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Abstract

We consider a linear finite dimensional control system depending on unknown parameters. We aim
to design controls, independent of the parameters, to control the system in some optimal sense. We
discuss the notions of averaged control, according to which one aims to control only the average of the
states with respect to the unknown parameters, and the notion of simultaneous control in which the goal
is to control the system for all values of these parameters. We show how these notions are connected
through a penalization process. Roughly, averaged control is a relaxed version of the simultaneous
control property, in which the differences of the states with respect to the various parameters are
left free, while simultaneous control can be achieved by reinforcing the averaged control property
by penalizing these differences. We show however that these two notions require of different rank
conditions on the matrices determining the dynamics and the control. When the stronger conditions
for simultaneous control are fulfilled, one can obtain the later as a limit, through this penalization
process, out of the averaged control property.

AMS subject classification:
Key words: Controllability, parameter dependent system, averaged control, simultaneous control, pe-
nalization.

*This work was supported by the Advanced Grants NUMERIWAVES /FP7-246775 of the European Research Council
Executive Agency, FA9550-14-1-0214 of the EOARD-AFOSR, PI12010-04 and the BERC 2014-2017 program of the Basque
Government, the MTM2011-29306-C02-00 and SEV-2013-0323 Grants of the MINECO.

The first author thanks BCAM for its hospitality and support as a Visiting fellow of the NUMERIWAVES Advanced
Grant of the ERC.

The authors thank the CIMI - Toulouse for the hospitality and support during the preparation of this work in the context
of the Excellence Chair in “PDE, Control and Numerics”.

Email addresses: Jerome.Loheac@irccyn.ec-nantes.fr (J. Lohéac), ezuazua@bcamath.org (E. Zuazua).



1 Introduction
We consider a parameter dependent control system:
Y¢ = Acyc+ Beu (€ (0,T)), (1.1a)
yc(0) = ye. (1.1b)

In order to fix the notation, all along this paper, ¢ € 2 is a random parameter (the system’s parameter)
following a probability law u, with (Q, F, 1) a probability space, X = R" is the state space and U = R™
the control one. We assume that for every ¢ € Q, A- € £(X) and B¢ € L(U, X).

The control ¢ — wu(t) € U is assumed to be independent of the parameter ( whereas the state
ye(t) = ye(t;u) € X is time and parameter dependent. In addition, by Duhamel formula, yc can be
represented as follows:

T
ye(t;u) = etACyZ +/ et~ Bou(s) ds (CeN, t>0, ue Ll (R, U)). (1.2)
0
Let us also define the space:

L2, X: 1) = {<y<>< ex®, [ Il duc} 7 (13)

which is an Hilbert space endowed with the scalar product:

<yC7ZC>L2(Q,X;M) = /Q<YC7ZC>Xd/J’C ((YC)Cv (ZC)C € LZ(QaXHU’)) :

In we introduce precise conditions on ¢ +— (A¢, B¢) ensuring that for every ¢ > 0 and
every u € L2 (Ry,U), (ye(t;u))e € L?(Q, X; ) whenever the parameter-dependent initial data satisfy

(ve)e € L2 (9, X; ).
This paper is devoted to analyse the following controllability problems.

e Averaged controllability: The system is said to be averaged controllable in time T > 0 if, for
every (yé)g € L2(Q, X; ) and every y/ € X, there exists u € L2([0,T],U) such that:

/ch(T; w)dpe = y! (1.4)

In other words, averaged controllability is the control of the expectation of the system’s output.
This notion is illustrated on

¢ Exact simultaneous controllability: The system is said to be exactly simultaneously controllable
in time T > 0 if, for every (yé)g, (yg)g € L?(, X; i), there exists u € L2([0,T],U) such that:

v(Tiu) =yl (CeQ p-ae), (1.5)

This notion is illustrated on



e Approximate simultaneous controllability: The system is said to be approximately simulta-
neously controllable in time T' > 0 if, for every (yé)c, (yg)c € L*(Q, X;u) and every ¢ > 0, there
exists u € L2([0,T],U) such that:

/QHyC(T;u)—ngi(d,ug <e. (1.6)

This notion is illustrated on

parameter dependent trajectories parameter dependent trajectories

parameter dependent trajectories

(a) Averaged controllability. (b) Simultaneous controllability. (¢) Approximate Simultaneous
controllability.

Figure 1: Different controllability notions, introduced in ([L.4]), (1.5) and ([1.6]), for parameter dependent
systems, with initial condition and target independent of (.

Remark 1.1. 1. Even if the system (1.1)) is controllable in average, this fact does not give any infor-
mation on the variance of the outputs.

2. It is obvious that the exact simultaneous controllability property implies the averaged controllability
and the approximate simultaneous controllability ones. In addition, one can find systems which are
controllable in average (resp. approximatively simultaneously controllable) which are not exactly
stmultaneously controllable.

Moreover, the approxrimate simultaneous controllability property implies the averaged controllability
one. In fact, the approximate simultaneous controllability property ensures that given T > 0, (yz)g €

L2(Q, X;u), y/ € X and e > 0, there exists u® € L2([0,T),U) such that
2
HyC(T; ue) - nyLQ(Q,X;,u) S¢€

But, by Cauchy-Schwarz inequality,

| e -styaue| < [luecran) /I ane

Thus, the system is approximatively controllable in average i.e. the linear and continuous map
®:ue L*[0,T,U) — [, fOT etDABeu(t) dtdue € X has a dense image in X. But since X is a
finite dimensional vector space, we obtain Im® = X, i.e. the system is controllable in average.




3. There is no natural ordinary differential equation describing the average Y (t) = [ yc(t) duc, except
when A¢ is independent of  for which we have: Y = AY + (fQ B d,ug) u. In this particular case,
the averaged controllability property is equivalent to the controllability of the pair (A, fQ Bedpe).

4. When Q = {(1,---,(x} is of finite cardinal, the simultaneous controllability is equivalent to the
classical controllability one for the augmented system:

y = Ay + Bu,
with:
Y& ACl 0 BCl
Yy = : , A = and B = :
Yix 0 ACK BCK

And the controllability of this system is equivalent to the Kalman rank condition:

rank [B AB - AKdimX‘lB} — KdimX.

5. In the previous item, we have seen that the simultaneous controllability property when the cardinal
of Q is finite can be interpreted in terms of a classical rank condition. But, when € is infinite, the
output of the system is the function ¢ € Q — yc(T) € X, living in an infinite-dimensional space.
The first issue to be addressed is the choice of the norm in that space.

In the following, we choose the L*-norm. Accordingly, the fact that yc(T) = yg holds for almost

every ¢ € Q) with respect to the measure p is guaranteed by the fact that / HyC(T) — y{Hi dpe = 0.
Q

This choice is natural, since in the particular case where yg = vyl is independent of ¢ and

/ ye(T)dpe = v/, the integral / HyC(T) — ngi dp¢ is the variance of the system’s output.
Q Q

Thus, the L?-norm approach is natural from a probabilistic point of view but one could also use
any LP(Q2, X; u)-norm. In the next item, we mention some existing literature when considering the
L*®-norm.

6. For parameter dependent systems, J.-S. Li and N. Khaneja [6] (see also J.-S. Li [5]) introduced the
notion of ensemble controllability: The system is said to be ensemble controllable in time T > 0 if,
for every ¢ and every yé,yg € X, there exists u € L*([0,T],U) such that:

luc(Tiw) —yl||ly < (CeQ). (1.7)

This notion of ensemble controllability, which does not seem to have a probabilistic interpretation, is
similar to our notion of approximate simultaneous controllability above, where the L*(), X; 1)-norm
is replaced by the L>° (2, X) one.

In [3], U. Helmke and M. Schénlein extended this notion to the one of Li-ensemble controllability,
for q € [1,00]. More precisely, defining Q = [C™,(T] a compact subset of R, the system is said
Li-ensemble controllable if for every e > 0, there exists u : [0,T] — R such that:

1= (ye(T5u) - yg)HLQ(Q,X) Se. (1.8)

For this approzimate controllability problem, they give the following necessary and sufficient condi-
tions:



Theorem 1.1 ([3], Theorem 1). Let Q = [(~,(T] be a compact subset of R. A continuous family
(A¢, Be) of linear systems is Li-ensemble controllable for any q € [1,00], provided the following
conditions are satisfied:

(a) (Ac, Be) is reachable for every ¢ € €);

(b) The input Hermite indices K1(C),--- , Km(C) of (A¢, Be) are independent of ¢ € Q;
(¢) For any pair of distinct parameters ¢,(" € Q, the spectra of A¢c and A¢r are disjoint;
(d) For every € Q, the eigenvalues of A¢ have algebraic multiplicity one.

