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Continuity estimates for the complex cascade model on the phase
boundary

Thomas Madaule *, Rémi Rhodes | Vincent Vargas *

Abstract

We consider the complex branching random walk on a dyadic tree with Gaussian weights on
the boundary between the diffuse phase and the glassy phase. We study the branching random
walk in the space of continuous functions and establish convergence in this space. The main
difficulty here is that the expected modulus of continuity of the limit is too weak in order to
show tightness in the space of continuous functions by means of standard tools from the theory
of stochastic processes.
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1 Introduction

1.1 The model and main results

We consider a discrete-time complex valued branching random walk. The system starts with an
initial particle, called the root, at time n = 0. At time n = 1, the particle dies and gives birth to
2 particles, which form the particles at generation 1. At time n = 2, each of these particles dies
and gives birth to 2 new particles, and so on... For all n > 0, we denote T<,, = {0, 1}{1""’”} the
genealogical tree associated to the n-th generation: its elements u have length n which we denote by
|u] = n. Then, we set T = |J,, T<y,. We consider a family of independent complex Gaussian random
variables (0, )ycr indexed by the nodes of this tree and identically distributed with common law
©, whose real part is independent of the imaginary part (see Figure 1).

If u=(uy, - ,up) € T<p and I <moru €T, we set uy = (u1, -+ ,w) € T<;. Each particle
u € T<,, is given a complex weight 6(u) corresponding to the sum of the weights ©. encountered
along the shortest path joining u to the root (see Figure 1), i.e.

O(u) =D O

I<n
We define the real and imaginary part of 8
V(u) =Re(f(u)) and X(u) =Im(8(u)),

which are independent. We assume that the real part of the branching random walk is critical

(1.1) E( 3y e—W)) =1, E( 3 V(z)e_v(z)) = 0.

|2|=1 |2=1

Put in other words, the real part of © has law v21In2AN(0,1) + 2In2 where A/(0,1) is a standard
Gaussian random variable. The imaginary part of © has law N(0,1) and is independent of its real
part.

For any (v, 3) € R2, we define:

(1.2) MYP = Z oV (2)+iBV2In2X ()

|z|=n

One gets a martingale out of (MQ’B )n by renormalizing by the mean, namely by considering
(M,?”8 /E[Mﬁ’ﬁ Dn. It is natural to wonder for which values of the parameters (v, /) this renor-
malization by the mean gives a martingale converging almost surely towards a non trivial limit
M7P. The real case § = 0 has given rise to an extensive literature ranging from the study of
Mandelbrot’s multiplicative cascades (see [19, 14, 2, 11] among many others) to some extensions
like the study of Branching random walks (see [6, 9, 1, 13] and references therein). The complex
case has been answered in [3, 4, 17] (actually, [17] is concerned with Gaussian multiplicative chaos,
which is a different context, but the methods apply to our context). The reader may have in mind
the resulting phase diagram in Figure 2. It is proved in [3, 4] that we have almost sure convergence
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Figure 1: Representation of the branching random walk on the dyadic tree T. In red, the genealogy
of the particle (011).

Figure 2: Phase diagram

towards a non trivial limit in the so-called phase I, i.e.

(1.3) (I < 1/2 and 2 + 82 < 1/2) or ( e]%,u and 4+ 5 <1)

and the boundary case
1
(1.4) 7€]§,l[and'y+5=1

is treated in [17] on a related model, Gaussian multiplicative chaos. In all other cases, a renormal-
ization by the mean is a martingale that does not converge to something non trivial.

A mathematical understanding of the limiting objects we get is therefore a natural question.
In particular, one may look at (1.2) more generally as a complex measure on [0,1]. The canonical
way to do so is to use the dyadic decomposition of the reals that belong to [0, 1]. More specifically,



if u € T<, then we set t, = Y ;" | 5¢ € [0,1]; the complex measure M (dz) is then defined on
[0,1] by
M) (da) = Y eV EHAVRIXE) Y, () 27 da
|z|=n

In the case when 8 = 0, these complex measures turn out to be positive random measures and an
important question is to study the diffusivity properties of the scaling limit. It is known nowadays
that the limiting measures are diffuse in phase I [14] or its boundary (i.e. v = 1,5 = 0, see [11]):
they are atom free. In the complex case (i.e. S # 0), this question makes sense when asking
whether the family of random functions

t €[0,1] — M)P[0,1]

converge uniformly towards a continuous limit after renormalization by the mean of the total mass
E(M;P[0,1]).

In the inner phase I, it is proved in [3, 4] that we have uniform convergence of this family
of functions (even in the Holder sense) as an application of the Kolmogorov criterion. In this
paper, we aim at answering this question in the boundary case (1.4), i.e. the frontier of phases I/II
excluding the extremal points. In this case, the Kolmogorov criterion (or refined versions) breaks
down. Hence establishing uniform convergence is more difficult as one can no longer rely on general
machinery on convergence or tightness of stochastic processes. Let us also mention that we have
chosen a normalization for the parameters (v, 3) so that the mean in the boundary case is exactly
one, that is

Proposition 1.1. For any v, 8 € (%, 1) with 84+~ = 1 and any Borel set A of [0,1], the family

(M;Z”B(A))n is a complex valued martingale with mean 1.
Now, we can state the main results of this paper:

Theorem 1.2. Let (v,[3) belong to the boundary of phases I/II, i.e. (1.4). The sequence of
functions t — MJ’B[O, t] converges almost surely in the space of continuous functions towards some
random continuous function MVP. There exists some (non explicit) constant € > 0 (given by 71_777
where 1 appears in Proposition 3.1) such that for all € > 0 the function M7™P satisfies almost surely
the following modulus estimate

1
(In(1+ g))s=

(1.5) |M7F[s,t]| < C s,t €10,1]

where C' > 0 is some random constant.

Remark 1.3. We believe that the optimal § is & = 4. Indeed by pushing our estimations we could
extend Proposition 3.1 for any small n > 0 and thus get the optimal modulus estimate. It would
require to replace Section 4 by a study of the 2p—moment (p > 2) of ]Mg’5|.

As mentioned in the introduction, it turns out that the space of continuous functions is the right
space to study convergence of M{Z’B . Indeed, though for each n > 1 M;Z’B is a complex measure,
one can show that the limiting function M7 is not of finite variation (see subsection 3.5)

Corollary 1.4. Let (v,53) belong to the boundary of phases I/II, i.e. (1.4). The mapping t —
M7B[0,1] is not of finite variation almost surely.



1.2 Related models and open problems

The authors of [17] studied complex Gaussian multiplicative chaos (GMC) in dimension d, i.e. the
renormalization theory of V2 X (@)+iV2dBY (2) g where da is the Lebesgue measure, v, € R2,
X and Y are two independent log-correlated fields on some domain D C R (of course, we could
absorb the v2d in the parameters v and 8 but we will not do so in order to compare complex
GMC with the complex branching random walk studied in this paper). In particular, the work [17]
enables to define V21X (@+iV28Y (@) gy where X and Y are two independent log-correlated fields on

R with covariance given by E[X (z)X (y)] = In Flw‘ and when (v, 8) satisfies the condition

1
yHA=17e(51) UL

Condition I/II refers to the so-called frontier between phase I and phase II: see [17]. More precisely,
if X., Y are appropriate cut-off approximations of X,Y (as ¢ goes to 0) then, if (v, 3) are in phase
I/11, the random distribution

M 1= VDY Xe(@) VY. (2) ~ (P~ BB ()] g

converges almost surely (in the space of distributions) towards a distribution M2, In this case,
the operator M™"? is a conformally invariant boundary operator in the framework of 2D string
theory on the upper half plane (see [17]). The work [17] did not establish but conjectured that
convergence holds in the space of continuous functions.

