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Abstract

We present hereafter the formulation of a Timoshenko finite element straight beam with internal degrees of freedom, suitable for

non linear material problems in geomechanics (e.g. beam type structures, deep pile foundations . . . ) Cubic shape functions are

used for the transverse displacements and quadratic for the rotations. The element is free of shear locking and we prove that one

element is able to predict the exact tip displacements for any complex distributed loadings and any suitable boundary conditions.

After the presentation of the virtual power and the weak form formulations, the construction of the elementary stiffness matrix is

detailed. The analytical results of the static condensation method are provided. It is also proven that the element introduced by

Friedman and Kosmatka in [11], with shape functions depending on material properties, is derived from the new beam. Validation

is provided using linear and material non linear applications (reinforced concrete column under cyclic loading) in the context of a

multifiber beam formulation.

Keywords: beam, shear locking, Timoshenko, multifiber

1. Introduction

In [11], Friedman and Kosmatka have introduced a very ef-

ficient two node Timoshenko finite element beam using cubic

and quadratic Lagrangian polynomials for the transverse dis-

placements and rotations respectively. The polynomials are

made interdependent by requiring them to satisfy the two homo-

geneous differential equations associated with Timoshneko’s

beam theory. The resulting stiffness matrix is exactly integrated

and the element is free of shear locking. The authors numeri-

cally verified that one element is able to predict the exact tip

displacement of a cantilever Timoshenko beam subjected to ei-

ther an applied transverse tip load, a uniform load or a linear

varying distributed load.

Although this element is widely used, see for example [5],

its domain of application is limited because of the nature of its

shape functions that depend on material properties. We propose

hereafter an improved Timoshenko finite element beam with

three (3) in 2D or six (6) in 3D internal degrees of freedom and

similar numerical capacities. Cubic shape functions are used

for the transverse displacements and quadratic for the rotations.

The shape functions are independent on material properties.

The new element, called hereafter FCQ Timoshenko beam for

Full Cubic Quadratic, is free of shear locking and one element

is able to predict the exact tip displacements for any complex

distributed loadings and any suitable boundary conditions. That

element turns out to yield the same nodal degrees of freedom as

those of the element presented in [11] but the interpolations of

the transverse displacements and rotation functions are differ-

ent.

In section 2 we introduce the notations, the balance and con-

stitutive equations and the dimensionless variables of the prob-

lem. In sections 3 and 4 we present the virtual power and weak

form formulations and the way to obtain the analytical solution
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of a 2D cantilever Timoshenko beam subjected to distributed

loadings in terms of loads (forces and moments) and of dis-

placements and rotations at both ends. Sections 5 and 6 deal

with the construction of the elementary stiffness matrix of the

FCQ element and section 7 with the calculation of the inter-

nal degrees of freedom and the reduced stiffness matrix using

the static condensation method. In section 8 we prove analyt-

ically that the element introduced in [11] can be derived from

the FCQ Timoshenko beam. Section 9 contains the analytical

proof that the new element predicts the exact tip displacements

for any complex distributed loadings and any suitable bound-

ary conditions. Finally, section 10 provides validation of the

FCQ Timoshenko beam under static and cyclic loadings. More

specifically, we treat the examples of:

• A cantilever Timoshenko beam subjected to a complex dis-

tributed transverse load (polynomial function).

• A cantilever Timoshenko beam subjected to a constant dis-

tributed transverse load and a linear distributed bending

moment.

• A reinforced concrete column submitted to a cyclic load.

For this example, the behaviour of the materials is consid-

ered non elastic and the column is simulated using multi-

fiber Timoshenko FCQ beams.

2. Balance and constitutive equations

2.1. Notations

Let’s consider a Timoshenko beam of length l, having an ho-

mogeneous cross-section of area A and of moment of inertia I.

E and G are the Young and shear moduli of the elastic mate-

rial of the beam. κ is the shear coefficient [7] involved in the

constitutive equation for the shear force. A Cartesian coordi-

nate system (x̂, ŷ, ẑ) is defined on the beam where the x̂ axis is

coincident with the centroidal axis (Fig. 1).

For the sake of simplicity, the study is restricted to the flex-

ural static behaviour in the x̂ − ẑ plane. ŵ is the transverse dis-

placement according to the ẑ axis and θ̂ the rotation of the cross-

section about the ŷ axis. Let T̂ and M̂ denote the shear force and

A, E,G, I, κ

θ̂

x̂, û

ẑ, ŵ

0 l

F̂0 F̂1p̂(x̂), m̂(x̂)

M̂0 M̂1

+

Figure 1: 2D Timoshenko beam and applied loads.

the bending moment along the beam. The Timoshenko beam

can be subjected to a consistent (see Section 2.2) combination

of a distributed load p̂(x̂), a distributed moment m̂(x̂), applied

forces and moments F̂0 and M̂0 at x̂ = 0 and F̂1 and M̂1 at x̂ = l,

applied displacements and rotations ŵ0, θ̂0 at x̂ = 0 and ŵ1, θ̂1

at x̂ = l. The equilibrium in a section of infinitesimal length dx̂

is shown in Fig. 2.

T̂ T̂ + dT̂

M̂ M̂ + dM̂

p̂

dx̂

m̂

Figure 2: Equilibrium in a section of infinitesimal length.

In order to simplify the writing of the equations, we use di-

mensionless functions and variables defined as:

x =
x̂

l
(0 ≤ x ≤ 1), w =

ŵ

l
, θ = θ̂,

wi =
ŵi

l
, θi = θ̂i, (i = 0, 1), (1)

M =
l

EI
M̂, T =

l2

EI
T̂ , p =

l3

EI
p̂, m =

l2

EI
m̂,

Fi =
l2

EI
F̂i, Mi =

l

EI
M̂i, (i = 0, 1). (2)

2.2. Balance and constitutive equations

The classical balance equations expressed using the dimen-

sionless quantities of Eqs. 1 and 2 take the following form (see

Fig. 2):

dT

dx
+ p = 0, (3a)

dM

dx
− T + m = 0. (3b)
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According to the Timoshenko beam theory (sections remain

plane but not perpendicular to the neutral axis) and the defini-

tion of the dimensionless functions and variables of Eqs. 1 and

2, the classical constitutive equations take the form:

M =
dθ

dx
, (4a)

T =
1

e
(θ +

dw

dx
), (4b)

where:

1

e
=
κGAl2

EI
. (5)

Remarks:

• The boundary conditions (w0, θ0, w1, θ1, F0, M0, F1, M1)

have to be consistent, in other words they cannot be set in-

dependently (see also the following remark on global equi-

librium or the exact solution in Eq. 14). Only some of the

boundary conditions imposed to the beam are known. For

instance, for the case of a cantilever beam with tip loads,

w0 and θ0 are set to 0, F1 and M1 are given and w1, θ1, F0

and M0 are unknown.