Controlling the average (or the expectation) of a parameter dependent system is not a new prob-
lem. It has been previously studied when a classical control system is perturbed by an additional drift
(V. A. Ugrinovskii [I5], A. V. Savkin and I. R. Petersen [12], I. R. Petersen [10]). We present here a differ-
ent frame for which the uncertainty is inside the system itself, and not due to some external noise. Taking
into account that we only know the probability distribution of the unknown parameter, it is natural to
try to control the expectation of the output of the system.

In [I6], it has been shown that the averaged controllability property is equivalent to a Kalman rank
condition of infinite order. However, even if the average of the system is controlled, this fact does not
ensure that the output of system is close to the desired target for any specific realisation of the parameter.
Of course, the ideal situation arises when all the parameter dependent trajectories exactly reach the desired
target. This corresponds, precisely, to the notion of simultaneous controllability.

Classically, the simultaneous exact controllability property corresponds, by duality, to the one of simul-
taneous exact observability (see . However, when €2 is an infinite dimensional set, those properties
are difficult to check in practice. This is why, in this article, we show that, if the simultaneous control-
lability property holds, then the approximate simultaneous control can be achieved from the averaged
controls by means of a penalisation procedure and at the limit, when the penalizing parameter goes to
00, we recover the simultaneous control.

The notion of simultaneous controllability was introduced by D. L. Russell [I1] (see also J.-L. Lions [7,
Chapter 5]) for partial differential equations. As mentioned above, when dealing with finite dimensional
systems and when the parameter ranges over a finite set, the problem can be handled through classical
rank conditions. However, the issue is much more complex when the parameter ranges over an infinite
set.

The averaged controllability property has already been tackled by E. Zuazua et al [16, [4, 9] for some
relevant PDE models. However, the link between the averaged and simultaneous controllability in that
setting has not been yet developed. The tools developed here could be used to handle PDE and, in
general, infinite-dimensional systems, but this requires further efforts.

In general, the simultaneous controllability problem is set in an infinite dimensional space (this holds
when the cardinal of €2 is infinite). In infinite dimensional spaces the choice of the norm is important and
an appropriate choice has to be done. According to the h item of we chose the weighted
L?-norm, that corresponds to the variance. More precisely, the simultaneous controllability property
holds if:

[ ) =y aue = o. (1.9)



Consequently, in [section 4] we introduce the parametrized optimal control problems:
T
in Ju(w) = 2 £)||? dt T;u) — yl|% d
min  Je(u) = 3 ; ()l dt + = QIch( su) — yellx due

/yc(T; u) du(:/yg dpi
0 0

with g the solution of with control v and initial condition yé.

We will see in that, at the limit x — oo, the minimum u, is a control which minimizes the
variance of the system’s outputs. For instance, we will see that if the sequence (7, (uy))x is bounded then
the sequence (uy ), converges to a control us, which solves the minimisation problem:

(H>0)7

.17 5
min — llu(t)|| dt
2 Jo

/Q!yc(T;u)—yZH?(duc =0.

In other words, uq, is the HUM control (the control obtained from the Hilbert Uniqueness Method) for
the simultaneous control problem.

More generally, the result of can be summarized in where we have defined

(yZ)C € L?(9, X; ) as the minimizer of Hyc under the constraints /ch dpe = /ng dpe

- yg HL2 (92,X ;1)

and (y)c € {yc(T7u), we L0, 71, 0)}.

(lye (5 ) — yéHLQ(Q,X;u))n
converge to 0 \ do not converge to 0
PR bounded simultaneous exact controllability 51mu*ltaneous exact - controllability
N to Y¢
§ unbotnded simultaneous approximate controlla- simultaneous approximate controlla-
= bility bility to yz

Table 1: Possible behaviors as k — oo, with yz defined by (4.4).

This penalty argument is natural and has already been used in control theory. In J.-L. Lions [§] it
was used to achieve approximate controllability as the limit of a sequence of optimal control problems
(see also L. A. Fernandez and E. Zuazua [2] for semi-linear heat equations). This penalty method has
also been used numerically, for the numerical approximation of null controls for parabolic problems (see
F. Boyer [1]).

This paper is organized as follows.

In we give some conditions on A;, B¢ and yé ensuring that the problem we are consider-
ing is well defined. Then, in we recall some known results about averaged controllability and
we describe the duality approach for simultaneous controllability. In we present the penalty
method and give some convergence results. More precisely, in this section we prove the main theorem
of this article. Then, in we present some results for a further numerical develop-
ment of the case where 2 is a countable set. Finally, in we conclude this work by some general
remarks and open problems.



2 Admissibility conditions

In this section, we give some conditions ensuring that [, y¢(¢) dpe and [, [|ye(¢)]|* dpc are well defined.

Let us consider the Hilbert space L?(, X; 1) defined by (1.3). Using Cauchy-Schwarz together with

f&z I C ? :
Q

Thus, in this paragraph, we only give conditions on A¢, B¢ and p such that ||y (¢)[| 2o, x;,) < o0 and in
all this article, we assume that initial and final condition are elements of L?(£2, X; ).

By Duhamel formula, the solution y¢(t) = y¢(t;u) of (1.1) is given by (1.2), i.e.,

2
<yelZe@uyy () € LR Xi ).
X

ye(tsu) = etACyé + /Ot e(t_S)ACBcu(s) ds (e, t>0).
Lemma 2.1. Set (A¢)ceq € L(X)?. For every T > 0 and every ¢ € Q, there exists sc(T) > 0 such that:
[ eem ey | <@lvlx  vex).
Assume:

¢(T) < o0 (CeQ p—ae). (2.1)
Then for every T > 0, there exists (T) > 0 (s(T') = sup<sc(T')) such that:
cen

HeTACyéHLQ(Q’XW) < g(T)HYéHLz(QJ(m) ((yé)g € LQ(QaXuU’)) (22)
Proof. The existence of ¢;(T) is clear. The result follows from Cauchy-Schwarz inequality. O

Example 2.1. Let (Q, F, ) be a probability space. If for every ¢ € Q, A¢ is skew-adjoint, then (2.2)
holds with <(T') = 1. (In this case, we have ¢c(T") =1 for every ¢ € €2.)

Lemma 2.2. Set (A¢)¢ceq € L(X)? and (B¢)cen € L(U, X)), For every T > 0 and every ¢ € Q, there
exists a constant C¢(T) > 0 such that:

2

< Ce(DlullZ2 o ry.0)

T
/ eT—4¢ Beu(t)dt
X

0

Assume that:

/QCC(T) dNC < 00. (2.3)

Then for every T > 0, there exists C(T) > 0 such that:

J

Proof. The existence of C¢(T") > 0 independent of u is classical. The result follows from Minkowski and
Cauchy-Schwarz inequalities. O

2

T
/ T D4 Beu(t)dt| dpc < O ulfeoryey  (we L2(0,T),0)).
X

0




Thus, if A; and B¢ satisfies the assumption of lemmas and then for every (yé)g € L?(9, X; ),
y(T;u) defined by (1.2)) is an element of L(, X; ).

From these two lemmas, we can derive the following corollaries:

Corollary 2.1. Assume Card§) < oo and set ¢ € Q — (A¢,Be) € L(X) x L(U,X), then for every
(yé)g € L2(Q, X; ), and every u € L (Ry,U), the solution yc(t;u) of (L.1)) belongs to L*(Q, X; ) for
every t > 0.

Corollary 2.2. Assume Q C R? is a bounded set and assume the map ¢ (A¢, Be) is continuous on

co(R2), with co(Q2) the smallest convex set containing €.
Then for every (yé)g € L2, X;p), every u € LE (Ry,U) and every t > 0, the solution yc(t;u) of

loc
(T.1)) belongs to L?(2, X; p).

Proof. Since X and U are finite dimensional spaces, for every ¢ € co(),

2

T
gC(T) (= sup HeTACeTACyH and CC(T) = sup ‘ / B(T_t)ACBC’LL(t) dt
”yﬁX,1 X uweL2([0,7],U), I1Jo X
Yilx= =1

H“HL2([07T],U)

are well defined for every ¢ € co(2) and every T' > 0.