Now, one expects that the complex branching random walk of this paper and complex GMC
have a similar behaviour. One justification for this is that the branching random walk also has
logarithmic correlations but with respect to the underlying ultrametric distance on the tree T.
Hence, theorem 1.2 gives additional support to the conjecture of [17].

Another important question on this topic is the following. When the renormalized martingale
defined by (1.2) converges towards a non trivial limit, it is readily seen that the limit satisfies a
distributional equation of the type

MY =" T(2) M (2)
|z|=1

where (7'(2))|,=1 are complex random variables independent of (M%ﬁ(z))|z‘:1, which are i.i.d.
random variables with law M7?. Such an equation is known under the name of smoothing transform
and has been extensively studied in the case when (T'(2))|.|=; are positive (see [7, 8, 16]), real valued
[20]. We would like to emphasize the fact that understanding this equation in the complex case is
an important point. Let us mention some work to appear [21] in this perspective.
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2 Proof of the main result

In this section, we first introduce some further notations and then give the proof of Theorem 1.2
based on some auxiliary results, the proofs of which are postponed to the following sections in the

paper.

2.1 Convention on notations

In the sequel, we will denote by ¢ a generic positive constant which can change from line to line;
we will also denote 1 a generic constant belonging to (0, 1) whose value can also change from line
to line. Usually, it will be clear from the context that ¢ or 7 can depend on other constants but to
lighten notations, we will make this dependence implicit.

2.2 Notations

For any z € T = J,, T<n, we let 2\ be the left child of z and z(") be the right child of z (see Figure
3). Notice that if [2| = k then [2()| = |2("| = k + 1. Furthermore, to simplify the notations, we
mention that we will implicitly assume in the following that the notation u|(k) means (u| 1w (note
that it is not clear otherwise whether one must take the child after or before restricting to the k-th
node of u). The same convention holds for the right child.
For any u € T<,,, we further consider the sub-tree T,, of T rootened in u (see Figure 3), namely

(2.1) Ty :={v €T, v, = u},

Finally, we define an order on T. We write v > z if u is a descendant of z in the tree T, i.e. if
|u| > |2| and u;| = 2 (we adopt similar conventions for <).

We set M, := inf},—, V(u). For any n € N and u € T<; with [ < n, we consider the mass of
the subtree rootened at z up to generation n (see Figure 4)
1
o
— Z eV (2)=V ()] +ifvV2In 2[X (2)—X (u)]

|z|=n, z;=u

(2.2) M)P () =V W =BV2I2X Q) ppvBly g 4

n

With these notations, we have for |u| =n

n—1

7.8 _ —V () +iBVEI2X (uf})) 3 ry,8, (1)
(2.3) MP[0, ] kzoe M, (|k)1{u\k+1¢u‘(fv)}'

This can be seen by summing over all the subtrees located on the left-hand side of the path joining
the root to the particle u (see Figure 5).
In fact, we can extend this decomposition: if [ < n and |u] =n

MQ’B [tuu ] — eV () +iBV2In 2X (uy)

n—I{—1
X e
k=

UC-H V(u|l))+7'6\/2ln ( ( |k:+l) X(u|l))M B(U(l) )

1 .
n |k+1 {“|k+l+l5£u‘(k)+l}

[en]



k-th generation

Oo1

n-th generation
©010 Oo11

Figure 4: In red, representation of M, B (z): we sum over the red paths rooted at z and going down

up to the n-th generation. The mass of each path is the sum over the variables © encountered
along the way down.

k-th generation

n-th generation

Figure 5: The decomposition (2.3) amounts to summing over all the subtrees (wrapped in blue)
located on the left of the red path.

Finally, we introduce the following quantity for |u| =1, I <n and p >0
(2.4)

n—l
O]
IMPP@W)le = max 3 e V) VED gy
k=0

(1) A (V(2)=V(u)| p f 78
|z]=n,2=u n+p(z|k )|1{Z\k+z+1¢zf£)+l} te | Myip(2)]

n—+p

We also set || M (u)||oo = [|[M])5_o(w)]|oo and [ M1} [oo = [| M5 (0)]]oo -



Note that by the triangle inequality we have

1
(2.5) sup (M50, gl < M o
zZ|=n

MYL0,t, + 5] (which of

course is equal to Supy<gn |M3’fp [0, 2%] |). Finally, by the recursive structure on the tree, i.e. the sub-

tree starting from any vertex u has same distribution as the original tree, the variable HM{{pB (u)||oo

hence upper bounds on HM;ZZ? loo lead to upper bounds on sup,_ |

has the same distribution as HM%B loo for r =n —1.

2.3 Many to one lemma and useful estimates

We introduce the centered standard Gaussian walk (Sy,),>1. When the walk starts from a point z,
we denote the associated probability measure P, and the corresponding measure E,. When x = 0,
we will omit the subscript. We will denote S,, the infimum of the walk on the set {1,...,n}.

Finally, we recall the many to one lemma which is very useful in the context of branching
random walks; for all function F'

(2.6) IE( 3 Pz + V(z))e_v(z)> = E,[F(S))]
|z|=n

Recall also that it is proven in [1] that:
-(see Lemma 2.4) there exists ¢ > 0 such that for any n € N, x > 0 and a <b € R,

c(L+2)(1+b)(1+ (b—a))

n2

(2.7) P, <m<in Sp >0, S, € a, b]) <
sn

-(see Lemma B.2) for any x > 0 there exists ¢(x) > 0 such that for any > 0

(28) EJJ Zeinsj]‘{minjgls]'zo} S C(K‘)
>0

In fact, lemma 2.4 and Lemma B.2 of [1] are much more general and concerns more general walks
than the Gaussian one.
2.4 Proof of Theorem 1.2

2.4.1 1Idea of the proof

We first explain the main idea behind the proof of theorem 1.2. Essentially, the proof relies on
the fact that one can extract from a uniform (in n) bound on the supremum of ¢ — M [0,t] a
uniform (in n) bound on the increments of ¢ — MP [0,t]. More precisely, the main estimate of

this paper is given by proposition 3.1 below which gives a uniform bound on ||Mgpﬁ |oo for all n, p.
Recall that, by (2.5), one should see inequality (3.1) below as an estimate on the supremum of
t— Mgfp [0,¢]. In fact, we will only use the estimate for p = 0. Now, by the recursive structure
on the tree, i.e. the subtree starting from any vertex u has same distribution as the original tree,



one can transfer such global estimates to estimates on the modulus of continuity of M, fp this is

essentially the content of inequality (2.9) (recall that || M, p (u)]|co is defined in (2.4) and has same
distribution as ||M;7"’||ec with n = 7 — [ when |u| = I). This is sufficient to get tightness in the
space of continuous functions and then almost sure convergence is a consequence of a non trivial
theorem on Banach valued martingales in [15] (the main theorem of [15] states that an L! bounded
Banach valued martingale converges almost surely if and only if it is tight: here we will work in
the Banach space of continuous functions).

