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Abstract

Let B be a n X n block diagonal matrix in which the first block C- is an hermitian matrix of order (n — 1)
and the second block c is a positive function. Both are piecewise smooth in Q, a bounded domain of
R". If S denotes the set where discontinuities of C; and ¢ can occur, we suppose that Q is stratified in
a neighborhood of S in the sense that locally it takes the form Q' x (=6, 6) with ' ¢ R""!, § > 0 and
S = Q" x {0}). We prove a Carleman estimate for the elliptic operator A = —V - (BV ) with an arbitrary
observation region. This Carleman estimate is obtained through the introduction of a suitable mesh of the
neighborhood of S and an associated approximation of ¢ involving the Carleman large parameters.

AMS 2010 subject classification: 35B37, 35J15, 35J60.
Keywords: anisotropic elliptic operators; approximation; non-smooth coefficients; stratified media; Car-
leman estimate; observation location.

Addendum

The supplementary hypothesis C-(x) = a(x,)C%(x") is missing in Assumption 1.1 to validate the used
approach. For the more general case C.(x) = a(x)C%(x") we must slightly modify in (2.2) and (2.4), the
terms ¢/, fjx, g;x and hj; without any consequence for the method and the result.

1 Introduction, notation and main results

Carleman estimates [10] have originally been introduced for uniqueness results for partial differential oper-
ators and later generalized (see e.g. [14, Chapter 8], [15, Chapter 28], [25]). They have been successfully
used for inverse problems [9] and for the null controllability of linear parabolic equations [21] and the null
controllability of classes of semilinear parabolic equations [3, 12, 13].

For a second-order elliptic operator, say A = —A,, acting in a bounded open set QO C R”, (local) Carleman
estimates take the form

3 2 1 2 )
S 2le? e ullpq) + sAPNp? €V utll 2y < Clle Al 1€ E(Q), 52 50, A2 Ao, (1.1)

for a properly chosen weight function 3 such that |8'| # 0, ¢(x) = %™ and s, Ao, C sufficiently large (see
[13]). Difficulties arise if one attempts to derive Carleman estimates in the case of non-smooth coefficients
in the principal part of the operator, by example for a regularity lower than Lipschitz. In fact, Carleman
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estimates imply the unique continuation property which does not hold in general for a 4% Hélder regularity
of the coefficients with 0 < a < 1 [22, 23].

Here we are interested in coefficients that are non continuous across an interface S. When the observation
takes place in the region where the diffusion coefficient c is the "lowest’, this question was solved in [11] for
a parabolic operator P = d; — V, - (c¢(x)V,) (see [24] for additional improvements). In the one dimensional
case, and without assumption on the localization of the observation, the question was solved for general
piecewise C ! coefficients [5, 6] and for coefficients with bounded variations [16]. The work [7] generalizes
[5, 6] to some stratified media with dimension n > 1. Without Carleman estimate, the controllability for
a one dimensional parabolic operator was proved in [2] for ¢ € L™ but this approach does not authorize
semilinear operators.

Recently, Carleman estimates for an arbitrary dimension without any condition on the localization of the
observation were obtained in [4, 19], in the elliptic case, and in the parabolic case in [7, 20, 24], but the
methods used in [4, 18, 17, 19, 20] require strong regularity for the coeflicients and for the interface. More-
over, they fall short if the interface crosses the boundary whereas this configuration is typical in bounded
stratified media, examples falling into the framework considered here and in [7]. In [7] the authors assumed
that the diffusion coeflicients have a ’stratified’ structure. More precisely, they have considered operators of
the form A = =V - (B(-)V) in which the diffusion matrix B(x) has the following block diagonal form

B = B(Y, x,) = (Cl<xn)ocf<x) o n))

where Q = Q' X (-H,H), x = (', x,,), C; is a smooth hermitian matrix and the coefficients c;, ¢, have a
possible jump at x, = 0. The object of the present work is to obtain a Carleman estimate for more general
diffusion coeflicients without a stratified structure that separates variables. We shall consider a diffusion
matrix of the form

C:x) 0 )

Bx) = ( 0 ¢

with C; and ¢ having possible jump at x,, = 0.

Here, to understand the difficulties that we face, the reader can observe that attempting to prove the
Carleman estimate by extending the proof as is done in the one dimensional case, leads in fact to tangential
terms at the interface S that cannot be controlled. These terms existed also in [11] where B is a scalar
function ¢ which led the authors to add conditions on the jump of diffusion coefficient c at the interface.
Not to mention our approach, the main contribution of our paper is to derive an estimate of these tangential
terms allowing to conclude the proof of the Carleman estimate.

In [7], these tangential terms at the interface are controlled by using Fourier series in the tangential
direction. By a suitable choice of the weight function, the low frequencies lead to a positive quadratic form.
The treatment of the high frequencies needs more computations. It uses the ideas developed in [4, 19, 20]
where the normal part of the elliptic operator can be inverted. In [7] this argument uses the assumption of
the separation of the tangential and normal variables in the diffusion matrix B.

In the case we consider here, the diffusion coefficients depend on x = (x’, x,,) and, contrary to [7], one
cannot decompose the operator A as dy, c2(x,)0, + Ar with A, a tangential elliptic operator on Q’. Our
method consists in the introduction of a suitable decomposition, (€;,), of a neighborhood of the interface
and, on each Q 5, an approximation of the diffusion coefficient ¢ by a function depending only on the normal
variable, x,,, for which the result of [7] can be used. As these approximations depend on the Carleman large
parameters s and A (see (1.1)), we shall need a refined estimate of the tangential derivative (more precisely,
for the high frequencies, see Lemma 3.1).

The question of the derivation of Carleman estimates in the case where the diffusion coefficients are
totally anisotropic in the neighborhood of a point where the interface S meets the boundary 9Q is left open
and its solution is not a mere technical point. Solve this question we will allow to solve the case of an
interface S (place where the discontinuities of C; and ¢ can occur) transverse but non orthogonal to the



boundary 0Q. The difficulties seem equivalent and come from the changes of coordinates (far from the
boundary we could consider anisotropic coefficients by introduction of normal geodesic coordinates as in
[19]). More generally, extensions to manifolds will follow. Note also that deriving Carleman estimates
for the parabolic operator associated to the elliptic operator we consider here, is also an open question.
In fact, if we follow the same idea as for the elliptic case we present here, and if we use singular weight
functions as introduced in [13], we then have to consider approximations of order ' (connected to

\/t(T—t)S/lﬂs

the Carleman parameters). These approximations blow upnear f =Oand ¢t =T

For each pair (s, 2) of Carleman parameters, we introduce several meshes that seem to indicate a connec-
tion to numerical methods. We believe that this connection should be further investigated.

1.1 Setting and notation

Let Q be an open subset in R”, with Q = Q' x (-=H, H)!, where Q' is a nonempty bounded open subset of
R"~! with € boundary?. We shall use the notation x = (X, x,) € Q' x (=H, H). We set S = Q' x {0}, that
will be understood as an interface where coefficients and functions may jump. For a function f = f(x) we
define by [f1s its jump at S, i.e., [fls(x") = f(x)|x,=0+ — f(X)|x,=0-. For a function u defined on both sides
of §, we set yjg= = (”IQ*)LS’ with Q* = Q' x (0, H) and Q™ = Q' x (—H, 0).

Let B(x), x € Q, be with values in M,,(R), the space of square matrices with real coefficients of order n.
We make the following assumption.

Assumption 1.1. The diffusion matrix B(x’', x,,) has the following block diagonal form

(Cw 0
B(x)‘( 0 c(x))

where

1. the functions C,,c are €’ (Q*) with a possible jump at x,, = 0,
2. the two restrictions to the interface S of the function ¢ : x' — c(x’,0%) are C?,

3. C.(x) is an hermitian matrix of order n — 1.

We further assume uniform ellipticity

0 < cCmin £ ¢(X) < Cmax <00, x€Q,
0 < cmin Id—1 £ Co(x) < cmax -1,  x € Q.