Moreover, since ¢ € co(Q) — (A, Be) € L(X) x L(U,X) is continuous, the map ¢ € co(2) —
(s¢(T),C¢(T)) € R? is continuous, thus bounded.

The result follows from lemmas 2.1] and O

Remark 2.1. Even if can be proved directly, it can also be seen as a consequence of
Corollary 73

Corollary 2.3. Let (Q,F,u) be a probability space and assume A¢ skew-adjoint for every ¢ € ).
If/QHBCH%(U,X) dpe < oo, then for every (yé)g € L*(Q,X;p) and every u € L? (R4, U), the solution
ye(t;u) of (L)) belongs to L2, X; ) for every t > 0.

Proof. According to [Lemma 2.1| and [Example 2.1, we have (etA<y2>C € L*(Q,X;p). In addition, we

have:

' ms)a "I —s)a !
’/0 4 Ba(s)ds| </0 [et=24¢ Beus)| ds:/o 1Beu(s)ly ds < VEIIBell o) Iull 2o -
Thus the assumptions of are fulfilled. O

3 Duality approach and Kalman rank conditions

Here and in the sequel we assume that the hypotheses of lemmas [2.1] and [2.2] are satisfied.



3.1 State of the art for averaged controllability

Let us recall some known results on averaged controllability for finite dimensional systems. These results
are taken from [16].

Theorem 3.1 ([I6] Theorem 1). System (1.1) fulfills the averaged controllability property (1.4) if and
only if the following rank condition is satisfied:

rank [/Q AgBC dpe, j 20| =dimX . (3.1)

This result is based on duality arguments. More precisely, we introduce the (parameter dependent)
adjoint system:

—z¢ = Alzc (te(0,7)), (3.2a)
2(T) =27 (3.2b)
Notice that even if this system depends of the parameter ¢ the final condition z/ is independent of (.

The next result makes the link between averaged controllability, and averaged observability and gives also
a link between the adjoint system and the control of minimal L?-norm.

Theorem 3.2 ([I6] Theorem 2). System (1.1) fulfills the averaged controllability property (1.4) if and
only if the adjoint system (3.2)) satisfies the averaged observability inequality:

2 dt  (z/ € X), (3.3)
U

T
anWW§<AHéB%ﬁNM

where &(T) > 0 is a constant independent of z/.
In addition, both conditions are equivalent to the rank condition (3.1).
When these properties hold, the averaged control of minimal L*([0,T],U)-norm is given by:

ut) = [ Bz (te0.7). (3.4)

where {Z¢}¢ is the solution of the adjoint system (3.2)) corresponding to the datum 2l € X minimizing the
functional:

J: X — R

! 1 ’ * ? f . f i (35)
2 g ; QBCZC(t)d:“C , dt — (y/,27)  + Q<yg, 2¢(0)) 5 dpse -
3.2 Observability inequality for exact simultaneous controllability
Let us define for every ¢ € 2 the adjoint system of :
_Z;C = AZZC (t S (O,T)), (3.6&)
2(T) =z (3.6b)



If the system (|1.1)) is simultaneously controllable then for every (Zg e € L3(Q, X; ),

(@ =vD @)y, =0

(,X ;1)

That is to say:

/ ' <u<t>, R0 duc>U At = (0D (D) gy ~ O (e O))

Let us then define the cost function J by:
J: L2, X;n) — R
f e
e — 5 /0

where z¢ is the solution of .
The only difference between the cost functions defined by for averaged controllability and for
simultaneous controllability is that, for simultaneous controllability, we allowed the final condition of the
adjoint system to depend on the parameter (.

Assuming that J has a minimizer (z¢)¢ € L?(2, X; 1), we obtain, by computing the first variation of
J, that:

2 (3.7)

/QBZZdt)dﬂc dt—/Q<YZ=Z§>Xdu<+/Q<YEaZ<(0>>Xdu<7

U

a(t) = /Q Biic(t)dpe  (t€[0,T] ae.). (3.8)

It is clear that J is convex. Thus, proving the existence of a minimizer (zg) ¢ € L2(, X;p) for J is
equivalent to showing that J is coercive, i.e. to the existence of a constant ¢(7') > 0 such that:

e(T)/QHngi( due g/OTH/QBng(t) dpe

where z; is Fh.e solujcion. of || with final con.dition zg .
Summarizing this discussion, we end up with:

2
§ dt ((#)), € (2, X)) - (3.9)

Theorem 3.3. System fulfills the exact simultaneous controllability property if and only if the
adjoint system satisfies the exact simultaneous observability inequality .

When these properties hold, the exact simultaneous control of minimal norm is given by , where
Z¢ 1s the solution of with final condition Zg and (if)c € L?(Q, X; ) is the minimizer of J defined
by .

Let us notice that very few systems have the property of simultaneous controllability. When card €2 is
finite, the situation is clear since simultaneous controllability follows from a Kalman rank on an augmented
system (see h item of [Remark 1.1). But when card Q is infinite, the situation more complex and we
have from [14, Theorem 3.3.1],

Proposition 3.1. If L?(Q, X;u) is an infinite dimensional space, then the system (1.1) will never be
exactly simultaneously controllable.

10



Example 3.1. Consider the system yc = (¢ + 1)yc + v with ¢ € {1 n e N*} = Q with a probability

no

measure p such that u({C}) > 0 for every ¢ € Q. This system is not exactly simultaneously controllable

although the truncated system in which we consider € {% , neq{l,--- ,N}} with the probability measure
pun given by un ({¢}) = I “({f}) , for ¢ € {%, ne{l,--- ,N}} is simultaneously controllable,
s({ v w=1-1))

whatever N € N* is.
In fact, for this truncated system, the precise values of the measure pun are not important since its
simultaneous controllability can be understood though the augmented system:

d (1 1+1 0 hn 1
& = ) + : u
The Kalman matriz of this system is:
1 141 (1+ 1Nt
1 1++ (1+ )V

which is a Vandermonde matrix of determinant H <1 — 1> £ 0.

1<icjen N
In addition, since this determinant goes to 0 as N goes to 0o, it is not surprising that the system with the
full set of parameters {% , nE N*} s not simultaneously controllable.

[Proposition 3.1 tells us that it is impossible to build dependent parameter systems which are exactly
simultaneously controllable (unless dim L?(2, X; ) < oo). However, as we have seen, the averaged
controllability property holds for a variety of models. Consequently, it is natural to look for averaged
controls which are optimal in the sense that they minimize the output’s variance. This is the core of

ection 41

3.3 Momentum approach for simultaneous controllability

In we gave a necessary and sufficient condition, , for simultaneous controllability. However, even
on simple problems, it is difficult to check whether this condition is satisfied or not. In this paragraph, we
present an iterative approach to check whether the observability inequality is fulfilled or not. The
method presented here can also be seen as an alternative method to the one we proposed in the rest of
this paper (see in order to link averaged controllability to exact simultaneous controllability.

To simplify the notation we define the operator E € £(L?(Q, X; i), X) by:

E(yc)e = /ch due — ((ve)e € L*(Q, X3 1) - (3.10)

Notice that we have E*z = (z); and EE* = Id.

Let us first remind that proving the averaged controllability property is equivalent as proving that the
cost function J defined by is coercive and proving the exact simultaneous controllability is equivalent
as proving that the cost function J defined by is coercive. In addition, we have also noticed that
we have J = Jo E*, where E is given by . Thus, proving that J is coercive means proving that the
restriction of J to the subset E*(X) ={( € Q—y € X, y € X} of L*(Q, X; ) is coercive.

11



Let us also notice that since L?(2,R; ) is an Hilbert space, one can define an orthonormal basis
(pi)ier (with the convention 0 € I and ¢y = 1) of this space. Based on the above construction of E, we
define for every i € I, the operator E; € L(L?*(Q, X; u), X) by:

Ei(yo)e = /Qym(é) due  ((vo)e € L2, X; 1) (3.11)

so that L%(Q, X; ) ED]E*

el
Let us assume that L?(Q, R; ) is a separable Hilbert space, that is to say that we can choose I = N (if

L2(Q,R; i) is of infinite dimension) or I = {0,--- ,d} C N (if L?(€,R; 1) is of dimension d). For every
k € N, we define the finite dimensional subspace V}, of L?(2, X; 1) by:

@E* C L2, X;p). (3.12)
i€l
i<k

Let us also define the constant ¢ (7)) = 0 by:

T 2
/ / Brze(t)dpc| dt
en(T) = inf 0 Qf . U (k eN), (3.13)
(z0)ceVi\{0} HZCHLQ(Q,X:u)
that is to say:
112 ! 2 !
T)/QHZCHX dpre </0 H/QBZZ<('5) dc|| dt (REN (), € Vi), (3:14)

with z¢(t) the solution of the adjoint problem with final condition z¢(T") = Zg € V.
Thus, if é(T) > 0, J is convex and coercive on Vj.

