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Abstract
Given a geodesic space (F,d), we show that full ordinal knowledge on the metric d - i.e.
knowledge of the function
Dy : (w7x7y7z) — 1d(w,ac)§d(y,z)7
determines uniquely - up to a constant factor - the metric d. For a subspace E,, of n points of
FE, converging in Hausdorff distance to E, we construct a metric d, on FE,, based only on the

knowledge of Dy on E, and establish a sharp upper bound of the Gromov-Hausdorff distance
between (Ey,d,) and (E,d).

1 Introduction
Given a metric space (E,d) for which only the function

Dy : (’W,.’L’,y,Z) = 1d(w,x)§d(y,z)

is known (in other words, the metric itself is unknown but two distances can be compared). Is it
possible to recover the metric d?

The answer is clearly no when the problem is formulated this way, because multiplying the
metric by a constant does not change the known function Dgy. More importantly, given a sub-
additive positive function ! (such that i(x) = 0 < z = 0), then the composed function l o d is a
metric that also gives the same observed function:

Dg = Dioq.

However, one can observe that if (E,d) is a geodesic space, then (E,l o d) is geodesic only if [
is a linear function (i.e. if f :  — cx for some ¢ > 0). Thus, if the space (F,d) is known to be
geodesic, the latter argument fails.

This question had been studied in the context of a subsets of R* in [KvL.14]. In this work,
it is shown that under weaker knowledge on the metric (that is Dy is known only for quadruples
(w,x,y,z) of the form (z,y,z,z)), the metric (up to a constant factor) is determined by Dg, on
Euclidean spaces.

We first show the same result for geodesic spaces, that is Dy determines d up to a constant
factor.

The main result of this paper answers how to built a metric on a finite subspace F,, of F that
is known to converge in Hausdorff metric to E, when only D, is known on FE,. Sharp bounds of
this convergence are proven.

It thus solves a problem posed in ,



2 Uniqueness of the metric

In order to set the problem properly, recall the definition of a geodesic space.

Definition 1. Let (E,d) be a complete metric space. If for any x,y € E, there exists z € E such
that

d(z,z) =d(y,z) = %d(:v, Y),

then (E,d) is said to be a geodesic space. And z is called a middle point of (x,y).
A segment [x,y] is a subset of E such that there exists a continuous mapping v : [0,1] — E such
that ([0, 1]) = [z, y] and for all t € [0, 1],

d(z,(t)) = td(z,y) and d(v(t),y) = (1 — t)d(x,y).

Our first result can then be stated as following. Metric of geodesic spaces is determined by
ordinal information on the metric.

Theorem 2. Let (E1,d1) and (Ea,ds) be two complete geodesic spaces such that there exists a
one-to-one map [ such that
Dy, = Dgyorpxfs (1)

then, there exists ¢ > 0 such that cf is an isometry.
Proof. We first show that the result is true when F is restricted to any segment [w, z].
Let w,x € F1, then since FEj is geodesic, there exists a middle point m, so that
1
dy(w,m) = dy(m,x) = §d1(w,x).
Since
1= Dy, (w,m,m,x) = Dgyorxs(w,m,m,z) =1, and 1 = Dy, (x, m, m,w) = Da,orxs(x,m,m,w) =1

then,
do(f(w), f(m)) = da(f(m), f(z)).

Thus, in order to show that f(m) is a middle point of [f(w), f(z)], is suffices to show that for any
m’ such that f(m’) is a middle point of [f(w), f(z)],

da(f(w), f(m)) < do(f(w), f(m')).
Suppose that

da(f(w), f(m)) > da(f(w), f(m)),
then the equality

0 = Dg, (w,m,w,m") = Dayofx ¢(w,m,w,m") =0,
implies
dl(w, m') < dl(w,m).

