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AN INTRODUCTION TO BIENAYME-GALTON-WATSON TREES AND THEIR
LOCAL LIMITS

ROMAIN ABRAHAM AND JEAN-FRANCOIS DELMAS

ABsTrRACT. The aim of this lecture is to give an overview of old and new results on Bienaymé-Galton-
Watson (BGW) trees. After introducing the framework of discrete trees, we first give alternative
proofs of classical results on the extinction probability of BGW processes and on the description of
the processes conditioned on extinction or on non-extinction. Then, we study recent local limits of
critical or sub-critical BGW trees conditioned to be large.
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1. INTRODUCTION

The first draft of those notes has been written for a course given at Hamamet in 2014, it has then
been completed with more examples and up to date references. It concerns the so-called Bienaymé-
Galton-Watson (BGW for short) process which can be considered as the first stochastic model for
population evolution. It was named after the French mathematician I.-J. Bienaymé (1845) and the
British scientists F. Galton and H. W. Watson (1874) who studied it. I.-J. Bienaymé considered the
probability of the male population extinction in [15]; its communication, which is reproduced in [39],
indicates that he knew the right answer (see also the study [18] on the Bienaymé’s proof of the criticality
theorem for branching processes). Later on and independently, F. Galton, who was studying human
evolution, published in 1873 in Educational Times a question on the probability of extinction of the
noble surnames in the UK. It was a very short communication which can be copied integrally here:

“PROBLEM 4001: A large nation, of whom we will only concern ourselves with adult
males, N in number, and who each bear separate surnames colonise a district. Their
law of population is such that, in each generation, ag per cent of the adult males have
no male children who reach adult life; a; have one such male child; as have two; and
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so on up to as who have five. Find (1) what proportion of their surnames will have
become extinct after r generations; and (2) how many instances there will be of the
surname being held by m persons.”

In more modern terms, he supposes that all the individuals reproduce independently from each others
and have all the same offspring distribution. After receiving no valuable answer to that question, he
directly contacted H. W. Watson and worked together on the problem. They published an article one
year later [30] where they proved that the probability of extinction is a fixed point of the generating
function of the offspring distribution (which is true, see Section 2.2.2) and concluded a bit too rapidly
that this probability is always equal to 1 (which is false, see also Section 2.2.2). For further historical
comments on BGW processes, we refer to D. Kendall [39] for the “Genealogy of genealogy branching
process” up to 1975 as well as the Lecture! at the Oberwolfach Symposium on “Random Trees” in 2009
by P. Jagers. In order to track the genealogy of the population of a BGW process, one can consider
the so called genealogical trees or BGW trees, which is currently an active domain of research. We
refer to T. Harris [33] and K. Athreya and P. Ney [14] for most important results on BGW processes,
to M. Kimmel and D. Axelrod [44] and P. Haccou, P. Jagers and V. Vatutin [32] for applications in
biology, to M. Drmota [20] and S. Evans [29] on random discrete trees including BGW trees (see also
J. Pitman [54] on a more combinatorial aspect and T. Duquesne and J.-F. Le Gall [23] for scaling limits
of BGW trees which will not be presented here).

We introduce in the first chapter the framework of discrete random trees, which may be attributed
to Neveu [52]. We then use this framework to construct BGW trees that describe the genealogy of
a BGW process. It is very easy to recover the BGW process from the BGW tree as it is just the
number of individuals at each generation. We then give alternative proofs of classical results on BGW
processes using the tree formalism. We focus in particular on the extinction probability (which was
the first question of F. Galton) and on the description of the processes conditioned on extinction or
non extinction.

In a second chapter, we focus on local limits of conditioned BGW trees. In the critical and sub-
critical cases (these terms will be explained in the first chapter), the population becomes a.s. extinct
and the associated genealogical tree is finite. However, it has a small but positive probability of being
large (this notion must be made precise). The question that arises is to describe the law of the tree
conditioned of being large, and to say what exceptional event has occurred so that the tree is not
typical. A first answer to this question is due to H. Kesten [41] who conditioned a BGW tree to reach
height n and look at the limit in distribution when n tends to infinity. There are however other ways of
conditioning a tree to be large: conditioning on having many nodes, see S. Janson [36] and references
therein; on having many leaves, see I. Kortchemski [45]; on having nodes with large degrees, see X.
He [34] and B. Stufler [59]; on having large population, see R. Abraham and J.-F. Delmas [7];... In
most of those cases, the local limit is an infinite random tree with either an infinite spine (the so
called Kesten’s tree); or with an infinite backbone, see for example [3, 7]; or with a node of infinite
degree (the so called condensation phenomenon), see for example T. Jonsson and S. O. Stefansson [38],
S. Janson [36] or B. Stufler [58] and the references therein. The approach presented here is mainly
based on our previous work [6, 5].

2. BIENAYME-GALTON-WATSON TREES AND EXTINCTION

We intend to give a short introduction to Bienaymé-Galton-Watson (BGW) trees, which is an
elementary model for the genealogy of a branching population. The BGW process, which can be
defined directly from the BGW tree, describes the evolution of the size of a branching population.
Roughly speaking, each individual of a given generation gives birth to a random number of children in
the next generation. The distribution probability of the random number of children, called the offspring
distribution, is the same for all the individuals. The offspring distribution is called sub-critical, critical
or super-critical if its mean is respectively strictly less than 1, equal to 1, or strictly greater than 1.

1h'ctp ://wuw.math.chalmers.se/~ jagers/BranchingHistory.pdf
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We denote by N = Z, the set of non-negative integers and by N* = N\ {0} the set of positive
integers.

We describe more precisely the BGW process. Let ¢ be a random variable taking values in N with
distribution p = (p(n),n € N): p(n) = P( = n). We denote by m = E[(] the mean of (. Let
g(r) = Y penp(k)r® = E [r¢] be the generating function of p defined on [0,1]. We recall that the
function g is convex, with ¢’(1) = E[(] € [0, +o0].

The BGW process Z = (Z,,n € N) with offspring distribution p describes the evolution of the size
of a population issued from a single individual under the following assumptions:

e 7, is the size of the population at time or generation n. In particular, Zy = 1.

e Each individual alive at time n dies at generation n + 1 and gives birth to a random number
of children at time n + 1, which is distributed as { and independent of the number of children
of other individuals.

We can define the process Z more formally. Let (¢; ;% € N,n € N) be independent random variables
distributed as (. We set Zo = 1 and, with the convention ), = 0, for n € N*:

Zn_1
i=1

Here the random variable (; ,, represents the number of offspring of the i-th individual alive at generation
n.

The genealogical tree, or BGW tree, associated with the BGW process will be described in Section
2.2 after an introduction to discrete trees given in Section 2.1.

We say that the population is extinct at time n if Z, = 0 (notice that it is then extinct at any
further time, and thus {Z,, = 0} C {Z,+1 = 0}). The extinction event £ corresponds to:

(2) £={IeNst Z,=0}=J{Z, =0}
neN

We shall compute the extinction probability P(€) in Section 2.2.2 using the BGW tree setting (we
stress that the usual computation relies on the properties of Z, and its generating function), see
Corollary 2.5 and Lemma 2.6 which state that P(E) is the smallest root of g(r) = r in [0,1]. In
particular the extinction is almost sure (a.s.) in the sub-critical case and critical case (unless p(1) = 1).
The advantage of the proof provided in Section 2.2.2, is that it directly provides the distribution of the
super-critical BGW tree and process conditionally on the extinction event, see Lemma 2.6.

In Section 2.2.3, we describe the distribution of the super-critical BGW tree conditionally on the
non-extinction event, see Corollary 2.9. In Section 2.3.2, we study asymptotics of the BGW process
in the super-critical case, see Theorem 2.15. We prove this result from Kesten and Stigum [42] by
following the proof of Lyons, Pemantle and Peres [48], which relies on a change of measure on the
genealogical tree (this proof is also clearly exposed in Alsmeyer’s lecture notes?). In particular we shall
use Kesten’s tree which is an elementary multi-type BGW tree. It is defined in Section 2.3.1 and it
will play a central role in Chapter 3.

2.1. The set of discrete trees. We recall Neveu’s formalism [52] for ordered rooted trees. We set:
U= U (N*)™
n>0

the set of finite sequences of positive integers with the convention (N*)? = {@}. The set U is sometimes
called Ulam’s tree. For n > 1 and u = (uy,...,u,) € U, we set H(u) = n the height or generation of
uw and set H(&) = 0. If u and v are two sequences of U, we denote by uv the concatenation of the two
sequences, with the convention that uv = vu = v if u = @. We define a partial order on U called the

2h'ctp ://wwwmath.uni-muenster.de/statistik/lehre/WS1011/SpezielleStochastischeProzesse/
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genealogical order by: v < w if there exists w € U such that uv = vw. We say that v is an ancestor of u
and write v < v if v < w and v # u. The set of ancestors of u € U is the set:

(3) A, ={vel;v<u}.

We set A, = A, U {u} and notice that @ € A, unless u is the root. The most recent common ancestor
of a subset s of U, denoted by MRCA(s), is the unique element v of [, A, with maximal height.
For the MRCA of two nodes, say u and v, we simply write v A u for MRCA ({v, u}). We consider the
lexicographic order on U: for u,v € U, we set v < u if either v < v or (v = wjv’ and u = wiu’) with
w=uAv, and j < i for some i,j € N*,

A tree t is a subset of U that satisfies:
o Jcit,
o Ifuectandv < u,then v €t.
e For every u € t, there exists k,(t) € N U {+oc} such that, for every i € N* wi € t iff
1 <@ < ky(t).
The integer k,(t) represents the number of offsprings of the node u € t. The node u € t is called a
leaf if k,,(t) = 0 and it is said infinite if &k, (t) = +00. By convention, we shall set k,(t) = —1 if u & t.
The node @ is called the root of t. A finite tree is represented in Fig. 1.

\

BL1)  (312)
) B

Ly @2 13

AN

(1) (2) 3)

FIGURE 1. A finite tree t.

We denote by T, the set of trees and by T the subset of trees with no infinite node:
T ={t € Too; ku(t) < +00, Vu € t}.

Let us stress that the offspring of one individual are ordered; this amounts to consider planar trees.
In particular the two trees of Fig. 2 are different.

(2,1) (1,1)

AVARRERY.

FIGURE 2. Two different planar trees.
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Let t € To,. We set it = Card (t) and notice that:
@) Skt st 1
uect
The set of its leaves is Lo(t) = {u € t;k,(t) = 0}. Its height and its width at level h € N are
respectively defined by:
H(t) =sup{H(u); u €t} and z,(t)=Card ({u € t; (u)=h});
they can be infinite. Notice that t € T if and only if z;(t) is finite for all h € N. For u € t, we define
the sub-tree S, (t) of t “above” u as:
(5) Su(t)={vel; wety={veld; ue A,}.

We will mainly consider trees in T, but for Section 3.4.3 where we shall consider trees with one
infinite node. We denote by T, the countable subset of finite trees and by T(") C Ty the subset of
finite trees with height less than h € N:

(6) To = {t € T; #t < 400} and TW = {t € T; H(t) < h}.