• Following Figs. 1 and 2, the kinematic as well as the load

boundary equations read:

w(0) = w0, w(1) = w1, (6a)

θ(0) = θ0, θ(1) = θ1, (6b)

T (0) = −F0, T (1) = F1, (6c)

M(0) = −M0, M(1) = M1. (6d)

• The external forces and moments have to satisfy the global

equilibrium equations:

F0 + F1 +

∫ 1

0

pdx = 0, (7a)

M0 + M1 − F1 +

∫ 1

0

(m − xp) dx = 0. (7b)

• The parameter e defined at Eq. 5 is of the order of the

aspect ratio (slenderness) of the beam. Indeed, E and G

are of the same order and κ is generally taken of order 0

with respect to the aspect ratio of the beam. For a slen-

der beam, e is thus small and consequently θ + dw
dx

is also

small. In other words, in that case the Timoshenko beam

is almost a Navier Bernoulli beam (for which θ + dw
dx
= 0).

This provides a first explanation why locking can occur

in finite element simulations of bending of slender Tim-

oshenko beams, the Navier Bernoulli condition requiring

too many degrees of freedom to be fulfilled (see also [3],

[9] and [13]).

3. Weak formulation

The virtual power formulation classically reads (the symbol

∗ denoting a virtual field):

∀(w∗, θ∗) , −

∫ 1

0

(
M

dθ∗

dx
+ T (θ∗ +

dw∗

dx
)

)
dx

+

∫ 1

0

(pw∗ + mθ∗) dx

+ F0w∗0 + M0θ
∗

0 + F1w∗1 + M1θ
∗

1 = 0. (8)

Substituting in Eq. 8 the constitutive laws (Eqs. 4 and 5) and

the boundary conditions (Eqs. 6) we get the variational equation

involved in any weak formulation of the problem:

∀(w∗, θ∗) , a ((w, θ), (w∗, θ∗)) = L(w∗, θ∗)

+ F0w∗0 + M0θ
∗

0 + F1w∗1 + M1θ
∗

1, (9)

where the bilinear and linear forms a ((w, θ), (w∗, θ∗)) and

L(w∗, θ∗) are defined by:

a ((w, θ), (w∗, θ∗)) =
∫ 1

0

(
dθ

dx

dθ∗

dx
+

1

e

(
θ +

dw

dx

) (
θ∗ +

dw∗

dx

))
dx, (10)

L(w∗, θ∗) =

∫ 1

0

(pw∗ + mθ∗) dx. (11)

4. Analytical solutions

The general solution of Eqs. 3, taking into account the bound-

ary condtions (Eq. 6) reads:

T exa = −p1 − F0, (12a)

Mexa = −p2 − m1 − F0x − M0, (12b)
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for the shear force and the moment and:

wexa = −ep2 + p4 + m3 − F0

(
ex −

x3

6

)

+ M0

x2

2
− θ0 x + w0, (13a)

θexa = −p3 − m2 − F0

x2

2
− M0 x + θ0, (13b)

for the the displacement and the rotation, where the successive

primitives pk(x) and mk(x) of p and m are defined such that:

p0(x) = p(x) , m0(x) = m(x),

pk(x) =

∫ x

0

pk−1(y) dy , mk(x) =

∫ x

0

mk−1(y) dy.

Eqs. 13 can also be written in terms of F1 and M1 instead of

F0 and M0:

wexa = p1 (1)

(
−

x3

6
+

x2

2
+ ex

)
− ep2 − (p2 (1) + m1 (1))

x2

2

+ p4 + m3 + F1

(
−

x3

6
+

x2

2
+ ex

)
− M1

x2

2
− θ0x + w0,

(14a)

θexa = p1 (1)

(
x2

2
− x

)
+ (p2 (1) + m1 (1)) x − p3 − m2

+ F1

(
x2

2
− x

)
+ M1x + θ0. (14b)

Remarks:

• Replacing the dimensionless variables with their counter-

parts provided in Eqs. 1 and 2, one finds the classical solu-

tions of the problem (expressed in dimensional variables).

• For e = 0 Eqs. 13a and 14b provide the analytical trans-

verse displacement for the Navier Bernoulli beam.

Let’s now consider the case of a Timoshenko beam submit-

ted to displacements (w0,w1) and rotations (θ0, θ1) at both ends

(x0 = 0, x1 = 1).

Taken at x = 1, Eqs. 12 and 13 yield a linear system enabling

to determine T0, M0, T1 and M1 in terms of the displacements

and rotations w0, θ0, w1 and θ1. Written in matrix format, the

result reads:




F0

M0

F1

M1




= Kexa




w0

θ0

w1

θ1




+
2

12e + 1



−6ep2(1) − 3p3(1) + 6p4(1) − 3m2(1) + 6m3(1)

3ep2(1) + (1 − 6e) p3(1) − 3p4(1) + (1 − 6e) m2(1) − 3m3(1)

−

(
6e + 1

2

)
p1(1) + 6ep2(1) + 3p3(1) − 6p4(1) + 3m2(1) − 6m3(1)

−

(
3e + 1

2

)
p2(1) + (6e + 2) p3(1) − 3p4(1) −

(
6e + 1

2

)
m1(1) + (6e + 2) m2(1) − 3m3(1)




.

(15)

where the stiffness matrix is:

Kexa =
2

12e + 1



6 −3 −6 −3

−3 6e + 2 3 −6e + 1

−6 3 6 3

−3 −6e + 1 3 6e + 2



. (16)

Remark: Eq. 15 can be seen as a compatibility condition be-

tween the boundary values w0, θ0, w1, θ1, T0, M0, T1 and M1.

5. Finite element technology

In this section we present a brief introduction on the finite

element technology for a Timoshenko beam using the method

of the parent element (which in this case is not isoparametric).

Only the bending behaviour is considered in the developments

presented hereafter. The following steps are performed:

• The domain where the problem is set, that is the segment

[0, 1], is discretised into N elements En = [xn, xn+1] of

length ℓn = xn − xn+1, (1 ≤ n ≤ N), see figure 3.

• The integrals of Eqs. 10 and 11 are written as sums of in-

tegrals over all the elements En.

• A change of variables for each element En to the parent

element S R = [−1, 1] is carried out, see figure 4.

Remark: The introduction of the parent element simplifies

the numerical integration as well as the analytical calculation

of the integrals.
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0 1

x1 x2 xn xn+1 xN xN+1

E1 En EN

Figure 3: Discretised segment.