2.4.2 The proof
Now, let us fix [ > 1 and r such that [ < r. Since

r—I
max Ze_“’(v(zl(cl}rl) V(u))+iv2In2 (X(Z;(clll) X (u ))M’Y ﬁ( ())

|Z‘:T7Z\l:u

{Z|k+17éz(”} + C_VV(Z)Mﬂvﬁ(z) < \|M776(U)Hoo,
k=0
for |u| =1 we have:

sup  [MP[s, )] < 2¢O M ()| oo
$,t€[tu tut 7]

Also, for |u| =1 and |u’| = the right neighboor on the tree (i.e. t,, = t, + ) we have:

sup (M [s, 1] < 27V M (W) oo + eV MY (1

|loo-

5,t€[tuytu+%]
If |t —s[ <5 L then there are two possibilities:
First case: s and t lie in the same dyadic interval of the form [%, %] in which case we have

MY s, 8]] < [IMPPLE )| + [M P [k 1)

Second case: s and t lies in some dyadic interval of the form [%, k—] and ¢ in the dyadic interval

21
[B£1, k42] in which case we have | M [s,#]] < [M2 P[5, s]| 4+ |MPP[E, B | 4 | M P[REL 4]

[\

2l
Therefore, we get the bound:

(2.9) sup  |MYP[s,t]] < 3 sup eV MTB (w)]|s
lt—s|<o; ul=t

Recall that the recursive structure of the tree entails that || M, » (u)||co above is distributed for
each u like || M7’ ||oo with n =1 — 1.

Let € > 0. We set 0; = W where 1 € (0,1) is such that the bound (3.1) page 11 holds.
Finally, we introduce

_ 1
e {Vu| =1, mln V(ub) —logl} N {g Z (1+ V(u)nlminjglV(uu)z—logl) Vi < le/g}
|ul=



Recall that for all o € (0, 1), there exists ¢ > 0 such that (see [1] Lemma 2.3 for example)

1n " “V(w) 1 (14 5))
E[(177 ) (14 V(@) inin, oy V(uyy)>—log1)€ )] =E l2liglminjglsjz—10gz < c(log1).
Ju|=l
Therefore, we have for all
1 V(u 1
P((Si Z (1 + V(u)nlminjgl V(u|j)2—logl)e Viw) > le/2)

e lu|=1

1— €
< lTniEE[Z (1 + V(U)nlminjgu V(u‘j)zflogl)ei‘/(u)]

Ju|=l

Then it leads to the estimate

| o

P(A7,) <

l,e

g

l

We have for all € > 0 and d; = W

01.¢)”7
P( s (M7l )] 2 (6017 ) < P ?,6)+P<sup M )| > |Al,e>

\t—s|§il |u|:l
2
o
< 1= P (maxe Y ONEA WL < O )
l1 |u|=l 3 s
s V)| (d.e)
§E+1—E HP<€ v ()‘|M17'B(U)’|00§T‘V(u) ‘AZ’E

ul=t

In the last line, we have conditioned on V'(u) et used the independence of the mass of the trees
rooted at u. Hence, by the bound (3.1),

P( sup ]M;”B[s,tHZ(Sl,g)

lt—s|< 5
01.¢)"

< sri-2| I {i-p (il > Bl evoww) a)

i =t 3

3¢ “Viu
< 73 +1-E (H {1 - g(l + (V(u) + log 5Z,E)n1minj§l V(uU)Z—logl)e 4 )} |Al,e
lu|=1 o

C (& C

<=+==<-=

Therefore, we get

| o

(2.10) mP | sup [MPP[s, 8] > (d6)7 | <

r—00 |t—s|§%
2

~
FNT

10



and then

lim Tm P [ sup |[M)P[s,t]| > (6.0)7 | =0,

|—o00r—00 \tfs|§il
2

which implies that (M, B )r>1 is tight in the space of continuous functions. Now, by using theorem
3 of [15] where we view (M, B )r>1 as a martingale which takes values in the Banach space of

continuous functions, we conclude that (M, B )r>1 converges almost surely in the space of continuous
functions towards some continuous function M+, 8. Finally, the estimate (2.10) implies that

c
P sup |[MP[s,t]|>d,|<-=
jt—s|< I
which gives the stated modulus of continuity estimate (1.5). O

3 M)*¥ is bounded uniformly in n

The purpose of this section is to prove the main ingredient behind the proof of 1.2, namely propo-
sition 3.1. This bound was used precisely in (2.9) where one can exploit the recursive structure of
the tree which entails that [|M; # (u)||oo In (2.9) is distributed like the term in the probability on
the left hand side of (3.1) (for p =0 and n =r — [ with |u| =1).

3.1 Proof of the main estimate on M""

We now state the main boundedness estimate of this paper:

Proposition 3.1. There exists ¢ > 0 and n < 1 such that for any x>0, n €N, p >0
(3.1) (M) e = €7) < (1 +a")e

Proof. The proof relies on certain technical lemmas whose proof is postponed to the next sections.
We start by introducing for ep € (0,1), z > 0 the event

(3.2) Aep,z) :={Yu e T, V(u) > —z +r(eo) In|ul}.

with r(ey) = % — 9. When z is negative and |z| is big, this event will occur with high probability
hence one can always work on it: this is the content of lemma 3.2. This is important because we

will need tail estimates on | M, fp( )| and in order to get efficient tail estimates, one must condition
on A(eg, z) (see section 4). We now fix eg such that 4v(3 — eg) > 1 — €o.

Now, by using lemma 3.2, we get
o) 2

n—1
V z l —_ z T —T
(max (Ze Wy M;pr( ‘(k))|1{zlk+17éz‘<ll€)} +e V) M;pr( )’) > e’ A(€07$)> +e(l+ax")e

l —V(z
(max< (‘k |Mr’zy+ﬂp( ())‘ {z‘k+17ﬁz }+€ e

11



where 7 € (0,1). Of course, we have

-V (z — 2
<max (Ze W) |M7z+ﬁp( )| {Zh 4172 py e e

n—1
—'yV(z<l ) B T /9.
<P (max (Ze e ‘M77+p( i {zkﬂ;ézm}) > e /2; A(Goﬂ’))

I ppga]) 2 0%z Atann)).

Mgfp(z)‘) > e A(EO,I'))

Now, we first take care of the term P (max‘d:n (e‘”v(z) Mgfp(z) D > e /2; A(eo, x)) By Lemma

4.1 with p=2, a =r(eg), v = x, a = x and y = x, we have

P (max (ef'yv(z)

|z|=n

ML) 2 /2 Aleoo))

<P (max e_’YV( )|qufp( )yl{VuZZ,V(u)z—x+r(eo)ln|u|} > €Fm>

|z|=n
c(2)n" )= (5 > (0)e "
c(2)e ",

IN A

Thus we are left with giving a bound on

n—1
—v (0
P (max (Ze WA \k)\M,pr( )| {zk+1¢z<l)}> > 1 /2; A(eo,x)) )

ll=n \ ;3

In order to do so, we will split the sum ) ;—, ! _WV( \’“ \MVB ON into two pieces

O]
n—l—p( )ll{z‘k_’_ £z \k
according to the value taken by V(z);). We introduce x > 40 + 1 and we get

<max (Ze g M;pr( ())|1{z|k+1¢2|k>}> = /% A(eg,x)>
n—1 Vi
(max (Ze ! k )‘M’YB ( |k )|1{V(z‘k)</ilnk x}) > ewac/Q A(E()a ))
0

1
WD) 8 z 9.
+P (maX (Z T ‘MZ‘FP( |k )| {V(zp) 2k Ink—z Z‘kJrlyﬁz(l)} e’ /2’ A(Eo,ﬂf)

l2l=n \ 1 25
Now, by lemma 3.4, we get that

(max (Z eV M) (2 (zi))|1{v<z|k><mnk_x}> > e /2; A(eo,x)> c(1+az"e™™

12



The idea behind lemma 3.4 is that typically for very few values of k the event {V'(z)) < klnk —x}
occurs.
Now, by lemma 3.5, we get that

n—1
'YV(Z\ 7.8 () g
P (glix k_oe k ’Mn+p( |k )1 {V(zp)>kInk—z z‘k+1¢z‘k} >el A(%Eo)) <c(l+z"e

This concludes the proof.