For v = (v, k € N*) € (N*)N'| we set T, = (v1,...,v,) for n € N, with the convention that 7y = @
and Vv = {¥,,n € N} defines an infinite spine or branch. We denote by T the subset of trees with only
one infinite spine:

(7) T, = {t € T; there exists a unique v € (N*)¥ s.t. v C t}.
For h € N, the restriction function rj, from T to T is defined by:
(8) VteT, rp(t)={uet; Hu) <h}
that is, r(t) is the sub-tree of t obtained by cutting the tree at height h. We endow the set T with
the distance:
5(t,t/) — 9—sup{heN, ru(t)=rn(t)}
It is easy to check that this distance is in fact ultra-metric, that is, for all t,t’,t” € T:
(t,t") < max(d(t,t"),5(t",t")).

Therefore all the open balls are closed. Furthermore, for t € Ty, the singleton {t} is also equal to the
open ball centered at t with radius less than 2=H(®), Notice also that for t € T and h € N, the set:
(9) i ({rn(0)}) = {t/ € T; 6(¢,¢') < 27"}
is the (open and closed) ball centered at t with radius h. The restriction functions are contractant
with respect to the distance § and thus continuous.

Let uw € U. Recall k,(t) is the number of offsprings of the node u in t, with the convention that
ko (t) = —1if u ¢ t. For u € Y and t,t' € T such that §(t,t') < 277 we get that k,(t) = k,(t).
This implies that the function t +— k,(t) is continuous on T.

A sequence (t,,n € N) of trees in T converges to a tree t € T with respect to the distance ¢ if and
only if, for every h € N, we have 7, (t,,) = rp(t) for n large enough, and thus if and only if for all u € U:

lim () = k() € NU{-1}.

We end this section by stating that T is a Polish metric space (but not compact), that is a complete
separable metric space.

Lemma 2.1. The metric space (T,0) is a Polish metric space.

Proof. Notice that Ty, which is countable, is dense in T as for all t € T, the sequence (r4(t), h € N) of
elements of Ty converges to t. So the metric space (T, §) is separable.

Let (t,,n € N) be a Cauchy sequence in T. Then for all h € N, the sequence (rp(t,),n € N) is a
Cauchy sequence in T, Since for t,t’ € T, §(t,t’) < 27" implies that t = t’, we deduce that the
sequence (7,(t,),n € N) is constant for n large enough equal to say t". By continuity of the restriction
functions, we deduce that r;,(t" ) = t" for any A’ > h. This implies that t = Unen t" is a tree such
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that rp,(t) = t” for all h € N, and that the sequence (t,,n € N) converges to t. This gives that the
metric space (T, d) is complete. O

2.2. Bienaymé-Galton-Watson trees.

2.2.1. Definition. Let p = (p(n),n € N) be a probability distribution on the set of the non-negative
integers and ¢ be a random variable with distribution p. Let g,(r) = E [r¢], r € [0, 1], be the generating
function of p, p(p) its convergence radius and m(p) = g,,(1) = E[(] its mean which belongs to [0, +oc].
We will write g, p and m for g,, p(p) and m(p) when it is clear from the context. Let A C N be not
empty nor reduced to {0}, and write GCD(A) for the greatest common divisor of the integers in A.
The period of p is defined by:

d = max{k; supp (p) C kN} = GCD(supp (p)).
We say that p is aperiodic if d = 1.

Definition 2.2 (Branching property and BGW tree). A T-valued random variable T is said to satisfy
the branching property if for n € N*, conditionally on {ka (1) = n}, the sub-trees (S1(7),S2(7), ..., Sn(T))
are independent and distributed as the original tree T.

A T-valued random variable T is a BGW tree with offspring distribution p if it satisfies the branching
property and the distribution of kg () is p.

It is easy to check that 7 is a BGW tree with offspring distribution p if and only if for every h € N*
and t € T we have:

(10) Boam =t)= [ p(ka(®):

uet, |u|<h

In particular, the restriction of the distribution of 7 on the set Tg is given by:

(11) VteTo, P(r=t)=]]p(k(t)).
uet
It is easy to check the following lemma. Recall the definition of the BGW process Z = (Zp,h € N)
given in (1).

Lemma 2.3 (BGW process). Let 7 be a BGW tree. The process (zn(T), h € N) is distributed as Z.

The offspring distribution p and the BGW tree are called critical (resp. sub-critical, super-critical)
if m(p) =1 (resp. m(p) < 1, m(p) > 1).

2.2.2. Extinction probability. Let T be a BGW tree with offspring distribution p. The extinction event
of the BGW tree 7 is £(7) = {7 € Ty}, which we shall denote £ when there is no possible confusion.
Thanks to Lemma 2.3, this is coherent with Definition (2). We have the following particular cases:
e If p(0) =0, then P(£) =0 and a.s. 7 € Ty.
o If p(0) =1, then a.s. 7 = {@} and P(E) = 1.
e If p(1) = 1, then m(p) = 1 and a.s. the tree 7 = |J,;», {1}", with the convention that {1}° =
{@}, is reduced to one infinite spine. In this case P(€) = 0.
e If 0 < p(0) < 1 and p(0) + p(1) = 1, then H(7) + 1 is a geometric random variable with
parameter p(0) and 7 = U<, <pr(,) {1}"- In this case P(€) = 1.

From now on, we shall omit the particular critical case p(1) = 1. Let ¢ be the smallest root of the
equation g(r) = in [0, 1] (which exists since g(1) =1 and g is continuous).

Remark 2.4 (Roots of g(r) = 7). We clearly get that ¢ = 0 if and only if p(0) = 0. We now suppose
that p(0) > 0. If p(0) + p(1) = 1, then we clearly get ¢ = 1.

If p(0) + p(1) < 1, we get that g is strictly convex the equation g(r) = r has at most two roots in
[0,1]. Since g(1) = 1, we get that ¢ = 1 if ¢’(1) < 1 (in this case the equation g(r) = r has only one
root in [0, 1]) and, since furthermore g(0) > 0, we also get that 0 < ¢ < 1 if ¢’(1) > 1, see Fig. 3.
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p(0)

(0)
P p(0)

q

FIGURE 3. Generating function in the sub-critical (left), critical (middle) and super-
critical (right) cases.

Using the branching property, we get:
P(&) =P(E(T))

= ZIP’(E(& (7)), E(Sk(7)) | ka(r) = k)p(k)

keN
=Y PE)*p(k)
keN
= g(P(£)).
We deduce that P(€) is a root in [0,1] of the equation g(r) = r. The following corollary is then an
immediate consequence of Remark 2.4.

Corollary 2.5 ((Sub-)critical case). When the offspring distribution p is critical with p(1) < 1 or
sub-critical, we have a.s. extinction for the associated BGW tree, that is, P() = 1.

Let p be a super-critical offspring distribution satisfying p(0) > 0. In this case we have 0 < ¢ < 1,
and thus P(£) > 0. For n € N, we set:

(12) p(n) = " 'p(n).

Since ), cnB(n) = g(q)/q = 1, we deduce that p = (p(n),n € N) is a probability distribution on N.
Since g5(r) = g(qr)/q, we deduce that g;(1) = ¢’(¢) < 1. This implies that the offspring distribution
p is sub-critical. In particular, if 7 is a BGW tree with offspring distribution p, we have P(E(7)) = 1.
Lemma 2.6 (BGW tree conditioned on extinction). For a super-critical BGW tree T with offspring

distribution p, we have P(£) = q. Furthermore, if p(0) > 0, then conditionally on the extinction event,
T 14s distributed as a sub-critical BGW tree T with offspring distribution p given by (12).

Proof. If p(0) = 0, then we have P(£) = 0 and ¢ = 0. We now assume that p(0) > 0. According to
Corollary 2.5, a.s. 7 belongs to Ty. For t € Ty, we have:

qP(7 = t) = g [ [ p(ku(t)g" 7" = ¢! F2uec @D TT p(k, (1) = P(r = 1),
uect u€ct

where we used (11) and the definition of  for the first equality and (4) as well as (11) for the last one.
We deduce, by summing the previous equality over all finite trees t € Ty that, for any non-negative
function H defined on Ty,

E [H(m)1{reryy] = B [H(7)],
as 7 is a.s. finite. Taking H = 1, we deduce that P(E(7)) = ¢. Then we get:

E[H(r)E(T)] = E[H(7)].
Thus, conditionally on the extinction event, 7 is distributed as 7. ]

We deduce the following corollary on BGW processes.
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Corollary 2.7 (BGW process conditioned on extinction). Let Z be a super-critical BGW process with
offspring distribution p satisfying p(0) > 0. Conditionally on the extinction event, Z is distributed as
a sub-critical BGW process Z with offspring distribution p given by (12).

2.2.3. Distribution of the super-critical BGW tree conditionally on the non-extinction event. Let T be
a super-critical BGW tree with offspring distribution p. We shall present a decomposition of the super-
critical BGW tree conditionally on the non-extinction event £¢ = {H(7) = +oo}. Notice that the
event £¢ has positive probability 1 — ¢, with ¢ the smallest root of g(r) = r on [0, 1].

We say that v € t is a survivor in t € T if Card (S,(t)) = +oo and becomes eztinct otherwise. We
define the survivor process (z;(t), h € N) by:

zj(t) = Card ({u € t; H(u) = h and u is a survivor}).

Notice that the root @ of 7 is a survivor with probability 1 — ¢q. Let S and E denote respectively
the numbers of children of the root which are survivors and which become extinct. We define for
r. £ €[0,1]:

G(r,0) =E [r®¢F|e] .
We have the following lemma.

Lemma 2.8. Let 7 be a super-critical BGW tree with offspring distribution p and let q be the smallest
root of g(r) =r on [0,1]. We have for r,£ € [0,1]:

9((L —a)r +qf) — g(al)

(13) G(r, ) = =

Proof. Recall ¢ < 1. We have:

E [r9eF|ec] = Lq]E [0 1521y

1—
) 11—qneN*p(n)é (k)(l St
=1 ; neN* ( (I—q)r+ qﬁ) (qﬁ)")

)

(1fqr+q€ —g q€
1—gq

where we used the branching property and the fact that a BGW tree with offspring distribution p is
finite with probability ¢ in the second equality. O

We consider the following two-type BGW tree 7° distributed as follows:

- Individuals are of type s (for survivor) or of type e (for extinct).

- The root of 79 is of type s.

- An individual of type e produces only individuals of type e according to the sub-critical offspring
distribution p defined by (12).

- An individual of type s produces S > 1 individuals of type s and E of type e, with generating

function E [r9¢F] = G(r, ) given by (13). Furthermore the order of the S individuals of type

s and of the E individuals of type e is uniform among the (E ;S ) possible configurations. Thus

the probability for an individual u of type s to have n children and whose children of type s
are {ui, i € A}, with A a non-empty subset {1,...,n} of cardinal 4, is (with the convention
00 =1):

(14) p(n)(1 — q)*4~ g4,
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This indeed define a probability measure as:

DUEED SR TOIEIVEED D) SH(0] (4 o

neN* AC{1,...,n}, A#D neN* k=1
1—q"
-3 s
neN* q
_9M -9 _,
1—g¢q '

Notice that an individual in 7° is a survivor if and only if it is of type s. We write 7° for the T-valued
random variable defined as 7° when forgetting the types.
Using the branching property, it is easy to deduce the following corollary.

Corollary 2.9 (BGW tree conditioned on non extinction). Let 7 be a super-critical BGW tree with
offspring distribution p. Conditionally on £°, T is distributed as 7°.

Proof. If p(0) = 0, then we have ¢ =0, P(£¢) =1 and 7° = 7.