 1  2

ξ = −1 ξ = 1

Figure 4: Parent element S R.

The change of variables from S R to En is given by the func-

tion φn(ξ):

ξ ↔ x = φn(ξ) = N1
R(ξ)xn + N2

R(ξ)xn+1, (17)

where the interpolation functions N1
R

and N2
R

are defined on the

parent element S R as follows:

N1
R(ξ) =

1

2
(1 − ξ), N2

R(ξ) =
1

2
(1 + ξ), (18)

and so:

φn(ξ) =
1

2
(xn + xn+1) +

ξ

2
ℓn. (19)

Therefore, the expressions 10 and 11 read:

a ((w, θ), (w∗, θ∗)) =

N∑

n=1

an

(
(w̃n, θ̃n), (w̃∗n, θ̃

∗
n)
)

(20)

and

L(w∗, θ∗) =

N∑

n=1

Ln(w̃∗n, θ̃
∗
n), (21)

where

an

(
(w̃n, θ̃n), (w̃∗n, θ̃

∗
n)
)
=

2

ℓn

∫ 1

−1

dθ̃n

dξ

dθ̃∗n

dξ
dξ

+
ℓn

2e

∫ 1

−1

(
θ̃n +

2

ℓn

dw̃n

dξ

) (
θ̃∗n +

2

ℓn

dw̃∗n

dξ

)
dξ (22)

and

Ln(w̃∗n, θ̃
∗
n) =

ℓn

2

∫ 1

−1

( p̃nw̃∗n + m̃nθ̃∗n)dξ. (23)

In Eqs. 20, 21, 22 and 23 the tilted functions are defined ac-

cording to the definition that follows: Let’s h(x) be a function

defined on the discretised segment [0, 1], the functions h̃n(ξ) are

defined on the parent element S R as:

h̃n(ξ) = h(φn(ξ)), (24)

where φn is defined in Eq. 19. It’s also obvious that with N

functions h̃n(ξ) it’s possible to uniquely define a function h(x)

on [0, 1] satisfying Eq. 24.

Up to now no approximation has been made. We have just

performed a change of the unknowns of the problem of Eq. 9

which are no more the functions w(x) and θ(x) defined on [0, 1]

but the functions w̃n(ξ) and θ̃n(ξ) defined on the parent element

S R.

The finite element approximation is performed by choosing

the functions w̃n and θ̃n as a linear combination of given func-

tions of ξ, usually polynomials. In a matrix form that reads:


w̃n(ξ)

θ̃n(ξ)


= S(ξ) W n, (25)

where W n is the vector of the element degrees of freedom, i.e.

the coefficients of the linear combination, and S(ξ) is the two

line matrix of the basis (or shape) functions. The functions of

x corresponding to the w̃n and θ̃n through the relation (24) are

denoted by wdis (x) and θdis (x):

w̃n(ξ) = wdis(φn(ξ)), (26a)

θ̃n(ξ) = θdis(φn(ξ)). (26b)

According to the Galerkin method, the algebraic equations

satisfied by the degrees of freedom of the discretisation are

found considering virtual fields that have the same form as the

approximate unknowns, namely:


w̃∗n(ξ)

θ̃∗n(ξ)


= S(ξ) W ∗

n. (27)

The transfer of Eqs. 25 and 27 in Eqs. 22 and 23 straightfor-

wardly yields:

an

(
(w̃n, θ̃n), (w̃∗n, θ̃

∗
n)
)
=W ∗T

n K nW n, (28a)

Ln(w̃∗n, θ̃
∗
n) =W ∗T

n L n, (28b)

where K n is the dimensionless stiffness matrix of the element

En and L n is the element load vector.

Consequently, according to equations (20) and (21) the vari-

ational equation (9) becomes in the considered finite element
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approximation:

∀W ∗ ,

N∑

n=1

W ∗T
n K nW n =

N∑

n=1

W ∗T
n L n

+FFE
0 w∗0 + MFE

0 θ
∗

0 + FFE
1 w∗1 + MFE

1 θ
∗

1, (29)

where W ∗ is the global column vector of the virtual degrees of

freedom. The loadings at the two ends x = 0 and x = 1 of the

beam are denoted FFE
0

, MFE
0

, FFE
1

and MFE
1

, because, according

to the considered problem, some of them can be unknowns and

therefore are a priori only finite element approximations of the

exact values given in section 4.

6. A new Timoshenko finite element beam

The analytical solutions for a Timoshenko beam free from

distributed loadings (or for p = 0 and m constant) have the

form of a cubic function for the transverse displacements and

a quadratic function for the rotations (see Eqs. 13a and 13b or

Eqs. 14a and 14b). The main idea behind the development of

the new FCQ Timoshenko finite element beam is to use shape

functions that constitute a basis for degree three polynomials for

the transverse displacements and for degree two polynomials

for the rotations.

Remark: The Timoshenko finite element beam presented

in [11] - with shape functions (cubic for the transverse displace-

ments and quadratic for the rotations) depending on the mate-

rial properties - should thus be a particular solution of the FCQ

Timoshenko beam, (see Section 8 for the analytical proof).

More specifically:

• Four linearly independent polynomials are needed to form

a basis for degree three polynomials. In a similar way,

three linearly independent polynomials are needed to form

a basis for degree two polynomials. That means that four

degrees of freedom have to be used for the interpolation of

w̃n(ξ) and three for θ̃n(ξ).

• As the highest derivatives involved in the weak formula-

tion (Eq. 9) are first derivatives for both w and θ, the con-

tinuity requirement for both discretised functions wdis and

θdis of Eqs. 26 is a C0 continuity. To ensure the C0 continu-

ity of wdis and θdis two nodal degrees of freedom are suffi-

cient for the w̃n(ξ) and θ̃n(ξ) disretisations, one at ξ = −1

and one at ξ = 1 of S R.

• Consequently, the chosen discretisation of w̃n(ξ) is based

on two nodal and two internal degrees of freedom and that

of θ̃n(ξ) is based on two nodal and one internal degrees of

freedom.

• To define thus the discretisation of w̃n(ξ) four independent

polynomials of degree 3 at most are needed, one equal to

1 at ξ = −1 and to 0 at ξ = 1, one equal to 0 at ξ = −1 and

to 1 at ξ = 1 and two equal to 0 at ξ = −1 and ξ = 1. For

the discretisation of θ̃n(ξ) three independent polynomials

of degree 2 at most are needed, one equal to 1 at ξ = −1

and to 0 at ξ = 1, one equal to 0 at ξ = −1 and to 1 at ξ = 1

and one equal to 0 at ξ = −1 and ξ = 1.

