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Abstract—This paper presents a new structure of an induction 

heater for aluminium parallelepiped workpiece. The studied 
device uses a magnetic field created by a permanent magnets 
(PM) inductor (Halbach inductor) in which the conducting 
workpiece is subjected to a linear oscillatory motion with 
alternating velocity. An analytical electromagnetic model is 
developed to find the induced heating power in the workpiece. To 
consider the transverse edge effect, an analytical corrected model 
is also presented. The most important results obtained by these 
models are verified experimentally on a prototype. 
 

Index Terms—, analytical model, oscillatory linear motion, 
permanent magnet, transverse edge effect. 

I. INTRODUCTION 
nduction heating of non magnetic conducting materials like 
aluminium or copper before their extrusion or forming is 
widely used by many industrial processes. The principle and 

possibilities of realization of this heating process use since 
years two technological solutions [1].  
Firstly, the conducting object is exposed to a variable 
magnetic induction produced by AC winding, generally called 
conventional induction heaters. The drawback of this 
technique is its poor efficiency which is about 50 % [2], [3]. 
Thus, only half of the total input ac power is transformed into 
useful heat in the workpiece, the remaining 50% is lost in the 
ac copper winding. This requires water cooling to keep the 
winding at a reasonable working temperature (typically 
100°C).  
Secondly, the conducting object is rotated and subjected to a 
space varying high DC magnetic field created by high 
temperature superconducting (HTS) coils. Efficiency in excess 
of 90 % can theoretically be obtained [2], [3]. This very 
promising technology is costly (because of the high cost of the 
HTS wires) and requires typical cooling systems (called 
cryocoolers) to keep the HTS winding at its normal operating 
temperature (typically between 20 and 30 Kelvin). 
More recently, a new induction heating concept using a 
permanent magnets system has been proposed [4]-[7]. Their 
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increasingly high performances make them a promising 
solution to develop a heater device of conducting materials. In 
this topology, a permanent magnets inductor produces a static 
magnetic field and the material to be heated is subjected to 
rotation. This technology is currently at the research step. 
Mach, Karban and al. [6], [7] realized a laboratory prototype 
where the heated object is in rotation in a static magnetic field 
generated by a permanent magnets inductor. The efficiency of 
this heater is about 85 % [7]. The major constraint of this 
technology is the permanent magnets remanence degradation 
with the temperature. It requires a high-performance thermal 
insulation to keep the magnets within their maximum 
operating temperature. 
When the heating system is intended for conducting materials 
extrusion (“in-heart heating” application), a uniform 
distribution of induced currents with a large skin depth is 
required to obtain an homogeneous temperatures, which is 
suitable for press-forming operation in industrial heating 
process. Then, the use of low velocities is necessary to achieve 
large skin depth. 
In this paper, we analyse an original induction heater for 
aluminium parallelepiped workpiece using permanent magnets 
inductor. In this topology, the parallelepiped workpiece is 
subjected to a low oscillatory linear motion inside a static 
magnetic field produced by a Halbach inductor. In order to 
size eddy current devices, analytical models, when available, 
are the preferred tools of analysis [8]-[12]. We propose here a 
new analytical electromagnetic model to find the induced 
power in the workpiece. A corrected model which takes into 
account the transverse edge effect is also introduced to 
improve the accuracy of the results. The analytical findings 
are validated through finite element computations. An 
experimental prototype has been built to demonstrate the 
effectiveness of the proposed heating solution. Many 
measurements have been carried out showing the validity of 
the proposed analytical model. 

II. INDUCTION HEATER PROTOTYPE 
An induction heater prototype with linear motion has been 
designed and built. The static magnetic field is created by a 
quasi-Halbach permanent magnets arrangement. The 
aluminium workpiece moves at a linear oscillatory velocity. A 
controlled velocity drive with rotary motor is converted to a 
linear motion using a crank rod system. 
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Fig.1. Experimental device sketch 

A. Experimental device description 
The heating demonstrator comprises two permanent magnets  
quasi-Halbach arrays glued on iron yokes to form two 
inductors. The workpiece to be heated has a 200 mm length, a 
50 mm width and 15 mm thickness.  It is placed between these 
two inductors. This workpiece is subjected to an alternating 
linear motion. The motion creates induced currents which 
dissipate a heating power by Joule effect. A schematic view of 
the experimental device is shown in Fig. 1. 

B. Permanent magnets inductor 
Eleven NdFeB magnets blocks are glued on iron yokes using 
an epoxy resin. Each block has a 50 mm length, 20 mm width 
and 10 mm thickness (50 mm×20 mm×10 mm). A gap of 2 
mm separates the magnets so the total length of the magnets 
array is 240 mm. 
Obviously, a lower gap increases the flux density created by 
the inductor. However, it was technically more convenient to 
take a 2mm gap to simplify the bonding of the PMs on the iron 
yokes. The iron yoke is made from an E24 grade steel and has 
400 mm length, 60 mm width and 20 mm thickness. Figure 2 
illustrates the permanent magnets inductor. The remanent flux 
density of the permanent magnets is of 1.21 T with a 
maximum operating temperature of 180 °C (N35UH grade).  

