

llm[J(VTn (t)T]> - J(”m@))] = J(V7<t>’n> - J(VT(t))v vt € [07 T] (419>

n

Let ¢ € C([0,T]), ¢ > 0. Using (4.17) gives
[ 00 ) = S, 00>
o PO~ e (0 ) )
=:—-]gﬂqugoa>¢«a,y)dqﬂxtr%y>du<a>dt

where

¢ww%=/&—yMWW@
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belongs to C(K). We then deduce from (4.13), (4.19) and Lebesgue’s domi-
nated convergence that

[ ettty - gtiiar >
= _/[OT] Kw(t)w(&, y)dg®(y)du(a)dt
RO~ P

This implies that there exists a negligible subset Sy of [0, 7] outside which
(4.18) holds.
Step 2: For every N € N*, let Ay := {(ap, -+, 00n_1) € RV
iﬁo_l a; = 1}, Fy be a countable and dense family in C'(K,Ay), and
consider

2N—1
Dy :={(a,y) € K Y agla,y)d.y, (ao,...,c0n_1) € Fy}, D:= ] Dy
k=0 NeN*

where for k =0,...,2N —1, z¥ denotes the midpoint of the interval [—R’ +
kER'/N,—R'+ (k+1)R'/N]. Since D is countable and its elements belong to
C(K, (P([-R',R]),W,)), it follows from Step 1, that (4.18) holds for every
n € D and every t € [0,7]\ S where S is the A-negligible set

S:= | Sn. (4.20)

NeD

Step 3: Let t € [0,7]\ S, and n € T'(v) having its support in [-R', R'].
Note that now we are working with a fixed t so that we just have to suitably
approximate n by a sequence in D. For N € N* first define for every
(a,y) € K the discrete measure

2N—-1

> ey, [ (a,y) =" (1)) (4.21)

k=0

where I}V is the interval [-R'+kR'/N, —R'+(k+1)R'/N)ifk =0,...,2N -2
and I, := [R'(1—1/N), R']. We then have

2N—-1

sup Wi (5, Y 1 (ay)iy) < (4.22)

(a‘7y)€K k=0
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.....

w, Ax). Since C(K, Ay)is dense in L' (v (t)®u, Ay), there exist (g, ..., gl 1) €
C(K,Ay) such that

2N—-1

" 1
> [ i@ - sl @@ 5. @2
k=0
Since we have chosen Fiy dense in C'(K, Ay), there exist a = (o, ..., ady_,) €
Fx such that
2N—1 1
sup ‘gljfv(av y) - a;fv(av y)‘ < N (424>
k=0 (a,y)eK
We then define ny € D by
2N-1
Ny’ = Z oy (a, Y)o.n.
k=0

Thanks to Kantorovich duality formula (3.1), it is easy to see that for every
aand fin Ay, Wi(3o, awd.n, D2y Bed.v) < R oy — By In particular,
thanks to (4.23), we have

[ (X @i, S nsy) de@) o) < T (@25

Similarly, (4.24) implies that

2N—-1

a R
s Wi (nis Y ol (a,y)iy ) < 5 (4.26)

(avy)eK k=0

We know, from Step 2 that for every N € N*:

Jw(t)y,)—Jv(t) = —/ v () (y)(z = y)dny” (2)dv(t)"(y)du(a).

AxR?
(4.27)
Thanks to (4.22), (4.25), (4.26) and the triangle inequality, we have
lim [ Wi (", ny") d(v(t) @ p)(a, y) = 0. (4.28)
N—oo J g

Recalling that v(t) € L>®(v(t) ® p) and using (3.8), we have
[ [row( ], | iR =)o)
< [ollz=wioen | W05 A0 k(e

29



so that the right-hand side of (4.27) converges to

[ OWE= @ i

as N — oo. As for the convergence of the right-hand side of (4.27), we
have to show that limy Wi(vy, ® p,vn @ p) = 0. For this, we shall use
the Kantorovich-duality formula (3.1) and observe that if ¢ € C(K) is 1-
Lipschitz then