We consider the symmetric bilinear Hé -coercive form

a(u,v) = [(B(-)Vu) - Vvdx,
Q

with domain D(a) = Hé(Q). It defines a selfadjoint operator A = —V - (B(-)V) in L*(Q) with compact
resolvent and its domain is D(A) = {u € H(l)(Q); V - (B(-)Vu) € L*(Q)}. We shall denote by || - || 120 the I?
norm over £, by | - |25y the L? norm over the interface S of codimension 1 and by | |r» the euclidean norm
in R?.

In this article, when the constant C is used, it refers to a constant that is independent of all the parameters.
Its value may however change from one line to another. If we want to keep track of the value of a constant
we shall use another letter or add a subscript.

! As a matter of fact, we only ask that Q is a cylinder in a neighborhood of the interface S. See the end of section 2.
2For some particular geometries we can suppose that ' is piecewise smooth. Nevertheless the technics used for building our
approximation in a neighborhood of the interface seems to require better than %’'. We shall take % to ease the readability.



1.2 Statements of the main results
We consider w, a nonempty open subset of Q. For a function 8 in F0(Q) we set
o(x) =¥, 1>0,

to be used as a weight function. A proper choice of the function 3, with respect to the operator A, w and Q
(see Assumption 2.4 and Assumption 4.1), yields the following Carleman estimate for the elliptic operator
A. In particular, 8 will depend only on x,,.

Theorem 1.2. There exist C > 0, Ay and so > 0 such that

2 5o 1 2 3.4 s 3 2 ¢ 1 2 ) 1 2
sl @2 Vull o) + 5" lle™p2ull 2 + s/l(le @2 Veuslpa ) + le ¢2axnulSi|L2(s))
33350 3 2 s 2 34y 50 32
+ 57N s o) < C(lle“pAuHLz(Q) +5°4 ||€w902u||L2(w))’
forallu € D(A), A > Ay, and s > sy.

Here, V. is the tangential gradient, i.e. parallel to the interface S. Note that the condition u € D(A)
implies some constraints on the function « at the interface S, namely u € H(l)(Q) and BV.u € H(div, Q) :=
{ve L2(Q)"; divv € L2(Q)}. We shall first prove the result for piecewise C 2 functions satisfying

ws- = ugs+, (cOxu)s- = (cOy,u)s+,

and then use their density in D(A) (see Appendix C).

1.3 Outline

Choosing 0 < & < H, our starting point is the following local Carleman estimate in the open set Q; :=
Q' x (-0, ), neighborhood of the interface S.

There exist a weight function B and C,C’ > 0, Ao > 0, 5o > 0 such that
2 3 2
C(s22ll¢? e Vull ) + 107 ¥l 2a,)) + 52035 (Sf[czﬁ'lewﬁxnulz]g do
+ Sf|sﬁ¢ewu|s|2[czﬁ'3]5 da') < C'lle* Aull}s g, + 5@ Sf|ewv,u|2||[ﬁ'cc,]s||da (1.2)

forallu € D(A),A > Ay, s = so and suppu C Q' x (-0,9).

We have to understand [3’cC-]s as the matrix of jumps of each term of the matrix and ||[8' cC.]s]| is its
norm that we can take in L(S). As a matter of fact, (1.2) is obtained in two steps. Firstly, by adapting
the derivations in [11] for instance and a suitable choice of the weight function 3, the last term on the r.h.s.
of (1.2) is [y{[B'cC:ls eV u, eV u)ydo where (-,-) is the scalar product in R""!. This integral arises a
problem since we cannot exclude to have a positive quantity. For the second step, we consider the worst
possibility, namely (1.2). In other words, the main difficulty is to estimate the tangential derivative of u at
the interface S'.

In Section 2, we introduce a covering (Q;.) ; of a neighborhood of Q' related to the Carleman’s parameters
s, A and coeflicients (c¢’);, approximations of the diffusion coefficient ¢, then we associate to each Qf]. the
open set Q;;5 := Q} X (=06, 6) which gives a covering of Q5. We build an adapted partition of unity (x;);
subordinated to (Q}) ;j and we define, for each x, € (-¢,9) and each j, the tangential part of A, i.e. A-(x,) =
=V C:(-, x,)V with Dj(A(x,)) = {u € Hé(Q;.); Vi (Cr(-, x)Vout) € LZ(Q;)}. So, for u € D(A) that solves
Au = f with f € L*(Q), u; := y,u solves



Ac(x)uj — c/(x,)0% uj = fj+g;+h; on Qf = {x = (¥, x); & € Q,0 < +x, <5},
uj= 0 on an,g, (13)
[ujls, =0 and [c/dy,u;ls, = [(¢/ — )y, ujls, =: 6;

with
Sj = Qj’(g N S, f] =)(jf, 8j= (C - cj)ainuj and ]’lj = [AT,)(]‘]M + (ax”c)(ﬁxnuj), (14)

where [A-, x ;] denotes the commutator of A and ;.

Our approach shall show that it will be sufficient to estimate the tangential derivative of u; defined below
to prove Theorem 1.2. Here, we cannot directly apply the results of [7] for three main reasons:

1. the dependence on x, of A,

2. the presence of §; and g; involving the normal derivative of u on S ; and the second derivative of u on
Q

j

3. the presence of /; that in fact depends on both parameters s, A.

To take into account the first constraint, we consider (;1? (Xn))i=1, the family of eigenvalues of (A (x,), D j(A(x,))),
and denote by ux, fjx. &k hjx and 6,4 the respective Fourier coeflicients of u;, fj, g;, h; and 6; in an or-
thonormal basis associated to the previous eigenvalues.

To overcome the two other constraints, we prove in Section 3 a refined estimate of the Fourier coefficients
of the tangential derivatives of u; corresponding to the high frequencies (i.e. coeflicients associated to the
large eigenvalues in the decomposition on the eigenfunctions): there exist a constant C independent of
s, A, ik, a constant py 1= po(s, ) > 0 such that, for all 1;4(0%) > o, one has

; 2 o £ 2 o ~1/2, 2 —1) e 1/2) 2
sy a0 ujuls | < C(lewfj,khz(f&,&) +@ple e 8ikl2 s T 9 1€ / hjkl 2 o5

+ 522,10, %) (1.5)

for s, A sufficiently large (as we allow C-(x) to be discontinuous through S, 1;,(0%) denotes lim,, o+ 1% (x4)).

Note the peculiar weights in the right hand side (in brief r.h.s.): gollg/ 27112 and t,Dgl/ 2112,

The coeflicients corresponding to the low frequencies are treated as in [7]. We conclude, still as in [7], by
verifying that there exists a weight function g such that the estimates obtained for low and high frequencies
are simultaneously correct and that no frequency of (A-(0%), D;(A-(07))) has been forgotten (see Section
4). It remains to eliminate the three last terms of the r.h.s. of (1.5) (the additional terms with respect to [7]).
These properties of the functions y; and the definition of ¢/, occuring in the two sides of (1.3), shall be used
in this step (|| - ||z~ is denoted by || - ||c0):

IVl < C/sAg, NIV (BVx)llw < Csdpy,, e/ = cllw < C

1
V sy
Collecting all the previous results will yield a proof of Theorem 1.2 and this will conclude Section 4.

In order to point out the main ideas of this work, we have put almost all technical results in the appendices.



2 Preparation of data

2.1 The partition of unity

Theorem 2.1. For each pair (s,1),s > 0,4 > 0, there exist a finite family (Q;»)jej of open sets such that

' cu jQ;. and a partition of unity (x ;) jes subordinated to this open covering with

/ ’ C J 7 ’
|x" = ¥ |ge-1 < \/?,Vx WV eQl IViylle < C+sdg, and ||V;-(C:Vexjllo £ Csdy,, (2.1)
SAQ|
where the constant C is independant on s, A and j. Moreover, at most N functions x j are non equal to 0 in
each point of ' with N only depending on V.

As a matter of fact, the proof is tricky when € is not a cube. In this case, we begin by defining open
sets Q; = Q;.(s, A) such that Q; C Q'. They are cubes with edges of length 7 = hA(s, ). Next, we define
additional open sets €’ that intersect 0CQY. These are not cubes. The complete proof of Theorem 2.1 is given
in Appendix A.