C. Drive system 
The oscillatory linear motion of the workpiece is obtained by 
transformation of rotary motion generated by an induction 
motor as shown in Fig. 3. This transformation is obtained via a 
mechanical assembly connecting a crank-rod system to the 
drive motor shaft. 
The mathematical model associated to the crank-rod system 
allows analytical expressions of the workpiece displacement 
and its velocity. Let us consider the following notations, Fig.3  

‐ OB is the crank radius, Rm=25 mm. Its rotational 
velocity is Ω such that γ=Ωt is the rotation angle; 

‐ AB is the rod length, Lb=110 mm. 
The relation which gives the x coordinate vs. time t is then 

2⎛ ⎞
⎜ ⎟⎜ ⎟
⎝ ⎠

m
1 Rm1-cos(Ωt)+ sin (Ωt)
2 Lb

x(t) = R                                    (1) 

The workpiece linear velocity is given by 

 

 
Fig.2. Halbach permanent magnets inductor 

⎛ ⎞
⎜ ⎟⎜ ⎟
⎝ ⎠

m
1 Rmsin(Ωt)+ sin(2Ωt)
2 Lb

v(t) = R Ω                                    (2) 

The time period of the oscillatory linear velocity is defined as 
T=2π/Ω. 
 
The drive motor is a 3-phase, 8- poles induction motor rated at 
1.1 kW, 700 rpm. This motor is supplied using a 3-phase 
converter with a constant flux control. 
To provide the linear guidance of the workpiece, linear ball 
bearings from SKF (LBCR16A) have been used. The 
characteristics of this linear ball bearing are defined as: 

• Inner diameter 16 mm 
• Outer diameter 26 mm 
• Total length 36 mm 
• Ball number circuits 06 
• Masse 0.021 kg 
• Load capacity in dynamic state 1500 N  
• Load capacity in static state 1290 N 

D. Instrumentations and measurement protocols 
In this section, we present the various measurements carried 
out on the realised induction heater prototype. The workpiece 
displacement is measured by an optical position sensor OD2-
N85W20A0 from SICK Sensor Intelligence with the following 
characteristics 

• High resolution 10µm; 
• Measurement frequency 2kHz; 
• Response time 1ms 
• Linearity ±40µm 
• Measuring range (65mm-105mm) 

The air gap flux density is measured by a gaussmeter GM08 
based on Hall Effect from HIRST Magnetic Instruments with 
the following characteristics 

 

 
Fig.3. Crank-rod system 
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• Frequency 15Hz-10kHz 
• Operating temperature 0°C-50°C 
• Resolution 1mT 
• Wide measuring range (0T-3T) 
• Used for AC/DC magnetic field 

 
Heating power determination: 
Using the following experimental protocol, the heating power 
is measured indirectly: 
The n-th experiment deals with the mechanical speed Ωn. For 
all experiments the ratio Vn/fn is held constant (constant air 
gap flux control).  
The experimental process is divided in two main parts: 
 
Part a: Only the workpiece is linked to the electromechanical 
system while the two magnets inductors are removed. The 
electrical values (P0n, V0n, f0n, I0n) are measured for different 
speed values Ωn.  
 
Part b: The two magnets inductors are now placed above and 
below the workpiece to be heated. The electrical values (P1n, 
V1n, f1n, I1n) are measured for different speed values Ωn.  
For the same mechanical speed the mechanical losses are the 
same (pm0n = pm1n= pmn). 
 
During the whole experimental study, the input power of the 
induction motor remains far from the nominal operating power 
(around 130 W compared to 1 100W). So the slip is very small 
compared to the unity in any case and the ratio Rr/sn is so high 
to be considered as infinite (open circuit). In another hand, to 
obtain the same speed Ωn in charge only a slight increase of 
the frequency fn is necessary and consequently the iron losses, 
which depend on the flux and frequency, could be considered, 
with a good approximation, as constant (pfs0n ~ pfs1n= pfsn). 
Because the armature flux remains constant and f0n~ f1n, for a 
given mechanical speed Ωn, the rotor current remains 
approximately negligible as well as the rotor losses pjr0n ~ 
pjr1n~ 0.  
The balance of power, with P the heating power, is: 
Case a: (1-sn)[ P0n- pfsn - pjs0n]~ [ P0n- pfsn - pjs0n]= pjrn + pm0n 
Case b: (1-sn)[ P1n- pfsn - pjs1n]~ [ P1n- pfsn - pjs1n]= pjrn + pm0n+P 
By difference we obtain: P=[ (P1n- pjs1n)-( P0n- pjs0n )] 
Another remark is that, when the power input is far from the 
nominal one, the armature current varies slightly meanwhile 
the power factor varies significantly, so: P~  P1n-P0n 
 