Similarly, we can show that
di(m',z) < dy(m,z),



which contradicts that m is a middle point of [w, z].
We thus showed that middle points are mapped to middle points by f.
Applying this recursively on a segment [w, 2|, we show that for any ¢ € [0, 1] of the form

k
t=—
2n

with k,n € N, and u, € [w, z] such that dy (w,u;) = td1(w,x), the following holds
f(u) € [f(w), f(2)] and da(f (w), f(ur)) = tda(f (w), f(x))- (2)

Since such ¢ are dense in [0;1], the result holds true for any ¢ € [0;1] by continuity. Indeed,
since for a sequence w; — w there exists a sequence s; — 0 such that s; > t and s; is of the form
k with k,n € N, continuity of f holds using

di(w, wr) < dy(w,ug) = da(f(w), f(wr)) < da(f(w), fur)) = tda(f(w), f(x)).

Thus, we showed that the result holds for any segment (with eventually different constants c).
Take now w, x,y,z € 7 and set

dy (w, x)
d2(f (w), f(x))

We want to show that constants ¢ are the same for any other segment [y, 2], i.e, i.e..
di(y, z) = cda(f(y), f(2))-

Without loss of generality, we can suppose that di(y, z) < di(w,z). Thus, there exists u € [w, z]
such that dy(y, z) = di(w,u) = tdi(w, z) for some ¢ € [0;1]. This equality also provides

CcC =

di(y,z) = tdy(w, )
= teds(f(w), f(x)) by definition of ¢,
= cdy(f(w), f(u)) using @),
— o (f(y), f(2) using (@) and dy (y, =) = du (w, ).

Thus, f/cis an isometry. O

3 Construction of the metric

Now that we know that we can construct - up to a constant factor - a geodesic metric d given Dy,
how do we build it?

To give an answer, the problem needs to be properly posed.

Let E,, = {x1,...,z,} be a subset of a geodesic compact space (E,d) of diameter 1. Suppose
that (E,),>1 converges to E in Hausdorff metric in (F,d). Can we build a metric d,, on F,, so that
(Ey,dy) converges to (F,d) in Gromov-Hausdorff distance, with d,, a function of Dy?



3.1 Main results

The idea of the proof of theorem [Z] can be used to construct a consistent pseudo-metric on E,.

Definition 3 (Pseudo metrics on E,). Let (E,d) be a complete compact geodesic space, with
diameter 1. Set E,, = {x1,...,x,} C E. For a,b € E, define - if it exists

May, = {z € E;max(d(a, 2),d(b, z)) < d(a,b)},

MY = My N E, \ {a,b},

Mep € arg min{max(d(a, 2),d(b,2));z € My},

my, € argmin{max(d(a, z),d(b,z));z € M}},

and set Ay = (v,y), where d(z,y) = diam(E,) and then for p > 1 and A} = (af,...,a}) - if all
Miynn €IS,
%
A;Z—i—l = (a?v mZ ) a2 ) mZ ays a3 y ey mgg71a27 GZ)
Then, for the largest p such that A} exists, define ¢, on Ay x A} by

C’n«(a’z 50‘]) - |Z _j|27p'

and for any p > 1 such that A} exists and for any u,v € E, set

d ,(u,v) = min{c,(a,b); d(a,b) > d(u,v),a,b € Ay}
d,, ,(u,v) = max{c,(a,b);d(a,b) < d(u,v),a,b€ A}

Finally, set p, = max{p € N*; A exists,Ya,b € Ay, d} (a,b) =d, ,(a,b)}.

pr Yn,p
Remark 4. Given x,y in a geodesic space, the set of my, coincides with the set of middle points
of (x,y).

Intuitively, the largest A, is longest geodesic path we can "make" from FE,, with each point
being a middle point of its neighbors on Ap, and both d+ and d,, , define a "metric" by comparing
distances with the ones on this longest "segment" A,. Then p is chosen so that d+ and d,, , are

"precise" (with a high p) and close enough.

Theorem 5. Let (E, d) be a complete compact geodesic space, with diameter 1. Set E,, = {x1,...,xn} C
E.