We recover Qg by the family of cylindrical subdomains

Qis(s, ) ={(x',x) eR";x" € Q}(s, A), =6 < x, < 6).

In the sequel, we will denote Q ;5 := Qj;5(s, 1) = Q’j X (=6, 6) and we recall that Q% ={(x,x,);x" € Q;, 0<
+Xx, < 0} (as already introduced in (1.3)). ' ' '

2.2 Partition and transverse operators
On each subdomain Q ;s we define the following approximation of the diffusion coefficient c(x’, x,,):

) ch0) = gy Joy (¥, x) ', Y x, € (0,0), o
c(x,) = . .
cl(x,) = @ fg; c(x',x)dx', VYx,e€(-60).

So, for each x, € (-6,0) U (0,6), we have given sense to (1.3) where the operators A-(x,) act in a section
of Q7 parallel to the interface S ;. We also define ¢/(0%) := limy,, o ¢/(x,) since ¢ € €'(Q*) that we use
in Section 3. If )’ is a cube, we can go straight to Lemma 2.2 taking into account the construction of the
partition of unity (see Step 2 in Appendix A). Otherwise, an additional work needs to be carried out with
the open cylinders Q5(s, A) intersecting €2, which needs modifications in a neighborhood of 6Q". The idea
is to extend the coefficients c(x’, x,,), outside Q and independently of (s, 1), in such a way that we control
the behavior of the extended solutions u; that are associated to these cylinders. The reader may refer to
Appendix A for more explanations.

Now we mention the following result which will be useful in the next section.
Lemma 2.2. With Assumption 1.1, we have

2
Cmi :u i (xn) Cm:
min - _ Jk < Cmax

Cmax - /J?k(()*') B Cmin .

2.3)

Proof. We shall easily deduce these inequalities from the variational presentation of the Min-Max Principle
since all the symmetric bilinear Hé -coercive forms U, Q, of the operators A;(x,) have same domain up to a

translation of variables, i.e. H(l)(Q}). If V; denotes the generic k—dimensional linear space of LZ(Q;) and if



V- is its orthogonal space in LZ(Q;) for the scalar product (u, v) = [ uvdx’ (specific notation to this Lemma,
as well as |Jull> = (u, u)), we know that

2 _ .
palo)= max | min  ag,oul,
Vier cL2(@) \ueVinHY(€) Jull=1

which implies, by Assumption 1.1,

Cmin  MAax min IVull* | < 115, (%) < Cmax  max min IVull? |,
Vie1 LA \ ueVENH Q) lull=1 ’ Vi1 L) \ ue Vi nH (), lull=1

from which one may conclude. n

Remark 2.3. When Q} N 0Q" # 0, we only have to modify, without repercussions, the values of ¢,,;,, and
Cmax that appear in (2.3). We shall find again this situation throughout the proofs of this work.

In order to evaluate the awkward term g le*?Vu|?||[8' ¢C.]s || do that occurs in (1.2) , we have to estimate
V.u on the interface S. In fact, we need this estimate for u; := yu. We write u;(x) = >; u;x(x,)@r(x’, x,)
where the family (¢x(:, x,))k>1 1S an orthonormal basis associated to the eigenvalues of A.(x,). So, the first
line of (1.3) becomes

1 i = € en)0% jne = fiae + i+ hjgr 0 < x| <6, (2.4

For x, = 0, the same relation is valid if one distinguishes the cases x, = 0* and x,, = 0~ for the coefficients
y? P and ¢/. Finally, reasoning as in [7], section 2, we find

(eman)™ Y Mol ja Gl < Vet o5l gy < Cemind ™ D 455 ol 2.5)
k=1 k=1

2.3 The weight function 3

The open set w having been fixed in section 1.2, we choose a weight function S that satisfies the following
properties.

Assumption 2.4. The function § € €°(Q), and B+ € €*(Q*) and

B=C>0, |V,8/=2C>0inQ\ w,
B=Cston Q' x{—H} and B =CstonQ' x{H]},
VB =00ndQ x(-H,H),

0,B>00nQ x{-H}, and 9,8 <00nQ x{H}.

There exists a neighborhood V of S in Q of the form V = Q' X (-6, 0) in which B solely depends on x,
and is a piecewise affine function of x,,.

We draw the reader’s attention on two points: firstly, the trace Sis is constant on the interface S and,
secondly, we can assume that w N (Q’ X (=6,8)) = 0. Such a weight function 8 can be obtained by first
designing a function that satisfies the proper properties at the boundaries and at the interface and then
construct 8 by means of Morse functions following the method introduced in [13].

In the remainder of this paper we assume that 9,8 = 8 > 0 on S* and S, which means that the
observation region w is chosen in Q' X (0, H), i.e., where x,, > 0. This is done without any lose of generality
as we can change x, into —x,, to treat the case of an observation w ¢ Q' X (-H, 0).

Note that Assumption 2.4 will be completed below by Assumption 4.1 that will make the value of the
jump of d,, B precise at the interface S.



3 Arefined estimation for the high frequencies of the tangential deriva-
tive

This section is a first step to achieve inequality (1.5). Taking into account (2.4) we fix j € J, k € N*, for the
moment, and consider w solution of

,uik(xn)w —cl(x)diw=F on (-60)U(0,6),
w(x6) =0
[wls =0 and [c¢/d, w]s =0,

with, here, S = {0}, F € L?*(-6,6), § € R. One has

Lemma 3.1. Let F belong to L[*(=6,6). There exist a constant C independent of s, A, j, k, a constant
Ho = po(s, A) > 0 such that for all 1, (0%) > o, the following estimates are satisfied for s, A sufficiently
large and w solution of (3)

sAg O lewly < C(lePF s + 5772 A ™95 16P), 3.1
sAg 1O le*wy < Clglee™ PP, sy + ¥ A e 161, (32)
sA@ k(07 lewls < C(tpglles“’gol/zFliz(ﬂ;’(s)+s3/2/l<,0|562’“’|5|0|2). (3.3)

Remark 3.2. Even if Lemma 3.1 seems similar to Proposition 3.5 of [7] (for elliptic operators), there
are two important differences: the weights for the sources F' and the presence of 6 which is zero in that
proposition.

The difference among these three inequalities is the weight associated with the source term F'. It should be
noted that there is no comparison relation between them. The source terms resulting from the approximation
of the coefficient ¢ yields three terms (f, g and % in (1.3)-(1.4)). The first one is just the localization of the
initial source term, the second one is the difference between the elliptic operator and its approximation and
the third one comes from the action of the cut-off function y; on the elliptic operator. As we shall see later,
they should be treated differently to be absorbed by the source ||eWAu||i2 @) and the Lh.s. of the Carleman
estimate (1.2).

Proof. We begin by setting

2
. H 'k(xn)
o?:= inf inf ]—2
jeLk>1 x,€(=6,6) CJ(xn)/ij(O"')

ZS/1<,0|S/5’|’S_ + /lﬁl’s_

and  po = po(s, ) = (3.4)

and next we introduce )
W(x,) = 3 s2gy, €2 wix)P.
On the one hand it follows from (2.3) that we have o > 0, on the other hand we observe that W > 0 and it

verifies

{ B W = POV W = (= (023,00 - B2 - )| Wee) = -d, 0<Inl <4,

W(=6) = W) =0, W) =W(0O"), ciW () =c W)+ 6w, sig, s,

with
1 .
£== (s, €95 Fw + 5@y, €5 /(0 w)? + y1i ()W), (3.5)
C ’



where the real number y will be made precise later and where we omitted the subscript j at places since

the function g, and therefore ¢, depend only on x, if -6 < x, < 6. Applying Lemma B.2, one gets, with

¢l := ¢/(0%) to lighten notation,

244407 ¢ sinh(@p4(0*)(6 ~ x))
() +¢yo o cosh(opuju(0%)d)
~ 2u;4(07) tanh(op 4. (07)6) Bwyg s

o-(cf; + c{)

s | (0)e* s w(O)? = (cldCan) + cLd(=x,)) dx,

g e*%s  (3.6)