We note that the variation of workpiece electrical conductivity 
with temperature can be determined. Indeed, type-K 
thermocouples are placed on the workpiece surface, so the 
electrical conductivity is evaluated by 

( )( )( ) ( )
( )

1+α θ-θref
1

σ θ = with ρ θ = ρ0ρ θ

                        

(3) 

ρ0 is the aluminium resistivity at a reference temperature 
θref=20°C, α the aluminium thermal coefficient, and θ the 
operating temperature. The workpiece electrical conductivity 
values evaluated in this test will be used in the 
electromagnetic model developed in sections III and IV (more  

 

 
Fig.4. Thermal measurement and thermocouples location 

specifically for the heating power evaluation (C.9) which 
strongly depends on the temperature). 
For the thermal measurement, while exploiting the geometry 
symmetries of the system, 12 thermocouples (type K Nickel-
chromium from LABFACILITY Temperature & Process 
Technology) are placed on a quarter surface of the workpiece. 
The thermocouple characteristics are: 

• Temperature range measurement -50°C to +250°C; 
• Patch dimensions 25mm×20mm; 

The thermocouple location in the device is shown in Fig. 4. 
We note that the temperature of the permanent magnets is also 
measured by a thermocouple placed at its surface (to verify 
that the PM operating temperature is lower than its maximum 
limit). A data acquisition system "Midi Logger GL220" from 
GRAPHTEC Technology enables temperature readings at 
regular time intervals. The general view of the realized 
induction heater is shown in Fig. 5. 

III. ELECTROMAGNETIC MODEL 

A. Description  
Figure 6 shows a 2D cross section of the studied induction 
heater geometry. It consists of two inductors each one made of 
quasi-Halbach permanent magnets array. The aluminium 
workpiece is placed between the two inductors and oscillates 
linearly. The workpiece linear displacement in the static 
magnetic field generates induced currents that produce heating 
power in it. Low linear velocity is used to reach a large skin 
depth as to obtain a homogeneous distribution of the heating 
power and temperature. This is a mandatory requirement 
before the press-forming step of the aluminum workpiece. The 
physical and geometrical parameters of the studied device are 
given in Table I. 
The following assumptions are adopted to establish the 
electromagnetic analytical model for the studied induction 
heater 

‐ 2D plane approximation, so the device has an infinite 
length along z; 

‐ Low linear velocity is considered; 
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‐ the  reaction field due to the eddy currents ( t∂ ∂A  
term) in the workpiece is neglected; 

‐ The longitudinal (along x)  edge effects are 
neglected; 

‐ The electrical conductivity of permanent magnets is 
considered null; 

‐ The permeability of the iron yokes is large enough to 
be considered as infinite. 

B. Field source model 
We consider that the magnetization has an infinite length and 
is periodic along the x-direction (longitudinal direction). In the 
Cartesian coordinate system, the magnetization M  is written 
as 

x y=M (x) +M (x)x yM u u                                                  (4) 

where Mx and My denote the components of M  in the x and y 
directions respectively. Figure 7 shows the distribution of Mx 
and My, which may be expanded into a Fourier series. Using 
the complex notation, the magnetization components can be 
written as (see Appendix A) 

x xn
n=1,3,5,...

jnkxM (x) = M e
∞

ℜ ∑⎡ ⎤
⎢ ⎥⎣ ⎦

                                    (5) 

y yn
n=1,3,5,...

jnkxM (x) = -jM e
∞

ℜ ∑⎡ ⎤
⎢ ⎥⎣ ⎦

                                   (6)

 where ℜ denotes the real part of a complex number. 
As it can be seen from Fig. 7, the spatial period along x of the 
magnetization distribution is τ=2(a+b)+4eg=88 mm. 

C. Diffusion equation 
The geometric symmetry of the device relative to the axis x 
allows to analyse a general multiregion problem shown in 
Fig.8. The whole space is divided into three regions 

‐ Region 1 corresponds to the conducting workpiece; 
‐ Region 2 corresponds to the air gap; 
‐ Region 3 corresponds to the permanent magnets. 