Obviously, one can find various basis functions that fulfil

the above requirements. In the following, we draw inspiration

from the conformal C1 classical interpolation of the bending

displacements of a Navier Bernoulli beam which reads (wn and

θn are the nodal degrees of freedom relative to node n, wn+1 and

θn+1 the nodal degrees of freedom relative to node n+1 and∆w1
n,

∆θn, ∆w2
n the three internal degrees of freedom of the element,

see also Eq. 39):

w̃n(ξ) = wnH1
R(ξ) + ∆w1

nL1
R(ξ) + ∆w2

nL2
R(ξ) + wn+1H2

R(ξ), (30)

where H1
R
,H2

R
, L1

R
, L2

R
are the four Hermite’s polynomials on S R:

H1
R(ξ) =

1

4
(1 − ξ)2(2 + ξ),

H2
R(ξ) =

1

4
(1 + ξ)2(2 − ξ),

L1
R(ξ) =

1

4
(1 − ξ)2(1 + ξ) =

1

4
(1 − ξ2)(1 − ξ),

L2
R(ξ) = −

1

4
(1 + ξ)2(1 − ξ) = −

1

4
(1 − ξ2)(1 + ξ). (31)

The derivation of Eq. 30 yields:

dw̃n

dξ
= wn

dH1
R

dξ
+ ∆w1

n

dL1
R

dξ
+ ∆w2

n

dL2
R

dξ
+ wn+1

dH2
R

dξ
, (32)

6



with

dH1
R

dξ
= −

3

4
(1 − ξ2),

dH2
R

dξ
=

3

4
(1 − ξ2), (33)

dL1
R

dξ
= −

1

4
(1 − ξ)(1 + 3ξ),

dL2
R

dξ
= −

1

4
(1 + ξ)(1 − 3ξ). (34)

So, Eq. 32 reads:

dw̃n

dξ
= ∆w1

n

dL1
R

dξ
+ ∆w2

n

dL2
R

dξ
+

3

4
(wn+1 − wn)(1 − ξ2). (35)

In a similar way, we discretise the rotation θ̃n as follows:

θ̃n(ξ) = θn
dL1

R

dξ
(ξ) + ∆θn MR(ξ) + θn+1

dL2
R

dξ
(ξ), (36)

where MR(ξ) is:

MR(ξ) = 1 − ξ2. (37)

Remarks:

• Different choices exist in the literature for the interpo-

lation polynomials of w̃n(ξ) and θ̃n(ξ), (see for exam-

ple [19], [20], [23], [24], [25]).

• The interest of Eqs. 30 and 36 is that they obviously in-

clude the classical C1 conforming interpolation used for

Navier Bernoulli beams, and thus insure that the FCQ Tim-

oshenko beam is free of shear locking.

• Clearly, the interpolations of Eqs. 30 and 36 span the

spaces of degree 3 and degree 2 polynomials in ξ respec-

tively. Therefore, and due to the affine character of the

change of variables given by Eqs. 17 and 24, the corre-

sponding functions wdis
n (x) and θdis

n (x) in the element En

span the spaces of respectively degree 3 and degree 2 poly-

nomials in x.

• Consequently, the exact solution (wexa, θexa) given by

Eqs. 13 for a Timoshenko beam free from distributed load-

ings or for p = 0 and m constant is in the space spanned

by the discretised functions wdis
n (x) and θdis

n (x) with only

one element. In other words, a unique FCQ Timoshenko

element provides the exact solution of the bending prob-

lem for a Timoshenko beam free from distributed loadings

or for p = 0 and m constant whatever the boundary condi-

tions are.

In a matrix format, the two line matrix of the shape functions

S(ξ) of Eq. 25 corresponding to the interpolation of Eqs. 30

and 36 reads:

S(ξ) =


H1

R
(ξ) 0 L1

R
(ξ) 0 L2

R
(ξ) H2

R
(ξ) 0

0
dL1

R
(ξ)

dξ
0 MR(ξ) 0 0

dL2
R

(ξ)

dξ


(38)

and the column vector of the element degrees of freedom W n

is:

W n =



wn

θn

∆w1
n

∆θn

∆w2
n

wn+1

θn+1



, (39)

where wn and θn are the nodal degrees of freedom relative to

node n, wn+1 and θn+1 the nodal degrees of freedom relative to

node n + 1 and ∆w1
n, ∆θn, ∆w2

n the three internal degrees of

freedom of the element.

Following the general procedure described in Section 5, the

7 × 7 element stiffness matrix takes the form (calculations are

made using the GNU General Public License (GPL) software

Maxima [16]):

K n =
1

30eln
(40)



36 3ℓn 6 −24ℓn 6 −36 3ℓn

3ℓn 4ℓn
2 + 120e 8ℓn −2ℓn

2
− 120e −2ℓn −3ℓn 60e − ℓn

2

6 8ℓn 16 −4ℓn −4 −6 −2ℓn

−24ℓn −2ℓn
2
− 120e −4ℓn 16ℓn

2 + 160e −4ℓn 24ℓn −2ℓn
2
− 120e

6 −2ℓn −4 −4ℓn 16 −6 8ℓn

−36 −3ℓn −6 24ℓn −6 36 −3ℓn

3ℓn 60e − ℓn
2

−2ℓn −2ℓn
2
− 120e 8ℓn −3ℓn 4ℓn

2 + 120e



.
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7. Static condensation

To implement the new Timoshenko finite element beam to

a general purpose finite element code we have to solve for the

internal degrees of freedom. There are two ways to do this:

• Either the internal degrees of freedom are treated as typ-

ical (external) degrees of freedom, meaning that they are

sent to the global solver of the finite element code (see

Section 10.3).

• Either they are calculated locally in the element using the

static condensation method.

Static condensation is the process of reducing the number

of degrees of freedom by the elimination of some unknowns

(see [6] for instance). It is particularly interesting when it’s

applied to internal degrees of freedom of an element because

it is performed at the element level (element’s stiffness matrix

and load vector) and not at the global level.