Since Vi, C Viy1, it remains clear that the sequence (é;(7))ken is decreasing. In addition, one can
easily convince that if hm ¢k(T) > 0, there exists ¢(T') > 0 (¢(T) = klgigo ¢,(T)) such that:

) [ It eanc< [ | [ mescane|

That is to say that J is convex and coercive on LQ(Q,X ;i) and hence we have exact simultaneous

dt (), € LP(2,X; ).

controllability. Moreover, the sequence (zi C)C € Vi, of minimizer of J on the finite dimensional subspace
Vi of L3(Q, X; p) is convergent to a minimizer (2¢)¢ € L?(, X;u) of J on L(, X; p).
Summarizing the above discussion, leads to the following;:

Remark 3.1. Let us assume that L*(Q0, X; 1) is a separable Hilbert space.
1. If the system (1.1)) is approximatively simultaneously controllable, then ¢ (T) # 0 for every k € N.

2. If klim ¢k > 0, then the system (L.1)) is exactly simultaneously controllable.
—00

3. According to |Proposition 3.1, unless dim L?(Q, X; u) < oo, we have klim ¢ = 0.
— 00
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4. Let us mention that the property (3.14)) correspond to a Kalman rank condition.

More precisely, (zg)C € Vi, means there exists (z97)j—o.... x € X**1 such that zg = ©;i(Q)75 . Let

k
. 7=0
us then denote by zé the solution of (3.2)) with final condition z7f. Due to linearity, the solution 2¢
of (3.6) with final condition Zg 18:

k k
2(t) =D i (Q)Lt) =Y ()T 2
=0 j=0

Finally, since we are in a finite dimensional space the coercive property (3.14) is equivalent to the
uniqueness property:

k
/QBZ Z @j(C)e(T_t)AZ N due =0 (te€]0,T] a.e.)
=0 '
_— 2 =0 (j€{0,--- k}).

We conclude by time analyticity that (3.14]) holds if and only if:
rank [/Qfléégdug, leN|=(k+1)dim X,

where we have defined:

AC 0 #0 (C)BC

A~

A= cL(X*Y  and B = : e L(U, X 1 (Ce).
0 A¢ or(¢) B¢
5. When Card Q2 < oo, the moments are solution of an ordinary differential equation.
More precisely, consider Q = {1,---, K} with measure p given by p({k}) = 0 with 6 € (0,1)

and Zle 0r = 1. Let us consider an orthonormal basis {¢o, -+ ,0x_1} of L*(Q,R; u) (with the
convention, @o(k) = 1). Then the i™-momentum is:

K
k=1

with:
n
y=|:|ex®, M= (w(l)\/ﬁldx goi(K)\/GKIdX> e L(XE, X)
- Vo 1ldx 0
and T = GE(XK).
0 VO Idx

13



Thus, setting:

My Ay 0
M = : e LXKy, A= € L(XT)
Mg 1 0 Ag B,
and B=| : | e L(U XK),
Bg
Yo
the momentums Y = : satisfies (noticing that MM " = Id yx ):
Y 1
Y = MIAI"'M" Y 4+ MIBu. (3.15)

Controlling the first k momentums of (yx)x means controlling the first kdim X components of Y,

solution of (3.15)).

Since the basis o, @1, ,pr—1 1S free (except pg = 1) one can consider the problem of finding
the best possible basis. For instance we can wonder if there exists o1, -+ ,0x—1 such that the
pair (I\\/JI]IA]IAMT, M]HB%) has a normal form (see [13, Proposition 2.2.6]). That is to say find

©1,- -, pK—1 such that MIAI M has the structure <* :) and MIB the structure <;>

0

4 A penalty method linking averaged and simultaneous controllability

As in all this paper, we assume in this section that the assumptions of lemmas [2.1] and [2.2] are satisfied.
In this section, we will present our strategy to link averaged controllability to exact simultaneous con-
trollability. First of all, solving the averaged control problem, can be done with the Hilbert Uniqueness

Method, that is to say minimize the L?-norm of the control with the constraint /Q ye(T)dpe = /Q yg dpse.
Thus, using Euler-Lagrange formulation (or directly [Theorem 3.2)), on can see that the averaged control
of minimal L2-norm is given by (3.4).
In order to reduce the output’s variance, one can think to penalise the cost function Jy (given by
Jo(u) = %||u||%2([0 71,0y With the output’s variance, / e (T) — ng?X dp¢. Thus, we introduce the penalty
b b Q

problem of optimisation:
. 2
min Ty (u) = gl w()l|720.07.0) + #llve(Tiu) — YgHm(Q,X;M)
‘ E(yC(T;u)—yg) =0.

where in the above, y, is the solution of (1.1)) defined by (1.2) with control u, L?(), X; 1) is the Hilbert
space introduced in (1.3) and E is the expectation defined by (3.10]).

Let us give an existence result.

(k> 0), (4.1)

14



Proposition 4.1. If system (|1.1)) satisfies the averaged controllability property (1.4) then for every T > 0,

(yé)c,( Z)C € L*(Q, X;p) and k > 0, the minimisation problem (4.1)) admits one and only one solution

u, € L2([0,T],U).

In addition, the optimal control u, satisfies:

ult) = [ Bizeydue (€ 0.7, (4.2)
Q
where, z¢ 1s solution of:
Zo=—Afze, 2e(T) =2+ yg —ye(Tsuy), (4.2b)
with z € X unknown.

Proof. For every k > 0, it is clear that J is convex. Since we have assumed that the system ([1.1)) satisfies
the averaged controllability property (1.4)), this ensure that the set:

{u € L*([0,T),U), E(ye(T;u) —y!) = o}

is non empty and in addition, this set is a convex and closed set of L?([0,T],U). Moreover, the averaged
controllability property ensure that Jj is coercive on this set and consequently J is also coercive on this
set. Thus, there exists a unique minimizer u, € L?([0,T],U) for the minimisation problem (4.1)).

Let us now prove the optimality conditions. Let us define the Lagrangian of the system:
L(u,z) = Je(u) + (z, E(ye(T3u) —y))x  (we L*([0,T),U), z € X).

The optimality conditions are:
0,L=0 and 9,L=0.

But we have, 0,L(u,z) = u + / BZe(Tft)Az (z + ye(T5u) — yg) dpc. That is to say that, the optimal
Q
control u, should satisfy (4.2)). O

Of course, we have introduced the cost functions 7 in order to pass to the limit x — oo.
Let us first state a trivial statement:

Lemma 4.1. Set T > 0 and assume the system (L.1|) is controllable in average.
For every k > 0, let us define u,, the minimum of J. under the constraint E(yC(T, Up) — yg) =0.
Then, we have:

sl 220,10y < el z2(om,0y  and

lye (T3 ) = ¥l 2@, x0) = e (Titinre) — vlllrexg (ke >0).

In addition, for every x > 0, we have:

HyC(T= Uy) — ngLQ(QX;,u)
= min{Hyg(T; u) — ngLz(M;M) , we L([0,T),U), |lullr2qom.oy < sl z2qom,0)

and E(yc(T;u) —yg) = 0} . (4.3)
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Proof. It remains clear that for every x,e > 0, we have:
jn(um) < jli(ulﬁl-l—&‘) < jm-i—e(un-i-e) < jn—&—e(”m) .

Thus from, J,; () +Tete(Upte) < Ti(Unte)+Tnte(ur), it is easy to see that (HyC(T; Ug) — ngL2(Q,X;p))
is decreasing and then, form J(u,) < Ji(ug+e), we obtain that (HURHLQ([O,T],U))H>O is increasing.