3.2 A lemma on the minimum value of all particles

We first state and prove the following lemma which allows us control the minimum value of all
particles:

Lemma 3.2. Let ¢y € (0,3). There ezists ¢ >0 and n € (0,1) such that for any x > 0,
(3.3) P(FueT, V(u) < —z+r(e)Injul) <e(l+ame™
with T’(Go) = % — €Q-
Proof of Lemma 3.2. Let § € (0,1). Observe that
P(FueT, V(u) < —x+r(e)ln|ul)
+00
<E Z Z 1{mini§j_1 V(z)3)—r(e0) Ini>—x,V(z);)—r(eo) Inj<—z}
3=0|z|=j

<) E (esjl{minigj,l(si—r(eo)1ni)2—a:,Sj§—J:+'r(50)h’lj})
>0

Z]T(GO)]P’ ( min (S; — r(e) Ini) > —z, S; < —x +r(e) 1n]>

i<j—1
j>0 =)

Z]r P (S; < —x + r(ep) Inj)

L@ Z jr(eo)p<mm S; > —uw, S < :):—i—?“(eo)hl])

<j—1
j2x2—5

x Z jr(EO) S < 3;-|-7’(50) hl] —|— ce Z ]r 03 111_])2(1 +.73),

]2332 5

where in the last inequality we have used (2.7). By a standard Gaussian estimate, we get

1

e’ Z 47 (<o) P(S; < —z+r(e)lng) <ce ™
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As r(eg) — % = —1—¢y < —1, we deduce that

1
S e (nj)2(1 +2) < Mt
]Z:C2_5
Gathering the above inequalities leads to
(3.4) P(FueT, V(u) <—x+r(e)ln|u) <c(l+z")e™™,
for some 7 € (0, 1). O

3.3 Proof of lemma 3.4

Before proving lemma 3.4, we first prove a large deviation estimate on the number of £ such that
the event {V(u;) < xlnk —x} occurs. We will see that this number is typically small. Now, for
any r > 0k >2and T € N*, let

(3.5) G(z,0,r,T) := {Ei\u] =T?% 3ny < ... <nps € [T, T, Vi € [1,T°), V(up,) < rlnn; — a:}
Lemma 3.3. Fiz k > 2. There exists c1(k), ca(k) > 0 such that for any T > 10, €y,6 > 0, > 0,

s
(3.6) P(A(z,e0) NG(x,6,k,T)) < cre T2 e™®
Proof of Lemma 3.3. The probability in (3.6) is smaller than
P (A(IE, 60) N G($7 57 K, T))

T2

<E Z Z 1{inf,b-§|u|(\/(u‘i)—r(eo) Ini)>—x,V(u)<klnj—z, Ini1<..<ngps_, €[T,j],Vie[1,T0-1], V(u|ni)§ﬁlnni—x}
J=T |ul=j

T2

S
< ZE (6 J1{§j2—x7Sjgnlnj—:r:,E|n1<...<nT571E[T,j],ViE[l,T5]7Snignlnni—z}>
j=T
T2
<e™® Zj”lP’ (ﬁj > 2,8, <klnj—x Ing < ... <ngs_y €[T,5], Vi € [1,T°], Sp, < kInT> —:1;) .
j=T

Let
(3.7) Bj(z,0,K) := {Elnl <o <ngps_y € [T, 5], Vie[1,T%, Sp, < kIn(T?) — a:},

we claim that there exists ¢1,co > 0 such that for any j € [T, T2,

s
(3:8) P({S; > ~=, 8; < wIn(T®) = 2} N Bj(x,6,5)) < cre™ =17
Inequality (3.8) is sufficient to prove Lemma 3.3, indeed assuming (3.8) we get

£ s s
(3.9) P(A(x,e0) N G(x,0,k,T)) < g e T e 2T? < e e T2
=T

14
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Thus it remains to prove (3.8).
Let 01 € (0,6), say 01 = 2. There exists at least 7979 = T°! red or green (see figure 1) intervals
s
which contain one n;. For instance we can assume that the red intervals contain at least ¢(9) := TTQ
times n;. We define the sequence of stopping times:

og = 0,

o1 = inf{i>t(6), S; < K2InT — 2},
= inf{i >0y +t(8), Ik eN, i = kt(5)}
o9 = inf{i >7,S; <K2InT —z}

Ty = inf{i >0y +t(8), Ik €N, i=kt(5)},

and so on. On the event Bj(z,d, k) we have oyg5)_o < j — T5. So we shall bound
(3.10) P (ﬁj > =z, oy5—1 < J — Tg, S; <Kk2InT — x)
Moreover by the Markov property at time o5 _1 we get

P (gj > —x, oy <Jj—T3, 8 < n21nT—a:>

=E (1{%( >y ouay 1 < S 1+ (ﬁj—otm—l 2 0, Sjoysy-1 < 2610 T))

5)—1-
3
< c(2cInT) <

)
> —Z, 0 — S j — Ti) 9
(T%)% t(0)—1 J

=0¢(8)—1 —

where in the last line we used the fact that j — o)1 > T5. Now by the Markov property at time
Ty(5)—2 We get

P (ﬁj > =T, 0y(5)-1 < J —Tg, S; < m2lnT—x)

< c(26InT)3

< s X sup Py (S; > —x, 8 <26InT —x)
(T%)% {ﬁot(é),g >—2,04(5)-2<j 212} y€l—z,2kInT—x] Z(; ’ 7
i>TS

c(26InT)3 ¢(k21InT)3 . 5
< ( s 3) : 3 ;) (wua)—z Z T, Oyg)-2 S J _2T2)
(Tz)2  (T2)2
By iterating yet t(0) — 2 times this procedure we get
(3.11)

P({ﬁj > —z,5; < 21n(T2) —z}n Bj(a;,é, k) < C(2f€th)3 <c(/-§2 lnT)3

(6)— )
()3 <t<a>>%> sttt
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which concludes the proof of the Lemma 3.3. O
Now, we can state the main lemma of this subsection:

Lemma 3.4. For any k > 0 and ¢y > 0 such that 47(% —€9) > 1 — €, there exists ¢ > 0 and
n € (0,1) such that for any x > 0, n € N,

n—1
P(E@X VI MIE OV Ly atnkag = € A(x,eo>) <c(l+ame
" k=0

Proof of Lemma 3.4. First observe that on A(x,€p) the condition minj<yqq V((z(l))U) > —x is
automatically satisfied for any z € T. For any z, y, a > 0 and r € (0, %), we define

(312) Ok(x,y,a,r) - {mi}ée Wi ) {minjgk V(z‘j)zfa}|Mkfn( )‘1{Vu2z,V(u)fo+rln|u\} > e’yy}