TABLE I 
PHYSICAL AND GEOMETRICAL PARAMETERS OF THE STUDIED 

INDUCTION HEATER 
Symbol Quantity Value 
2y1 Conducting workpiece thickness  15 mm 
Lp Conducting workpiece length    200mm 
Zp Conducting workpiece width  50 mm 
d Air-gap  3 mm 
e Permanent magnets thickness 10 mm 
a Along x magnetized PM width 20 mm 
b Along y magnetized PM width  20 mm 
Za Permanent magnets axial length  50 mm 
eg Distance between two magnets 2 mm 
yc Iron yoke thickness  20 mm 
Lc Iron yoke length  400 mm 
Zc Iron yoke width  60 mm 
v(t) Oscillatory linear velocity variable 
vmax Velocity peak value  variable 
Br Remanent flux density of magnet 1.21 T 
μra Relative magnetic permeability of magnet 1.05 
σ Aluminium workpiece conductivity at 20°C 33×106 Sm-1

α Aluminium thermal coefficient   3.9×10-3 K-1 

 

 

 
Fig.5. Induction heater prototype, drive system, measurements and data 
acquisition 

By considering the linear oscillatory motion (linear alternating 
velocity) of the workpiece, the electromagnetic behaviour of 
the system is described as follow.  

0=∇ . B                                                                   (7) 

× = J∇ Η                                                                  (8) 

The above equations lead to solve the problem, with magnetic 
vector potential A formulation such as 

= ×B ∇ Α                                                                   (9) 

Furthermore, we neglect the reaction field due to t∂ ∂A  term 
so only velocity eddy currents remain in the wokpiece. This 
assumption is realistic because of the low value of the 
workpiece velocity. Moreover, the validity of this 
approximation will be a posteriori checked through the finite 
element computations.  The constitutive laws in the workpiece 
are defined as follows 

σ= ×J v(t) B                                                               (10)
 0μ=B H                                                                  (11) 

In the magnets we can write 

μ= +a rB H B                                                               (12) 

where μ μ μ0=a ra is the permanent magnet permeability. 

 
Fig.6.Induction heater geometry with permanent magnets inductor and linear 
oscillatory motion 
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Fig.7. Magnetization distribution along the longitudinal coordinate x 

We neglect the longitudinal and transversal edge effects; 
hence a 2D model is used. The magnetic vector potential in 
each region presents only one component in the z-direction 
and depends only on the x and y coordinates.  
From (7) to (12), the partial differential equations (PDE) to 
solve in the different regions are derived. 

• In region 1 (workpiece): 
The magnetic vector potential is noted A1. The workpiece is 
oscillating in the x direction at a speed noted v(t). The PDE to 
solve in the conducting workpiece is then 

( )
2 2

1 1 1
02 2

A A A
+ = σμ v t

x y x

∂ ∂ ∂

∂ ∂ ∂
                                           (13) 

• In region 2 (air gap) 
The magnetic vector potential is noted A2. The PDE to solve is 

2 2
2 2

2 2 0A A
+ =

x y

∂ ∂

∂ ∂
                                                        (14)

 
• 

 
In region 3 (permanent magnets inductor) 

The magnetic vector potential is noted A3. The PDE to solve is
 

2 2
3 3

02 2
yMA A

+ = -μ
x y x

∂∂ ∂

∂ ∂ ∂
                                            (15) 

D. Magnetic vector potential expressions 
Due to the periodicity of the field source, the solution of the 
magnetic vector potential in region i(i=1, 2, 3) can be written 
as 

( )
1,3,5,...

, ( ) cos( ( ))i i ni
n

A x y A y nkx yϕ
∞

=

= +∑                           (16) 

 
Fig.8. Multiregion analysis problem  
 

by using the complex notation, (16) is rewritten as 

( ) ( )
1,3,5,...

, ii
n

jnkxA x y A y e
∞

=

⎧ ⎫⎪ ⎪= ℜ ⎨ ⎬
⎪ ⎪⎩ ⎭

∑                                   (17) 

The general solution in each region is given in Appendix B. 

E. Eddy-Current Expression 
The induced current density in the aluminium workpiece 
(region 1), derived from (10), is rewritten as 

1
1 1

A (x, y)
(x, y,t) =σ (t)× × = -σv(t)

x

∂

∂
J v A∇                       (18) 

which gives using the complex notation 

11 n=1,3,5,...

jnkxJ (x, y,t) = -jnkσv(t)A (y)e
∞

ℜ ∑⎡ ⎤
⎢ ⎥⎣ ⎦

                      (19) 

 
F. Heating Power Expression 

The induced power density in the aluminium workpiece is 
expressed as 

2
1

J (x, y,t)
p(x, y,t) =

σ
                                                    (20) 

Therefore, the induced power in the aluminium workpiece is 

1

1

2
2 2 1

2 2

p p

p p

L Z
y

L Zy

J (x, y,t)
P(t) = dxdydz

σ− −−
∫ ∫ ∫                                    (21) 

After integration, we obtain the analytical expression of the 
induced heating power in the conducting workpiece. 

2 2 2
11,3,5,...