2 (x,
which is exactly the left-hand side of the estimates of Lemma 3.1. Setting r(x;,) := 0'2;1?’,{(0*) - #C’;‘é”)) 2-vy),

we have d(x,) = r(x,)W(x,) — £(x,) and we note that the definition of o implies that r(x,) < 0ify < 1. As
a consequence the following non positive contribution can be eliminated if we choose y < 1
¢ sinh(oux(07)(6 — xy))
o o cosh(ou;r(0%)5)

(chrCea) W) + €L r(=x,) W(=x,)) dx, < 0. (3.7)
Now, we consider the contribution coming from —¢ and, similarly to the previous observation, the second

term of (3.5) yields a non positive contribution:

B ¢ sinh(o 1 (07)(6 — x,,))
o cosh(ou;r(07)6)

sAp) &25%is (c{(axn w)2(x,) + ¢l (ﬁxnw)2(—xn)) dx, <0. (3.8)

The estimation of the other terms of (3.6) requires more computations. Temporarily we omit the coefficient
2__ in front of the first term in the r.h.s. of (3.6). Let us begin by

o(ch+c))

3 sinh(op 1 (07)(S = x,)) ¢
I—¢—:=—‘OJr L _i_/l zsw‘F—n TAn 2‘—nW—n dn~
+ 1 )Of cosh(@H:(07)8) o ( APy, €5 F(£x,)W(2,) + Y (22,) W (£, )) X

On the one hand, applying the Young inequality we have, for any o > 0,
1
Hix(O sy €95 F(xw(x,)| < e [F(xx,)f + %aszﬂzsoi s 12 (0")Iw(x;,)I%,
: va 3
and, on the other hand, observing that

1 . + — ix(0)(6—x, —ou i1 (07)(6—x,
Sinh(0p (07)(0 = X))  THOO=8) _ gmomsu07)6-20) P———

cosh(o;x(01)8) 7m0 4 p=oujn(07)9
we obtain
9 sinh(op 4 (0%)(6 = X)) ¢
L. = w0 L = (5A¢;, €¥95 F(xx,)w(2x,) — Y2, W)(£x,)) dx;,
. Mk )Of cosh(e i 07)%) o (sAgyse (£X)W(EX,) = V(5 W)(x,)) dx

Py e—O'I—lj.k(0+)Xn+2é‘4P\S Cj
—  E|F(xx,)%dx,
0 2ya cl

0 sinh(opu(0°)©6 — x)) chy 5
+ : =212 (015 s w(x,) | asdgy, —
) C0$h(0’,llj,k(0+)6) ¢/ 2”/,1(( )s. @s le™s w(xx,)|" | as Ps

IA

ﬂik(ixn)
1x(0%)

. . o B- £(0%) . Bl con
Since we assume that ;;(0%) > wo, the definition of o implies that 2-°— < ﬂéflTb Taking o < 2f—r§—a
15,07 15, ()

2 ) 0 Z;‘;’; . We deduce from (2.3) that (s, —

we have asdgs < ;i (07) v that we write asdgs <

C,
2 (+x,) . . . —ou O )xp+2s¢) o]
%) < 0. That allows us to omit the corresponding term and gives I, < 05 %%IF (xx,)|?dx,,.
This term will be estimated by three different and non-comparable ways that will lead to the three estimates

of Lemma 3.1.



Case 1. We follow exactly the way described in [7] (point 2(a) of section 4) with the necessary adaptations

5 oMk 0F)xn +25¢)5 P

since the time is not present here. We have to evaluate [; e - ,(i )IF (£x,)|?dx, but it will be

sufficient to look at f06 e~ TRk ODNF250 | B (+x,.)>dx, (we will put back 2ya at the end). We ask that

—o ik (0)x, + 255 < 250(£x,),0 < x, < 6.

The function ¢ being increasing we have already —o;x(0%)x, + 2s¢;s < 2s¢(x,). We still have to
prove
—o ik (0)x, + 255 < 250(—2x,) if 0 < x, < 6. (3.9)

We chose an affine piecewise function § which gives ¢(-x,) — ¢s > —x,A(8_¢)s where B_ corre-
sponds to the negative values of x,. The inequality (3.9) will be true if o (07) = 2sA(B_¢)s. It is
the case since - (07) > po. With (3.10) below this leads to (3.1), the first estimate of Lemma 3.1.

Case 2. Since we suppose i;x(0) > uo with pg defined in (3.4), estimate (B.3) of Lemma B.1 leads to

19 ]
L < @ = [ 29 0712 (4 ) F(2x,)2dx,.
27/(1/0 Cj(xn)

With (3.10) below this will give (3.2), the second estimate of Lemma 3.1.
Case 3. With the assumption made on 1;(0%), estimate (B.2) of Lemma B.1 leads to

c

1 ¢
Ii < ‘pgl f€2s<p(ix,l)

12 2
Zyal cj(xn)|<ﬁ (Fx) F(£x,)["dx;,.

With (3.10) below this will give (3.3), the third estimate of Lemma 3.1.

Finally the last term in (3.6) can be estimated as follows

Zﬂj’k(o+) tal’lh(O'/Jj‘k(OJr)(S) Owy, s

; ; /l‘pls eZStp\S < C (SS/Z/ISDLY 62S¢F|S |9|2 + S1/2/190|5 |,uj,k(0+)eﬂpls W‘S |2) , (3 10)
o(c, +cl)

which permits to conclude for s chosen large enough if we collect these results with (3.7) and (3.8). [ |

4 Proof of the Theorem 1.2

We start off from inequality (1.2) where sign of the interface term (second parenthesis) in the 1.h.s. must be
determined. We introduce the following quadratic form

Bu) = sdgs ¥(IB10,ul’ls + |sAgusP[°B ;)

(recall that the function % is continuous across S ) and

’ ﬁ"" ’ _(xX ’ - 2 -
() = e, 09, L=3" K() =55t Ke = 10, 000(CH, 00) )
K, = infreq K(X'), K =5up,cq Ke(x').

Finally, we set
D = D(L) = - sup (e IC, ONNIL + KcK-)
x'eqy

and we make the following assumption on the weight function in addition to Assumption 2.4.

10



Assumption 4.1. The weight function 8 is chosen such that L > L = max{K_, 2} and

(§+E@—Q)>%Nmm&ﬁmmmxmmm
(L+K.K)L-1) o2infcq 2 (x')

. 2085 <AO0).

The integer N is that of Theorem 2.1. The functions ¢, C; being fixed, it is the same for o2, K EC, K; and

b —C’
L, which shows this inequality can be achieved by first choosing the value of ,8"5, > 0 and then picking a
sufficiently large value for L. The assumption 25El’ - < B(0) can easily be fulfilled since £ is defined up to a
constant.

Lemma 4.2. We have

B(w) = sAgpis ™ (Bily@) + BalsApuys ),
with y(u) = (cOy,u)s + c+,8"s,%(s/l¢pu)‘s and where

(B—&wﬁ)

B = (L-1),  By(x)=ci(x)(Bs )(2L° - K2(x)) - T

If B satisfies Assumption 4.1 we have By > 0 and By(x") > B, with B
o) e LD
8= B0 = jnf i) o=

The idea of the proof of Lemma 4.2 is similar to both proofs of Appendix A.2 and Lemma 4.4 that are in
[7].

It now remains to estimate the tangential derivative of u at the interface S (the third integral of the second
parenthesis in the Lh.s. of (1.2)). The wording of Theorem 2.1 points out an integer N and its existence
implies, see (4.5),

T = sdgs [IlcB Cslle*Voul> do < Nsdgis Zjey [ B Colsll e Vou, do.
s S;
Using the notation Cr.(x') := Co(x',0%) we have [¢'C;]s = ¢, (L1dz1 — K.Cr_(Cr,) ™) Cry and we

obtain B
B’ C-ls1l < Bis- max(e. el (L + KellCr-(Cr)™'l) < D,

and, from (2.5) , it suffices to estimate D sAg;s Zys 1 j,k(0+)2|es“’u j,kl2 on S ; uniformly with respect to j. For
this estimation we shall distinguish small and large values of & as in [7] and [19].