Since 4v(3 —eg—0) > 1—¢, one can choose 6 > 0 small enough such that 4yr(eg) —4v0 —r(eo) > 1.
By applying Lemma 4.1, with x =z, y = x — 0lnk, a = z, r = (&), we get

> P (Ok(z,z—0lnk,z,r(e)) < Y (k@M hbnbe=rp, (5, > 0)

k>1 k>0
< ce % Z kr(eo)+4'y€74’yr(eo)lp)x(§k > O)
k>1
< kr(eo)+4'y@ 4vyr(eo) N| < =
< ; P(IN] \/E)

where N is a standard Gaussian variable. Now, we have that

e % Zkr €0)+4v0—4vyr( 50 (‘N‘ < 7)
k>1 \/E

e~ kr €0)+4v0—4yr( 60 (‘N’ < 7) +ce® kr €0)+4v0—4vyr( 60 (‘N‘ <

ce_m\/:g +ce (1 +x) Z kr(€°)+479_47”(60)_%

k>x

)

<c(14zMe™
for some 7 € (0,1). Hence, in conclusion, we get that

ZIP’ (Og(x,z —0Ink,x,7(e0))) < c(l+a")e ™
k>1
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Observe that for any |z| = n, on the set Np> (O (z, 2 — OInk, z,r(e))¢) N A(z, €), we have

n—1

S eV AL O Ly ntn o)
k=T

n—1 Ve (l 5

— z
Z € ! * ’MT’LY-F])( )
k=T

‘ {minj<g11 V((2 ‘(k))‘])> T Vu>z|(k),V(u)Zr(eg)ln|u\—z,V(z‘k)gnlnk—m}

n—1

1
< 1x I
=€ ; kO 1{minj§k+1 V((z‘(k))‘])> z, V() <klnk—z}

Let § = 977. By lemma 3.3, recall that

2Ps
(3.13) ZIP’ (x,€0) N G(x,0, K, T2 S Ze_xcle_CQTT <ce ®
p=0 p=>0

Moreover on the set N,>q (G(z, 6, k, T?)¢), we have
p>

n—1

1
sup Z ]{;97 {mmj<k+1 V(( )‘j)z—x,\/(zw)gnlnk—x}
|z[=n ;T

min(sz-'—1 ,n)

1
= S“p >, 2 107 Lming <n V((={))2—, V() Sklnk—z}
Tp>0  p=T2P

TZP 1

— T2P0y
p=>0

< c(k, 07, T)
We choose T large enough such that c¢(k,6v,T) < 1 and we set

B = Np>0 (O(z,2 — 0Ink,z,r(e0))®) N Np>o (G(x, 6, K, T2p)c) N A(z,€).
Therefore, on the event B, we have

n—1

vz
max (& -V
|z|=n

- VD) 48
lk |M ( ‘k )|1{V (zjp)<klnk—zx} <m _?Ze I |M ( |k )|1{V(z‘k)<nlnk :c}_"e C(’% 977 )
k=0 T k=0

We deduce that

n—1
V() 0 x
: (Inlaxk 06 M )|1{V“ZZ|(I?’V(U)Zr(m)ln|u‘—$vv(z\k)§’ilnk—x} zel ’A($’60)>

T

e(1+2")e ™ +F (g;‘f; e VEI D22 (D) > 71 - e, 07, T, B)
T k=0
c(1+a2")e™™

where in the last line we have used Lemma 4.2.
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3.4 Proof of lemma 3.5

Lemma 3.5. Let x > % + 1 and ey be such that 47(% —€) > 1—¢€y. There exists ¢ > 0 such that
for any x >0, n, p € N,

n—1
- \k v,8 (l) e < ny,—
P <|I£a)7§ kzoe |Mn+p( |k )‘1{V(z‘k)>nlnk x, Z|k+17éz(l>} = > A(ma 60) = C(l + )6

Proof of Lemma 5.5. Let v € (0,1), such that 2 — (k —2 — (€))% < 0 and 4y(1 —v) — 1 > 0.
Such a v exists since k > 47—0 + 1. Let €y such that 4yr(ey) — r(€) > . Recall definition (3.12)
which was introduced in the proof of lemma 3.4

Ok (l’ Yy, a, T) - {maxe Wiz ) {mmj<k Vi(z);)>— a}‘ k—i—n( )|1{Vu>z V(u)>—z+rIn|ul} > e’yy}

|z|=k
We have

+00 400 0 oo

SOS PO~ ta— vtz r(e), Alne)) £ S0 @RI (5, > 0)et
t=1 k=1 t=1 k=1

< 1 + xn —x Ze y(1—v)t+t
t=1
(3.14) < c(142Me™,

where we have used the fact (which appears in the proof of lemma 3.4) that

Z k() (1=4)p Py (min S; > 0) < (1 + 7).
i<k

Otherwise it is clear that on A(x, €),

n—1
0)
=WV ) a8 (L0

max e &7\ M 1
‘Z|:nk—0 | TH‘I’( |k )| {V(zjp) >k Ink—z, z‘k+17éz‘k}

n—1 ( ( )

YV(z 7,8
= max e & 2| M 1, .
jol=n £~ Mt (21 {minj<p 1 V((2{));)> =, Yu>2() V ()>r(eo) Inful—2, V(2) >k In k=2, 2 1 72}
n—1 400 |M’Y B ( )|
n-+p

: 2l 22 WV “>>

k=0t=0 ¢ VIr

x 1 . .
{V(zjp) 2k Ink—z, minj<p 11 V((2 \(k))b)> z Vu>z|(k),V(u)2r(eo)ln|u\ x+t, 3u>z‘(k),V(u)<r(60)ln|u\f:0+t+1,z|k+1;£z‘<l?}

Let us set B = My>0 Ng>o Ok(z — t, 2 — vt, 2, 7(e0) ). By using (3.14) and the definition of Oy, , we
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deduce that

n—1
P (ﬁa)é > VG |M7’"Z—&I-8p( f,?)\ =0, V) 2r(eo) In -2, V(z1) 2 In b=z, 2041220} > e, A(x,eo)>
n—1 400
C(l + xn>6_ <maxzz o {E|u>z‘(]?,V(u)<r(eo)ln\u\ —z+t+1, V(zp) >k Ink—z z|k+17£z } > 1, A([B 60) B)
= |
S e(l+ae HP( g}a"k 0e_wtl{apz(,?,v(u><r(eo)1nu LV ()i, 2 o) 2 D A €0) 0 B)

<c(l4aMe"

yut

+ ;P <|I?i§kzo 1{311,22(” V(u)<r(eo) In |u|—z+t+1,V(2)p) >k In k—2z, z‘k+17éz‘k = (1 —€ & )6?’ A($, 60))

[k

We set ¢,y 1= 5(1 — ez ). We deduce that

n—1
P (g}aﬁ eV E |M§fp( I(I?)‘l{v 20,V (u)2r(eo) In ful—z, V(z) 2R In k—a, 21 £2(0) } > e A(x’€0)>
< e(1 + M)
= nl yut
+2 P bl Z {3u>z‘<k),V(u)<r(eo)ln\u|—:c+t+1,V(z‘k)2nlnk—a:, s 220} > coye? s Az, €)
=0 k=coye T

Let |z| = n be such that S)"!

k= c—we

If k is the last index such that 1

1{3u2z(é), V(u)<r(eo) In |u|—z+t+1, V(2)5) >k In k—z, Z|k+17éz|(llc>} 7 0.