( ) 4 ( ) ( )p nn
P t Z v t nk a M Fσ

∞

=
= ∑                        (22) 

1 1

1 1

1 1

1 1

1

1

1

1

1
with : sinh(( ) )

1
sinh(( ) )

sin( ) cos(2 ( ))1
and

2

∗= + +∗+

∗−∗−

=
= +

⎡ ⎤⎣ ⎦

⎡ ⎤⎣ ⎦

⎡ ⎤
⎢ ⎥
⎣ ⎦

p
p

M yn n
n n

yn n
n n

nkL y ynF L
nk

λ λ
λ λ

λ λ
λ λ

ϕ

 

where 
1 1( )y ynϕ = is the argument of 1 1( )A y y= and 

1

2 2
0λ = n k + jnkσμ v(t)n . The average induced heating 

power is obtained by 

2

2
( )= ∫Avg

T
P P t dt

T
                                                        (23) 

with T=2π/Ω is the time period of the oscillatory linear 
velocity.
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IV. TRANSVERSE EDGE EFFECT 
As in rotating or linear motors, the consideration of the edge 
effects is important for predicting the performances. The 
studied heating device has a finite length along x and a finite 
width along z which create edge effects. The constructed 
heater has strong magnetic edge effects that need to be taken 
into account in the developed model. In this section, we only 
treat the transverse edge effect (finite width along z-direction) 
[13]-[17]. 
In the electromagnetic model previously developed, the eddy 
currents density had only one component according to z-
direction, Fig. 9(a). However, eddy currents distribution in the 
workpiece also exhibits a longitudinal component along the x-
direction, Fig. 9(b). Consequently the induced power heating 
is not correctly evaluated by our model. 
In order to improve the model accuracy, we present here an 
approach based on the correction of the workpiece resistivity 
to account for edge effect. A similar approach can be found in 
[13]. So we give here the main assumptions and the useful 
expression to determine this correction coefficient. More 
details are included in appendix C. 
The starting point is to consider that the magnetic field has 
only one component along the y-direction. Under this 
condition, the analyzed problem is two-dimensional and 
treated in the (x, z) plane (Fig. 10). The following assumptions 
are adopted 

‐ The conducting workpiece has an infinite length 
along x; 

- The magnetic flux density, created by permanent 
magnets inductor, is supposed invariant along the y-
direction. Moreover, this magnetic flux density will 
be periodically distributed along the x-direction and 
independent of z. Therefore, the attenuation near the 
edges is not considered;  

- The reaction field due to the velocity eddy currents in 
the workpiece is neglected. 

Therefore, the electric and magnetic quantities are 

( ) ( ), , , ,= +x zJ x z t J x z tx zJ u u                                 (24) 

( ), ,= yH x z t yH u                                                      (25) 

The magnetic flux density, created by permanent magnets 
inductor is expressed by 

( )
1,3,5,...

ˆ cos
∞

=
= ∑ nn

B nkx yB u                                            (26) 

 
                             (a)                                                  (b) 
Fig.9. Eddy current distribution (a)-infinite width workpiece (b)-finite width 
workpiece 

 
Fig.10. Geometrical model for analysing the transverse edge effect 

with 
2

=k
π

τ
and ˆ

n
B is the peak value of the flux density. It is 

evaluated using the previously developed model in the plan 
y=0.  
The PDE to solve for Hy as state variable is then 

2 2

2 2 1,3,5,..
ˆ( ) sin( )

∞

=

∂ ∂
+ = ∑

∂ ∂
y y

n
n

H H
nkv t B nkx

x z
σ                   (27) 

The magnetic field due to the PMs being periodic along x, one 
can use the complex notation such that Hy is written as 

1,3,5,...
( , , ) ( , )

∞

=
= ℜ ∑⎡ ⎤

⎢ ⎥⎣ ⎦y y
n

jnkxH x z t H z t e                        (28) 

Solving analytically (27) by separation of variables leads to 
the following form solution 
 

1 21,3,5..

( )
( , , ) ( )

ˆ∞ −

=
∑= ℜ + −

⎡ ⎤
⎢ ⎥⎣ ⎦

nkz nkz jnkxn
y n nn

v t
H x z t c e c e j e

nk

Bσ
 

                                                                                              (29) 

From Hy, we deduce the following expressions for the eddy 
current components 

( ) ( )
1,3,5,..

sinh

cosh( )
2

ˆ( , , ) ( ) sin
∞

=

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎝ ⎠

= ∑x n
n

nkz
nkZ p

J x z t v t B nkxσ          (30) 

( ) ( )
1,3,5...

cosh
1

cosh
2

ˆ( , , ) ( ) cos
∞

=

⎛ ⎞
⎜ ⎟
⎜ ⎟

−⎜ ⎟⎛ ⎞⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠

= ∑z n
n

nkz
nkZ p

J x z t v t B nkxσ      (31) 

When we consider an infinite workpiece width only the Jz 
component exists. The induced power heating created by Jz is 

1,3,5...
( ) ( )0 0

∞

=
= ∑

n
t nP P                                                     (32) 

where P0(n) is the power heating induced by the nth harmonic. 
It is given by 

∑ nm y
n

B = B cos(nkx)u

v = v(t) ux

Zp

2y1

Workpiece

Magnetic field
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2 2
1( )0

sin( )1ˆ2 ( )
2 2

= +
⎡ ⎤
⎢ ⎥
⎣ ⎦

p
p n pn

nkL
P y Z v t B L

nk
σ                   (33) 

On the other hand when the workpiece has a finite width (with 
transverse edge effect), the induced power heating P0 becomes 
P which is expressed as (see appendix C) 

0
1,3,5,...