Then, for Cy = log2,
sup |d(u,v) —d} , (u,v)] < Codp(En, E))(1 —logdy(En, E))

u,vEF,
sup |d(u,v) —d,, , (u,v)| < Codp (En, E))(1 —logdy (Ey, E))

u,vEE,

Corollary 6. Let (E,d) be a complete compact geodesic space, with diameter 1, and E,, be a finite
subset of (E,d). Then, one can construct a metric d, on F,, depending only on D4 such that

dGH((E7 dn)v (E7 d)) < 2COdH(E7 En)(l - log(dH(Eu En)))u

48
og?2”’

where Cy =



Remark 7. This result implies that if B, converges to E in Hausdorff metric, then the constructed
(En,dy) also converge to (E,d) in Gromov-Hausdorff metric. The hypotheses #F, =n and E, —
FE in Hausdorff metric implies that E is precompact. Since it is also closed, E is compact. To
relaz that hypothesis, one can assume that B, N B — E N B for any closed ball B. In that case,
the result states pointed Gromov-Hausdorff convergence of (Ey,dy,) to (E,d). Although, since the
construction of d,, uses the fact that the diameter of (E,d) is 1, its construction have to be slightly
adjusted.

4 Applications to statistics

Consider now that the points E,, = {X;,...,X,,} of E are chosen randomly, in a i.i.d. setting.
Then, if the law of X; are smooth enough, the set E,, will converge to E' in Hausdorff metric. The
following proposition gives a more precise statement.

Proposition 8. Let (E,d) be a geodesic space of diameter 1, such that
C
for all t > 0, where N'(E,t) denotes the minimal number of balls of radius t to cover E, C is a
positive constant, and d an integer. Set u a Borel probability measure on (E,d) such that
c
B> ———
HE) = e
for some ¢ > 0 and any By, ball of radius t > 0. Set n € N and let E,, = {X1,..., X,,} be the set of
i.i.d. random wariables with common law p. Then, there exists a constant K depending only on c
and C such that,

10gn>1/d

n

Edy(E,, F) < K (
Given this random set F,,, and metric-comparison function D on this set, our theorem [ allows
us to build a metric d,, on E,, that converges to (F,d) at a speed we can control in expectation.

Corollary 9. Let (E,d) be a geodesic space of diameter 1, such that
C

for all t > 0, where N'(E,t) denotes the minimal number of balls of radius t to cover E, C is a
positive constant, and d an integer. Set ji a Borel probability measure on (E,d) such that

W(By) =

N(E,t)

for some ¢ > 0 and any By, ball of radius t > 0. Set n € N and let E,, = {X1,..., X,,} be the set of
i.4.d. random variables with common law p.
Then, one can construct a metric d,, on E, only based on the function

Dy : (’LU,.’IJ,y,Z) € E;LL = 1d(w,x)§d(y,z)

such that there exists a constant K > 0

logn 1/d
Edgu(En, E) < K ( ) log n.
n



5 Proofs

5.1 Main theorem
The proof of theorem [Blis based on the following lemmas.

Lemma 10. In the setting of theorem [d, denote dy the Hausdorff metric, then,
Vn > 1,Yp > 1,Va,b € A}, |d(a,b) — cn(a,b)| < 6pdu(Ey, E).

Lemma 11. In the setting of theorem [d,

pu > [@ (— log(Codsr (En, E))| — log (log(e/ds (En, E))))J | (3)

Lemma 12. In the settings of theorem[d, for p < p, and any u,v € Up>1E,,,
1. d:{)p(u,v) < d;p(u, v) +27P
2. d, ,(u,v) < df (u,v).

Proof of lemmalll Set ¢ = dy(E,, E).
First step
Remark [ states that since F is geodesic, for all a,b € F,

d(a,b)
5

d(a,mgp) V d(map, b) =

Also, by definition of the Hausdorfl metric, for all n > 1, there exists m, € E, such that
d(my, mqp) < €, so that
d(a,b)

2

d(a,my) V d(mpy,b) < +e.

Taking a,b € A}, it shows that

L

(a,b)
2

d(a,mp) V d(mpy,b) <

ab

+ €.

Using, d(a,b) < d(a,m)Vd(ml,b) + d(a,m?) A d(m?,b), one can show that

d(a,b
d(a,m?) A d(m,, b) > (“2’ ) _.
Thus, for all a,b € A},
ny _ d(a,b)
d(a,my) — 2| < (®)
Second step
We want to show recursively on p that for all p > 0, setting A = (a1, ...,a1420), for all

1<i<2P,
|d(ai, ai+1) — 27p| S (3 — 2710)8.