{Fu>=z ‘(l) V(u)<r(eo) In |u|—x+t+1, V(Zk)>lih’lk’ z, z“Hl;éz(l)} 75 0 then there

exists v > Zl(’é) such that

(3.15) V(v) <r(e)ln|v| —z+t+1.

yvut

Notice that p = [v] > k > ¢,,e’> and that, by definition of &, we have
n—1

Zw {3u>z‘k7 (w)<r(eo) In Ju|—z+t+1, V(2)p) >k Ink—=z, z|k+17$z|k}
k:cv»yeT

|v]
<
- Z {3u>v|(k>,V( )<r(eo0) 1n|u|—x+t+1,V(U‘k)2nlnk—x,v|k+1;év‘(l?}
v

k=cy~ye 2
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Therefore we get for any |z| = n,
n—1

Z 1{3u22‘(£) , V(u)<r(eo) In |u|—z+t+1, V(2)) 2k In k—z, Z\k+17éz|(ll€)}

vyt
k:cv,ye%
oo min(p,n—1)
< Z Z 1{V(z)<r(eo) Inp+t—x} Z 1 @ @)
ot = ot {Huz,zlk , V(u)<r(eo) In lu|—z+t+1, V (2) >k In k—z, z‘k_‘_ﬁéz‘k }
p=Cyye 2 l2l=p k=cpre 2
oo min(p,n—1)
< Z Z 1{V(z)<r(eo) Inp+t—x} Z 1 @ @)
ot = ot {Huz,zlk , V(u)<r(eo) In lu|—z+t+1, V (2)) >k In k—z, z‘k_‘_l;éz‘k }
p=cuye 2 Izl=p k=cyye 2"

Moreover on A(zx,¢€p), we can add the indicator function 1{minj<|z|(V(z|j)fr(eo)lnj)zfx} which leads
to -

n—1
yut
P [ max E 1 > cpye 2, Az, e
|2|=n . {HUZZ‘(Q,V(u)<7‘(eo)ln\u\—a}—&-t—l—l,V(zm)annk—x,z|k+17éz‘<,i)} = vy ’ ( ’ 0)
yv
k=cyye 2~

+o0
<P Z Z 1{V(z)§r(eo)1np+t7:p,minjgz‘(V(zU)fr(eg) lnj)zfz}><

t =
min(p,n—1)
>
Z 1{3u22‘<]?,V(u)<r(eo)ln\u|—x+t+l,V(2|k)2filnk—a:, Z|k+17éz|(,l€)} > 1
yvut
k=cyye 2~

—+o00
= Z Z E (1{minjg|z|(V(Z|j)—r(eo)hlj)Z—fL‘,V(z)Sr(eo)lan—gg}X
_ 1t |z|=p
p=cCyye 2

min(p,n—1)

1 1 1
ijt {Huzz‘(k), V(u)<r(eo) In |u|—z+t+1, V(2;) >k Ink—=z, z|k+1;£z‘<k)}
k=cyye 2~

From Lemma 3.2, recall that for any y > 0
(3.16) P(FveT, V(iv) <r(e)n|v|—y) <ec(l+yTe V.

By taking the conditional expectation according to the sigma field o(V (z), k < p) := G, via the
branching property, by using the inequality In |u| < Ink + In(Ju| — k) for any |u| > j, and applying
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(3.16) with y = klnj — r(eg)Inj —t — 1, we get

E (1{3u>z(l?, V(u)<r(eo) In |u|—z+t+1, V(23) >k Ink—z, Z|k+1gﬁz‘(é)} ’gz> <E (1{V(z(li))V(zk)>ln k})

(1) — (s Ink—t—r(co) In k—[V (2" =V (z11)])
E ({c(l + (klnk —t—r(e)Ink — [V(z‘k ) = V(z)])"e Ik Ik ] 1{V(z(]i))—V(zk)§lnk}>

< e mR? 4 [c(l e 2 1)k - t)n)e((zxjvﬂ)lnkt)]
yv
where we have used (k — 2 —7(€p))%5* > 2 in the last line. Finally we deduce that

n—1

~ut
P g‘li% Z 1{V(z‘k)2f<lnk—x, Huzzfl?,V(u)<r(eo)ln|u|—x+t+1} = Cyv€ 2 A('T’ 60)
k:cwve’%t
400
Z E Z 1{minj§|z|(V(Z|j)—r(eo)lnj)z—x,V(z)Sr(eo)lnp—i—t—:c} X
p:CWe”T“t |z|=p
min(p,n—1) 9 )
Z ce” k) 4 [C(l +((2x —4+1)Ink — t)")e_((Qva+1)lnk_t)]
» v
k::ca,veﬂ/Tt
= t Y42 —((2x lJrl)ﬂt,t)
< Z etrprleo)p <m<in(Sj —r(e)Ing) > —z, S, <r(e)np+t— a;) X |:C€7(7 )t ce o202 ]
JI=p
p:C'yveléi

where we have used in the last line the many-to-one Lemma and the trivial inequality ze~ (D
ce=0+3)% vz > 0 for some ¢ > 0. Now by using the inequality P (minj<,(S; — r(e0) Inj) > ...)
P (minj<,(S; — r(co) Inj) > ..)' 727 then (2.7), we get

ININA

n—1

~Jut

F gl‘ii Z 1{V(Z|k)2,‘ilnk7$, HuZZ‘(IlC),V(u)<r(eo)ln\u|fﬂc+t+l} Z Cyo€ 2, A(IL‘,E(])

k:cyve’YTUt

+o0
¢ p<0) )2 t+5 20t

< Z e g x (14+2)"(1+7r(e)lnp+1)7 x ce” (2" cem(tF3 5D

yut pE_7

p=cyve 2

withp=1—29. As 3 — < —r(ey) > 1 we deduce that:

n—1
yvut
> 2
P gl‘ii Z 1{V(z|k)2nlnk—a}, HUZz‘(]?,V(u)<r(eo)ln\u|—m+t+1} = Cp€ 2, A(l‘,ﬁo)
vt
k:cn,ve’YT

2

< (1+4az)" [e_zt"et_t_%t e Pelem (2| < (1 4 x)e e,
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which may to conclude because of (k — 2 — 7(e))%* > 2. For some ¢ > 0. O

3.5 Proof that M"*? is not of bounded variation

Here, we show that M7 has infinite variation. Let us suppose that M7# has finite total variation
with positive probability. A 0 — 1 argument tells us that this occurs in fact with probability 1 (the
reader can check that this property is measurable with respect to the asymptotic sigma algebra
generated by the weights (Ou).cy 1.,). The associated total variation function ¢ VP[0, 1]
is a (random) non decreasing function, which therefore defines a positive measure on [0, 1]. This
measure satisfies the cascading rule

V1210,1] = e VOV 1] 4 eV DY 2380 1]

where V178[0,1] and V2780, 1] are independent copies of V7#[0, 1], independent of V(0), V(1).
This type of distributional equation for the total mass of a random measure has been investigated
in [12, proof of Theorem 1], based on a fixed point equation studied in [18]. Since the mapping
t = WmER:, e~V vanishes for t = % as well as the derivative at this point, by [18] and
the measure extension in [12], the mapping t — V75[0,¢] is a time changed stable process with
parameter o = + and the time change is continuous: continuity of the time change has been proved
in [11] as it is nothing but the derivative martingale associated to the real part of the branching
random walk (we do not write its explicit form as we only need its continuity). This shows that
t + V5[0, ] cannot be continuous. This is a contradiction with the fact that M™# is continuous,
as the total variation of a continuous function is necessarily continuous.