( ) ( )( )
∞

=
= ∑ corr

n
n nP t k P                                         (34) 

where 

( ) 1 tanh= −
⎛ ⎞
⎜ ⎟
⎝ ⎠

p
corr

p

n
n Z

k
n Z

πτ

π τ
                                   (35) 

can be seen as a correction factor of the electric conductivity 
for the nth harmonic. Hence, replacing σ  by kcorr(n)σ  in the 
2D model of section III allows the consideration of the 
transverse edge effect in evaluating the induced power 
heating. Note that the workpiece electrical conductivity σ  
depends on the measured temperature as shown by the 
expression (3).   

V. RESULTS AND EXPERIMENTAL VALIDATION 
We present in this section the experimental results obtained by 
the various measurements carried out on the device. The 
experimental results are compared to the analytical ones as 
well as to the results obtained thanks to 3D finite-element 
model implemented in COMSOL-Multiphysics software. To 
perform the 3D finite element computations with COMSOL 
software, a 3D mesh of 841263 tetrahedral elements leading to 
solve a global algebraic system having 5360005 degrees of 
freedom is used.  Obviously, the 3D models take into account 
all the edge effects which are not fully considered in the 
analytical model. The computation time in 3D FEM using 
work station (48Go (RAM), 2 processors with 16 core), is 
196s, whereas the computing time of the proposed analytical 
model is about 1s on desktop PC (3Go (RAM), Intel core 
duo).  

A. Mechanical position and speed  
Before comparing the electromagnetic performances, the first 
results concern the mechanical position of the workpiece 
generated by the crank rod system. 
Figure 11 gives the displacement measured by the optical 
sensor for a peak value vmax=0.63 m/s of the linear velocity. A 
satisfactory agreement is observed between the measured 
position and the calculated one obtained by the analytical 
expression (1). The corresponding linear velocity is illustrated 
on Fig. 12. We can observe that the linear velocity presents a 
sinusoidal waveform. 

B. Electromagnetic performances  
Figures 13 and 14 show the distribution of the flux density 
component By along the longitudinal coordinate x in the 
middle of the air-gap (y=y1+d/2) for z=0 and z=Zp/5 =10 mm 
respectively. It can be seen that the theoretical predictions 
using the analytical and the 3D FEM models are in very good 
agreement compared to the experiments. The peak value of the 
flux density is about 0.6 T. At the middle of the air-gap, Fig. 

15 shows the spatial distribution of the flux density component 
By along z-direction with x=(a+b)/2+eg (under a north pole). 
One can note that By remains constant (approximately 0.6 T) 
over 4 cm and decreases quickly on the remaining length of 
the magnet. We can notice that the measurements are in very 
good agreement compared to the 3D FEM. 
In order to check the accuracy of the corrected analytical 
model, we have plotted in Figs 16 and 17 respectively the 
current density distributions Jx and Jz. The plots are 
represented in an (x, z) plan at the middle of the workpiece 
(y=0) and the analytical results are compared to the ones 
issued from the 3D FEM model. It can be seen that the 
corrected analytical model which takes into account the finite 
width of the workpiece gives almost the same results as the 3D 
FE predictions. The results are slightly different on the 
longitudinal sides of the workpiece as the longitudinal edge 
effects are ignored in our analytical model. Nevertheless, these 
differences have a minor impact on evaluating the heating 
power. 
 

 
Fig.11. Linear displacement evolution versus time 

 
Fig.12. Linear velocity evolution versus time 
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Fig.13. Flux density component By versus longitudinal coordinate x at the 
middle of the air-gap with y=y1+d/2 and z=0 

 
Fig.14. Flux density component By versus longitudinal coordinate x at the 
middle of the air-gap with y=y1+d/2 and z=Zp/5 

 
Fig.15. Flux density component By versus z coordinate at the middle of the air-
gap with y=y1+d/2 and x= (a+b)/2+eg (North Pole) 

 
(a) 

 
(b) 

Fig.16. Induced current density distribution Jx in xz plane at the middle of the 
workpiece (y=0) and vmax=1m/s: (a) 3D FEM, (b) Corrected analytical model 
 
The average induced heating power in the conducting 
aluminum workpiece obtained for various peak values of the 
linear velocity vmax is given in Fig. 18. These results have been 
obtained using the analytical expression (22) and compared 
with those obtained by 3D FEM and measured values. Under 
these conditions, we can observe that the analytical model 
overestimate the heating power. The relative difference 
reaches 150 % at vmax=1.2 m/s. Consequently, the developed 
2D model under the assumption of infinite conducting 
workpiece axial length fails to correctly predict the heating 
power. 
As shown in Fig. 19, the corrected analytical model gives 
better results in evaluating the heating power using expression 
(32). We can observe that the relative difference doesn’t 
exceed 7 % at a speed of 1.2 m/s. Obviously, these results are 
coherent with the good predictions of the current density 
distributions presented in Figs.16 and 17. 