Triangular inequality and the fact that the diameter of E is 1 show that it is true for p = 0. Suppose
it holds true for all 0 < p < ¢. Then, set Ay, | = (b1, ..., b140¢+1). Thus, for any odd ¢ (and similarly
for i even), bjy1 = Miyp,., 5> SO that, using @) and the recurrence assumption,

d(bi, bit2)
2
<27+ 4 (3/2 — 2@ty 4 ¢

<27t 4 (3 -2 (at))e

d(bi, biy1) < +e

Similarly, d(b;, bi1) > 270+ 4 (3 — 27 (a+D)e,
So that, for all 1 <1 < 2P,
|d(ai, ai+1) — 2—p| S 3e. (5)

Third step
Inequality (Bl) proves the lemma for p = 1. Suppose it is true for all 1 < p < k. Then, take
a,be AZJFI = (al, ...,a1+2k+1).

o If a,b e A}, then it is already supposed to be true.
o Ifa=ua; € A} and b=a; ¢ A}, with ¢ < j, then a;_1,a;41 € A}, so that
d(a,b) —cn(a,b) < d(a;,aj—1) — cnlai,a;—1) + d(aj—1,a;) — cn(aj—1,a;)
< 6ke + 3¢

cnla,b) —d(a,b) < cplai,ajp1) — d(ai,aj1) — cnlajyr, a;) + d(ag, aji1)
< 6ke + 3¢

o If a,b ¢ A}, the same ideas lead to
|d(a7 b) - Cﬂ(av b)| < G(k + 1)55

which concludes the proof. |

Proof of lemma[I1l First remark that if A} exists and

Va,b e Ap,ld(a,b) — cu(a,b)| < 9—(p+1)

then
Va,be A}, df (a,b) =d, ,(a,b).

p>Gnp
Using lemma[[0land the fact that for any a,b € E,, such that d(a,b) > 277, the set M} is not empty
ifdy(E,,F) < 2-(p+1) (as it contains the closest point of F,, to mgp), one can show recursively on
p that A} exists for any n,p such that 6pdy (E,, E) < 2~ (41 Thus, lemma [0 and the remark
above imply that if 6pdg (E,, E) < 2~®+1 then, p, > p. Consequently, using lemma ( with

u=dy(En,, E),x =plog2,c= % ), for Cy = 101;2,

pn > {% (— 1og(Codst (En. E)) — log (log(e/ds (B, E))))J |



Proof of lemma[I2 Set n € N* and p < p,, and denote (a1, ..., azo11) = Aj.

1. Take any a;,a; € A such that d} , = c,(ai,a;) and
d(a;,aj) > d(u,v).
Then, by definition of d,} (u,v) (as a minimum),
d(ai,aj—1) < d(u,v)

so that
d;ﬁp(u,v) > cplas,aj-1) = d;p(u,v) —27P,

2. First, remark that since A7} increases with p, d,; ,(u,v) increases with p and d;f ,(u, v) decreases
with p, so that is suffices to show d,, , (u,v) <d,}, (u,v). In order to show a contradiction,
suppose that there exists u,v € U,>1E, such that d, , (u,v) > dj;pn (u,v). Then, there
exists, a;, ,a;,,a;_,a;_ € Aj such that

enlai_sa; ) =d, , (u,v),
d(a; ,a; ) <d(u,v),
Cn (afiJr ) aj+) = vazr,pn (’U,, ’U),
d(ai, ,aj, ) > d(u,v),
with
Cn(CM; 5 CLJ;) > Cp (ai+ 5 aj+) (6)
d(ai_,a;_) <d(ai, ,a;,). (7)

Thus, ([@) gives d,} , (a;i_,a;_) <d}, (ai,,a;,).
So, using definitions of d} , and d,, , (as maximum and minimum), and definition of p,,
Cn(a'if ) CLJ;) < d;,pn (aif y Qg ) = d:;pn (aif ) ajf) < d:;pn (a’iJr ) aj+) <cp (ai+ y Ay )

This contradicts (@), proving that hypothesis d,, , (u,v) > d} , (u,v) was wrong.