4 4— moment of |M)"’|

We first give a lemma on the tail behaviour of | M, # | which is a direct consequence of the moment
estimate given by lemma 4.2 below:

Lemma 4.1. Let a > 0. For anya, x>0,y € R k,n € N,

(4.1)
P gl‘i}é e—’YV(Z)l{miank V(z|j)2—a}|M]Z:|.ﬁn(z)|1{Vu22,V(u)2—33+a1n\u|} > 67y> < Cka(l_él’y)6_w+4W(x_y)Pa(rjn<i£ Sj > 0)

Proof of Lemma 4.1. First, as each term is positive, we raise the inequality inside the probability
to the power four. Then we observe that maxp,— ... < Z| 2=k -+ finally by using the Markov
inequality we get:

P <|Izn|i}1§ e_WV(Z) 1{min‘j§k V(z);)>—a} ‘M]an(z)u{VuZz, V(u)>—z+aln|u|} > e’yy)

—4yV(z B 4 —4
<E Z 1{minj§k V(ZU)Z—a}e 7 ()‘MIZJrn(Z” 1{Vu2z,V(u)—V(z)Z—x—V(z)-‘,—ozln\u|} e "

2=k
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Via the branching property and Lemma 4.2 below, we have

F <|I?a’,§ eV fin <, V)2 —ad M5 () L pusz, vy > —atatn jul) 2 €7y>

< C(p)E Z 1{mmj§C V(le)z_a}e—47V(z)e47(x+V(z)—aln k)e—(m—i-V(z)—aln k) e~ 4
|z|=Ek

< C(p)E Z 1{min]-§k V(z|j)2—a}€_v(z) k.oc—4'yoc e4’y(ac—y)e—a:

|z|=k
< c(p)ka(l_h)eh(gj_y)e_mIP’a(m<i£ S; >0).
J<
This completes the proof of Lemma 4.1. O

We state now the main moment estimate of the paper:

Lemma 4.2. There exists ¢ > 0 such that for any x > 0, n € N,

(4.2) E <|Mgﬁ\41{\memv(u)2,m}) < ceMTe 7,

Proof of Lemma 4.2. On the set {Vu € T, V(u) > —z}, we will bound the expectation of
MOt = (MP)P (M)

(4.3) — Z eV () +V (22)+V (23)+V (24)] £iBV2In 2[X (21) — X (22)+ X (23) = X (24)]

|z1|=|22|=|23]=[24]=n

To carry out this computation, we must look at the different configurations for the genealogi-
cal structure of z1,z9,23,24. So for any i,57 € {1,2,3,4} with ¢ < j, we introduce T'(3,j) :=
sup {k € [0,n], 2, = Zj|k}v i.e the vertex zp(; ;) = 217(i.5) is the youngest common ancestor of
the vertices z; and z;. We also define T' := inf; ; T'(i, j) the generation of the youngest common
ancestor of z1, z9, z3 and z4.

Let us decompose the sum (4.3), according to the different configurations of the 7'(i, ), i.e let
us write

B4 _
M7 = > Y Liviciei o a),s=TG) X
0<s;;<n,i<j€e{l,...4} |z1]=...=|za|=n
(4.4) oMV (21)+V (22)+V (23)+V (24)] ,iBV2In 2[X (21) — X (22)+ X (23) = X (24)]

Write with full details how to bound the expectation of every term of this big sum is a very
cumbersome work. However notice that the terms which have the same genealogical structure can
be grouped in bundles. Moreover as many of these bundles are very similar or even, because of the
symmetry, identical or identical in law, it is easy to convince oneself that it suffices to only treat
the following 3 situations:

e 1) T'=n (which means that z; = 23 = 23 = 24).
o 2) T =T(1,2) < T(2,3) < T(3,4) < n.
¢ 3)T=T(1,3)=T(1,4), T <T(1,2) <nand T < T(3,4) < n.
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Situation 1) This is the simplest one. The restriction of the sum in (4.4) to the terms for which
T = n is simply 57 = lel:n e~*V(2) Note that the imaginary part cancels with itself so it
remains only positive terms. On the set {Vu € T, V(u) > —x} we thus have

E(Sll{VuET,V(u)Z—x}) < E Z 6_4A/V(z)1{mini§n V(U\i)Z—.t}
|z|=n
= E <6(1—4’Y)Sn 1{mini§n SiZ—x})
< e4’yx€f‘r7

which is the desired bound.

Situation 2) This case requires to be a bit more careful. Recall that for rrn e Nyn>r, z€ T
with |z| = n, the vertex z|, denotes the ancestor of z in the generation 7. We now define z,, the
child of 2}, which is not an ancestor of z. The restriction of the sum in (4.4) to the terms for which
T=1T(1,2) <T(2,3) <T(3,4) <n can be expressed as

n—2 -
Sy 1= Z ; ({ =YV (210)+iBV2I2X (2)1) o M ﬁ(zlt*)} % ;—1 ({e—wV(z\s*)—zﬂMX(z‘s*) % Mg,ﬂ(z‘s*)}

% Z { AV (2)02)FiBV2In2X (2)0) o MYP(z 2 )}e—WV(Z)—iB\/MX(Z)>> .
r=s+1

It corresponds to a decomposition of the sum (4.4) through the position in the binary tree of the
particle denoted by z4 in (4.4). Recall that we need to bound the expectation of Sy on the set
{Vu € T, V(u) > —x}. To treat the complex part we will first condition on o(V(z),z € T), the
sigma field generated by the real part.

To compute this conditional expectation, first observe that for each |z| = n, 0 < t < s <
r < n — 1, conditionally to o(V(z),z € T), the random variables M,'Z’ﬁ(z:|r*), Mg’ﬁ(z‘s*) and
M, B (z|t*), are mutually independent and independent of others random variables. Moreover their
conditional expectations are respectively equal to 2_52(”_’5_1)M,¥(z|t*), 2_52(”_3_1)]\/[7?(43*) and
2= (=D A (2.

Furthermore note that

eBV2In2X (2),.) o=iBV2In2X (2) _ ,iBV2In2(X (2).) =X (2),)) g =iBV2In 2(X (2) = X (%))

is the product of two independent terms whose expectation is equal to 9-B%9=B*(n-r) Finally by

iBV2In2X (2)4,) % 6—7;,3\/2 In2X (2|4 )

using the same decomposition for e we get that

E (1{vuer, v(u)>—s}S2)
n—2

n—3
— E 1{VUGT, V(u)zf:):} Z X Z {2752Ci’yv(zlt*)27ﬁ2(n7t71)Mg(z‘t*)} X Z {2752(8*@%*1))6*7‘/(2‘5*)
‘Zl t=0 s=t+1

n—1
9= B (n-s-1) Mg(z\s*)} 3 {2762e*W(Z\T*)TW(n*T‘*l) Mg(zr*)}evwz)gmnm)_
r=s+1
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By reordering the sum, this is equal to