Proposition 4.3. There exists C > 0 such that, for all j € J,k € N*, we have

B -_
DAy |ux(0)eu s I < TSR Y95 s 12+ C (1 Fialha s + 25l 0™ 22 1al02 i)
. .
o 106 Paln s + 52 A0, 9516 4) ) @.1)
for s, Aand L large enough.

Proof. We shall keep track of the dependency of the constants on j and k. For low frequencies, a direct
computation leads to
B
DAt a0 )e s w5, P < (521, e s P (4.2)

11



if 4 (0%) < *W \/gsﬁfph.

Now, we consider high frequencies. We apply Lemma 3.1 to the solution of (2.4) with F' = fjx+gx+hjx
and 0 = 6 for 1;4(0%) > o (definition of o given by (3.4)): since the differential equation is linear there

exists a constant C > 0 such that, Yu;x(0%) > o, we have
s 2 i 2 o —1/2_ 2 1y se 127 12
DAy, k(0 )e s Uys,1” < C(|ewfj,k|L2(—6,é) + @ le*e / 8j,k|L2(—6,6) o lee ! hj,k'ﬁ(—&,&)
2 24 2
+ 572 Ay 10, 7). (4.3)

Collecting (4.2) and (4.3), we obtain (4.1). Yet it remains to check that our separation between low and
high frequencies covers all the spectrum of A.(0*). This will be true if there exists a weight function 3 that
satisfies, in addition to Assumption 2.4,

1 B 1 S 2S/l(p|5,8‘ls, + /lﬁfsf
I —3S > = .
AT o "
. B L 36NBP o .
For sgis > 1/2, it suffices to have § > ———. This inequality is equivalent to
o / 4 Kf L L-L /
infyeq (3 (¢)(B )} T2 _ 36N,
’ ’ ’ N7 - 2 ’
Bl supyeqy (c+(NCr, ONINL + KK 7
As g fulfills Assumption 4.1 the previous inequality holds and the proof is complete. ]

The summation on k € N* in each side of (4.1) we lead to prove the two following lemmas.

Lemma 4.4. There exists C > 0 such that, for all j € J, we have

_ “1n s C _
wulle¥e gl + g Mlere Pt < (e PP + (5Pl e Vil + 8 2lle e ulf)
for s and A large enough.

Proof. We recall that || - |l;2q,,) is here noted || - ||, that h; = [Ar, x;lu + (8,,¢)0x,u; and we know that
[Ar, xj] + (O,c)0x, is an operator of order 1 with coefficients depending on V x;, V; - C:V x; and d,,c. So,
we can apply Theorem 2.1 to obtain

¢ e PhjlP < C (salle o> Vull? + s Py lle e ulP).

Moreover, applying Mean Value Theorem and the first inequality of (2.1) to (2.2), we see |lc/ — cllo <
C \/;_ where the constant C is independent on j € J, and, as g; = —(c! - 0)6)26 uj, Lemma B.3 implies that
sApig n

for 4 > 1,s > 1, one has

o C o o o —
wlle?e gl < —{lle e AP + sy lle e PVuiP + (sdg, e u P
+(sD7lle* @20 w117}
Gathering together the previous results we obtain
- 1 s C - , )
o lle o™ g IP + ¢ lle ! 2yl < ﬁ(ue% I+ (029 PVuilP + (s lle™ ¢! > Vull®

+ sAgille*o™ VulP + (sdgy lle* o™ Pu i + 5* Py lle ! 2ull?)

12



if 22 1, 5 > 1. For the term with Vu; we have [le*¢Vu | < C(lle*@"2uVy I + lle*@'>Vull?).
Using Theorem 2.1, we get ||es“’<,01/2uV,\/j||2 < S/lgo|5||es‘ﬂp1/2u||2 then ||es“’<,pl/2Vuj||2 < C(s/lcph, ||es¢gz>1/2u||2 +
llese!/ 2Vullz). We conclude the proof of the lemma by noticing that 268/ < 5(0) by Assumption 4.1 and,
therefore, one has B(0) < 28(x,) on (=4, 6) which implies ¢s < @ [ |

Lemma 4.5. There exists a constant C > 0 such that, for all j € J, one has

3/2 2 2 1/2 250 2
s A e~ |‘9j|L2(s,) < Cs'e?%s | lcOy,u;l"do.
J

Proof. The definition 6; = [(¢/ — ¢)d,, ujls, and (2.2) imply IHinZ(Sj) < ﬁkaxnuﬂiz(sﬂ. Then the conclu-

sion follows. u

We now prove the following key result, providing an estimate of the tangential derivative of u.

Theorem 4.6. There exist C, g > 0 and so > 0 such that, for s > so and A > Ay, we have
25 2 / B 3 25¢1,,12
sdgy; [e"?|Veul™||[B'cCrlslldo < Z(S/l%) J e lul*do
S s
+ C(lle fIP + sAlle* o' 2 VulP + S lle** @ 2ulP + s' [ &¢lcd, uldor).  (4.4)
S

Proof. We start from (4.1) and, after summation on k € N*, use the two previous lemmas. In order to go
back to u, we note successively that

e For each x’ € Q’', we can define J(x') := {j € J;x;(x") # 0} and we know that J(x’) < N (N is the

integer of Theorem 2.1 and J(x’) is the cardinal of the set J(x')).

o Asu=3;xu=};uj, wecan write for each x € § (the functions y; do not depend on x,)

Veul = 1V Dyl = 1) VelyuwP
j J
= 1) Vel <N D Vel (4.5)
JjeJ(x) JjeJ(x)

o The first and last terms of (4.5) are quantities of the same order, modulo a term not disturbing to
conclude. In fact, from V,u; = y;V.u + uV y; we derive that

3 Vol 2Vl Y a2l Y Ve

Jjel(x) Jjelx) Jjel(x)
2N|V.ul* + 2NCsAgis|ul*.

IA

IA

We used 0 < x; < L [IVoxllo < C+fsdgy; and [|V; - (C:Voxj)llo < CsAgy. The term sAgjslul* will be
absorbed by the Lh.s. of (1.2).

e Moreover, for any function f, we have

2
= ij] <N (Fx)? <N F
jeJ jeJ
1 ’ 1
since 0 < y; < 1 and also because of the convexity of the function z — z*: [ —ak] < ” ai.
1<k=M 1<k<M
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Remark 4.7. From the inequality (a + ab)’ + b* > (1 + a?)"'a?, we deduce that s'/2¢*¥s |cd, ul* is less

-1
than the product of (sl/ 2/l<p|5 inf(By, B)) B(u) and of a constant C depending on L but not on (s, 1), which
we shall use to remove the last term in (4.4), absorbing it by the Lh.s. of (1.2) for (s, 1) large enough.

Finally we obtain Theorem 1.2 since the three terms involving u in the r.h.s. of (4.4) are absorbed by the
Lh.s. of (1.2) : use Remark 4.7 for the integral on S while the two others are absorbed by the Lh.s. of (1.2)
by choosing s, A large enough.

A Partition of unity

In this appendix, in order to prove Theorem 2.1 and the following results, we construct a suitable lattice
in a neighborhood of ©’. The open set Q' is a bounded set of R"~! and its closure is included in a cube
[a,b]""!,—c0 < a < b < co. For the simplicity of the proof, we shall suppose that [a, b] = [0, 1] since only
the value of the constant C in (2.1) will change in the general case. We shall proceed gradually: in a first
step, we shall suppose that Q" = (0, 1), then, in a second step, we shall consider the case Q" = (0, 1)"~! and,
at last, in a third step, we obtain the generalization to any Q' with the required % regularity, with some
elementary arguments.

Step 1. We begin with the case n = 2 which means that the open cube is the interval (0, 1) and we recall
that ¢ > 1 and 8 > 0 by Assumption 2.4.

Let us denote i = h(s, 1) := \/37‘3 where % < ® < 1 in such a way that @ is an even natural integer
p = p(sd). For each sA > 1, there is a finite number of admissible values ®. We shall choose the value
nearest to 1.