We now assume that ¢ > 0. We denote by S; the set of individuals of 7° at height h whose type
in 7° is s. Because ancestors of an individual of type s are also of type s and that every individual of
type s has at least a child of type s, we deduce that 7° truncated at level h is characterized by r(7%)
and Sy,.

Let t € Ty such that H(t) = h and A C {u € t, H(u) = h} with A # (. Set n = z,(t). Let
A = ,cai{v € U; v < u} be the set of ancestors of elements of A and set A = rp,_1(t)\A. For u € A,
we denote by k£ (t, A) the number of children of w in t that belong to AU A. We have:

P(ri(r*) = t, Sp = A) = [[ #ku(t) J] plku(t)) (1 — g)FultM "1 ghut® kil 4)

u€Ae ueA
_ Ducalky(t,A)—1)
:< H p(ku(t))> (1_Q) - qZuGAuAC(kU(t)—l)
u€AUA q
fA—1
1_ —_
—pnr) =0 (1) o
1

= 17— P(ru(r) =) (1 - )*'¢" 7,

—q

where we used (14) for the first equality, Definition (12) of p for the second one and, for the third
equality, Formula (4) twice as well as n = z,(t). Summing the previous equality over all possible
choices for A, we get (recall that A is non empty):

B(ri(r) = t) = 3 7= BOu(r) =) (1 - g)*g" ™
A
P =03 () a- ok

On the other hand, we have:

P(rp(r) =t) — P(rp(r) = t,&)
1-P(&

P(ri(r) = £]€%) =

P =t)—P =t)q¢" 1—q"
_ Pn(r) =0 =P = 00" g, 10"
—q l—q
where we used the branching property at height A for 7 for the second equality. Thus we have obtained
that P(rp(7%) =t) = P(rp(7) = t]| £°) for all t € Ty, which concludes the proof. O
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In particular, it is easy to deduce from the definition of 7%, that the survivor process (z;(7),h € N)
is conditionally on £¢ a BGW process whose offspring distribution p has generating function:
9(1—q)r+q)—q
g3(r) = Glr, 1) = L1 -
—q
The mean of p is 91/5(1) = ¢'(1) the mean of p. Notice also that p(0) = 0, so that the BGW process
with offspring distribution p is super-critical and a.s. does not suffer extinction.

If p(0) > 0 (and thus ¢ > 0), recall that the BGW tree 7 conditionally on the extinction event is a
BGW tree with offspring distribution p, whose generating function is:

05(r) g(qr)

q

We observe that the generating function g(r) of the super-critical offspring distribution p can be recov-
ered from the extinction probability ¢, the generating functions g5 and g of the offspring distribution
of the BGW tree conditionally on the extinction event (for r < ¢) and of the backbone process (for

r>q):
o) =195 (£) 1)+ (4 1= 0105 (121 ) 20

We can therefore read from the super-critical generating functions g,, the sub-critical generating func-
tion g5 and the super-critical generating function gz, see Fig. 4.

q

FIGURE 4. In the super-critical case with p(0) > 0 (and thus 0 < ¢ < 1): the gener-
ating functions g, g5 in the lower sub-square and g; in the upper sub-square (up to a
scaling factor).

2.3. Kesten’s tree.

2.3.1. Definition. The Kesten’s tree is a multi-type Galton-Watson tree, that is a random tree where
all individuals reproduce independently of the others, but the offspring distrbution depends on the
type of the individual. For a probability distribution p = (p(n),n € N) on N with finite positive mean
m, the corresponding size-biased distribution p* = (p*(n),n € N) is defined by:

. np(n)

n = —
pi(n)=—""
The two-type BGW Kesten’s tree 7* associated with the probability distribution p on N is distributed
as follows:
- Individuals are normal or special.

- The root of 7* is special.
- A normal individual produces only normal individuals according to p.
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- A special individual produces individuals according to the size-biased distribution p* (notice
that it has always at least one offspring since p*(0) = 0). One of them, chosen uniformly at
random, is special, the others (if any) are normal.

Definition 2.10 (Kesten’s tree). Let p be an offspring distribution with finite positive mean (m €
(0,400)). The Kesten’s tree 7 associated with p is the T-valued random variable defined as 7* when
forgetting the types.

Notice 7* belongs a.s. to Ty, the set of tree with only one infinite spine, if p is sub-critical or critical.
In the next lemma we provide a link between the distribution of 7 and of 7*.

Lemma 2.11 (Relation between the BGW tree and the Kesten’s tree). Let p be an offspring distribu-
tion with finite positive mean, T be a BGW tree with offspring distribution p and 7™ be a Kesten’s tree
associated with p. For alln € N, t € Ty and v € t such that H(t) = H(v) = n, we have:

P (r,(7%) = t,v is special) = # P(r,(r) =t),
Zn(t)

mn

(15) P(rp(r") =t) = P(rn(r) =1t).

Proof. Notice that if u is special, then the probability that it has k, children and ui is special (with
i given and 1 < i < k) is just p*(ku)k;' = p(ky)/m. Let n € N, t € T and v € t such that
H(t) = H(v) = n. Using (10), we have:

. . . plhu(t)) 1
P = = _— = — = .
(rn(7%) = t, v is special) H p(ky(t)) H - p— P (rp(r) =1t)
u€t\A,, H(u)<n u€A,
Since there is only one special element of t at level n among the z,(t) elements of t at level n, summing
the previous equality over v gives (15). |

We suppose that m € (0,400). We consider the filtration F = (F,,n € N) generated by 7:
Fn = o(ry(7)) and the normalized BGW process (W,,,n € N) defined by:
zn ()
mn

Notice that Wy = 1. If necessary, we shall write W,,(t) = z,(t)/m"™ to stress the dependence in t.

(16) W, =

Corollary 2.12 (The martingale (W,,)). Let p be an offspring distribution with finite positive mean.
The process (W,,,n € N) is a non-negative martingale adapted to the filtration F.

Proof. Let P and P* denote respectively the distribution on T of a BGW tree 7 with offspring distri-
bution p and Kesten’s tree 7% associated with p. We deduce from Lemma 2.11 that for all n > 0:

(17) dP[z, (t) = Wi (t) dP £, (t).
This implies that (W,,,n > 0) is a non-negative P-martingale adapted to the filtration F. O

2.3.2. Asymptotics of the BGW process. Let 7 be a BGW tree with offspring distribution p having
finite positive mean m = ¢'(1) and p(1) < 1. Recall the renormalized BGW process (W,,n € N)
defined by (16) and ¢ the smallest root of g(r) = r in [0, 1].

Lemma 2.13 (On W = lim,,,oc W,,). Let p be an offspring distribution with finite positive mean. The
sequence (W,,,n € N) converges a.s. to a random variable W such that E[W] < 1 and P(W = 0) €
{g,1}.

Proof. According to Corollary 2.12, (W,,,n € N) is a non-negative martingale. Thanks to the conver-
gence theorem for martingales, see Theorem 4.2.10 in [25], we get that it converges a.s. to a non-negative
random variable W such that E[W] < 1.

By decomposing 7 with respect to the children of the root, we get:
1 ko (1)
Walr) = 17 22 Waet(S(r)
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The branching property implies that conditionally on kg (7), the random trees S;(7), 1 < i < kg(7) are
independent and distributed as 7. In particular, (W,,(S;(7)),n € N) converges a.s. to a limit, say W?,
where (W i € N*) are independent non-negative random variables distributed as W and independent
of kg (7). By taking the limit as n goes to infinity, we deduce that a.s.:

1 ko (1) '
w=— ; we.
This implies that:
P(W =0)=> pr)P(W'=0,...,W"=0) = g(B(W = 0)).
neN

This implies that P(W = 0) is a non-negative solution of g(r) = r and so belongs to {g,1}. O

Remark 2.14 (The (sub-)critical case). When the offspring distribution p is critical with p(1) < 1 or
sub-critical, we have ¢ = 0, a.s. W,, = 0 for n large enough, and thus a.s. W = 0.

We aim now to compute P(WW = 0) in the super-critical case. The following result goes back to
Kesten and Stigum [42] and we present the proof by Lyons, Pemantle and Peres [48]. Recall that ¢ is
a random variable with distribution p. We use the notation log™ (r) = max(log(r), 0).

Theorem 2.15 (The Llog L condition). Let p be a super-critical offspring distribution with finite mean
(m € (1,+00)). Then we have:

P(W =0)=gq if and only if E[Clog™(¢)] < +oo.
In particular, we also have that P(WW = 0) = 1 if and only if E [C log™ (Q] is infinite.

Remark 2.16 (Exponential growth of the population in the super-critical case). Assume that p is
super-critical and satisfy the LlogL condition. Since &€ C {W = 0} and P(£) = ¢, we deduce that
on the survival event £° a.s. lim,,_, y o 2n(7)/m™ = W > 0. (On the extinction event £, we have that
a.s. zp(7) = 0 for n large.) So, a.s. on the survival event, the population size at level n behaves like a
positive finite random constant times m™.

Proof of Theorem 2.15. We use notations from the proof of Corollary 2.12: P and P* denote respec-
tively the distribution of a BGW tree 7 with offspring distribution p and of a Kesten’s tree 7% associated
with p. According to (17), for all n > 0:

APy, =W, dP\5, .

This implies that (W,,,n > 0) converges P-a.s. (this is already in Lemma 2.13) and P*-a.s. to W taking
values in [0, +00]. According to Theorem 4.3.3 in [25], we get that for any measurable subset B of T:

P*(B) = E[W1g| 4+ P*(B,W = +0).
Taking B =  in the previous equality gives:

{E[W] —1&P*(W=+00)=0 and

(18) P(W =0) =1 P*(W = +00) = 1.

So we shall study the behavior of W under P*, which turns out to be (almost) elementary. We first
use a similar description as (1) to describe (z,(7*),n € N).

Recall that ¢ is a random variable with distribution p. Notice that p*(0) = 0, and let Y be a random
variable such that ¥ 4 1 has distribution p*. Under P, let ((; »;¢ € N,n € N) be independent random
variables distributed as ¢, and let (Y,,,n € N*) be independent random variables distributed as Y and
independent of ({;n;¢ € N,n € N). We set Z} = 0 and for n € N*:

zZr
Zy =Y+ > Gim
=1
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with the convention that ) 3, = 0. In particular (Z;;,n € N) is under > a BGW process with immigration
with offspring distribution p and immigration distributed as Y. By construction (Z +1,n € N) under
P is distributed as (z,(7*),n € N) under P*. We deduce that (W,,n € N) is under P* distributed as
(Wr+m™",n €N) under P, with W} = Z* /m".

Let (X,,n € N) be random variables distributed as a non-negative random variable X. We recall
the following result, which can be deduced from the Borel-Cantelli lemma using that ) . P(X,/n >
e) =E[| X/¢e]] for € > 0. We have:

Xn
(19) E[X] < +o0= as. lim — =0.

n—+4+oco N

Furthermore, if the random variables (X,,,n € N) are independent, then:

Xn
(20) E[X] = +00 = a.s. limsup — = 4oc.

n—+oo T

We consider the case: E [¢log™(¢)] < +oc. This implies that Eflog*(Y)] < +oo. And according to
(19), we deduce that for € > 0, P*-a.s. Y;, < e for n large enough. Denote by ) the o-field generated
by (Y,,n € N*) and by (F;,n € N) the filtration generated by (W}, n € N). Using the branching
property, it is easy to get:

1 zZ Y.,
E Wi, Fr_y] = WE [Z3|V, Fr_y] = mnT:ll + s >W, 1.
We deduce that (W*,n € N) is a non-negative sub-martingale with respect to P(:|)), that is, with
respect to the filtration (Y V F, n € N). We also obtain:

E W* n Yk - +oo Yk
[ "D)]i;mk —;mk'

For ¢ > 0, we have that P-a.s. Y, < e"° for n large enough. We deduce that P-a.s. we have
sup, ey E [W|YV] < 400, that is, the sub-martingale (W5, n € N) is bounded in L'(P(-|})). Adapting
the proof of Theorem 4.2.10 in [25] with respect to the probability P(-|)), we get that the non-negative
sub-martingale (W5, n € N) converges P(:|))-a.s. to a finite limit. Since (W, +m~",n € N) is dis-
tributed as (W,,,n € N) under P*, we get that P*-a.s. W is finite. Use the first part of (18) to deduce
that E[W] = 1. Since P(W = 0) € {q, 1}, see Lemma 2.13, we get that P(W =0) = q.