To make that clearer, let’s separate the internal degrees of

freedom ∆w1
n,∆θn,∆w1

n from the nodal ones wn, θn,wn+1, θn+1

by writing the real as well the virtual column vectors W n and

W ∗
n in form of block vectors:

W n =



W 1
n

W 2
n

W 3
n



, W ∗

n =



W 1∗
n

W 2∗
n

W 3∗
n



, (41)

where

W 1
n =


wn

θn


, W 2

n =



∆w1
n

∆θn

∆w2
n



, W 3
n =


wn+1

θn+1


, (42)

and W 1∗
n ,W

2∗
n ,W

3∗
n defined accordingly. The element nodal

degrees of freedom are gathered in the 4 lines column vector

W B
n :

W B
n =



wn

θn

wn+1

θn+1



=


W 1

n

W 3
n


. (43)

The element load vector L n and stiffness matrix K n are writ-

ten accordingly:

L n =



L 1
n

L 2
n

L 3
n



, K n =



K 11
n K 12

n K 13
n

K 21
n K 22

n K 23
n

K 31
n K 32

n K 33
n


, (44)

where L 1
n and L 3

n are 2 × 1 vectors; L 2
n is a 3 × 1 vector; K 11

n ,

K 13
n , K 31

n and K 33
n are 2×2 matrices; K 12

n and K 32
n are 2×3 ma-

trices; K 21
n and K 23

n are 3×2 matrices and K 22
n is a 3×3 matrix.

Remark: As the element stiffness matrix is symmetric,

the blocks satisfy the relation:

K
i jT
n = K

ji
n , i, j = 1, 2, 3. (45)

Following the previous notations, the element bilinear and lin-

ear forms of Eqs. 28a, 28b and 29 read:

W ∗T
n K nW n =

{
W 1∗T

n W 3∗T
n

}



K 11

n K 13
n

K 31
n K 33

n




W 1

n

W 3
n


+


K 12

n

K 32
n


W 2

n



+W 2∗T
n

K
22
n W 2

n +

[
K 21

n K 23
n

]


W 1
n

W 3
n



 , (46)

W ∗T
n L

n
=

{
W 1∗T

n W 3∗T
n

}


L 1
n

L 3
n


+W 2∗T

n L 2
n. (47)

Using the notations 43, that reads too:

W ∗T
n K nW n =

W B⋆T
n




K 11

n K 13
n

K 31
n K 33

n


W B

n +


K 12

n

K 32
n


W 2

n



+W 2∗T
n

(
K 22

n W 2
n +

[
K 21

n K 23
n

]
W B

n

)
, (48)

W ∗T
n L

n
=W B⋆T

n


L 1

n

L 3
n


+W 2∗T

n L 2
n. (49)

where W B⋆T
n is defined from W 1⋆

n and W 3⋆
n accordingly to

Eq. 43.

In the following, we are going to calculate the expressions

for the reduced element stiffness matrix and load vector. Eq. 29
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is valid for any virtual global column vector W ∗. Considering

the virtual degrees of freedom at the boundaries of a specific

element En equal to zero and all the virtual degrees of freedom

of all the other elements Em (1 ≤ m ≤ N, m , n) equal to zero,

we get W ∗T
n =

{
0 0 W 2∗T

n 0 0

}
, that is W B⋆T

n = 0,

and W ∗
m = 0 where 0 is the zero vector. Eqs. 29, 48 and 49

yield:

∀W 2∗
n , W 2∗T

n

(
K 22

n W 2
n +

[
K 21

n K 23
n

]
W B

n

)
=W 2∗T

n L 2
n. (50)

As W 2∗
n is any 3 × 1 vector, the previous equation is equiva-

lent to the linear system:

K 22
n W 2

n
+

[
K 21

n K 23
n

]
W B

n = L 2
n. (51)

The purpose of the static condensation is to eliminate W 2
n

by expressing it in terms of the other degrees of freedom and

applied forces, that its say, considering Eq. 51, in terms of W B
n

and L 2
n. Let’s pose:

W 2a
n = −

(
K 22

n

)−1 [
K 21

n K 23
n

]
W B

n , (52)

W 2b
n =

(
K 22

n

)−1

L 2
n. (53)

Thanks to the linearity of Eq. 51 it can be seen that W 2
n reads:

W 2
n =W 2a

n +W 2b
n . (54)

Following the static condensation the discretised fields of

Eqs. 30 and 36 read:


w̃n(ξ)

θ̃n(ξ)


=


w̃a

n(ξ)

θ̃an(ξ)


+


w̃b

n(ξ)

θ̃bn(ξ)


, (55)

with


w̃a

n(ξ)

θ̃an(ξ)


= S(ξ)



W 1
n

W 2a
n

W 3
n



, (56)


w̃b

n(ξ)

θ̃bn(ξ)


= S(ξ)



0

0

W 2b
n

0

0



. (57)

Introducing Eq. 54 in Eq. 46 we get:

W ∗T
n K nW n =

W B⋆T
n K red

n W B
n

+W B⋆T
n


K 12

n

K 32
n



(
K 22

n

)−1

L2
n
+W 2∗T

n L2
n
, (58)

where the reduced 4 × 4 element stiffness marix K red
n reads:

K red
n =


K 11

n K 13
n

K 31
n K 33

n


−


K 12

n

K 32
n



(
K 22

n

)−1 [
K 21

n K 23
n

]
.

(59)

Eqs. 58 and 29 represent the contribution of the element En

to the left-hand side or respectively the right-hand side of the

discretised weak formulation (29).

The term W 2∗T
n L 2

n vanishes when the two expressions

(Eqs. 49 and 58) are transferred into Eq. 29, so the contribu-

tion of the element En to the weak formulation of (29) is thus

the bilinear form:

W B⋆T
n K red

n W B
n , (60)

for the left-hand side and the linear form:

W B⋆T
n L red

n , (61)

for the right hand side where the reduced 4 × 1 element load

vector L red
n reads:

L red
n =


L 1

n

L 3
n


−


K 12

n

K 32
n



(
K 22

n

)−1

L 2
n. (62)

The previous developments show that the static condensation

can be performed element by element, previous to the assembly

of the global stiffness matrix and load vector.

For the specific case of the FCQ Timoshenko beam element

we successively get:

(K 22
n )−1 =

3eℓn

4(ℓ2n + 12e)



3ℓ2n + 32e ℓn ℓ2n + 8e

ℓn 3 ℓn

ℓ2n + 8e ℓn 3ℓ2n + 32e


,
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then:

W 2a
n =

1

2(ℓ2n + 12e)


−12e −(ℓ3n + 6eℓn) 12e 6eℓn

3ℓn 18e −3ℓn 18e

−12e 6eℓn 12e −(ℓ3n + 6eℓn)


W B

n ,

(63)

where W B
n is defined in Eq. 43 and:

K red
n =

2

ℓn(ℓ2n + 12e)



6 −3ℓn −6 −3ℓn

−3ℓn 2ℓ2n + 6e 3ℓn ℓ2n − 6e

−6 3ℓn 6 3ℓn

−3ℓn ℓ2n − 6e 3ℓn 2ℓ2n + 6e



. (64)

As W2a linearly depends on WB, the interpolation of Eq. 56

can be written:


w̃a
n(ξ)

θ̃an(ξ)


= Sred(ξ)W B

n . (65)

When only one element is used (ℓn = 1), the reduced stiffness

matrix K red
1

of Eq. 64 coincides with the analytical stiffness

matrix of a Timoshenko beam free of distributed loadings (see

Eq. 16). The bending problem of a Timoshenko beam loaded

only at its ends is therefore exactly solved with only one FCQ

element.