In order to simplify our explanation, we work on S := (=h, 1 + h). On § we consider the lattice

x_1(s,) = —hand x,41(s,) =1 +h,
xj(s,) =xj_1(s,)+h where j=0,..,p(s,A),

and we set (see Figure 1.)
IJ(S’/l) = (xjfl(s3ﬂ),xj+l(sa/l))a OS]SP

Two successive subintervals /;(s, A) overlap and the intersection has a measure equal to A, half of the

<>
I I
-—> —>
\ \ | | | |
o To T In 1 1+
= K bl Ty Tyt
<>

Figure 1: Covering in dimension 1

measure of each interval. Let us choose a function ¢ € C7°(R) such that 0 < (x) < 1 and

1, for -1<x<i,
_ 2 2
Yx)=4 0, for x¢ (-5, %),
>0, for - % <x< %

14



Let us consider now the functions ¢; and y; defined by

(%)
20<k<p Yr(x)’

%-(x):w(x—xj), andfor —h<x<1+h0<j<p, x;j(x):= (A.1)

h

Remark A.1. The previous sum contains less than two non vanishing terms for each x € [-h, 1 + &], and
the family (y;); is a partition of unity on (0, 1) if we only consider the restrictions on (0, 1) of each y;.

Lemma A.2. There exists a constant C, independant of s,A > 0 and j,0 < j < p, such that
) lleo < C sy, and  I(x)"lle < CsAgy. (A2)

Proof. Differentiating the function v ;, we have Ilﬁ (x)| < ”‘” lo and Iw”(x)l < ”‘” s From the definition of
¥, there exists a constant m > 0 (m = 2 for an approprlate choice of W) such ‘that 2o<j<p Yi(x) > 1/m.

/

Then, using/\/}(x) = (x), we have [Vy;(x)| < 3m”¢' o . Using Remark A.1

;i
20<k<pw Somey i Z vilx )@w )2

0<I<p

similarly, the expression of )(;.’(x) gives us the last estimation [,\/;.’(x)l < 3}:;’ (Ilw”llm + 2m||¢’||§o) . [ |

Step 2. Now, we consider the case of a cube (0, D" n > 2. The pair (s, 1) being fixed, we use
p = p(s,A) defined in Step 1, and we build on each axis of coordinate a lattice similar to this one of
Step 1. The product gives a lattice indexed by j := (ji, j2, -, ju-1),0 < ji < p(s, ), which defines
the small cubes Q' = I, X Ij, X --- x I, where each I; has the form introduced in the previous step.
The measure of each cube is (24)"~! and the cubes overlap. We associate to each cube Q;. the function

Xi(X) = xj; (x0Oxj,(x2) -+ X, (Xu=1). So, in each point x" € ', there are q(x") functions of the partition
non vanishing with 1 < ¢ < 2", The proof of Theorem 2.1 is complete in this case. Moreover, if Q' =
(0, 1)"! we can directly extend the coefficients c on each side of the boundary as we write it in item 2 of
Step 3. The case Q' ¢ (0, 1)"~! needs a little more work.

Step 3. In what follows, the open set Q" is not a cube but, in order to give a visual explanation, we shall
suppose n = 3 meaning that Q' is a bounded open set in [0, 1]? and 9Q’ is €. The reader will see that the
extension to n > 3 is easy once this approach is understood. In subsection 1.3, we reduced our problem to
the family of problems (1.3) posed in slices, indexed by x,,, of the cylinder Q' x (=6, 8), slices with sizes of
same order. As the lattice of Step 2 cannot be used if ' is not a cube, we describe our modified approach
in the 6 following items. We build in items 1 and 2 a finite covering (R,) of the boundary dQ’ using the €
regularity of dQ’. This covering does not depend on the Carleman parameters s, A and permits to extend
the coeflicients in a neighborhood of [O% (=0, 0). Each R, corresponds to a true cube R, by means of a
diffeomophism. Then, once the pair (s, A) is chosen, we distinguish the cubes far from the boundary (item
3) which come from the mesh of [0, 1]> > Q' and the ’cubes’ close to the boundary (item 4) which come
from a meshing of R,. Choosing 4 small enough, we show in items 5 and 6 that the covering is complete
and the partition of the unity is adapted.

1. We cover the boundary of Q' by a finite family of open sets (R,)i<<w, in such a way that each R, is
diffeomorphic by ¢, to a rectangle Re = (—au1, @) X (—a2, @). By example, we can suppose that
0Q)' is locally defined either by a relation x; = f(x3) or x, = f(x1). In the first case, ¢,(x1,x2) :=
(x1 = f(x2), x2) and R, N Q' is the image by ¢! of the straight line {0} X (—~@,2, @,2). In the other
case @, (x1,x2) := (x1,x2 — f(x1)) and R, N Y is the image by ¢! of (—a,1, @) x {0}. In all the
following items we shall consider the first case, the adaptations will be obvious. We can suppose that
the modulus of the determinant of J,, , the Jacobian matrix of ¢,, is equal to 1. So, Ulelv”RK is an open
neighborhood of dQ’ that contains the tube Ty := {x € R?; d(x,0Q)) < &} for a some & > 0 which
is now fixed. We set R* := {y = (y1,y2) € R;+y; > 0} and RF := ¢ !(R?), choosing R} ¢ Q' (if
necessary, replace x; — f(xy) by f(x,) — x1). Furthermore, without any lose of generality, we suppose
that ¢,ds a diffeomorphism defined on an open set R,  R,. This will be useful in item 4.
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2. To each R, and R, we associate the cylinders R, s := R, X (=6,0), R, 5 := R; X (=6, 6) as well as the
cylinders Ri sand Rt s- For a function W, defined on I?Z s»-we extend it by antisymmetry relatively to the
straight line {y; = 0}. With regard to the coefficients (c,(:, X3))1<ri1<n—1 Of matrix C-(-, x3), we define
their images &,(-, x3) := ¢y (¢ (), x3) on RZ& first, then we extend these &,(-, x3) by ’symmetry’

relatively to the line {0} X (—ay2, @) which gives

en(y, x3) if y1 > 0,
Crn(y,x3) =1 Cr(=y1,y2,x3) if y1 <0,

—Cr(=y1,y2,x3) if y; <0, r+1=3.

(A.3)

As a matter of fact, &, is €' on the four closed subsets Rf, s N {xx3 > 0} of RK,(;. Using ga;' we obtain
an extension of the matrix C; and we keep the same notation. Using the variational formulation in
each slide {x3 = constant}, from A;(x3) acting in LZ(R:) with Dirichlet condition on the boundary,
we can define the extension A.(x3) in R,, and not only on R:, with the tangential matrix C”T,K(~, X3) =

g, 09D Colg (), x3) Uy, 0 )"

w(y, x3) if y; > 0,

w(y, x3) = { —W(=y1,¥2, x3) if y; <0,

(AT(xg)ua V)LZ(R;') = (C:(-, x3)V.ut, YTV)Lz(R;’) = (CT,K('a x3)V:ii, VTﬁ)LZ(R;)7
= %(CT,K(" X3)V-it, Vrf’)LZ(RK) = %(AT(XS)ﬁ’ ‘7)L2(RK)-

Coming back to R, we define the extended operator A.(x3) acting in L*(R,), still with Dirichlet con-
dition on the boundary. The new tangential matrix C‘T,K(', x3) defined on R, is symmetric and positive
defined. Note that w belongs to the domain of A (x3) if w belongs to the domain of A.(x3) (defined
on RY).

3. Now, we take into account the parameters (s, 1). We start by using Step 2 to obtain a mesh of [0, 1],
i.e. a family (Q;) = (I;, x 1},). From that covering we keep the cubes Q} that satisfy 5; c Q. Let J;,
be the set of the corresponding subscripts. Since €2’ is not a cube, it is clear that Uje,,, €2’ does not fill
€)'. Therefore, we have to complete this family.