C. Time – Temperature curves 
The induction heater demonstrator doesn’t fulfil any industrial 
constraints regarding the heating of aluminium billets. We 
only aimed to present the new heating concept together with 
its computationally efficient electromagnetic model which 
could be used in optimization procedures for rapid initial 
sizing. However, we have also performed temperature 
measurements in some locations of the device (workpiece and 
magnets). Thirteen K-type thermocouples (12 placed on the 
wotkpiece surface and 1 on the magnet surface) have been 
used to record the time-temperature data via a data acquisition 
card connected to a PC (see Fig. 5). 
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(a) 

 
(b) 

Fig.17. Induced current density distribution Jz in xz plane at the middle of the 
workpiece (y=0) and vmax=1m/s: (a) 3D FEM, (b) Corrected analytical model 

 
Figure 20 presents the measured time-temperature curves. It 
can be seen that the workpiece temperatures are almost the 
same and reach 230°C after 30 minutes. At the surface of the 
permanent magnets the measured temperature is 90°C which 
is far from the maximum operating temperature of the used 
magnets (180°C). 
At steady state (at time t=100 mn), Fig. 21 illustrates the 
temperature distribution on the workpiece surface. The 
measurements are carried out by all the thermocouples (T1 to 
T12) for a peak values vmax=1.18 m/s of the workpiece velocity. 
We can observe that the temperature measured in surface 
conducting workpiece is sufficiently homogeneous. 
 

 
Fig.18. Average induced heating power versus peak value of linear velocity 
(without correction)  

 
Fig.19. Average induced heating power versus peak value of linear velocity 
(with correction) 

 
Fig.20. Temperature-time curves vmax=1.18 m/s measured at different 
locations on the workpiece and magnet surfaces. 
 
The work on the thermal aspects (thermal modelling, coupled 
magneto-thermal models, insulation issues…) are ongoing. 
Obviously, the built prototype together with all the 
measurement facilities will, hopefully, help us to validate the 
coupled electromagnetic-thermal models.  

  
Fig.21. Temperature distribution on conducting workpiece surface measured 
by all thermocouples (T1 to T12) for vmax=1.18 m/s at time t=100min 
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VI. CONCLUSION 
In this paper, we have presented a new structure of induction 
heater for aluminium parallelepiped workpiece. A space-
varying static magnetic field created by permanent magnets 
induces currents in the conducting workpiece subjected to an 
oscillatory linear motion. 
An analytical model for the computation of the magnetic field 
distribution has been developed so heating power can be 
quickly evaluated. It has been shown that a correction of this 
model is necessary to take into account the transverse edge 
effects. For this purpose, we have introduced a correction 
factor of the electric conductivity, derived from another 
analytical model, to improve the accuracy of the developed 
analytical model.  
A prototype of studied induction heater structure has been 
built and tested. Several mechanical, electromagnetic and 
thermal measurements have been carried out. The analytical 
predictions are in good agreement when compared to the 
experiments and to the 3D FE computations. 
Hence, the presented electromagnetic model, coupled to some 
thermal models under development would constitute a robust 
tool for a rapid and accurate design of the studied heating 
system. 

VII. APPENDIX 

A. Field source model 
The development in Fourier series of the magnetization 
components can be written as 

( ) ( )
∞
∑x xn

n=1,3,5,...
M x = M cos nkx                                    (A.1) 

( ) ( )
∞
∑y yn

n=1,3,5,...
M x = M sin nkx                                   (A.2) 

where: 

Mxn and Myn, are the peak value of the nth harmonic of the 
magnetization components, given by 

0

0

⎛ ⎞
⎜ ⎟
⎝ ⎠

⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

r
xn

r
yn

4B nπa
M = sin

μ nπ τ

4B nπb nπ
M =- sin sin

μ nπ τ 2

 

(τ=2(a+b)+4eg) is the spatial period, and 
2π

k =
τ

is the spatial pulsation. 

B. Magnetic vector potential expressions 
In conducting workpiece (Region 1), the general solution of 

(13), with 1 0∂
=

∂
A
y

at y=0, has the following form 

( )1 1
1 1

∞ −
+∑ n ny y

n
n=1,3,5,...