= i i Z Z E (1{Vu€T V(u)>—z} { e*WV(z\t*)2*52(n7t*1)Mg(z|t*)} x {Z*BQ(HA*S)G*’YV(%S*)

t=0 s=t+1r=s+1 ‘zl r

2_52(n—s—1)Mr’Ly(zls*)} « Z 2_’826_7V(Z/‘T*)M;Z (Z/lT*)Q_BQ (n—T—l)e—’YV(z’)Q_BQ (n—r)

|2 |=n, 2/ >z

We are left with positive terms only. So by estimating 1(vyer, v (u)>—o} With 1{min1§|z‘ V(z:)>—a} for
any z € T such that |z| = r, we can use the branching property for the real part of the branching
random walk. Indeed for any z € T, let F¢(z) = o(V (u), such that u is not a descendent of z), by
the branching property we have

2P0 DR (M (21,0 | F(3150)) = 207000 =

where we observe that v + 3 = 1 implies (1 — )2 — 82 = 0. Similarly it is also plain to check that
for any |z| =,

E Z 2*52e*’YV(Z’m)Mg(zllr*)gfﬁz(ﬂﬂfl)e*vV(Z’)Q*ﬁQ(n*T)|]:r =2 lem V()

|2 |=n, 2/ >z
with F, := o(V(u), |u| <r). Combining these arguments we get

n—3 n—2 n—1

DD IED DR 1 IR ) TR T e

tZO S:t+1 T:S+1 |z =7r
n—3 n—2 n—1

= X > D E(e e eI o)

t=0 s=t+1r=s+1

IN

E (1pvuer, v(w)>—z}S2)

where the equality stems from the the many to one Lemma (2.6). Finally by using three times the
inequality (2.8) (with first k := 27 — 1, then twice kK = ) we get

E (1{vuer, v(w)>—2}52)

n—3 n—2
<c) D E (6 7% I i 550 Z E (02 ’"‘Sl{minjgrssjm:ss}))

t=0 s=t+1 r=s+1

n—3 n—2

/ —~St —~Ss 2v—1)x
=€ Z Z E (6 e 1{minj§ssj2—ﬂf}) e

t=0 s=t+1

-3
" —v.S —z+3 I —x+4
<c E E (e K tl{minjgtsjz—w}) e THIE L Jlem T,

We are done with the study of the situation 2).
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Situation 3) This is the trickiest case. The restriction of the sum in (4.4) to the terms for which
T=T(1,3)=T(1,4), T <T(1,2) <nand T < T(3,4) < n can be rewritten

n—2 n—1 n—1

(4.5) S3i=> Y Y > LT(3)=T(A) =t T(1,2)s, T(34)=s}

t=0 s=t+1 s’=t+1 |z1|=...=|z4|=n
e~ MV (21)+V (22)+V (23)+V (24)] iBV2In 2[X (21) = X (22)+ X (23) = X (24)]

We denote by a the youngest ancestor of z1, 29, 23 and 24, b the youngest ancestor of z; and 29 and
c this one of z3 and z4. To express precisely the sum (4.5) we need to specify whether z; and z3 are
descendant of a® or a(") then whether 21 1s a descendant of b® or b(") and whether 23 1s descendant
of ¢ or (). Tt gives 8 different configurations e € {1,...,8} and leads to consider the random
variable Sée) defined as the sum of the terms for which z1, 23, z3 and z4 are in the configuration e.
It is easy to see that these (Sée))ee{l’m,g} have the same law. Then we just have to compute S?(,l),
the sum of the terms for which z; and zo are descendant of a(l), 21 18 a descendant of b1 and 23 a
descendant of ¢,

Finally the expectation on the set {Vu € T, V(u) > —z} of the complicated sum in (4.4),
restricted to the terms for which T'=T(1,3) = T7'(1,4), T < T(1,2) <nand T < T(3,4) < n, is
equal to

n—2

E(Ltvuet, v (uw)>—2}53) = 8E[1{VueT,V(’u)2—z} DN etV
t=0 |a|=t

n—1
{ Z Z 2 (VO)—V(a) o (efw(vaﬂ)rwb))ﬂm‘m2<X(b<l>>fX<b>> Mgﬁ(;,ﬂ))) %
s=t+1 |b]=s,b>a®)
(e—w<v<b(r>>—vw»—im1n2<X<b<r>)—X<b>> Mgﬂ(b(r))) } X

n—1
Z Z e~ 2(V(O—-V(a) 4 (e—wvw(“)—V<c)>+w2‘1n2<X<c<l>>—X<c>> M%ﬁ(c(l))> %
s'=t+1|c|=s',c>al")

(e—wwc(ﬂ)—v<c>)—w¢m<x<c<r>>—X(c>>m) H

Now by taking the conditional expectation with respect to o(V(z), z € T), the sigma-field generated
by the real part, and by using the branching property (for the complex part as in situation 2)) we
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get

n—2
E(l{VUGT,V(u)me}S.B) =8E |:1{VUET,V(U,)27$} Z Z 674’7‘/(@) X
t=0 |a|=t

n—1
{ Sy e VOV <27ﬁ2ef'y(V(b(”)*V(b))2*62(71*8*1) Mg(b@)) %
s=t+1 |b]=s,b>a®)

(2—ﬁ2€—7(V(b<”)—V(b))g—ﬁQ(n—s—l) Mg(bm)) } x

n—1
3 3 e—va(c)—vw))x(2—62e—w(V(c“))—V<c>>2—ﬁ2(n—s’—l)Mg(gl)))X

s'=t+1 ‘C‘:S/’ CZ@(T)
(2—ﬁ2e—wvw)—w«:))2—/32<n—s'—1> Mg(gﬂ)) }] .

Again, we are left with positive terms only. So using the estimates 1{y,et v (u)>—2) < 1{mini<\b| V(bj;)>—a}
and 1pvuer, vu)>—x} < Lmin,<o V() >~} for any b,c € T with |b| = s, |c¢| = ¢’ and the branching
property, we get

n—2 n—1
E(Lpvuer vwys s} 53) < %E[Z Z V(@) o { Z Z e—zv(v(b)fv(a))l{mmjgsV(blj)zﬂ}}

t=0 |a|=t s=t+1 |p|=s,b>a)
n—1
—2v(V(e)=V(a))q, .
(X X - Lminy <. Vi(e,)2 ) f |
s'=t+1 ‘C‘:S’, cZa("“)

where we have equalities similar to E (Q_ﬁz("_sl_l)Mg(c(r)D =E (2_52("_5/_1)M;Z(C(”))) = 1

Now by using the many-to-one Lemma (2.6) for the sub-trees {b € T, b > a} and {c € T, a >
a"}, we get

n—2
1 — a
E(L{vuer, v w)z-a}53) < §E[Z D O i, Va2 -0y X

t=0 |a|:t
n—1 n—1
1-29)S,/_ 1-27)S. .
{ Z E(e( 7)5s tl{minjgs,,tsjz—x—\/(a)ﬁ } ><{ Z E(e( ) tl{mmjgs_tsjz—x—\/(a)}) }]
s=t+1 s'=t+1

Finally by the inequality (2.8) (with x := 2y — 1), it follows that

n—2

E(L{vuer, v(w>—a}53) < CE[Z > e i, V<au>2—$}€2(1_27)(_I_V(a))]
t=0 |a|=t
n—2
< ce2rtdveg |: Z e~ St 1{minj§t §;>—a}
=0

S C/e—$+4'y$ ’

where in the last line we have used another time the inequality (2.8) (with x = 1). This achieves
the study of the situation 3) and thus the proof of Lemma 4.2. O
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