4. Using a process similar to Step 1 and 2, we build a covering for each rectangle R, with small cubes
R,; overlaping each other and having a size equivalent to 2h(s, ). Let J;, be this family of subscripts
j = (x,]). As we have supposed in item 1 that R,  R,, for small sufficiently 7 we deduce functions
X« adapted to these cubes and take their pullbacks y,; using the diffeomorphisms ¢,, 1 < ¥ < N, to
come back to U <.<n, R¢. In the same way we obtain R, ; = (,0;1 (RK,,). Recall that the diffeomorphisms
¢« do not depend on (s, 4). This last remark is important to claim that all the R,; have sizes of the

same order and that the functions y, satisfy (2.1).

5. We have to show that the union of (Uje,,, Q}) and (Ujes, R) covers (. This will be true only if A(s, 1)
is small enough, i.e. if s and A are large enough. Once this point is checked, it will be sufficient to
normalize the functions of the partition similarly to (A.1). However, the overlap must be sufficiently
important to avoid that the functions of the partition all vanish at a common point (in Step 1, the size
of Ip; N I+ is half the length of each interval I, for example).

Note that U;,R; D Ts (see item 1) and that the partition has all the required properties for each
X' € Tspp. Let us consider X' € Q such that d(x’,0Q") > % which implies that the open disc
5

D(x’, %') c ', while the cube C(x/, f—f/z) of center x” with sides of length L = v and parallel to the

coordinate axes is inscribed in D(x’, %) (see Figure 2.). To conclude, it will be sufficient to prove
Claim: If i(s, 1) < %, the point x” is recovered by cubes Q;. such that at least one of the associated
function y; satisfies yj(x") # 0.

6. In order to prove the claim we suppose that A(s, 1) = 1§ (the other situations follow easily). The lattice
used in Step 2 does not depend on Q'. We project its vertices on coordinate axes. Let us consider
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}h(s,x)

Figure 2: description associated to Claim

the first coordinate axis, the projection of the cube C(x’, L) is then the interval (x] — %, X+ %). The
projection of the lattice give 7 points (y1,- -+ ,y7) or 8 points (y1, - - ,yg) included in (x] — %, x|+ %).
In the first case, x| = y4 and in the second case, y3 < x] < y;. We repeat this process for the second
coordinate x7,. If we now go back to the partition of unity in Step 2 we see that the point x” is then
such that at least one of the functions y; does not vanish in its neighborhood. This concludes the
proof of the Theorem 2.1.

B Proof of some intermediate results

Lemma B.1. Let
ou;x(07) = 254 Bls- + ABg- (B.1)

Then, for all function g € L*(=6,6), we have
P s
;€ / e OV g (dy)dy < Ofgp(iy)em&wgz(iy)dy (B.2)

and
s . s )
@ €2 Je w002 (y)dy < Lo Lo ¢ o2 (£y)dy. (B.3)

Proof. Step 1. Let us prove the first estimate. Such kind of estimate is true if @ e Hx@ 42505 <
@(£)e>* for all y € (0, ), which we write

—o 07y + 25(p, — () + AB; — B(xy)) < 0. (B.4)

Since 8’ > 0, ¢ is an increasing function on (-6, §) and we have

¢0)-¢(») <0 and (B, -B(y) <0, ye(0,0),

which gives the estimate (B.4) for the '+’ case. Let us now prove that it also holds with the '—’ case. Since
the function g is affine on (-6, 0), we have g, — B(-y) = ,6’|’S,y for y € (0, 8) whence

1 1
@(0) —p(-y) =y ({ @ (=y + ry)dr = yAB|s- ({ @(=y + ry)dr.
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For r € (0, 1), o(—y + ry) < ¢(0) since 8’ > 0 and, so, we have ¢(0) — ¢(—y) < y/lﬁl’s_go(O), which gives

=007y + 25(¢y — (=) + ABy; — B(=y)) < —op(0M)y + 25yAB5-9(0) + ABs-y, ¥ € (0,6).

Using (B.1), the first estimate (B.2) is proved.

Step 2. To prove (B.3), we will prove that gp&lgﬂrﬂ/ﬁ(o*)yﬂﬂpb < ()" 1?5 for all y € (0, 6). This is
equivalent to proving that

—opjx(0F)y + 2s(g), — @(£y)) — (B, — B(xy)) < 0.

Let us begin by the '’ case. As 8, —B(—y) > 0 since 8/ > 0, it will be sufficient to prove that —ou;x(0)y +
2s(p;; — ¢(=y)) < 0. In the first step we have seen that ¢(0) — ¢(-y) < y/lﬁl's_go(O), whence

—opjx(07)y + 25(p); — (=) < —opj(07)y + 25y4Bj-¢(0) < 0

with the assumption (B.1) made on p .

Now, let us consider the '+’ case. As B — B(y) = —f5.y, we have to prove that —ou;;(07)y + 2s(¢; —
() + 465,y < 0. Using (B.1) this will be true if we have 2s(¢;; — () + 465,y < (2s/lg0|s,8"s, + /lﬁl’s,)y.

As ©(y) — ¢ = Ap| B,y we have 2s(p; — () + AB5.y < AB5. y(1 — 2s¢) and 4B, y(1 — 2sg);) < 0 for
s> 1/2since ¢ > 1. [

Lemma B.2. The solution of

Vi —pPv=F s¢e(=60)U(0,0),
v(=8) =v(6) =0, v(07)=v0%), cvV(O0)=c_v(0-)+8

satisfies
¢y 9 sinh(u(6 - o)) c- =% sinh(u(—-6 — o)) 6 tanh(uo)
v0) = _;Of (¢4 + c-) cosh(ud) F(o)do = 7 o (cy + c-)cosh(ud) Fo)do = ulcy +c)

Proof. The solution of this system is of the form
v(s) = AL cosh(us) + B. sinh(us) + u_l fsinh(,u(s —o0))F(o)do.
0

For s = 0%, we obtain A, = v(0"). Similarly, s = 0~ gives us A_ = v(07). Taking the derivative of the
expression and considering s = 0*, we also obtain uB, = v'(0%) et uB_ = v/(07). Thus, for s € (-6,0), we
have | 0" — 8
v(5) = v(0) cosh(us) + ~ OO Gohius) + ! [ sinh(u(s — o) F(e)dor
H c- 0
For s € (0, 9), we obtain v(s) = v(0) cosh(us) + iv’(O*) sinh(us) +u~! Jy sinh(u(s— o)) F(o)do. Considering
the conditions v(—¢) = v(6) = 0, we obtain

L cosh(u6)|uv(0) — 9= tanh(us) + f° %F(@da} =0

L cosh(u6)|uv(0) + v'(0%) tanh(u6) + %&‘;”F(a)w] =0.

This can be written

B 9 sinh(u(é — o))

A( v(Oz ) | .0 cosh(ud) Fo)do where A = {# thnh(l:f) S ]
VO] sk = 9N oo - 9 anhiue) . tanh(uo)
0 cosh(ud) c_

—
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The determinant of this matrix being D = ;—f‘ tanh(ud)(c + c_), we deduce the value of v(0):

9 sinh(u(6 — o))

( ¥(0) ) _ 1 tanh(ue)  — tanh(ud) I ooshe) L@
voh) = ol ¢ L ~5 sinh(u(—6 — o)) 0 :
Finally, we have
_ 9 sinh(u(d — o)) - =0 sinh(u(—6 — o)) B 0 tanh(uo)
O = - e eonwd) O L er o) T e v e

Lemma B.3. There exist C > 0 such that
g™ 2e*a% ujl> < C {lg™" e fI + sAgillp™" e Vu | + (sagy )l e |
+(s)llp' 20, ujl},  (B.S)
Sforu;verifying (1.3), s>1, 1> 1and j€ J.
Proof. In Q*, one has
go_l/zewcﬁiuj = cp_l/zes‘p(?x“(caxnuj) - (,0_1/2(6)6”6)65“’6,(” uj. (B.6)

-1/2

As ¢ < ¢'/% since B > 0, we see straightaway that

llp™ 2@, )™ 0, uslI* < (max |9y, cl)llp! e D, ul? (B.7)

if s > 1 and A > 1. The other term in (B.6) verifies

Oy, (cOx,uj) (V-BV(xu) = V.- C:Vu;

_f/\/j +2(C; V) - VTXj + (V- CTVTXj)u -V Crvruj-

Let 7 = ¢~'/2¢*¢. Using (2.1), there exists C > 0 independent of s, A, j such that
2 2 2 2 2 2
170, (cOxupll” < C (||77fj|| + 5@ IVl + (sAgy ) |lull” + InVe - CoVeul| ) (B.3)

where the norms are taken in L2(Q ;6). To reach the conclusion it remains to estimate the last term of the
r.h.s. of (B.8), in other words we will estimate the function nd,, d,u; for 1 < k,I < n—1. Roughly speaking,
we shall make this estimation using u;, Vu;, Au; and the weight function 7.