We consider the case: E [¢ 1og+(C)} = +00. According to (20), we deduce that for any £ > 0, a.s.
Y,, > /¢ for infinitely many n. Since Z >V, and (W, + m~",n € N) is distributed as (W,,,n € N)
under P*, we deduce that P*-a.s. W,, > e™(—log(m)+1/¢) for infinitely many n. Since the sequence
(W,,n € N) converges P*-a.s. to W taking values in [0, +00], we deduce, by taking € > 0 small enough
that P*-a.s. W = 4-00. Use the second part of (18) to deduce that P-a.s. W = 0. O

3. LOCAL LIMITS OF BIENAYME-GALTON-WATSON TREES

There are many kinds of limits that can be considered in order to study large trees, among them
are the local limits and the scaling limits. The local limits look at the trees up to an arbitrary fixed
height and therefore only sees what happen at a finite distance from the root. One can also look at the
local limit near a node chosen at random instead of near the root. Scaling limits consider sequences
of trees where the branches are scaled by some factor so that all the nodes remain at finite distance
from the root. These scaling limits, which lead to the so-called continuum random trees where the
branches have infinitesimal length, have been intensively studied in recent years, see [12, 22, 23], see
also [31] for scaling limits of other random trees and [46] for condensation phenomenon. Other limits
have also been considered, see for example [27] for a convergence to dendrons with respect to sampling
procedures.

We will focus in this lecture only on local limits of critical or sub-critical BGW trees conditioned
on being large. The most famous type of such a conditioning is Kesten’s theorem which states that
critical or sub-critical BGW trees conditioned on reaching large heights converge to the Kesten’s tree
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which is a (two-type) BGW tree with a unique infinite spine. This result is recalled in Theorem 3.1. In
order to consider other conditionings, we shall give in Section 3.1, see Proposition 3.3, an elementary
characterization of the local convergence which is the key ingredient of the method presented here when
the limit is the Kesten’s tree.

All the conditionings we shall consider can be stated in terms of a functional A(t) of the tree t and
the events we condition on are either of the form {A(7) > n} or {A(7) = n}, with n large. Usually
handling the latter conditioning is more delicate. In Section 3.2, we give general assumptions on A so
that a critical BGW tree conditioned on such an event converges as n goes to infinity, in distribution
to the Kesten’s tree, see our main result, Theorem 3.7. We then apply this result in Section 3.3 by
considering, in the critical case, the following functional:

3.3.1 : the height of the tree (Kesten’s theorem);

3.3.2 : the maximal out-degree;

3.3.3 : the Horton-Strahler number;

3.3.4 : the largest generation;

3.3.5 : the total progeny;

3.3.6 : the number of leaves;

3.3.7 : and more generally the number of nodes with given out-degree.

Let us stress that in the critical case with finite variance, conditioning on the total population size (for
simplicity), the number of leaves is asymptotically equal to the population size times the probability
to have zero children, and furthermore the fluctuations are Gaussian, see [37, 60]. It is thus not a
surprise that conditioning by the total size or the number of leaves give the same local limit. The
conditioning on the total progeny or the number of leaves where already known, but usually under
stronger hypothesis on the offspring distribution (higher moments or tail conditions). We stress out
that in Theorem 3.7 no further assumptions are needed in the critical case than the non-degeneracy
condition p(1) < 1.
The material of this section is mainly extracted from [6].

The sub-critical case is similar with the functional A = H given by the height, but it is much
more involved otherwise and we only present here some results in Section 3.4 without any proofs. All
the proofs can be found in [5]. In the sub-critical case, when conditioning on the number of nodes
with given out-degree, two cases may appear. In the so-called generic case presented in Section 3.4.2,
the limiting tree is still a Kesten’s tree but with a modified offspring distribution. In the non-generic
case, Section 3.4.3, a condensation phenomenon occurs: intuitively a node that stays at a bounded
distance from the root has more and more offsprings as n goes to infinity; and in the limit, the tree
has a (unique) node with infinitely many offsprings. This phenomenon has first been pointed out in
[38] and then in [36] when conditioning on the total progeny. We end this chapter by giving in Section
3.4.4 a characterization of generic and non-generic offspring distributions, which provides non intuitive
behavior.

We eventually give further extensions in Section 3.5.

Take-out message: Most (but not all) of the usual conditionings for a critical BGW tree to be
large yield the same local limit given by the Kesten’s tree. The picture in the sub-critical case is
more complex, with possibly different local limits: Kesten’s trees with modified offspring distribution
(depending on the conditioning) or random trees with condensation. This latter case might appear in
particular when the offspring distribution has an heavy tail.

3.1. The topology of local convergence.

3.1.1. Kesten’s theorem. We work on the set T of discrete trees with no infinite node, introduced in
Section 2.1. Recall that Ty, resp. T("), denotes the subset of T of finite trees, resp. of trees with height
less than h, see (6). Recall that the restriction function rj, from T to T is defined in (8). When
a sequence of random trees (T,,,n € N) converges in distribution with respect to the distance § (also
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called the local topology) toward a random tree T', we shall write:

(21) T, T

According to (9), the fact that all the open balls are closed, and the Portmanteau theorem (see [16]
Theorem 2.1), we deduce that if (21) then:

(22) Vh €N, vt € T, ngrfmp(rh(z“n) =t) =P(r,(T) = t).

Conversely, since ¢ is an ultra-metric, we get that the intersection of two balls is a ball (possibly empty).

Thus the set of balls and the empty set is a m-system. We deduce from Theorem 2.3 in [16] that (22)
implies (21). Thus (22) and (21) are equivalent.

Convergence in distribution for the local topology appears in the following Kesten’s theorem. Recall
that the distribution of the Kesten’s tree is given in Definition 2.10.

Theorem 3.1 (Kesten [41]). Let p be a critical or sub-critical offspring distribution. Let T be a BGW
tree with offspring distribution p and 7 be a Kesten’s tree associated with p. For every non-negative
integer n, let T, be a random tree distributed as T conditionally on {H (1) > n}. Then we have:
d
Th @
This theorem is stated in [41] with an additional second moment condition. The proof of the
theorem stated as above is due to Janson [36]. We will give a proof of that theorem in Section 3.3.1 as

an application of a more general result, see Theorem 3.7 in the critical case and Theorem 3.11 in the
sub-critical case.

3.1.2. A characterization of the convergence in distribution. Recall that for a tree t € T, we denote by
Lo(t) the set of its leaves. Let t € T be a tree and z € Ly(t) be a leaf of the tree t. For t’ € T another
tree, we denote by t ®, t’ the tree obtained by grafting the tree t' on the leaf x of the tree t, that is:

t®,t' =tU{zu,u e t'}.
For 7 a BGW tree with offspring distribution p, we deduce from (11) the following useful formula:
1
23 Pir=t®,t)=—P(r =t)P(r =t/).
(23) ( ) 0) (= t)P( )
We denote by T(t,x) the set of all trees obtained by grafting some tree on the leaf x € Ly(t) of t € T:
T(t,z) ={t®, t', t' € T}.

Recall that the maps t — k,(t) are continuous for all u € Y. We deduce that the set T(t,x) is closed
in T as s € T(t,x) if and only if k,(s) = k,(t) for all u € t \ {z}. We shall see in Lemma 3.6 below
that it is also open.

Computations of the probability of BGW trees (or Kesten’s tree) to belong to such sets are very
easy and lead to simple formulas. For example, we have for 7 a BGW tree with offspring distribution
p, and all finite tree t € T and leaf x € Lo(t):

(24) P(r =t) =P(r € T(t,2), k(1) =0) = p(0) P(7 € T(t,z)).
The next lemma is another example of the simplicity of the formulas.

Lemma 3.2 (Another relation between the BGW tree and the Kesten’s tree). Let p be an offspring
distribution with finite positive mean. Let T be a BGW tree with offspring distribution p and let 7 be
a Kesten’s tree associated with p. Then we have, for all finite tree t € Ty and leaf x € Lo(t):

(25) P(r* € T(t,2)) = P(r € T(t,z)).

mH(m)
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In the particular case of a critical offspring distribution (m = 1), we get for all t € Ty and € L(t):
P(r* € T(t,z)) =P(r € T(t,x)).

However, we have P(7 € To) = 1 if p(1) < 1, and P(7* € Ty) =
one and only one infinite spine, see (7). (Notice that, when p(1)
spine.)

1, with Ty the set of trees that have
=1, the tree 7 = 7* is reduced to one

Proof. Let t € Tg and z € Lo(t). If 7* € T(t, x), then the node z must be a special node in 7* as the
tree t is finite whereas the tree 7* is a.s. infinite. Therefore, using arguments similar to those used in
the proof of Lemma 2.11, we have:

PretTta) = [ ptka®) ] p(k;ft>> — m;(x) P(r € T(t,)).
u€et\ (A, U{z}) uEA,

The following key characterization of the local convergence is proved in Section 3.1.3.

Proposition 3.3 (Characterization of the local convergence in To U Ty). Let (T,,n € N) and T be
random trees taking values in the set To UTy. Then the sequence (T, n > 0) converges in distribution
(for the local topology) to T if and only if the two following conditions hold:

(i) For every finite tree t € Ty, we have lim,_, 4 P(T, =t) = P(T =t).
(ii) For every t € To and leaf x € Lo(t), we have liminf,_, o P(T, € T(t,z)) > P(T € T(t,z)).

3.1.3. Proof of Proposition 3.3. We denote by F the subclass of Borel sets of T:

F={{t}, t € To} U{T(t,2), t € Ty, = € Lo(t)} U{0}.
Lemma 3.4. The family F is a m-system.

Proof. Recall that a non-empty family of sets is a w-system if it is stable under finite intersection. For
every t1,t2 € T and every x1 € Lo(t1), 22 € Lo(t2), we have:

T(t1,21) ift; =t2®,,t) and 21 Azy = 29,
T(to,x2) if to =t; ®;, th, and x1 Azy = ay,
{t1Uta} ift1 =t ®,, th, to =t @,, t; and x1 # xo,
0 in the other cases.

(26) T(tl,zl)ﬁT(tQ,Z'Q) =

Notice that the case (t1,21) = (t2,22) belongs to the first two cases. An instance of the third case is
represented in Fig. 5.
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16} %) %)

FIGURE 5. Exemple of the third case in Equation (26) where 1 # 29, t1 =t ®;, t}
(on the left), to =t ®,, t, (in the middle) and with t; Uty (on the right).

Thus F is stable under finite intersection, and is thus a w-system. O

Remark 3.5. The third case in Equation (26) was ommited in the original paper [6] where only a
special case was considered.