Proof of theorem[3. Set n € N* and p < p,. Let u,v € E,. Using lemma [I0
+ — mi . n
dyy ,(u,v) = min{e,(a,b); d(a,b) > d(u,v),a,b € Ay}
> min{cy(a,b); cn(a,b) + 6pdp (E,, E) > d(u,v),a,b € A7}
> d(u,v) — 6pdg (En, E).

Similarly,
dyy p(u,v) < d(u,v) + 6pdp (En, E).



Thus, lemma [I2] implies
d(u,v) — 6pdg (En, E) —27P < d} (u,v) -

o)

< d;pn<
<d}, (
<d(
o

u,v)

u,v)
u,v)
u,v) + < d(u,v)+6pdy(E,, E)+27P.

, U

Taking p = | k5 (~ log(Cods By, B))  log aog(e/dH(En,E))))J < po as in @), lemma

implies that 6pdy (E,, E) < 27P~1 so that

sup |d(u,v) = d, (u,v)| < 27" < 4Codu (Ey, E))(1 = logdy (En, E))

u,ve kb,
sup |d(u= v) — dr_z,pn (u7 U)' < 277! < 4Codu (En, E))(l —logdu(En, E))
u,vel,
O
Lemma 13. Setu € (0,1], x € R, and ¢ > 1, such that
1
<1 — ) —log(1—1
z < log (cu) og ( og(u)),
then,
cxu < e *.
5.2 Corollary
Proof of corollary @ 1t suffices to choose the closest metric d,, to d:;pn in the sup sense:
d, € argmin { sup |d(u,v) —d,} , (u,v)[;d is a metric on En} .
u, ek,
Then, since E,, C F, there exists a surjective map f : £ — E, such that
du((Ey, d)? (E,d)) = sup |d(u7 U) —d(f(u), f(v))l
u,ve
so that
dGH((Em dn)? (E, d)) <dg ((Em d ) (Env d)) + dH(Ena E)
< sup |d(ua ’U) - dn(ua ’U)| + dH(Ena E)
u,vel,
<2 sup l|d(u,v) —d}, (u,v)|+du(En, E)
u, ek,

< Cdy(En, E))(1 - log dy (En, E))

The argmin does not actually necessarily exists, but any metric close enough satisfies it too. O



5.3 Proposition
Proof. For t > 0, denotes N (E,t) by m;. Given balls (Bi)1<i<m,,, that cover E,

Edy(En, E) < Edp(En, E)1{a4, (B, B)>ty + Eda(En, E)1{q, (B, E)<t}
< P(dy(En, E) > 1) +
<P U [){Xe¢Bi}|+t

1<i<my o 1<k<n
< E H elos(1—n(By)) 4t
1<i<my /o 1<k<n
<mype ™+t

2d
< —tdce*‘mtd/c +t.

1/d
Choosing t = (MM) leads to

n

2len - C(1 + 1/d) log(n) | '/*
Edy(E,,F) < ——m —— (141/d)logn
1 (En, E) < (1+1/d)10gne * ¢ n

1/d
<K <1ogn>
n

6 Conclusion

We have shown that ordinal information on the metric of a geodesic space (E, d) is enough to recover
the full metric. Also, given a sample E,, of the geodesic space E, and the ordinal information on
that sample, a metric d,, can be built in such a way that the sample (E,,d,) equipped with this
metric is as close, in Gromov-Hausdorff metric, to the geodesic space (F,d) as the sample (E,,d)
equipped with the true metric, up to a logarithmic factor.

This allows to quantify the information of the full ordinal information on the metric has com-
pared to the metric itself. It is enough to recover the metric sharply (i.e. up to a log factor). An
interesting question is whether a weaker ordinal information wouldA be as efficient. For instance,
knowing only D on quadruple (w,x,y,z) of the form (z,y,x,z) would be useful. Tt has already
been solved on [KvL.14] on RY that this weaker notion of ordinal information is enough to recover
the metric, but rates of convergence or sharp bounds are still unknown.
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