Let us denote B := n*B, C; := n*C; and let € H}(;;s) be a test function. One has

g{BV(X u) - Vi

g{{(—v “BVu)y; —uV, - (C;Vox)) — 2BVu - Vy ly

g
Q

where §; = —V-EV(,\(ju), which also leads to g; = (—V-BVu))(J-—uVT-(C'TVTXj)—2BVu~VXj. As the function
x; only depends on x’, we could replace 2BVu-Vy; by 2C,V,u-Vox ;. From =V-(BVu) = n* f = (8x,n*)cds, u,
we deduce

g =" {f; = 2BVu- Vy; = uVe - (C:Vox )} = x (0, ), u. (B.9)
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For h # 0, parallel to the interface S, we introduce the difference operator D,p(x) = ’W. For w €

H)(Q;s) with suppw € Q5 we set y = D_,(Dyw). We have ¢ € H(Q;,) if we suppose |A] small enough.
On the one hand, we can write

fEVI/lj . VD_h(DhW) = fBVuj . D_h(VDhW)
Q Q
= [ Dy(BVu;) - (VDuw) = [[B(x + h)Dy(Vu;) + Dy(B)Vu;] - VDuw
Q Q
and, on the other hand, we have

fE’Vuj . VD,;,(D/,W) = - f(V . BVMj)D,h(DhW)
Q Q

since [1cd,, ujls =0. Asg; = -V BVu j» we deduce from the two previous expressions the following
relation
J B(x + h)Dy(Vu;) - VDpw = f(gij,;,(th) — (Dy(B)Vu;) - Vth). (B.10)
Q Q

As i does not depend on the tangential variable, D;, and n commute. This gives

L{(Dh(B)Vuj) - VDyw < 7™ gl 1Dy D) 2.

< CiB\mVu 2V Dywli g2, L{ng—h(DhW)

It is well known that ||D_,w||;2 < ||[VW||;2 for w € H(l)(ij(s) with suppw € Qs and i small enough ([8]).
Similarly, we have ||D_,(mDyw)||;2 < ||V-(mDypw)||;2. Using again that the weight function 1 does not depend
on x’, we have [|D_,(nDyw)llr2 < |InV:Dpwllz> then

Lfg,-thhw) <" g2 IV (Dpw)ll 2.

We plug the two previous estimates into (B.10), which gives

L{UZ(B(X + VDyuj) - VDuw| < (CLBImVusllze + 7' &)1l ) InV (Daw)ll 2.

This inequality is, in particular, true if we choose w equal to u; :

Cx(B)lInVDuulI* < LfUZ(B(x + )V Dyu;) - VDyuj| < C3llnV(Dpupll 2

where the constants C;(B) and C>(B) depend on B but not on i and where C3 := C{(B)|[nVu;||;> + ||n’1gj||Lz.
There is no problem to take w equal to u; when Q ;6 C €5 since the projection on S of the support of u; is
strongly included in Q’] Dividing by [[nV(Dpu;)ll;2 we obtain Co(B)[nVDpujll2 < C3. For1 <1 <n—1,
and y € Hé (©;5), one obtains

C
Lf(axluj)(D—hlﬁ)‘ = L{(Dhuj)(aﬂl//)‘ = L{U(ax, Dh”j)ﬂ_]'#' < |l "yl
Ca2(B)

Letting || go to zero we obtain | Jo(@u j)(axk¢)| < %Hq—l,’p” 2 which leads to

Ci(B)InVuliz + 7'l .2
0,, Oy U il|2 <
”77 k /l'tj”L2 CQ(B)

forl <k, /<n-1.
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Now, we can estimate ||[pV - CTVTujll2 with the help of (B.9), i.e.

79+ - CVeail? < C{llgVul? + 1y~ &1}
< ClnVulP +Infil> + sy InVull + (sagy Il + ™" @, 1), ul>}
< Clnfill® + sagy InVull + (sagy Il + ™" @, ull>}
< C{lig™ e HIP + s lig™ e Vull® + (sagy,) e e ull + (s llp e, ul?)

Plugging this result in (B.8), we deduce (B.5) with the help of (B.6) and (B.7).

Otherwise, for Q5 N0Q # 0, the way we proceed to extend functions and coefficients beyond the boundary
(see Appendix A) must be modified for the matrix B: the method does not work for (k,I) = (1, 1) (if we
locally suppose that the first coordinate axis is normal to the boundary). We build an extended matrix B the
coefficients of which are symmetric with regard to the plane {x; = 0} and Lipschitz functions. Moreover,
the functions f; will be replaced by a combination of f; and 8,,0,u;,1 < k,I <n—1,(k,I) # (1,1) which
allows us to conclude. [

C About the density in D(A)

The main ideas are in [1] where the authors proved the density in Hé(Q) of D(A) = {u € €Q);u €
%Z(E), ¢:0yu = c_0yuon S}, assuming that the matrix B is %? on Q*. Lemma 3.2 in [1] implies that
each u € D(A) is the limit in H(l) of a sequence (u,) C {u € Co(Q);u € CHQY), 40y, = c_0yuonS}
with Au,, —;2 Au. The reader will see here a small extension resulting from a chat with J. Droniou that
we thank warmly: the convergence is in norm and not only weak. In other words, D(A) is a core of the
operator A. We start knowing that the restriction to Q* of each u € D(A) belongs to H%(Q%) (this claim is a
consequence of Appendix A and the technics developed in the proof of Lemma B.3). We begin by the two
following lemmas that are easy:

Lemma C.1. Ify € H)(Q) N H*(Q*) one has
¥ € D(A) & [cd, ¥]s = 0.

Lemma C.2. If the sequence (,) € D(A) N H*(Q*) tends to y € D(A) for the topology of H*(QF) then
Ay, — Ay in L.

1. We set c,(x') = lim,,, o c(x’, x,) and we call n. the interior normal to the interface S relatively to
Q* which enables us to introduce a change of variables 4 with the function ¥ : Q' X (-&,&) — U

setting
;o X+t (n(x)if0<t<e,
0= { X+ te- (X n-(x)if —e<1<0.
In our case, n.(x") = (0,---,0, 1) with the initial coordinates. We are seeing to appear the ask in

point 2 of Assumption 1.1: the traces c. : X' — c.(x") are %*. So, with the new coordinates, a
function belonging to H*(Q*) will keep this property in U* := W(Q*) and if this function is 0 on 6<,
it will be the same with the change. Idem for Q™ and U/~. As a matter of fact, we have replaced c by
the value 1 on S.

2. Let u € D(A) be a function of which the support is included in Q5 and such that u € H>(Q*). Setting
v(x', 1) := u(P(x', 1)), we verify that v € H'(U),v € H*(U*) and

Iv(xX',0%) = co(x)By, u(x’, 0%). (C.1)
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So, the jump of dv at the interface is 0 which implies that d,v € H'(U). The tangential derivatives
do not give any problem when we are going through the interface. In conclusion, the function v is
belonging to H*(U) N H(U).

3. There exists a sequence (v;) € €>(U) that tends to v for the topology of H>(U) and we set u; =

v; o W1, From the properties of P, it comes that u; € H'(Q) N €2(Q*) and u; — u just as well for
HY(Qs) as for H 2(9?). The relation (C.1) implies the continuity of the trace of ¢d,, and from Lemma
C.1 one has u; € D(A) while Lemma C.2 gives the convergence of Au; to Au in L*(Qs).
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