We denote by F/' = {AN(ToUT;): A€ F} the trace of F on Ty U T.
Lemma 3.6. All the elements of F are open and F' is an open neighborhood system in To U Ty.

Proof. We first check that all the elements of F are open. For t € T and ¢ > 0, let B(t,¢) be the ball
(which is open and closed) centered at t with radius e. If t € Ty, we have {t} = B(t,27") for every
h > H(t), thus {t} is open. Moreover, for some fixed x € Ly(t), for every s € T(t,z) , we have:

B (5,2—H<t>—1) C T(t,2),
which proves that T(t,z) is also open.

We check that F’ is a neighborhood system: that is, since all the elements of F are open, for all
t € To UT; and & > 0, there exists an element of F, say A’, which is a subset of B(t,¢) and which
contains t.

If t € Ty, it is enough to consider A’ = {t}.

Let us suppose that t € Ty. Let (u,,n € N*) be the infinite spine of t so that @, = u;...u, € t
for all n € N*. Let n € N* such that 27" < ¢ and set t’ the tree obtained by cutting the spine of t at
height n: t' = {v € t; @, € A,}. Notice that @, € t’, and set A’ = T(t', @) so that A’ belongs to the
m-system F. We get t € A’ C B(t,e). Thus, the trace of F on Ty U T; is a neighborhood system. O

We are now ready to prove Proposition 3.3, following ideas of the proof of Theorems 2.2 and 2.3 of
[16]. As F is countable, so is its trace ' on To U Ty. We deduce from Lemma 3.6 that any open set
G of Ty UT; can be written as a countable union of some elements of F’, say (A;,i € N). For any
e > 0, there exists ng such that P(T' € G) < e+ P(T € U,<,,, A4i). Without loss of generality, we can
assume that no A; is a subset of A; for 1 <4,5 <ng and ¢ # j. According to (26), we get that A;NA;
is either empty or reduced to a singleton. We then deduce from the inclusion-exclusion formula that
there exists n1 < ng, t; € To, x; € Lo(t;) for j < nq, and ne < oo, t; € Ty, ag € Z for £ < ny such
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that, for any random variable T taking values in Tg | Ty:

P(T € A;) = T/GTt,:C aP(T —te
(7e U 4a) =Y ® IENEDY

i<ng j<ni £<ny
We deduce, assuming that (i) and (ii) of Proposition 3.3 hold, that:

lim inf (7, eG)>lﬁg1ug£P(T € y A)>IP(T€ EJ A)>IP(T€G)—5
1<ng i<ng

Since ¢ > 0 is arbitrary, we deduce that liminf, . P(T, € G) > P(T € G) for every open set G of
T. Thanks to the Portmanteau theorem, see (iv) of Theorem 2.1 in [16], we deduce that (T,,n € N)
converges in distribution to 7.

3.2. A criteria for convergence toward Kesten’s tree. Using the previous lemma, we can now
state a general result for convergence of conditioned BGW trees toward Kesten’s tree.

First, we consider a functional A : Tog — N such that {t; A(t) > n} is non empty for all n € N*.
In the following theorems, we will add some assumptions on A. These assumptions will vary from one
theorem to another and in fact we will consider three different properties listed below (from the weaker
to the stronger property): for all t € Ty and all leaf z € L(t), there exists ng € N* and D(t,z) > 0
(only for the Additivity property) such that for all t' € Ty satisfying A(t ®, t’) > ng:

(Monotonicity) Alt ®, t") > A(t);
(Additivity) Alt ®, t') = A(t') + D(t, x);
(Identity) At ®, t') = A(t)).

The Identity property is a particular case of the Additivity property with D(t,z) = 0; and the
Additivity property is a particular case of the Monotonicity property. We give examples of such
functionals:

e The maximal degree M (t) = max{k,(t), v € t} has the Identity property with no = M (t)+ 1.
e The cardinal ft = Card (t) has the Monotonicity property with ng = 0 and has also the
Additivity property with ng =0 and D(t,z) =ft — 1 > 0.
e The height H(t) = max{H(u), v € t} has the Additivity property with no = H(t) and
D(t,z) = H(z) > 0.
Notice that the functional A(t) = H(t) + ft does not satisfy the Monotonicity, Additivity or Identity
properties as A(t ®, t') = A(t') + A(t) —1— H(t') on H(t') < H(t) — H(x).

We will condition BGW trees with respect to events A,, of the form A, = {A(7) > n} or A, =
{A(7) = n} or in order to avoid periodicity arguments A,, = {A(7) € [n,n +ny)}, for large n. (Notice
that the first two cases boil down to the last one with respectively ny = +o00 and n; = 1.)

The next theorem states a general result concerning the local convergence of critical BGW tree
conditioned on A, toward the Kesten’s tree. The proof of this theorem is at the end of this section.

Theorem 3.7 (Local convergence of critical BGW to Kesten’s tree). Let T be a critical BGW tree
with offspring distribution p such that p(1) < 1 and let 7 be a Kesten’s tree associated with p. Let 7,
be a random tree distributed according to T conditionally on A, = {A(T) € [n,n + n1)}, where ny is
fized and P(A,,) > 0 for n large enough. If one of the following conditions is satisfied:
(i) n1 = +oo and A satisfies the Monotonicity property;
(ii) n1 € N*J{+o00} and A satisfies the Identity property;
(iii) ny € N* {400}, A satisfies Additivity property and:

. ]P)(AnJrl)
27 1 ot g
27) ot P(A)
then, we have:
(d)
T ———T"
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Remark 3.8 (On the condition (27)). Assume that the Additivity property holds and that 7, @,

n— o0
7*. As T(t,z) is open and closed, we deduce from the Portmanteau theorem that lim, . P(7, €

T(t,z)) = P(m* € T(t,x)) for all t € Ty and € Ly(t). Thanks to (34) below in the critical case
(with m = 1), we deduce that lim, ;. P(A,_p.0))/P(A,) = 1 provided that P(r* € T(t,z)) > 0 or,
equivalently, that P(7 € T(t,z)) > 0 by Equation (25).
We say that the functional D has period d (with respect to p) if the smallest group in Z containing:
{D(t,z): t € Ty, z € Lo(t) and P(r € T(t,x)) > 0}

is dZ, and that D is aperiodic if d = 1. Assuming either that (27) holds or that the functional D is
aperiodic, we deduce that:
. P(An-i-l)
1 — A\t l)
ntoo P(A,)
Notice, one can also change the parameter n; so that the above convergence holds even if d > 1.

=1.

Remark 3.9 (Tail conditioning). Let 7 be a critical BGW tree with offspring distribution p and let
7* be a Kesten’s tree associated with p. For simplicity, let us assume that P(A(7) = n) > 0 for n large
enough. Let 7, be a random tree distributed according to 7 conditionally on {A(7) = n} and assume
that:
Tn @D
n—oo

Since the distribution of 7 conditionally on { A(7) > n} is a mixture of the distributions of 7 condition-
ally of {A(7) = k} for k > n, we deduce that 7 conditionally on {A(7) > n} converges in distribution
toward 7*. In particular, as far as Theorem 3.7 is concerned, the cases n; finite are the most delicate

cases.

Remark 3.10 (On P(A,) > 0). Recall that by assumption, {t; A(t) > n} is non empty for all n € N*.
This is however not enough to ensure that P(A(7) > n) > 0 for n large enough.

There is an extension of (iii) for a very special case in the sub-critical case.

Theorem 3.11 (Local convergence of sub-critical BGW to Kesten’s tree). Let 7 be a sub-critical BGW
tree with offspring distribution p with positive mean m € (0,1), and let 7 be a Kesten’s tree associated
with p. Let 7, be a random tree distributed according to T conditionally on A, = {A(7) € [n,n+n1)}
with ny € N* U {400} fized, where we assume that P(A,) > 0 for n large enough. If A satisfies the
Additivity property with D(t,x) = H(x) and:

. P(AnJrl)
28 limsup ———= < m,
(28) S B A
then, we have:
(d)
T ——— T
n—oo

Remark 3.12. The condition D(t,z) = H(x) is very restrictive and holds essentially for A(t) = H(t)
as we will see in the next section.

Proof of Theorems 3.7 and 3.11. As we only consider critical or subcritical trees, the trees 7,, belong
a.s. to Ty. Moreover, by definition, a.s. the Kesten’s tree belongs to T;. Therefore we can use Propo-
sition 3.3 to prove the convergence in distribution of the theorems.

Let ny € N*U {400} and set A, = {A(7) € [n,n +n1)} in order to cover all the different cases of
the two theorems. Let t € Ty. We have:
P(r=t, A,) 1

P(A,) < P(A,) Leawern,ntny-
As A(t) is finite since t € To, we have 1¢a(t)efn,ntny)} = 0 for n > A(t). We deduce that:

(29) lim P(r, =t)=0=P(" =t),

n—-+oo

P(r, =t) =

as 7* is a.s. infinite. This gives condition (i) of Proposition 3.3.
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To obtain the convergence in distribution of the sequence (7,,,n € N*) to 7%, it is enough to check
condition (ii) of Proposition 3.3, that is, for t € Ty and x € Ly(t) a leaf of t:

(30) liminf P(7,, € T(t,2)) > P(r* € T(t, ).

n—-+oo

Let t € Ty and = € Lo(t) be a fixed leaf of t. Since 7 is a.s. finite, we have:

(31) ]P(T (S T(t, .Z'), An) = Z P(T =t ®m t/)l{nSA(t®It’)<n+n1}'
t’€To

Using (23), (24) and (25), we get that for every tree t’ € T:

(32) P(r =t @, t') = mT@P(r* € T(t,z))P(r =t).

We deduce that:

(33) P(r € T(t,2), An) = m"@P(r* € T(t,2)) > P(r =t )1 {ncawo.t)<ntn}-
t’ €Ty

We now distinguish three different cases.

Assume p critical, n; = +co and A statisfies property Monotonicity. We deduce from (31)
that for n > ng:

P(r € T(t,x),An) = > P(r =t @t ) 1ncato,eyy = Y P =t®: t)1caw)y,
/€Ty t'€To
where we used the Monotonicity property for the inequality. Then, using (32) with m = 1, we get that:
P(r € T(t,z),An) > P(7" € T(t,2)) P(An),
which gives (30). This proves Theorem 3.7 (i).

Assume p critical and A satisfies property Identity. In that case, we have for n > ng:
> P =t pncage.rcntmy = D PO =t)1nzaw)cnen) = P(An),
t/€To t'€To
and we obtain from (33), with m = 1, that P(r, € T(t,z)) = P(r* € T(t,z)) for n > ny. This
yields (30) and proves Theorem 3.7 (ii).

Assume A satisfies property Additivity. We deduce from (33) that for n > ng,
]P(T € T(t,l‘),An) = mH(I)P(T* € T(t,l‘)) Z ]P(T = t/)1{n§A(t’)+D(t,x)<n+n1}
t'€To
=mH@P(r* € T(t,2))P(n — D(t,z) < A(t) <n— D(t,z) +n1)

_ mH(w)[{D(T* c ’]I‘(t,x))P(AnfD(t,r))‘
Finally, we get:

P(r € T(t,x),A,)
P(Ay)

( n—D(t,x )
_ . H(x) * P(A (t,z))
=m P(T € T(t, x)) 7( .