Indeed, in that case the variational equation (Eq. 29) reads:

∀W B∗
1 =

(
w∗0, θ

∗

0,w
∗

1, θ
∗

1

)T
,

W B∗T
1 K red

1 W B
1 = FFE

0 w∗0 + MFE
0 θ

∗

0 + FFE
1 w∗1 + MFE

1 θ
∗

1, (66)

with W B
1
= (w0, θ0,w1, θ1)T , which obviously yields Eq. 15.

This result is consistent with the remark of section 6 page 6,

where it is mentioned that for the case of a Timoshenko beam

free of distributed loadings one element gives the exact solu-

tion of the beam bending. In line with that remark, the pair
(
wa

1
(x), θa

1
(x)

)
corresponding to the pair

(
w̃a

1
(ξ), θ̃a

1
(ξ)

)
of Eq. 65

through the change of variables of Eq. 24, exactly satisfies the

balance and constitutive Eqs. 3 and 4.

8. Comparison with the formulation presented in [11]

The purpose of this section is to prove that the element in-

troduced by Friedman and Kosmatka can be derived from the

present formulation. In [11], the two authors have introduced

a two node Timoshenko finite element beam using cubic and

quadratic polynomials for the transverse displacements and ro-

tations respectively. The polynomials are made interdependent

by requiring them to satisfy the two homogeneous differential

equations associated with Timoshneko’s beam theory. The re-

sulting stiffness matrix is exactly integrated and the element is

free of shear locking. The main limitation of this element is

that the proposed interpolation functions depend on the materi-

als properties: this is at odds with the finite element method and

limits the domain of application of the element to linear elas-

tic problems (although some satisfactory results can be found

in the literature for non linear materials by keeping the orig-

inal interpolation functions unchanged, see for example [14]

and [17]). If however the values of the original interpolation

functions are updated, numerical convergence problems soon

appear.

The interpolation used in [11] takes the following form:


w̃FK

n (ξ)

θ̃FK
n (ξ)


=


N1

n (ξ) N2
n (ξ) N3

n (ξ) N4
n (ξ)

N5
n (ξ) N6

n (ξ) N7
n (ξ) N8

n (ξ)

 W B
n , (67)

where W B
n is defined by Eq. 43. Details on the interpolation

functions Ni
n, i = 1, 8 that depend on the material’s properties

can be found in [11].

As defined by Friedman and Kosmatka, the interpolation of

Eq. 67 is such that it solves exactly the bending equations of a

Timoshenko beam free of distributed loading whatever the W B
n

is (as the interpolation functions satisfy the two homogeneous

differential equations associated with Timoshneko’s beam the-

ory). In accordance with the comments presented at the end

of the previous section, the interpolation of Eq. 67 - up to the

change of variables (Eq. 24) - is identical to the interpolation of

Eq. 65, which means that w̃FK
n (ξ) = w̃a

n(ξ) and θ̃FK
n = θ̃an. There-

fore, in order to prove that the element presented in [11] can

be derived from the new FCQ element formulation, it is suffi-
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cient to show that the two discretised problems are the same,

in other words that the element stiffness matrices and element

load vectors are identical.

According to Eq. 28a, the element stiffness matrix K FK
n in-

troduced by Friedman and Kosmatka in [11] (corresponding to

the interpolation of Eq. 67 which is identical to the interpolation

interpolation of Eq. 65), is such that:

W B∗T
n K FK

n W B
n = an

(
(w̃a

n, θ̃
a
n), (w̃a∗

n , θ̃
a∗
n )

)
, (68)

where the virtual fields w̃a∗
n and θ̃a∗n depend on W B∗

n in the same

way as the fields w̃a
n and θ̃an depend on W B

n through Eqs. 56

and 52.

The discretisations (Eq. 56) of w̃a
n and of θ̃an use the same

matrix S (ξ) of basis functions as those of w̃n and of θ̃n (Eq. 25).

Therefore, according to Eq. 28a we have:

W B∗T
n K FK

n W B
n =

{
W 1∗T

n W 2a∗T
n W 3∗T

n

}
K n



W 1
n

W 2a
n

W 3
n



. (69)

The expansion of Eq. 69 reads as Eq. 48 but with W 2a
n re-

placing W 2
n and according to Eqs. 52, 59, it comes:

W B∗T
n K FK

n W B
n =W B⋆T

n K red
n W 2a

n ,

which proves that:

K FK
n = K red

n , (70)

where K red
n is given by Eq. 64.

According to Eqs. 28b, 49 and 56 a similar reasoning applied

to the linear form W B∗T
n LFK

n
yields:

W B∗T
n L FK

n = Ln(w̃a
n, θ̃

a
n)

=W B∗T
n


L 1

n

L 3
n


+W 2a∗T

n L 2
n. (71)

W 2a∗
n depends on W B∗

n in the same way as W 2a
n depends on

W B
n . Using Eq. 52 and the symmetry (Eq. 45) of the matrix

K n, we have:

W 2a∗T
n = −W B∗T

n


K 21

n

K 23
n



(
K 22

n

)−1

, (72)

then, comparing Eq. 71 with Eq. 62, we finally obtain:

L FK
n = L red

n . (73)

Eqs. 70 and 73 prove that for the same number of elements

the FCQ and the Friedman and Kosmatka Timoshenko beam el-

ements give identical results for the degrees of freedom wn and

θn. Nevertheless, the FCQ beam adopts the discretisation pro-

vided by Eq. 55, whereas the Friedman and Kosmatka element

by Eq. 56. According to Eqs. 30, 57, the difference in w̃b
n and

θ̃bn(ξ) which reads:


w̃b

n(ξ)

θ̃bn(ξ)


=


L1

R
(ξ) 0 L1

R
(ξ)

0 MR (ξ) 0


W 2b

n ,

influences the approximation of the shear force T and of the

bending moment M. This can be crucial when an anelasticity

threshold is adopted based on the value of T or M.

9. Analytical proof for complex distributed loadings

In [11], the authors numerically verified that one element

with the interpolation functions of Eq. 67 is able to predict the

exact tip displacement of a cantilever Timoshenko beam sub-

jected to either an applied transverse tip load, a uniform load,

or a linear varying distributed load. The purpose of this sec-

tion is to prove that the result holds true for any complex dis-

tributed loads, moments included, and any suitable boundary

conditions.