/K o(a.y)d((vn, —vn) © w)(a,y) < /K WA, %) d(w(t) ® 1) (a, y)

which tends to 0 as N — oo thanks to (4.28). Using Lemma 3.1 we then
have limy oo J(l/(t)nN) = J(l/(t)n). Passing to the limit N — oo in (4.27)
gives the desired inequality (4.18). This shows that v(t) € —9J(v(t)) for
every t € [0,7]\ S. 0O

We deduce from Lemma 4.3 and Lemma 4.4 the following existence result:

Theorem 4.5. If (2.13) holds, then for any T > 0, there exists a gradient
flow of J starting from vo on the time interval [0,T]. In particular, there
exists measure solutions to the system (2.16)-(2.17)-(2.18).

5 Uniqueness and concluding remarks

5.1 Uniqueness and stability
Thanks to (3.15), we easily deduce uniqueness and stability:

Theorem 5.1. Let vg and 0y be in Xg. Ift — v(t) and t — 6(t) are
gradient flows of J starting respectively from vo and 6y, then

d(v(t),6(t)) < d(vo,60), Vt € R,.
In particular there is a unique gradient flow of J starting from vy.

Proof. By definition there exists velocity fields v and w such that for a.e. t,
v(t) = (V(t)*)aea € —0J(v(t)) and w(t) = (wW(t)*)eea € —0J(0(t)) and for
p-almost every a, one has

O + 0, (V™) = 00" + 0,(0°w®) = 0, v*|i=o = 1§, 0%)s=0 =65.  (5.1)

Since v* and w® are bounded in L (v*) and L*>°(0) respectively, it follows
from well-known arguments (see [3], in particular Theorem 8.4.7 and Lemma
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4.3.4) that t — W3(v¢,0¢) is a Lipschitz function and that for any family of
optimal plans v¢ between v¢ and 62 for ¢; < t, one has:

Wi, 05) < W30 04 [ ([ 0500w ) as

t1 R2

Integrating the previous inequality gives

P(11,.0,,) < (v, 00,)+ / B / L))" () (@) —2) A 5, 2)dpla) ) ds.
But since v(s) € —0J(v(s)) and w(s) € —0J(0(s)) for a.e. s, the mono-
tonicity relation (3.15) gives

/AXM(U“(S)(@/) —w(s)(2))(y — 2)d¥{(y, 2)dp(a) < 0.

We then obtain the desired contraction estimate.

5.2 Concluding remarks

More general initial conditions

We would like to mention here that in our main results of existence and
uniqueness of a gradient flow for J, the assumption that py is atomless plays
no significant role. Actually, our results hold for any compactly supported
initial condition v (we did not investigate the extension to the case where
this assumption is relaxed to a second moment bound, but this is probably
doable). The assumption that py is atomless was used only to select un-
ambiguously the Cauchy datum v§ in order to justify the reformulation of
the initial kinetic equation by taking advantage of the first integral trick of
section 2. We suspect that in the case where pg is a discrete measure, there
might be an interesting connection between gradient flows solutions and some
solutions of the initial ODE system (1.2) but a more precise investigation is
left for the future.

Higher dimensions, more general functionals

The motivation for the present work comes from kinetic models of granu-
lar media. Since the first integral trick of section 2 is very specific to the
quadratic interaction kernel case in dimension one, all our subsequent analy-
sis has been performed in dimension one only. However, it is obvious (but we
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are not aware of any practical examples in kinetic theory) that our arguments
can be used also to study systems of continuity equations in R? for infinitely
many species (labeled by a parameter a) such as

o + div, (u“(VxV(a, x) + V.Wi(a,b,z, y)dyb(y)d,u(b))) =0,

AxRd

which (taking for instance W symmetric W (a,b,z,y) = W(b,a,y,)), can
be seen as the gradient flow of

1
J(v) ::/ Vd(V@M)+—/ Wd(v @ p) @ dv @ p).
AxR4 2 AxR4 J AxXR4
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