A (y) = a e e
λ λ

                               (B.1) 

with:  
1

2 2
0λ = n k + jnkσμ v(t)n  

For region 2 where the electrical conductivity σ = 0, the 
general solution is 

2 2
2 2 2

∞ −
∑ n ny y

n n
n=1,3,5,...

A (y) = (a + b )e eλ λ
                          (B.2) 

with: 
2nλ = nk   

 
For region 3 where the electrical conductivity of permanent 
magnets is considered null, the general solution is 
 

3 3

3

0
3 3 3

∞ −
∑ +n ny y yn

n n
n=1,3,5,... n

μ M
A (y) = (a + b )

λ
e eλ λ

            (B.3) 

with: 
3nλ = nk  

 
The complex coefficients a1n, a2n, b2n, a3n and b3n in (B.1), 
(B.2) and (B.3) are determined using the interface conditions 
between the different regions 
 

1 2

1 1 2

⎧
⎪
⎨
⎪⎩

A = A
at y = y : dA dA

=
dy dy

                                            (B.4) 

2 3

2 32
0

⎧
⎪
⎨
⎪⎩

xn

A = A
at y = y : dAdA

= - μ M
dy dy

                               (B.5) 

3
3 0 xn

dA
at y = y : = μ M

dy
                                        (B.6) 

C. Transverse edge effect and corrected factor 
In the heated workpiece, the electromagnetic behaviour is 
described by the following equations 

( )
0

⎧ × =
⎪

× =⎨
⎪ = ×⎩ +σ

∇
∇

H J
E

J E v(t) B
                                           (C.1) 

Using the magnetic field H, as state variable, we deduce from 
(C.1): 

( )× × = × ×σ∇ ∇ ∇H v(t) B                                       (C.2)
 

The eddy current components which result from (29) are then 

( )1 2
1,3,5..

( , , )
∞ −

=
= ℜ − −∑

⎡ ⎤
⎢ ⎥⎣ ⎦

nkz nkz jnkx
x n n

n
J x z t nk c e c e e

     
(C.3) 

1 2
1,3,5.

( , , )

ˆ( )∞ −

=
−

=

ℜ +∑
⎡ ⎤⎛ ⎞
⎢ ⎥⎜ ⎟

⎝ ⎠⎣ ⎦

z

nkz nkz jnkxn
n n

n

J x z t

v t B
jnk c e c e j e

nk
σ

     

(C.4) 

The complex coefficients c1n and c2n are determined using the 
following conditions 
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1 2

1

2 2

0, 0

ˆ( )
, 0

2 −

= = → =

= = → =

+
⎛ ⎞
⎜ ⎟⎜ ⎟
⎝ ⎠

x n n

p n
z n nkZ nkZp p

at z J c c

Z v t B
at z J c j

nk e e

σ

      

(C.5) 

where, Zp is the workpiece width. When we consider an 
infinite workpiece width, only the Jz component exists. This 
could be obtained by setting → ∞pZ in (30) and (31) 

( )
1,3,5,...

ˆ0 ( ) cos
∞

=
= = ∑x z n

n
J and J v t B nkxσ                  (C.6) 

The power heating created by Jz is 
 

22

0 1

2

2
−

= ∫

p

p

L

z
p

L

J
P y Z dx

σ
 

0
1,3,5...0 ( )
∞

=
= ∑

n
P P n                                                     (C.7) 

 
where 0 ( )P n is the power heating induced by the nth harmonic 
of the current density 
 

2 2
1( )0

sin( )1ˆ2 ( )
2 2

= +
⎡ ⎤
⎢ ⎥
⎣ ⎦

p
p n pP n

nkL
y Z v t B L

nk
σ                 (C.8) 

 
On the other hand when the workpiece has a finite width (with 
transverse edge effect), the induced power heating P0 becomes 
P which is expressed as 
 

( )2 2 2 21

2 2

2
− −

+= ∫ ∫

p p

p p

L Z

x z
L Z

y
P J J dxdz

σ
                               (C.9) 

 
After integration, we obtain 
 

0
1,3,5,...

( ) 1 tanh
∞

=
= −∑

⎡ ⎤⎛ ⎞
⎢ ⎥⎜ ⎟
⎢ ⎥⎝ ⎠⎣ ⎦

p

n p

n
n Z

P P
n Z

πτ

π τ
               (C.10) 

 
Now, we note: 
 

( ) 1 tanh= −
⎛ ⎞
⎜ ⎟
⎝ ⎠

p
corr

p

n
n Z

k
n Z

πτ

π τ
                            (C.11) 

 
We can write 
 

0
1,3,5,...

( ) ( )
∞

=
= ∑

n
n ncorrP k P                                      (C.20) 

 

kcorr(n) can be seen as a correction factor of the electric 
conductivity for the nth harmonic. This factor takes into 
account of the transverse edge effect in evaluating the induced 
power heating. 
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