(34) P(r, € T(t, ) =

If (27) holds in the critical case (m = 1) or (28) and D(t,z) = H(z) in the sub-critical case, we
obtain (30). This proves Theorem 3.7 (iii) and Theorem 3.11. O

3.3. Applications to various conditioning. We assume that the offspring distribution p satisfies
p(1) < 1 and is critical (m = 1) or sub-critical (m < 1).
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3.3.1. The height (Kesten’s theorem). We give a proof of Kesten’s theorem, see Theorem 3.1.
We consider the functional of the tree given by its height: A(t) = H(t). It satisfies the Additivity
property, with ng = H(t) + 1, as for every tree t € Ty, every leaf z € Ly(t) and every t' € Ty such
that H(t ®, t') > H(t) + 1, we have:

H(t®,t)=H(t')+ H(z).
We give a preliminary result.

Lemma 3.13. Let 7 be a critical or sub-critical BGW tree with offspring distribution p satisfying
p(1) < 1 with mean m < 1. Let ny € N*U{+o00}. Set A,, = {A(7) € [n,n+n1)} for n € N*. We have:

. P(An-i-l )
1 _— =
nrtoo P(A,)

We then deduce the following corollary as a direct consequence of Theorem 3.7 (iii) in the critical
case or of Theorem 3.11 in the sub-critical case.

Corollary 3.14 (Kesten’s theorem). Let T be a critical or sub-critical BGW tree with offspring dis-
tribution p satisfying p(1) < 1, and 7* a Kesten’s tree associated with p. Let 1, be a random tree
distributed according to T conditionally on {H(7) =n} (resp. {H(r) > n}). Then, we have:

d
n ~——+() T*.
n—oo

Proof of Lemma 3.13. We shall consider the case n; = 1, the other cases being deduced using Remark
3.9. So, we have A, = {H(7) = n}. Recall that for any tree t, z,(t) = Card {uv € t, H(u) = n}
denotes the size of the n-th generation of the tree t. We set Z,, = z,(7), so that (Z,,n > 0) is a BGW
process. Notice that:

Ap ={Znt1 =0} \ {Z, =0}

Recall that g denotes the generating function of the offspring distribution p. Let g,, be the generating
function of Z,,. In particular, we have g; = ¢g. Using the branching property of the BGW tree, we have

that Z,,1 is distributed as Zfﬁfﬂ 2n(7:), where (77,1 € N*) are independent BGW tree with offspring
distribution p and independent of Z; = k(7). This gives:

H §%n (14)

We have P(A,,) =P(Z,4+1 =0) —P(Z,, = 0) = gn+1(0) — g,(0). Since T is critical or sub-critical, it is
a.s. finite and we deduce that lim,,— 1 oo g (0) = limy,—s 4 oo P(25,(7) = 1. We have:

P(Anﬂ) _ 9n+2(0) 9n+1(0
]P)(An) gn+1(0> (0)

Using Taylor formula at g,(0), we get:

gn+2(0) = 9(9n(0) + (9n11(0) — gn(0)))
= 9n11(0) + (9n11(0) = 9n(0)) g'(91.(0)) + 0(gn+1(0) — gn(0)).

=E [gn(5)7] = g(gn(s)).

gn—i-l

This gives that:

B = 0,0) 4 olt) .
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3.3.2. The maximal out-degree, critical case. Following [34], we consider the functional of the
tree given by its maximal out-degree: A(t) = M(t), with:

M(t) = ilgt) Ky (t).

Notice it satisfies the (Identity) property, with ng = M(t) + 1, as for every tree t € Ty, every leaf
x € Lo(t) and every t' € T such that M(t ®, t') > M(t) + 1, we have:

Mt ®,t)=M().

The next corollary is then a consequence of Theorem 3.7 (ii) with nqy € {1,+o00}. For ny = 1, in the
proof of this theorem, the condition P(A,,) > 0 for n large enough is easily replaced by the convergence
along the sub-sequence {n;p(n) > 0} given by the support of p.

Corollary 3.15 (Conditioning on the maximal out-degree). Let 7 be a critical BGW tree with offspring
distribution p satisfying p(1) < 1 and unbounded support, and let 7% be a Kesten’s tree associated with
p. Let, be a random tree distributed according to T conditionally on {M (1) =n} (resp. {M(71) > n}).
Then, we have along the sub-sequence {n;p(n) > 0} (resp. with n € N*):
d
Tn LGN

n—o0

Intuitively, the height of the largest node in the BGW tree 7,, goes to infinity, so it disappears in
the local limit.

3.3.3. The Horton-Strahler number, critical case. The Horton-Strahler number of a finite tree
was initially introduced in hydrogeomorphism by Horton (1845) and redefined later by Strahler (1952),
see [61, 28, 21, 17] and references therein. It is also known as the register function in computer
science. This number measures the unbalance of a tree, and was initially introduced for binary trees
(ku(t) € {0,2} for u € t). Recall the definition of the sub-tree S, (t) of t above the node u € t given
in (5). The Horton-Strahler number X(t) of a finite binary tree t is defined recursively by 3({@}) =0
and, if kg (t) = 2, then X(t) = X1 V X + 115, 5,3 where ¥, = X(S,(t)) for u € {1,2}.

Its generalization, which we still write 3, to finite general rooted tree also called the register function
is defined as follows, for t € Ty:

() = 0 if t = {o},
| max{S1), @) + 1., S0 +k— 1} ifke(t) =k>1,

where Xy > -+ > ¥ is the non-increasing reordering of (¥i,...,%x) and X, = ¥X(S,(t)) for
u € {1,...,k}. Clearly, we have that ¥(t) < X(;) + kg (t) — 1. Notice also that the two definitions of
> coincide on binary trees.

The functional of the tree A = ¥ has the Identity property, with ng = X(t) + M(t) — 1, where
M (t) is the maximal out-degree of t. Indeed, for trees t,t’ € Tg and leaf z € Ly(t) of t such that
Yt ®, t') > X(t) + M(t) — 1, it is easy to check that:

St @, t') = ().

Notice that P(X(7) = n) > 0 for all n > inf{k > 1: p(k + 1) > 0}. The next corollary is then a
consequence of Theorem 3.7 (ii) with ny € {1, +o00}.

Corollary 3.16 (Conditioning on the Horton-Strahler number). Let 7 be a critical BGW tree with
offspring distribution p satisfying p(1) < 1, and let 7" be a Kesten’s tree associated with p. Let 1, be
a random tree distributed according to T conditionally on {¥(1) = n} (resp. {X(r) > n}). Then, we
have:
Tn —>(d) T*.

Remark 3.17 (Extension to CRT). A very recent result on scaling limit of the Horton-Strahler number
for a BGW conditioned to be large appears in [43]. This presentation explains in particular why the
fluctuations of the Horton-Strahler number are asymptotically coupled with deterministic oscillations.
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3.3.4. The largest generation, critical case. We consider the functional of the tree given by its
largest generation: A(t) = Z(t) with:
Z(t) = sup zx(t).
k>0
Notice the functional has the Monotonicity property as Z(t ®, t’) > Z(t’). The next corollary is then
a direct consequence of Theorem 3.7 (i); this result appears in [35].

Corollary 3.18 (Conditioning on the largest generation). Let T be a critical BGW tree with offspring
distribution p satisfying p(1) < 1, and let 7* be a Kesten’s tree associated with p. Let 7, be a random
tree distributed according to T conditionally on {Z(1) > n}. Then, we have:
Tn —>(d) 7"

Remark 3.19 (Conditioning on {Z(7) =n}). Notice that the functional Z does not satisfy the
Additivity property. Thus, considering the conditioning event {Z(7) = n} is still an open problem.
However, as noted in [35], if the support of the offspring distribution is bounded, then the functional
Z satisfies the Identity property (take ng = Z(t) + of®~H(®) 11 with a = supsupp (p) being finite),
and then Corollary 3.18 holds with the event {Z(7) > n} replaced by {Z(7) = n} and considering the
(infinite) subsequence of n for which this event has positive probability.

3.3.5. The total progeny, critical case. The local convergence in distribution of the critical tree,
conditionally on its total size being large, to the Kesten’s tree appears implicitly in [40] and was first
explicitly stated in [13]. We give here an alternative proof. We consider the functional: A(t) = ft,
with ft = Card (t) the total size of t, which has the Additivity property as for every trees t,t’ € Ty
and every leaf x € Ly(t):

it @, t' =t + 4t — 1.

Recall d is the period of the offspring distribution p. Using Bézout’s identity, it is classical to check
that:

(35) P(t7 € 1 +dN) = 1

and that there exists ng € N* such that P(f7 = 1 + dn) > 0 for all n > ng. The next lemma is a
direct consequence of Dwass formula and the strong ratio limit theorem. Its proof is at the end of this
section.

Lemma 3.20. Let 7 be a critical BGW tree with offspring distribution p satisfying p(1) < 1 with period
d. Let ny € {d, 400} and set A, = {7 € [n,n+n1)}. Then, we have:

lim L(AH—H)

=1.
n—+00 ]P’(An)

We then deduce the following corollary as a direct consequence of Theorem 3.7 (iii).

Corollary 3.21 (Conditioning on the total size). Let 7 be a critical BGW tree with offspring distri-
bution p satisfying p(1) < 1 with period d, and let 7* be a Kesten’s tree associated with p. Let 1, be
a random tree distributed according to T conditionally on {§T = 1+ dn} for n large enough (resp. on
{#r > n}). Then, we have:
Tn ~——+(d) T
n—oo

As in Section 3.3.2, we may observe in 7, a large node whose height and size go to infinity and
which disappears in the local limit, see [47] in this direction.

The end of the section is devoted to the proof of Lemma 3.20. We first recall Dwass formula from
[26] that links the distribution of the total progeny of BGW trees to the distribution of random walks
and then the strong ratio limit theorem.

Let (¢x,k € N*) be a sequence of independent random variables distributed according to p. Set
S, = ZZ:1 (y for n € N*,
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Lemma 3.22 (Dwass formula). Let 7 be a BGW tree with offspring distribution p. Then, for every
n > 1, we have:

P(fr =n) = %P(Sn =n-—1).

We also recall the strong ratio limit theorem that can be found for instance in [51], see also [56]
Theorem T1 p.49.

Lemma 3.23 (Strong ratio limit theorem). Assume that p is critical aperiodic with p(1) < 1. Then,
we have, for every { € 7,

lim P(Sp =n+0) =1 and lim P(Sni1 =n+1) =1.

Remark 3.24 (Strong ratio limit theorem in the periodic case). We first stress that the strong ratio
theorem in [56, 51] requires p to be strongly aperiodic, that is, the smallest sub-group G, which contains
k + supp (p) is Z for all k € Z. Taking k = 0, we get that p is aperiodic if it is strongly aperiodic. On
the other hand, if p is aperiodic and 1 > p(0) > 0, then we deduce that k belongs to Gy, and thus —k
also; this readily implies that supp (p) C Gy and thus Gy = Z, giving that p is strongly aperiodic.

Eventually, if p has period d, we refer to Equation (4.10) in [6] for the extension of the strong ratio
limit theorem.