Let’s consider a pair (w, θ) of functions satisfying the Eqs. 3

and 4 for given distributed loadings p and m and boundary con-

ditions (Eq. 6) (as pointed out in section 2.2, the boundary con-

ditions satisfy the compatibility conditions (Eq. 15)). There-

fore, the pair (w, θ) satisfies the variational equation (Eq. 9) of

section 3 that reads:

∀ (w∗, θ∗) , a ((w, θ), (w∗, θ∗)) = L(w∗, θ∗)

+ F0w∗0 + M0θ
∗

0 + F1w∗1 + M1θ
∗

1, (74)

where a ((w, θ), (w∗, θ∗)) and L(w∗, θ∗) are given by Eqs. 10 and

11.
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Let’s now consider the finite element approximation of the

pair (w, θ) with one single element and the interpolation given

by Eq. 65 (or equivalently of Eq. 67). To that purpose let V1

denotes the set of pair fields (w, θ) of the form of Eq. 65 for

n = 1, that is to say the set of pairs (w, θ) verifying Eqs. 3 and 4

for p = 0 and m = 0.

In that one finite element simulation, the approximation
(
wFE1 , θFE1

)
of the pair (w, θ) verifies the following variational

form obtained from Eq. 74 by considering (w∗, θ∗) and replac-

ing (w, θ) by (wa, θa) in Eq. 74:

(
wFE1 , θFE1

)
∈ V1 and:

∀ (w∗, θ∗) ∈ V1 , a
(
(wFE1 , θFE1), (w∗, θ∗)

)
= L(w∗, θ∗)

+ FFE1
0 w∗0 + MFE1

0 θ∗0 + FFE1
1 w∗1 + MFE1

1 θ∗1. (75)

According to the boundary conditions imposed to the kine-

matics wFE1
0

, θFE1
0

, wFE1
1

, θFE1
1

and the loads FFE1
0

, MFE1
0

, FFE1
1

,

MFE1
1

, some of these quantities are given and some are un-

known. For instance, for the case of a cantilever beam sub-

mitted to a tip force F, we have wFE1
0
= 0, θFE1

0
= 0, FFE1

1
= F

and MFE1
1
= 0 and the remaining quantities wFE1

1
, θFE1

1
, FFE1

0

and MFE1
0

are unknowns and a priori different from the the exact

quantities w1, θ1, F0 and M0.

In order to prove that those unknown boundary quantities are

in fact the exact ones, we split the exact solution (w, θ) into :

(w, θ) =
(
wL, θL

)
+

(
wU , θU

)
,

where the pair
(
wL, θL

)
verifies Eqs. 3 and 4 with the given dis-

tributed loadings p and m and is such that wL
0
= wL

1
= 0 and

θL
0
= θL

1
= 0. Due to the linearity of the problem, the pair

(
wU , θU

)
verifies Eqs. 3 and 4 with no distributed loadings and

is such that wU
0
= w0, θU

0
= θ0, wU

1
= w1 and θU

1
= θ1.

Using this decomposition, the weak formulation (Eq. 74)

reads:

∀ (w∗, θ∗) , a
(
(wL, θL), (w∗, θ∗)

)
+ a

(
(wU , θU), (w∗, θ∗)

)
(76)

= L(w∗, θ∗) + F0w∗0 + M0θ
∗

0 + F1w∗1 + M1θ
∗

1.

Now, let’s consider in the previous variational equation a virtual

field (w∗, θ∗) belonging to V1, that is to say satisfying Eqs. 3

and 4 with no distributed loadings, and let F∗
0
, M∗

0
, F∗

1
and M∗

1

denoting the corresponding boundary loads. As (w∗, θ∗) verifies

Eqs. 3 and 4 with no distributed loadings, it satisfies the weak

formulation (Eq. 9) with L ≡ 0 that reads:

∀ (w∗∗, θ∗∗) , a ((w∗, θ∗), (w∗∗, θ∗∗))

= F∗0w∗∗0 + M∗0θ
∗∗

0 + F∗1w∗∗1 + M∗1θ
∗∗

1 , (77)

so, considering (w∗∗, θ∗∗) =
(
wL, θL

)
which is such that wL

0
=

wL
1
= 0 and θL

0
= θL

1
= 0, we get:

a
(
(wL, θL), (w∗, θ∗)

)
= a

(
(w∗, θ∗), (wL, θL)

)
= 0,

and the formulation in Eq. 76 reads:

(
wU , θU

)
∈ V1 and:

∀ (w∗, θ∗) ∈ V1 , a
(
(wU , θU), (w∗, θ∗)

)
= L(w∗, θ∗)

+ F0w∗0 + M0θ
∗

0 + F1w∗1 + M1θ
∗

1, (78)

which is exactly of the same form as the weak formula-

tion (Eq. 75) satisfied by the finite element approximation
(
wFE1 , θFE1

)
of (w, θ). That means that for any consistent

boundary conditions with enough kinematic conditions to as-

sure the uniqueness of the solution (w, θ), the pairs
(
wU , θU

)
and

(
wFE1 , θFE1

)
, subjected to the same boundary conditions, are

identical. Therefore, for any distributed loads p and m and for

any consistent boundary conditions imposed to (w, θ) - which

are also imposed to
(
wFE1 , θFE1

)
- the imposed and unknown

boundary quantities wFE1
0

, θFE1
0

, wFE1
1

, θFE1
1

, FFE1
0

, MFE1
0

, FFE1
1

,

MFE1
1

are in fact equal to the exact ones.

10. Case studies

In the following, we study the performance of the FCQ Timo-

shenko beam for linear (a cantilever beam subjected to complex

distributed vertical loads or a constant distributed vertical load

and a linear distributed moment) and a non linear problem (a

reinforced concrete column submitted to a cyclic load).