Let us now prove (4.3). To this end, we assume by contradiction that there exists v € L?([0,T],U)
such that:

k=0

ull 20,1107 < Nuwllzqorey,  E(ye(T;w) —yg) =0
and  |yc(T;u) — Yg”LQ(Q,X;p,) < lye(T5us) — ngN(Q,X;H) :
Then we have Jj(u) < Jx(ux) which is in contradiction with u, minimize . O

Various situations could hold as k — co. These different situations, reported on are given by
the following theorem.

Theorem 4.1. Set T'> 0 and assume that the system (1.1 in controllable in average in time T.
For every k > 0, let us define u, the minimum of J, under the constraint E (yC(T, Up) — y{) =0.
Define (y{)¢ € L3(Q, X; p) as the minimizer of:

min |[y¢ — ngL2(Q,X;p)
(vo)e € {ye(Tsu), uwe L2([0,T],U)}, (4.4)
E(yc)c = E(yl)c -

Then, the following alternative holds:

o If (HUHHLQ([O,T],U))H>0 is bounded, then (uy), converges to a control which steers exactly yz to yt
and realises the minimum of:

. 1 2
mi - 5 HUHLQ([D,TLUl (4.5)
‘ HyC<T7u) _YCHLQ(Q,X;/J,) =0.

o If (HUHHLZ([O,T],U))@O is unbounded, then yz can be approzimatively steered to y.

In addition, if Kh_}n;o (Hyc(ﬂu,{) =Y HLz(Q,X;y)) =0, then we have yi = Ve
Proof. Without loss of generality, we can assume that yé =0.
Let us first notice that (y7)¢ € L2(92, X; ) is well defined. In fact, (v¢)¢ is the orthogonal projection of

(y{)g in L2(Q, X; ;1) on the closed vector space {ye(T;u), we L2([0,T],U)}N {(yC)C , E(ye)e = E(yg)g}

e Let us assume (H“HHLQ([O,TLU))@O bounded.

From the sequence (HURHL2([0,T],U))H>O is increasing, hence there exists uy, € L?([0,T],U)
such that up to a subsequence, (uy) x>0 18 weakly convergent to us and in addition, we have:

[wooll 20,0y < (sl 2 (0,71,0) -
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Since (ux),»q 18 weakly convergent to us, it is easy to obtain that ((y¢(75ux))¢) is weakly

convergent to (y¢ (T uoo))e € L*(S2, X; ). Hence,

k=0

E(?/C(T; Uoo))c = E(yg)c and HyC(T; Uoo) — yécHLQ(Q,X;,u) < hmianyC(T;un) - ngLQ(Q,X;u) .

KR—00

In addition, from |[Lemma 4.1 the sequence (H?JC(T5 Up) — ngLQ(Q X'u)) is decreasing thus, we
Y b K

have:
HyC(T;uoo) - ngLQ(Q,X;y) < HyC(T;UN) - ngL2(Q,X;u) (k>0)

and hence, from relation (4.3)) of [Lemma 4.1} we obtain ||uc||z2(0,71,07 = x|l L2(j0,m,0) that is to
say, |[ucollr2(jo,m,o) = Hm |lugl[r2(jo,m,0) and (up to a subsequence, (uy)s is strongly convergent
k) k) K/—>OO I I

to oo in L*([0,T],U). Consequently, ((yc(T;ux))c), is strongly convergent to (y¢(T';too))c in
L*(9, X; ).

Let us now prove that y¢ (T, us) = yz. Assume by contradiction that it is not the case. That is
to say there exists 4 € L2([0,T],U) such that:
.= _ f - f f
E(yC(T, “))g = E(yg)C and HyC(TW) - yCHLQ(Q,X;u) < Hyc(T> Uso) — yCHLQ(Q,X;,u) :
On the other hand, we have J,(ux) < Jx(u) for every x > 0, i.e.:

1 _
o (12000 = Il

2 Hyg(Tﬂj%) - ngiZ(Q,X;M) B HyC(T’ ﬁ) - yZHiQ(QJ(m) </€ > 0) ’
Taking the limit K — co comes the contradiction:
_ 2 2
e (T3 ) = v 2 = lwe(Tsuse) = 58 g0,

Let us now show that (u ), is convergent to u~ (that is to say that we do not need the subsequence
extraction procedure). This follows form the fact that any convergent subsequence of (uy)y is
convergent to a minimizer of . But it is trivial that the minimization problem has at most
one minimizer.

. . . . ) ¥ P . ¥
Finally, it remains clear that Hlin;o||y<(T, Up) — e HLQ(QXW) = 0 is equivalent as yf = Ye-

e Let us assume that (HUNHLQ([O»TLU));@>0 is not bounded.

The results of this point are direct consequences of (4.3)) given in
U

If the system (1.1]) is simultaneously controllable, the convergence rates to the simultaneous control

and the one of the variance to 0 are linked.

Proposition 4.2. Assume system (1.1)) is exactly simultaneously controllable in time T > 0. Let us €
L?([0,T),U) be the exact simultaneous control of minimal norm steering yz to yg and let u, € L*([0,T],U)

be the minimizer of (4.1).

Then, (ug)x>0 18 strongly convergent to us and, in addition,

lye (T, ui) — YZfHL?(Q,X;u) < Juooll L2 (jo,17,0) K s — Uso || £2(j0,77,07) - (4.6)
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Proof. First of all, (uy), is strongly convergent to u is a consequence of

Let us now prove . First of all, changing y{ in y/ —eT4c yé, we can assume without loss of generality
that yé =0.

Set ux = uso + Uk, then v, is a minimizer of:

2

min  Gx(v) = HU”L2(0T] vy T (U, Uso) 20,10 + K T4 Beo(t)dt||  dpe
X
T
E </ e(T_t)ACBCU(t) dt> =0.
0
We have:
g/{(vn) < gn(o) =0.

Thus, for every x > 0,

T 2 1 T 2

/‘@/S; /0 e(T_t)ACBCUH(t) dt dILLC < EHUHH%P([O,T},U) + K o /0 e(T—t)ACBgvn(t) dt d/_LC
— (Vs Uoo) 2 2(j0,T),U) & HUHHL2QQ7mUjHuooHL2q0Jqln-

O
Let us now give the consequences of in the case where the cardinal of € is finite.

Corollary 4.1. Assume L?>(Q, X; ) is of finite dimension.
Then the sequence of minimizers (), of the optimisation problem (4.1)) is strongly convergent (up to
the extraction of a subsequence) to an element oo € L*([0,T],U) satisfying the minimisation problem.:

min  glul %20 7p.09
 wM=y;  (CeQ p-ae),
where yz 1s defined by i.e. 1is the minimizer of .
A graphical interpretation of this result is given on [Figure 2

Proof. Let us use the notations introduced in [Theorem 4.1, Since L?(Q, X;u) is a finite dimensional
space, {yg(T; u), u € L?([0,T7, }ﬂ{ ve)e, E(ye)e = E(yC)C} is a closed affine subspace of L?(2, X; ).
Consequently, there exists u* € L([0,T],U) such that v¢ =y (T u*). O

Example 4.1. This example illustrates the result of[Corollary J.1]in the exact simultaneous controllability
case.

Consider the probability space Q = {1,2} and the probability measure u is given by u({1}) = p({2}) = 5
The parameter dependent system under consideration is:

Jc = CAyc + Bu  yc(0) =y",

‘ 0 -1 1 (1
wzthA—<1 0>,B—<0> andy—<1>.

We fiz the final target to y/ = (0 0)7 and the final time T to be 1.

18



{ye(Tsu), we L2([0,7].U)}

Figure 2: Under the assumptions of |Corollary 4.1} at the limit x — oo, the emergent control will be a
control steering (yz)c to (y)c

The corresponding augmented system is:

y=Ay+Bu y(0)=y",

0 -1 0 0 1 1
(A 0 _[1 0 0 0 _(B\_|o AN
WhA_(o 2A>_ 0o 0 0 —2|B (B>_ | endy _<yi>_ 1

00 2 0 0 1

Using the Kalman rank condition, it is easy to see that this system is controllable (in the classical sense)
and controlling the average means controlling % (y1+y3, Yo+ y4)T.

On figures [3, [] and [, we plot the numerical results dealing with the averaged control, the exact
simultaneous control and the solution of the penalisation problem, when letting the parameter k growing.