Proof of Lemma 3.20. We shall assume for simplicity that p is aperiodic and take n; = 1. The cases
d > 2 or ny = +oo are left to the reader. Using Dwass formula, we have:

Plir =n+1) n_ P(Spp1=n)

Pt =n)  n+1P(S,=n—1)

Using the strong ration limit theorem, we get:

. PEr =n+1) . P(Sp+1=n)
lim —o 0T gy o 2nH T g
n—l>r-ir-loo P(tr =n) n—l>r-ir-loo P(S,=n—-1)
This ends the proof of Lemma 3.20. (]

3.3.6. The number of leaves, critical case. Recall Ly(t) denotes the set of leaves of a tree t and
set Lo(t) for its cardinal. We shall consider a critical BGW tree 7 conditioned on the number of leaves,
that is, on {Lo(7) = n}. Such a conditioning appears first in [19] with a second moment condition. We
prove here the convergence in distribution of the conditioned tree to the Kesten’s tree in the critical
case without any additional assumption using Theorem 3.7.

The functional A(t) = Lo(t) satisfies the Additivity property with ng = 1 and D(t,2) = Lo(t) — 1
as for every trees t,t’ € T and every leaf x € Ly(t):

Lo(t @, t') = Lo(t) + Lo(t) — 1.

The next lemma due to Minami [49] gives a bijection between the leaves of a finite tree t and the
nodes of a tree toy. Its proof is given at the end of this section.

Lemma 3.25 (The tree of leaves). Let 7 be a critical BGW tree with offspring distribution p such
that p(1) < 1. Then Lo(T) is distributed as §7(}, where Tyoy is a critical BGW tree with offspring
distribution p(gy such that p()(1) < 1.

It is elementary to check from the construction of 7(oy in the proof of Lemma 3.25 below that the
period dg of pypy is given by:
do = max{k; supp (p) C kN + 1}.
This, Lemma 3.25 and (35) imply in turn that P(Lo(7) € 1 4 dpN) = 1 and that there exists ny € N*

such that P(Lo(7) = 14 don) > 0 for all n > ng. The following corollary is then a direct consequence
of Lemma 3.20 and Theorem 3.7 (iii).
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Corollary 3.26 (Conditioning on the number of leaves). Let 7 be a critical BGW tree with offspring
distribution p, such that p(1) < 1, and 7* a Kesten’s tree associated with p. Let T, be a random tree
distributed according to T conditionally on {Lo(7) = 1+ don} (resp. {Lo(7) > n}). Then, we have:

Tn BRGNS

n—oo

Proof of Lemma 3.25. We first describe the correspondence of Minami. The left-most leaf (in the
lexicographical order) of t is mapped on the root of t;oy. In the example of Fig. 6, the leaves of the
tree t are labeled from 1 to 9, and the left-most leaf is 1.

FIGURE 6. A finite tree t.

Then consider all the subtrees that are attached to the branch between the root and the left-most
leaf. All the left-most leaves of these subtrees are mapped on the children of the root of t(py, they
form the population at generation 1 of the tree t;o). In Fig. 7, the considered sub-trees are surrounded
by dashed lines, and the leaves at generation 1 are labeled {2,5,6}. Remark that the sub-tree that
contains the leaf 5 is reduced to a single node (this particular leaf).

FIGURE 7. The sub-trees attached to the branch between the root and the leaf labeled 1.

Then perform the same procedure inductively at each of these sub-trees to construct the tree tyo;.
In Fig. 8, we give the tree t{o) associated with the tree t.
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8 9
3 4 7
2 5 6

FIGURE 8. The tree t) associated with the tree t from Fig. 6.

1

Using the branching property, we get that all the sub-trees that are attached to the left-most branch
of a BGW tree 7 are independent and distributed as 7. Therefore, the tree 7(¢y is still a BGW tree.

Next, we compute the offspring distribution, pyoy, of 7¢oy. Since p is critical and p(1) < 1, we get
p(0) > 0. Let N denote the generation of the left-most leaf. It is easy to see that this random variable
is distributed according to a geometric distribution with parameter p(0), that is, for every n > 1:

n—1
P(N = n) = (1-p(0)"”'p(0).
Let ¢ be a random variable with distribution p and mean m, and let X be distributed as { conditionally
on {¢ > 0}, that is, P(X =n) = p(n)/(1 — p(0)) for every n > 1: In particular, we have:
m

= 15500

We denote by (X71,...,Xn—_1) the respective numbers of offsprings of the nodes on the left-most
branch (including the root, excluding the leaf). Then, using again the branching property, these
variables are, conditionally on N, independent and distributed as X. Thus, the number of children of
the root in the tree 7oy is the number of the sub-trees attached to the left-most branch that is:

E[X]

N-1
¢ =3 (X - 1)
k=1

By construction pyoy is the probability distribution of ¢’. Since p(0) > 0, we get that that P(N = 1) > 0
and thus pgoy(0) > 0. We now compute the mean of pyoy:

E[¢'| = E[N — 1|E[X — 1] = <1ﬁ1) (1_#2)(0)1) - ]ﬁ(mf (lfp(()))).

In particular, if the BGW tree 7 is critical (m = 1), then E[('] = 1, and thus the BGW tree 1oy is
also critical. 0

3.3.7. The number of nodes with given out-degree, critical case. Let A be a non-empty subset
of N and for a tree t, we define the subset of nodes with out-degree in A:

La(t) = {uct, k(t) e A

and L(t) = Card (L£4(t)) its cardinal. (If A = N, then L 4(t) is the total number of nodes of t; and if
A = {0}, then L 4(t) = Lo(t) is the total number of leaves of t.) The functional L 4 satisfies Property
(Additivity) with D(t,2) = La(t) — 1yocay > 0, that is, for t,t" € To and = € Lo(t):

LAt ®,t") = La(t') + La(t) — Liocay-
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Moreover, when t € Tj is such that L4(t) > 0, there exists a bijection, generalizing Minami’s corre-
spondence, between the set £4(t) and a tree t4 so that La(t) = fta, see Rizzolo [55]. Let 7 be a
BGW tree with offspring distribution p such that p(A) > 0, where we set:

p(A) = p(n).

neA
Without further assumption on p, notice that the event {L 4(7) > 0} has positive probability and that:

(36) P(1r & Ty, La(T) < +00) =0.

The latter equality is obvious if p is sub-critical or critical. When p is super-critical with p(0) > 0
(and thus ¢ > 0), it is an immediate consequence of Corollary 2.9 using the strong law of large number
and that there are an infinity of independent BGW sub-critical sub-trees, with offspring distribution
p defined by (12), which are grafted on the infinite backbone of the individuals of type survivor. On
the other hand, if p(0) = 0, then the number of children of the individuals in the infinite left branch of
7, that is (k,(7),u € Ugen{1}*) are independent random variables distributed as p; thus a.s. L 4(7) is
infinite.

Lemma 3.27 (Theorem 6 in [55]). Let 7 be a BGW tree with offspring distribution p such that
p(A) > 0, and p is either critical with p(1) < 1 or sub-critical. Then, there exists a BGW tree T4
with offspring distribution pa such that L a(T), conditionally on {La(7) > 0}, is distributed as §7.4.
Furthermore if p is critical then p4 is critical with p4(1) < 1, and p4 is sub-critical otherwise.

According to [55], the period d 4 of p4 depends only on the sets A and supp (p).

The next result is a generalization of Section 3.3.6. It is a direct consequence of Lemma 3.20 and
Theorem 3.7 (iii).

Corollary 3.28 (Conditioning on the number of nodes with given out-degree). Let T be a critical BGW
tree with offspring distribution p, such that p(A) > 0 and p(0) > 0, and let 7* be Kesten’s tree associated
with p. Let 1, be a random tree distributed according to T conditionally on {L (1) =1+ dan} (resp.
{L.a(r) > n}). Then, we have:

()

Tn ——— T
n—o00

3.4. Conditioning on the number of nodes with given out-degree, sub-critical case. Theorem
3.11 deals with sub-critical offspring distributions and applies essentially for the conditioning on the
height, see Corollary 3.14. We complete the picture of Theorem 3.7 studying the local limit of BGW
trees by conditioned on {L 4(7) = n} in the sub-critical case.

We shall first present in Section 3.4.1 a family of offspring distributions for which the conditioned
trees have the same distribution. If this family contains one critical offspring distribution, which is
the so-called generic case, then we can use the results on the critical case from Section 3.3.7. When
this is not the case, this is the so called non-generic case. Then the local limit exhibit a condensation
phenomenon, that is, there exists a (unique) node in the random limiting tree with infinite out-degree,
see Proposition 3.36. This result is proved in [5] and is more technical as the limit does not belong to
Ty U Ty, and thus one needs a new characterization of the local convergence. Eventually, we discuss
the generic/non-generic properties depending on the set 4 isn Section 3.4.4.

3.4.1. An equivalent probability. Let p be an offspring distribution and A C N. Recall p(A) =
> neaP(n). We assume that p(A) > 0 and we define:

Iq= {9 € (0,400) : Z 08~ 1p(k) < +oo and Z 08 1p(k) < 1}.
ke A kg A
For 6 € I 4, we set for every k € N:

e L () ik ¢ A,
o ca(0)0F1p(k) if k € A,
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where c4(0) is a finite positive constant that makes pgj‘ a probability measure on N, namely:

() = L2 Xkga " 0lK)
RO SN )

Remark that I4 is exactly the set of 6 for which pg)4 is indeed a probability measure with the same
support as p. Remark also that I 4 is an interval that contains 1, as pf* = p.

The following proposition gives the connection between p and pé‘l. It generalizes the results already
obtained for the total progeny, A = N, in [40] and for the number of leaves, A = {0}, in [9]. Since p
and pgj‘ have the same support, we deduce that P(LA(T) = n) > 0 if and only if P(LA(T[Q]) = n) > 0.

Proposition 3.29 (Same conditional distribution). Let 7 be a BGW tree with offspring distribution
p. Let A C N such that p(A) > 0 and let 0 € I4. Let T9) be a BGW tree with offspring distribution
pp'. Then, the conditional laws of T given {L4(T) =n} and of 79 given {L.a(7je)) = n} are the same
for all n € N such that P(La(t) =n) > 0.

Notice that we don’t assume that p is critical, sub-critical or super-critical in Proposition 3.29.
Proof. Let t € Ty. Using (11) and the definition of py', we have:

P(rig) = t) = [ [ p3' (ko (t))

vet

II ca@)o™®= p(ko(t)) [T % p(k.(t))

ko (8)EA ky(t)gA
ca(6)PA® e ke O=2 T p(k, (1))

vet

Since ¢ ku(t) = fit — 1, we deduce that:

c(0)LA®)
(37) P(rig = t) = A()T P(r = t).
By summing (37) on {t € Ty, L4(t) = n} and using (36), we obtain:
ca(O)"
P(L_A(T[g]):n) = A(o) P(L_A(T):n).

Let n € N be such that P(L4(7) =n) > 0. Since c4(f) is positive, by dividing (37) with this equation
term by term, we get that for t € Ty such that L 4(t) = n, we have:

P(r =t|La(T) =n) =P(rg) = t | La(79)) = n).
This ends the proof as 7 (resp. 7)) is a.s. finite on {L4(7) = n} (resp. {La(7je)) = n}) by (36). O

Remark 3.30 (Offspring distributions with the same distribution of conditionned BGW). Let 7 be a
BGW tree with offspring distribution p such that:

(38) 0<p(0) and p(0)+p(l) < 1.