10.1. A cantilever Timoshenko beam subjected to complex ver-

ticals loads

Let’s consider a homogeneous cantilever beam submitted to

a distributed load p(x) = qxn, to a force F1 and a zero moment
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at its free end. According to the analytical solutions presented

in Eqs. 14a and 14b, the transverse displacement and rotation at

the free end take the following form:

w1 = (e +
1

3
)F1 +

q

(n + 1)(n + 2)(n + 3)(n + 4)

−
eq

(n + 1)(n + 2)
−

q

2(n + 1)(n + 2)
+

(e + 1
3
)q

n + 1
, (79)

θ1 = −q
1

2(n + 3)
−

1

2
F1. (80)

If only one FCQ Timoshenko element is used for the spatial

discretisation, the stiffness and reduced stiffness matrices of the

problem are respectively given by Eqs. 40 and 64 considering

ℓn = 1. The load vector and the reduced load vector become:

L1 =
q

D



6 (n + 2)

0

4 (n + 1)

0

−2 (n + 1) (n + 2)

(n + 1) (n + 2) (n + 6)

0



, (81)

Lred
1 =

q

(1 + 12e)D



6 (n + 2) + 12e (n + 3) (n + 4)

− (n + 1) (2 + 6e (n + 4))

(n + 1) [(n + 2) (n + 6) + 12e (n + 3) (n + 4)]

(n + 1) (n + 2 + 6e (n + 4))



, (82)

where

D = (n + 1) (n + 2) (n + 3) (n + 4) . (83)

The unknowns are the displacement w1 and the rotation θ1

at the tip end and the reaction force F0 and moment M0 at the

origin. The linear system satisfied by these unknowns reads:

2



6 −3 −6 −3

−3 6e + 2 3 −6e + 1

−6 3 6 3

−3 −6e + 1 3 6e + 2





0

0

w1

θ1



=

q

D



6 (n + 2) + 12e (n + 3) (n + 4)

− (n + 1) (2 + 6e (n + 4))

(n + 1) [(n + 2) (n + 6) + 12e (n + 3) (n + 4)]

(n + 1) (n + 2 + 6e (n + 4))



+ (1 + 12e)



F0

M0

F1

0



(84)

Solving the previous system one finds the analytical solu-

tions of Eqs. 79 and 80. As proven in section 9, one FCQ Tim-

oshenko element is able to predict the exact tip displacements

for any complex distributed loadings and any suitable boundary

conditions.

10.2. A cantilever Timoshenko beam subjected to a constant

distributed vertical load and a linear distributed moment

Let’s consider a homogeneous cantilever beam submitted to a

constant distributed load equal to 1N/m and a linear distributed

bending moment equal to x̂ Nm/m. The other parameters are:

length l = 1m, cross-section area A = 1m2, moment of inertia

I = 1/12m4, Young modulus E = 1Pa, Poison coefficient ν = 0,

shear coefficient κ = 1.

Two numerical calculations are performed hereafter using re-

spectively one and two FCQ Timoshenko elements for the spa-

tial discretisation. Results are compared with the analytical so-

lutions of Eqs. 4, 4a, 4b, 5 and 14. Figures 5, 6 present the

distributions of the displacements and rotations along the axis

of the beam and figures 7 and 8 the distributions of the moments

and shear forces.

As discussed before, one FCQ Timoshenko beam reproduces

the exact tip displacements. By increasing the number of FCQ
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Figure 5: Transverse displacement Vs. Length.
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Figure 7: Moment Vs.Length.

elements results are improving within the beam. Similar numer-

ical results and conclusions are found using the finite element

proposed by Friedman and Kosmatka [11].
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Figure 8: Shear Vs. Length.

10.3. A reinforced concrete column submitted to a cyclic load

In order to validate the performance of the FCQ Timoshenko

beam element for a practical engineering problem, we simulate

hereafter the inelastic behaviour of a reinforced concrete (R/C)

column under a general three dimensional load history. The

column was tested in the laboratory ELSA of the Joint Research

Center (J.R.C.) in Italy [2]. The specimen has a 0.25m x 0.25m

square cross section, a free length of 1.5m and is considered

fixed at the base. Longitudinal reinforcement consists of eight

16mm diameter bars uniformly distributed around the perimeter

of the section. The concrete cover of the stirrups is 15mm thick,

(see Fig. 9). Reinforcement bars showed yield stress and ulti-

mate strength of 460MPa and 710MPa respectively, the latter

at a uniform elongation of 11%.

Figure 9: R/C column: description of the specimen and the experimental

setup [2].

The test S1 of the experimental campaign is simulated here-
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after. For this test, uniaxial displacement cycles in pairs of lin-

early increasing amplitude are alternately applied in the two

transverse directions (X and Y) at the top of the column, (see

Fig. 10). A constant axial force of 0.21MN is also applied dur-

ing the test, through the center of a loading plate at the top of

the column with an actuator located inside a steel-cup-shaped

chamber.

Figure 10: R/C column: displacement loading history.

Calculations are performed with the finite element toolbox

FEDEASLab [10], where a new multifiber Timoshenko beam

has been implemented based on the FCQ element (the reader

can find more information about the multifiber beam technol-

ogy in [12], [14], [17], [22]). Five FCQ multifiber Timoshenko

beam elements are used to model the R/C column. Each section

has 16 fibers for concrete and 8 fibers for steel. The base slab is

not simulated and the specimen is considered fixed at the base.

1D constitutive laws are adopted for concrete [15] and steel [18]

based on damage mechanics and plasticity respectively. Shear

and torsion are considered linear and the shear coefficient κ is

taken constant. Confinement effects are not taken into account.

Comparison of the numerical and experimental results for

both directions is represented in Figs. 11 and 12. The model

simulates correctly the global behaviour of the mock-up in

terms of displacements and forces. Calculation is not time con-

suming allowing for parametrical studies.

11. Conclusions

The formulation of a Timoshenko finite element beam with

internal degrees of freedom, suitable for material non linearity

−80 −60 −40 −20 0 20 40 60 80
−80

−60

−40

−20

0

20

40

60

80

Displacement X(mm)

S
he

ar
 F

or
ce

 X
(k

N
)

Displacement X− Shear Force X

 

 

experimental

FCQ Timoshenko beams

Figure 11: R/C Column: numerical vs experimental results in the X direction.
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Figure 12: R/C Column: numerical vs experimental results in the Y direction.

problems, has been presented in this paper (FCQ Timoshenko

beam). Cubic shape functions are used for the transverse dis-

placements and quadratic for the rotations. The element is free

of shear locking and one element is able to predict the exact

tip displacements for any complex distributed loadings and any

suitable boundary conditions. One element gives the exact so-

lution of the bending of a Timoshenko beam free of distributed

loadings or for p = 0 and m constant. Being a displacement

based formulation element, it can be introduced into any gen-

eral purpose finite element code without any particular modifi-

cation in its architecture.

We have also proven that the element presented in [11], with

shape functions depending on material properties, derive from

the FCQ element. Numerical results show the performance

15



of the FCQ Timoshenko finite element beam under static and

cyclic loadings, for elastic but also non elastic material be-

haviour (FCQ multifiber Timoshenko beam). Detailed com-

parisons in terms of accuracy and robustness with other Tim-

oshenko beam formulations can be found in [1].
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mageable: modélisation et application á l’analyse des structures en béton,
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