Trajectories for average control Average control

12 — 6 T T

T
control ——

—02 J 4k i
~ average
=041 \“‘n\\_»_» 222:—::—7 6 I I I I
06 | LT 1 | 0 0.2 0.4 0.6 0.8 1
15 -1 -0.5 0 0.5 1 t
(a) Controlled trajectories in the phase plan (b) Averaged control, the norm of the control
using the averaged control. The variance at is 3.109.

final time is 2.75e-01.

Figure 3: On left, we plotted the trajectories obtained by the averaged control (right) which is of minimal
L?-norm.
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Trajectories for simultaneous control

(a) Controlled trajectories in the phase plan
using the simultaneous control.

Simultaneous control
200 T T

T
control

2200 I I I
0

0.2 0.4 0.6 0.8 1
t

(b) Simultaneous control, the norm of the con-
trol is 6.34e+01.

Figure 4: On left, we plotted the trajectories obtained by the simultaneous control (right) which is of

minimal L2-norm.

Control’s convergence with respect to
100 T

H“n - uoo”LQ(U,'I',l")

Variance with respect to x
1 T T

variance

0.1 E

0.01 F E

0.001 E

0.0001

1
10000

100000
K

le+06

(a) Plot of the L?-distance between the exact

1e-05

100

1000

10000
K

100000

1e+06

(b) Plot of the variance at final state

simultaneous control and the optimal control
of the minimisation problem indexed with k.

(J lye(T) — y'||3dp¢) with respect to . The
variance behaves as Ck~% with o ~ 1.95.

This distance behaves as Cx~* with o ~ 0.98.

Figure 5: Plots in log —log scale of the L?-distance between the solution of the optimal control with
parameter k and the exact simultaneous control (left) and of the variance at final state (right) as x grows.
The decay rates obtained are coherent with the results of [Proposition 4.2

Example 4.2. This example illustrate the result of [Corollary 4.1 when the is no simultaneous controlla-

bility. For this example, we consider again the probability space Q = {1,2} and the probability density p

given by n({1}) = u({2}) = 1. The parameter dependent system under consideration is:

Yo = ACyC + Bu

(0 _1> if¢=1,
N (1 10
with B = <O)’ y' = <1> and A =
10 L
(O 1) if¢=2.

Using the Kalman rank condition, introduced by E. Zuazua (see|Theorem 3.1)), one can see that this system
s controllable in average. On the other hand, the simultaneous controllability of this system reduce to
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prove the classical controllability of the augmented system:

y=Ay+Bu,

0 -1 0 O 1

) (A 0) |1 0 0O _(BY |0
wzthA-(O A2>_ 00 1 0 andB—<B>_ 1
0 0 0 1 0

One can easily see that rank [B, AB, A’B, A3B] = 3 < 4 and hence, the Kalman rank condition is not
satisfied.

On figures (6], [7 and[8, we present the numerical results for this system. As in[Ezample 4.1), the final
time T is set to 1 and the target y' is (0 0)".

Trajectories for average control % Average control
} ; ‘ ‘ Lot
e average —— control

_30 I I I I

4 ‘ ‘ ‘ e s e 0 02 04 0.6 08 1
-10 -8 -6 -4 -2 0 2 4 t

(a) Controlled trajectories in the phase plan (b) Averaged control, the L?-norm of the con-
using the averaged control. The variance at trol is 1.99e+01.

final time is 2.13e+01.

Figure 6: On left, we plotted the trajectories obtained by the averaged control (right) which is of minimal
L?-norm.

L?-norm of the control with respect to & Variance with respect to s
55 T T T T 22 T T

T
variance

norm of the control

15 1 1 1 1 6 1 1 1 1
0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000

K K

(a) Plot of the norm of the control with respect (b) Plot of the variance at final state with re-
to k. spect to k.

Figure 7: Plots of the norm of the control (left) and of the variance at final state (right) as k grows.
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min-variance control

Trajectories for min-variance control 140
T T

4 T T T T

T
control

T
average

AL e R = st |

2 ]
F _60 I I I

" s s S i ‘ ‘ 0 02 0.4 06 08 1
20 -15 -10 =5 0 5 10 15 t

(a) Controlled trajectories in the phase plan (b) Optimal control for k = 5.10% its L2-norm
using the optimal control for k£ = 5.103. The is 5.30e+01.

variance at final time is 7.41.

Figure 8: On left, we plotted the trajectories obtained by the optimal control (right) for x = 5.103.

5 Numerical realisation when Card (2 is infinite

In this section we will study the discrete event case (2 = N¥).

For this case, we consider the probability space (N*,P(N*), ). A natural way to deal with this
problem is to truncate it. More precisely, instead of considering the probability space (N*, P(N*), ), we
consider the probability space (N*, P(N*), xzu) with the measure yzu given by

pich
o) = 4. z) TSP (zen, cen), (5.1)

0 otherwise,

for Z € N* large enough so that u({1,---,Z}) > 0.

Since our penalisation procedure needs the system g = A¢yc + Beu to be controllable in average the
first question we should answer is whether this averaged controllability property is stable or not through
the truncation procedure.

Proposition 5.1. Assume the system (1.1)) is controllable in average for the measure .
Then there exists Zy € N* such that for every Z > Zy, this system is controllable in average for the

measure Xz given by (5.1).

Let us also notice that this truncation procedure does not affect the simultaneous controllability
property for Z large enough.

Proposition 5.2. Assume the system (1.1) is approzimatively simultaneously controllable for the mea-
sure (.
Then for every Z € N* such that p ({1,---,Z}) > 0, this system is simultaneously controllable for the

measure Xz given by (5.1)).

Remark 5.1. Notice that by truncation, one can lose the averaged controllability property. This is for
instance the case of the system considered in[Example 1.2
In opposition the simultaneous controllability property cannot be lost by truncation. This is natural
since if the system in simultaneously controllable, all the events yi,--- ,yz can be exactly controlled.
Consequently, if a system is simultaneously controllable, then it is controllable in average and each of
its truncation is controllable in average.
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Proof of [Proposition 5.1, Set 6 = pu({¢}) without loss of generality, we can assume that §; > 0 for every
6¢ .
(<2,
¢ e N*. Set 67 = xzp({¢}) = { 2= bc
0 otherwise.
Let us remind that due to the pairs (A¢, B¢)¢ being controllable in average, is equivalent

as (33):

2

T
A*
cllz’||% < / > Bredlo| dat (zf € X).
CeN* U
with ¢ = ¢(T) > 0 independent of z/.
But,
1 1
T Z 2 2 1 T Z 2 2
x LAY f07 _ x LAZ f
/0 ZBCe (Y4 9( dt = 2279 A ZBCe (Y4 0< de
=1 U =17 =1 U
and using Minkowski inequality,
1
z 7l z 2 2
x LAY _fnZ
o) | [ X meetiaoz| a
¢=1 ¢=1 I
2 3 2 3
T || > i T|| = .
> / > o Brealo | dt| - / S° BreMlo|| at
0 lec=1 U 0 l¢=z+1 U
From the averaged controllability property, there exists ¢ > 0 such that:
2
T o0
cllz’|% < / ZBZetACZfQC dt
0 _
¢=1 U
and due to the admissibility condition, there exists C' > 0 such that:
2
T oo 00
/ S Brelo| ar<cld i S e
0 |[¢=z+1 U (=Z+1
Consequently,
1
T Z ? ’ \/E—\/C<1—ECZ:19<>
* tAY
/ S B l0Z| dt| > 5 Iz || x -
0 lle=1 U 2¢=10¢
z
Ve \/C (1 —24:10<>
Since lim — = v/c > 0, we obtain the result. O
Z—00 §:<:19<
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Proof of [Proposition 5.3 As in the previous proof, we set 8- = pu({(}) and without loss of generality, we

6
o if(<Z
can assume that 6 > 0 for every ¢ € N*. Let us then set HCZ =xzu({¢}) = Zczl O¢

0 otherwise.

Due to that approximate simultaneous controllability, for every ¢ > 0 and every (yé)g,(yg )c €
L?(N*, X 1), there exist a control u € L%([0,T],U) such that:

> llye(Tiu) = yi|50c < e
CeN*

But we have for every Z € N*,

€

2 nz 1
E ye(T;u) y 207 E yo(Ti;u)—yi||507 < ye(Tsu y 20 .