Let A C N such that p(A) > 0. It is possible to characterize the set P(p,.A) of probability p’ satisfying
the non-degeneracy condition (38), supp (p’) C supp (p) and for all n € N such that P(L4(7") =n) > 0,
where 7’ is the BGW tree with offspring distribution p’, we have that 7/ conditionally on {L 4(7") = n}
is distributed as 7 conditionally on {L4(7) = n}. According to [1, Theorem 4.1], we have that
P(p, A) is equal to {py' : 0 € 14} with eventually (depending on p and A) one or two more probability
distributions associated in some sense to the parameters 6 belonging to the boundary of I* in [0, +o00].
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3.4.2. The generic sub-critical case. Let p be a sub-critical offspring distribution such that p(0)+p(1) <
1 and let A C N such that p(A) > 0. For € I4, we denote by m-(#) the mean value of the probability
pg'. By hypothesis, we have that 0 < m*(1) < 1. According to Corollary 5.7 and Proposition 5.10
in [1], see also [5], the continuous map 6 — m*(6) defined on I is finite on 14, increasing as long as
mA(0) < 1 (and it might be decreasing at some 6 € I* where m*(6) > 1, see Remark 5.12 in [1]). We
thus deduce the following lemma.

Lemma 3.31 (Existence of at most one critical parameter). Let p be a sub-critical offspring distribution
satisfying p(0)+p(1) < 1 and A C N such that p(A) > 0. There exists at most one critical value 0 € I4
such that m*(0) = 1.

When it exists, we denote the critical parameter by 0% given as the unique solution of mA(0) =1
in I4; and we shall consider the critical offspring distribution:

(39) pA = pé‘a_
Definition 3.32. The offspring distribution p is said to be generic for the set A if 0 exists.

Let d4 be the period of the offspring distribution associated in Lemma 3.27 to p* through the
Rizzolo’s bijection. Notice it depends only on supp (p) and .A. Using Proposition 3.29 and Corollary
3.28, we immediately deduce the following result in the sub-critical generic case.

Proposition 3.33 (Generic case: the local limit is a Kesten’s tree). Let p be a sub-critical offspring
distribution such that p(0) + p(1) < 1 and let A C N such that p(A) > 0. Assume that p is generic for
A. Let T be a BGW tree with offspring distribution p and let 7 be a Kesten’s tree associated with the
offspring distribution p™ given by (39). Let 1, be a random tree distributed according to T conditionally
on {LA(T) =1+dan} (resp. {La(T) >n}). Then, we have:

d
™ ——%() T
n— o0

3.4.3. The non-generic sub-critical case. In order to state precisely the general result, we shall consider
the set T, of trees that may have infinite nodes and extend the definition of the local convergence on
this set.

Let n € N. For u = ujuz ... u, € U, we set |u| = max{n, max{u;, 1 <i < n}} and we define the
associated restriction operator ro° on 1T defined by:

roo(t) ={u €t, |uloo < n}.

n

For all tree t € T, the restricted tree r2°(t) has height at most n and all the nodes have at most n
offsprings (hence the tree r¢°(t) is finite). We define also the associated distance, for all t,t" € T:

6oo(t,t/) — 9~ sup{neN, rff’(t):rff’(t’)}-

Remark that, for trees in T, the topologies induced by the distances § and do, coincide. We will from
now-on work on the space T, endowed with the distance do. It is clear that the metric space (Too, doo)
is compact.

Set N = NU {+oo}. If p = (p(n),n € N) is a sub-critical offspring distribution with mean m < 1,
we define p** = (p**(n),n € N) a probability distribution on N with:

p**(n) =np(n) forneNand p**(+o00)=1-—m.

We define a new random tree on T, denoted 7**, associated to p in a way very similar to the
definition of the Kesten’s tree.

Definition 3.34. Let p be a sub-critical offspring distribution. The condensation tree T** associated
with p is a two-type BGW tree taking values in To, and distributed as follows:

- Individuals are normal or special.

- The root of T** special.

- A normal individual produces only normal individuals according to p.

- A special individual produces individuals according to the distribution p**.
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- If it has a finite number of offsprings, then one of them chosen uniformly at random, is
special, the others (if any) are normal.
- If it has an infinite number of offsprings, then all of them are normal.

As we suppose that p is sub-critical (that is, m < 1), then the condensation tree 7** associated
with p has a.s. only one infinite node, and its random height is distributed as G — 1, where G has the
geometric distribution with parameter 1 — m.

Recall definitions from Section 3.4.1. Set:

0% =suply €1, +x).

The next lemma completes Lemma 3.31, and it is part of Lemma 5.2 in [5]. We provide a short
proof based on [1] since c4(0%) in the definition of I4 is assumed to be positive, whereas it is only
non-negative in [5].

Lemma 3.35 (0% belongs to I4). Let p be a sub-critical offspring distribution such that p(0)+p(1) < 1
and A C N such that p(A) > 0. If m™(0) < 1 for all € I4 (that is, p is not generic for A), then the
parameter 0% 1is finite belongs to 14.

Proof. By continuity, it is possible that ZkeA(GZ)k_lp(kz) =land Y, 4(0%)* 'p(k) < +oo (and thus
0% belongs to (1,+00)). This corresponds to the case 5 = 0 in [1, Remark 3.7.d| (with J = 1) and thus
mA(0%) > 1. So assuming that m* < 1 in I 4 implies by monotone convergence that -, . ,(6%)*~*p(k)
is finite and thus that ZkgA(OZ)kflp(k) < 1, that is, 0% belongs to I 4. O

When p is not generic for A, we shall consider the sub-critical offspring distribution:
pA = p?)4j4-
Let d 4 denote the period of the offspring distribution associated in Lemma 3.27 to p through Rizzolo’s
bijection. Notice it depends only on supp (p) and A since supp (p*) = supp (p).

Following the idea developed for the critical case, with more involved technicalities, we can prove
the following result, see [5, Theorem 1.3]; this extends results on condensation from [36, 38] where only
the case A = N (i.e. the total population size) was considered.

Proposition 3.36 (Non-generic case: the local limit is a condensation tree). Let p be a sub-critical
offspring distribution such that p(0) + p(1) < 1 and let A C N such that p(A) > 0. Assume that p is
not generic for A. Let T be a BGW tree with offspring distribution p and let 7" be a condensation tree
associated with the sub-critical offspring distribution p™. Let T, be a random tree distributed according
to T conditionally on {La(T) =1+ dan} (resp. {La(r) >n}). Then, we have:

d
Tn —>() .
n—oo

Remark 3.37. Considering the local limit of BGW aims at understanding the shape of the random
tree near the root. The local limit of the BGW tree rerooted at a random node is studied in [58] with
A = N in the generic and non-generic cases; in both cases the limiting tree is similar either to the
Kesten’s tree or the condensation tree.

The condensation tree appears also as the limit of subcritical BGW with different conditioning:
see [34] where the BGW tree is conditioned on the maximal out-degree to be large or [4] where the
nodes of the tree are marked independently with a probability depending on their out-degree and the
tree is conditioned to have a large number of marks.

3.4.4. Generic and non-generic distributions. Let p be a sub-critical offspring distribution such that
p(0) + p(1) < 1. We shall give a criterion to say easily for which sets A the offspring distribution p is
generic. As we have m < 1, we want to find a @ (which will be greater than 1) such that m*() = 1.
This problem is closely related to the radius p > 1 of convergence of the generating function of p,
denoted by g.

We have the following result.

Lemma 3.38 ([5], Lemma 5.4). Let p be a sub-critical offspring distribution such that p(0) +p(1) < 1.
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(i) If p = 400 or if (p < +o00 and g'(p) > 1), then p is generic for any A C N such that p(A) > 0.
(ii) If p = 1 (that is, the probability p admits no exponential moment), then p is non-generic for

every A C N such that p(A) > 0.

(1) If 1 < p < 400 and g'(p) < 1, then p is non-generic for A C N, with p(A) > 0, if and only if:

EY|Y € A] < r—r9(p)

p—9(p)’
where Y 1s distributed according to p?, that is:
E[f(¢)p"]
E[f(Y)] = —F—5—
9(p)

In particular, p is non-generic for A = {0} but generic of A = {k} for any k large enough such
that p(k) > 0.

Remark 3.39. In case (iii) of Lemma 3.38, we gave in Remark 5.5 of [5]:

a sub-critical offspring distribution which is generic for N but non-generic for {0};
a sub-critical offspring distribution which is non-generic for N but generic for {k} with k large
enough.

This shows that the genericity of sets is not monotone with respect to the inclusion.

3.5. Other results. We mention some related problem.

(1)

Marked BGW tree. The proof of Theorem 3.7 can be slighly modified to study a tree with
randomly marked nodes: conditionally given the tree, we mark its nodes randomly, indepen-
dently of each others, with a probability that depends only on the out-degree of the node. Then
we obtain that a critical BGW tree conditioned on having n marked nodes still converges in
distribution toward a Kesten’s tree, see [2]. This allows to study a Galton-Watson tree condi-
tioned on the number of protected nodes where a protected node is a node that is neither a
leaf nor the parent of a leaf. See also [4] for the sub-critical case in the generic and non-generic
case.

Very fat BGW trees. Recall that Z,, = z,(7) represents the population size at generation
n of the BGW tree 7. In the same spirit as in Section 3.3.4, we can consider a critical BGW
tree 7 conditioned on {Z,, = a,} with a sequence (a,,n € N*) of positive integers. Notice this
does not fall into the framework developed in Section 3.2 for a functional A with Monotonicity-
Additivity-Identity property. Nevertheless, the proof of Theorem 3.7 can be adapted, see [6], to
prove that a critical BGW tree with geometric offspring distribution conditioned on {Z,, = a,}
with lim,, s a,/n? = 0 converges in distribution toward the Kesten’s tree. The case a,, ~ Cn?
is more involved as the infinite spine is replaced by an infinite backbone that does not satisfy
the usual branching property: the numbers of offspring inside a generation are not independent,
see [3] for details. This new limit appears also when considering large BGW trees with n nodes
and exponential weight given by its height, see [24].

Let us mention that there are some results, with the same flavor, established in [7] for the
super-critical case that can also be adapted to BWG tree with sub-critical offspring distribution
p such that g(r) = r has a root strictly larger than 1 (this amounts for p to be of the form
P in (12)). The local convergence of the critical BGW tree conditioned to {Z,, = a,,} with a
sequence (an,n € N*) such that lim,,_,o a, = 400 is an open question in general.
Multi-type BGW tree. The ideas from Section 3.3.7 for the conditioning on {L 4(7) = n}
in the critical case can also be studied for critical multi-type BGW trees conditioned on the
size the population of each type, see [8] where the limit is now a multi-type Kesten’s tree.
In this setting, the asymptotic proportion of each type is fixed equal to the normalized left-
eigen-vector of the mean matrix associated to the eigen-value 1. See also [53, 57, 60| for
other results on this topic. Let us mention that conditioning a BGW tree 7 on the event
{La,(T)(T) = n1,...,La,(T) = ni}, where the sets Aj,..., Ax are pairwise disjoint, and
ny+ ...+ ng goes to infinity, is studied in [1] in the generic case using a multi-type BGW tree
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approach. The non generic case for this problem and more generally for conditioned multi-type
sub-critical BGW tree is still an open question.

(4) Lévy tree. There is also a natural extension of this work when considering scaling limit of
conditioned critical BGW: see [22, 45| when conditioning on the total size or the number of
leaves, see also [46] for scaling limits in the sub-critical non-generic case (where condensation
occurs). It is also possible to consider the same conditioning directly on the Lévy tree which
appears as the scaling limit of the BGW tree: see [35, 11] when conditioning on a node to be
very large or [10, 50] when conditioning on the total size to be large.
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