That is to say that u € L2([0,T],U) — (y¢(T;u))¢ € L*(N*, X; xzp) has a dense image in L2(N*, X; xzu).
But its image is an affine space and L?(N*, X;yzu) is a finite dimensional space. Thus its image is
L?(N*, X; xzu) and the truncated system is exactly simultaneously controllable. O

Let us finally study the error between the initial minimisation problem:

min éﬁ?(U):==]’j/ [t Hh]dt+-ﬂ§£:Hych u) = yI|[xn{¢})

s =1 (k> 0) (5.2)
>~ (we(mw) = vl) ufch) =0
¢=1
and the truncated minimisation problem:
. 1
min 72w =g [t e+ > a0 — st znich
p =1 (>0, Z>2y), (5.3)
> (yc T;u) yg) xzi({¢}) =0

(=1

with Zy € N* given by |Proposition 5.1|

Proposition 5.3. Assume that the system is controllable in average for the probability measure p.
Set k > 0. Let uf be a minimizer of the truncated minimisation problem .

Then, as Z — oo, the sequence (uZ)yz is strongly convergent in L%([0,T],U) to the minimizer u, of
the initial minimisation problem .

Proof. Without loss of generality, we can assume that pu({¢}) > 0 for every ¢ € N* and for convenience,

6
o if(<Z
we set p({C}) = 6 = 62° and as previously, HCZ = xzp({¢}) =< 21 be
0 otherwise.
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Without loss of generality, we can also assume that for every Z € N* the system (1.1]) in controllable in
average for the probability measure xzu.
Let us introduce for every Z € N* U {oo} the map ZZ : L%([0,T],U) — {0, 00} defined by:

z
T%(u) = 0 if Z:l (yC(T;u) - yg) GCZ =0,

oo otherwise.

Thus minimizing JZ under the constraint Zgzzl (yC(T; u) —yéf) QCZ = 0 is equivalent as minimizing
T +17.

The proof of this result is based on I'-convergence. More precisely, we will prove that the sequence
(.7,5 + IZ)ZeN* I'-converge to J° + Z°°.

e Upper bound:
Let (uz)zen+ € L2([0,T],U)N" be strongly convergent to an element us, € L2([0,T],U).
The aim of this point is to prove:

T2 (o) + I (o) < lim inf (T2 (uz) + T (uz)) . (5.4)

If liZm inf 77 (uz) = oo, then, it is clear that (5.4) is true.
—00

Otherwise, we can assume up to the extraction of a subsequence that for every Z € N* we have
Z%(uz) = 0. Under this assumption, let us prove:

Z )
T¥(uo) =0 and  lim Y |lye(Tiuz) = y[[3 07 = D |luc(Tsus0) = vl 0c
=1 ¢=1
This ensure ([5.4)).

1. Let us prove that Z°°(us) = 0:
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To this end, let us notice:

> (yg(T7 Uso) — yf) 0 =) (yg(T, Uoo) = y?) 0= (yC(T’ uz) = Yg) 43
¢=1 ¢=1 ¢=1
o 1 o0
=y (yC(T?“w) yc) 0" — ({1, -, 2)) > (yC(T>“Z) B Yf) 0
=1 9 ) ¢=1
1 S o
i O, e )

The admissibility condition, ensure:

[e.9]

3 = O

¢=1 X

with C' > 0 a constant.
Using Cauchy-Schwarz inequality, we obtain:
2

o0 T
Z </ e(T—t)ACBguZ(t) dt) 0%°
¢(=2+1 0 X
00 T 2
<otz Y | [ e 0B | o
¢=z+11170 X
0o T 2
<Ol 23| [ e Bt a6
— Vo X

But, according to the admissibility conditions (see , there exists a constant C' > 0
such that:

2
[e§)

T
3 ( / e<T—t>A<B<uz<t>dt) 0| < {1 21) ClluzlBagom o -
(=241 0 X
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o0

Thus, taking the limit Z — oo, we obtain (yC(T, Uso) — yg) 0| =0, ie I%(ux) = 0.
C:l X
z 2 - 2
] . ! Z _ . f .
2. Let us prove Zlgr(lx);HyC(T, uy) — e HXGC = ;HyC(T, Uoo) — e HXHEO.

For every Z € N*| v;e have, by Cauchy-Schwarz inequality:
4 2 4 2 4 2
> e (T uz) = 1|08 =D Nve(Tsuz) = ye(Tsue0)|[507 + D |we (T uoe) — v1|[ 67
¢=1 ¢=1 ¢=1

z
+2) (ye(Tiuz) = ye(Ti o), ye (T tioo) — y{>X9?
=

[N

Z
< | Xl uz) — (T o) |5 67
¢=1

2

2

Z
[ D llwe(Tsuse) = L1567
(=1

Using the admissibility of every system indexed by ¢, for every ¢ € N*, there exists C¢ > 0
such that:

z Z
2 A

D Nwe(Tsuz) —ye(Tiuso) |02 <D Ccblluz — ussl|Za om0

¢=1 ¢=1
z

In addition, due to assumption (2.3) made in [Lemma 2.2, we have Zlim ZC&? < oo and
—00

¢=1

hence, since (uy)yz is strongly convergent to e,

Z

ZIEI;O;Hyg(T; uz) = ye(Tiuse)||x0Z = 0.

On the other hand, it remains clear, due to the construction of GCZ that:

Z o]
Jim S (T woe) = v [ 307 = [l (T use) = vE |30
¢=1

¢=1
Thus,
Z ) 00 9
i S (T = {0 = 3 eCrins) = 02
¢=1 ¢=1
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e Lower bound:
Set uo € L2([0,T],U). The aim is to prove that there exists a sequence (uyz)zen+ strongly conver-
gent to uy, such that:

T (Uueo) + I (o) = limsup (JKZ(uOO) +IZ(uOO)) )

Z—00

If 7°°(uno) = 0o then this result can be easily obtained with uyz = uxo.
Let us now assume that Z°°(u,) = 0. From the previous point, it remains clear that if the sequence
(uz)z is converging to us and if for every Z € N*, Z%(uy) = 0 then:

T (uso) = lim j,f(uz) .
Z—00
Thus we only need to prove that such a sequence (uz)z exists.

Let us write uz = us +vz. Then Z%(uz) = 0 means:

Z

Z T
3 /0 T4 By (1) dt 07 = =3 (ve(Tsuse) — y1) 07
¢=1

=1

Since we assumed that the system (1.1 is controllable in average, such a vz exists and in addition,
there exists a constant C' > 0 independent of vz such that:

2
A

loz 120010 < €| (we(Ts use) = 51 ) 67
¢=1

X
But since Z (yC(T; Uoo) — y£> 62° = 0, we have:

CeN*

Z o0
(T; 07 (T; 1) (6 — 67
> (we(Tsuec) = ) 02 Z ye(Tuoo) = y¢ ) (68° = 07)
=1 x = X
( Z [e'S)
< u({1,- Z( (T;uc0) yC) 9( + Z (yC(T;uoo)_YZ> 920 )
¢=1 v lle=z+1 X

which is going to 0 when Z — oco. Consequently, (vz)z converges to 0, that is to say, there exists a
sequence (uz)z convergent to us, such that Z?(uz) = 0 for every Z > 1.

The final result follows from I'-convergence property and J,2°+Z> admits one and only one minimizer. [J

Let us denote by uZ (resp. u>°) the minimizer of the truncated (resp. initial) minimisation problem.

We proved here that 1im u? = u®. Thus, if lim u® = u exists, we have: lim lim u? = u2°. But,
K00 K—00 Z—00
25

do we have lim lim wu; = u?
Z—00 K—00

This question is the aim of the next proposition.
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Proposition 5.4. Let us assume that the system 1s controllable in average for the probability mea-
sure f.
For every k > 0 and every large enough Z € N*, there exists a minimizer uZ € L%([0,T],U) of the
truncated minimisation problem .

Up to a subsequence, the sequence (u?)y is strongly convergent to an element uZ, € L*([0,T],U) which
s a solution of the minimisation problem:

. 1
min EHUH%Q([O,T],U)
Z7
‘ yC(T):}’C* (CeN" xzu—a.e.),
where y?’* 1§ a minimizer of the minimization problem:

min Hy@‘ - YgHm(Q,X;xzu)

(YQ)C € {yﬁ(T;u) y uE LQ([OvT]a U)}, (5.6)
E”(vo)e = B” (v{)¢

and where we have set:

EZ(ye) = Y vexzn({Ch)  ((vo)e € LP(N*, X5 xzp)) -

CeN*
Then we have:
1. lim y2* =y%, with yt € L%(Q, X; y) given by|Theorem 4.1
Z—00 < ¢ <

2. if the sequence (uZ)z is bounded, then the system (I.1)) can be exactly steered from yé to yz and up
to a subsequence (uZ)z is weakly convergent to such a control, otherwise, the system (1.1)) can be
approximatively steered from y¢ to yZ.

Proof. Without loss of generality, we can assume p({C}) > 0 for every ¢ € N* and the system ([1.1)) is
controllable in average for the measure xyzu for every Z € N*. As in the previous proofs, we set for
0
. z w7, (<7,
convenience, p({C}) = 0 = 6 and 07 = xzpu({C}) = { 2oc=10¢
0 otherwise.

Finally, changing yg in yg —eTAc yz, we can assume without loss of generality that yé = 0.

Let us notice that for every Z > 1, the control system (|1.1)) endowed with the measure xzpu can be
recast as a parameter dependent system whose parameters take place in a set of finite cardinal. Conse-

quently, |Corollary 4.1|ensure that the sequence of minimizers (uZ),.=g is convergent to uZ, € L2([0,T],U)
solution of the minimisation problem ([5.5]).

Let us prove the [If* item.
For every Z € N* U 0o, the minimisations problems ([5.6]) is:

Z
min GZ(yc) = > ||vc — vl |3 07
¢=1

y¢ € {(yC(T;u))Cv u € L2([O7T]aU)}7
Z

(YC — yg)OCZ =0.
¢=1
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Let us also define

To(y) = {o if ye € {(yc(Tw)c, w € L2(0, 71,0},

oo otherwise
. VA
0 if Y7 (ve — v)oZ

oo otherwise.

and  I{ (y¢) = {

So that the above minimisation problem is:

. VA Z
T +7 )
¥¢ eLg(lIiIr*l,X i) 7o) ol¥e) 1)

In the next points, we will prove that (QZ + 7o+ I1Z)Z I'-convergence to G + Zp + Z7°.

e Lower bound:

=0,

Let ((yCZ)C)Z € L*(N*, X; 1)N" be a convergent sequence in L*(N*, X; ) to (v&%)¢. The aim is to

prove:
GA(yE) + To(yE) + T (v¢°) < liminf 67 (&) + Lo(vE) + I¥ (v) -

(5.7)

First of all, if liZm inf gZ(yg) + IO(yCZ) + Ilz(yCZ) = 00, the result is obvious. Consequently, we can
—00

assume Io(yCZ) + Ilz(yg) = 0 for every Z € N*.

Since IO(yCZ) = 0 for every Z € N* and since {(y¢(T;u))c, v e L2([0,T),U)} is a closed set, then

Ty(y°) = 0.
Let us now prove that Z7°(y¢®) = 0. To this end, we notice that:
00 oo 1 Z
20T 0| = D 0T O+ o D 6 v > 7 o
= X (=1 2= ¢ ¢=1 (=Z+1
oo
= |1 208 = yoE + Z el
¢=1 (=Z+1 X
o0 o
<o -vOeE|| +| Yo 6E-vher
¢=1 X (=Z+1 X

[oe)
Thus, taking the limit Z — oo, we obtain Z(y — yg)ﬁ =0, i.e. Ioo(yc ) =0.
=1
To conclude, it is obvious that lim GZ (yCZ ) =G> (y<<><>)
Z—00

e Upper bound:

X

Let (y¢°)¢ € L?*(N*, X; ), the aim is to prove that there exists ((yCZ)c)Z € L2(N*, X; u)N"

sequence converging to (y¢°)¢ such that:

G2 (yE) + To(yX) + I (y) > lim sup G2 e+ To(yE) + TE (yP) .
—00
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It IO(YEO) = 00, the result is clear with yCZ = yé’o,

(o ¢]
It Ifo(ygo) = 00, i.e. there exists € > 0 such that Z - yC > €. Consider the sequence
=1 X
&c (<72, .
yCZ given by yCZ — v ! ¢ . Then ((YCZ)c)Z converges to (yZ°)¢ in L*(N*, X;p) as Z — oo
0 otherwise.
and
Z 1 00
Z ~y0)o¢ AN D6 —yE v —y)eE
—1 . =1 || ¥
1 o0 o0
¢=17¢ (= X (= X
ey Gt LS
Z Z
2oie 0
Z €
But, since ((yCZ)C)Z converges to (yC )¢, we have for Z large enough, Z - yC 9< > 2 that
=1 X

is to say IIZ(yCZ) = 00.

Now assume that Zo(yz°) = Zi°(y¢°) = 0. First of all, it is easy to show that if the sequence ((yCZ)C)Z
converges to (ygo)g then Zlim G? (yCZ ) = G7(y¢°). Consequently, in order to prove (5.7), we only

—00

need to prove the existence of a sequence ((YCZ)C)Z € L?(N*, X; )N convergent to (v¢°)¢ such that
Io(yCZ ) =1TI¢ (yg ) = 0 for every large enough Z.

Since y&° € {(y¢(T5u))¢, w € L*([0,T],U)}, there exists a sequence (uz)z € L%([0,T],U)N" such

oo

(e o]

. ol p00 . . . o f . oy
that Zlgréo ; ly¢(Ts uz)—y°ll6¢° = 0 and in addition, since Eyz® = Ey,, we have Zlgrolo ;(yC(T, uy)
yg )02° = 0. Moreover, the system (L.1) is controllable in average for the measure xzp, thus the
minimisation problem:

min %HUH%Q([O,T},U)
| B (5(Ts0) = B (v{ — ye(Tiuz)). .

admits a minimum which is obtained for v = vz. In addition, since Zlirn EZ (yg —ye(Tiu Z)) ¢ = 0,
— 00
we obtain Zlim lvzllz2(o,7],0y = 0. Consequently, we have build a sequence ((y¢(T;uz + vz))¢)z,
—00

satisfying Zo(ye (T uz +vz)) = IE (yo(T;uz +vz)) = 0 for every Z € N* and convergent to (v&)es
since,

& = ye(Tsuz +vz)llreve xpm) < N¥E — ve(Tsuz) | p2 v x) + 19c (T v2) |2 (v x30)

is going to 0 as Z — oo.
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All in all, from I'-convergence tools and the fact that G + Zy + Z7° admits one and only one minimizer,

- yZ”LZ(N*,X;u) =0.

. . Z %
bt 1 ’
we obtain Zl—{%oHyC
Let us now prove the d item.
Firstly, we have for every Z € N*, yC(T;uOZO) = yCZ’* and hence, from the above point, the sequence
((ye(T;uZ))¢) , is strongly convergent to (v)¢ in L3(N*, X ).
In addition, if the sequence (uZ)z is bounded, then up to a subsequence, this sequence is weakly con-

vergent to a control 4 and hence the sequence ((y¢(T;uZ))c) , 1s weakly convergent to (y¢(T5u))¢

in L?(N*, X; ). But from the above point, the sequence ((yCZ’*)C)Z = ((ye(T3uZ))¢) , is convergent to
(v&)¢ Thus, yo(T5ug) = y¢- O

6 Concluding remarks

In this paper, we have presented a theoretical link between the averaged controllability and the exact
simultaneous controllability. But there still exist many practical questions to be addressed. We list here
some of them:

e The problem of convergence rates both for variances and controls as k — oo is open. Such results
would be helpful in order to validate numerical simulations, since from a computational viewpoint,
it is hard to determine what the decay or convergence rate is or even if the limit vanishes or not.

e When the probability space 2 is of infinite cardinal, we have introduced a truncation parameter Z.
In that case, we have to parameters (Z and k) going to infinity. Propositions and show that
the limits in k and Z commute. But, in practice, it would be interesting to be in condition to bound
the analysis and simulations to deal with a single parameter. To this end, we should establish some
explicit relation between both of them, for instance, find a function Z — k(Z) such that when
letting Z — o0, the correct asymptotic behavior in ensured. This problem is related to the one of
convergence rates mentioned in the previous item.

e Similar results as those in [ection 5l could be obtained with a continuous measure and under
Lipschitz-regularity assumptions on ¢ +— (A¢, B¢). In this situation, instead of truncating the
system, one could use the approximation of Lipschitz functions by piecewise constant functions.

e Finally, the penalization procedure proposed here could be extended in the PDE context.
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