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THE EXPECTED AMPLITUDE OF OVERLAPPING PARTIALS OF HARMONIC  SOUNDS
Chunghsin Yeh and Axel Roebel

IRCAM/CNRS-STMS Analysis/Synthesis team
1 place Igor Stravinsky 75004 Paris France

ABSTRACT article, the expected amplitude of overlapping partiatusi-
) o ) ied, taking into account the statistical properties of ghds
~ Inanalyzing polyphonic signals, the handling of overlap-gection 2, the point of view of this study is first described,
ping partials is one important problem. The assumptions Usyqjowed by the mathematical derivation of the expected am-
ally made for partial overlaps are the additivity of the Bne iy, 4e of two overlapping partials. In the case that moemith
spectrum or that of the power spectrum. In this study, the exg,, nartials overlap, an algorithm based on the chain rule is
pected amplitude of two overlapping partials is deriveceblas ¢, ther proposed. To compare the proposed algorithm with
on the assumption that the partials overlap at the same fres, usually made models: additivity of linear or power spec-

quency and the phase is uniformly distributed. An overlag,y, an evaluation framework is proposed in Section 3. Fi-
chain rule algorithm is proposed to estimate the amplitode f nally, discussions and conclusions are given.

the case that more than two partials overlap. The proposed

algorithm has demonstrated its better accuracy over tha usu
two model assumptions. 2. MATHEMATICAL TREATMENT OF

) i . . OVERLAPPING SINUSOIDS
Index Terms— Overlapping partials, multiple-FO estima-

tion, source separation To facilitate the study of overlapping partials, it is assam
that the partials are represented by sinusoids of the same
frequency but of different phases. Considerikigsinusoids

1. INTRODUCTION overlap, the resulting sinusoid can be written as [5]

In the problem of multiple-FO (fundamental frequency)-esti K
mation and blind source separation, the additive signalehod Acos(wn + ¢) = Z Ay, cos(wn + ¢r) (2)
is usually used k=1

M where each sinusoid has amplitude, phase¢; and fre-
y[n] = Z Ym[n] + z[n] (1) quencyw. Expand the above equation using trigonometric
m=1 identity and obtain

wheren is the discrete time indeX[\J]is the number of har- K ; K .
monic sources (the polyphonyy),.[n] is the quasi-periodic _ { (e } [ . }

part of themth source and|n] is the residual part. There are A \J ; Arcos(du)| + ; Apsin(¢x) ®)

three fundamental model assumptions involved: the rekidua

modelz[n], the source mode},,[n] and the source interac-  The estimation of the resulting amplitudé of over-

tion modeIfo:1 ym[n]. Very often, the source models are lapping partials is related to the decomposition stage én th
learned beforehand and the problem is to decompose the oproblem of multiple-FO estimation or blind source separati
served spectrum into a combination of the spectral modelgiven the hypothetical sources, namely the FOs and theecelat
of sound sources. For example, several Non-negative Mapectral envelope models, the scaling factors of source mod
trix Factorization (NMF) methods decompose the linear specels are to be estimated such that the resulting combination
trum [1] [2], while the harmonic temporal structured clus- matches the observed spectrum. Some methods optimize the
tering (HTC) method [3] and the specmurt method [4] de-decomposition by estimating the amplitudes and phases of
compose the power spectrum. Little attention is drawn to theach partials [6] [7]. In the following, the expected amydi¢
treatment of overlapping partials, which is closely redatte  of overlapping partials is proposed, which does not require
the source interaction model. Two assumptions are usuallhe estimation of the related phases. It is assumed that the
made implicitly for overlapping partials: tregditivity of lin-  amplitudes of all partials are known, or can be represented b
ear spectrum and theadditivity of power spectrum. In this  the spectral envelopes of source models.
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Fig. 1. (a) The expected amplitude as a function of the amplitutie keetween two partials; (b) Comparison between the
expected amplitudes and the other two overlap models.

2.1. Expected amplitude of two overlapping patrtials where
The overlap of two partials can be represented by summing E,(k) = / 1 — k%sin260de (7)
two sinusoids of the same frequency but of different ampli- 0
tudes and a phase difference: is thecomplete elliptic integral of the second kind. The vari-
s =81+ 82 = Ay cos(win + ¢) + Aa cos(win)  (4) ance ofA is:
In the case that the frequencies of the pz_irtials are veryecloa,ar(A) — \/A2 + A3 +2A,Azcosp — E(A ))2do
but not exactly the same, the frequency difference can loe als 2m
. . : 1
tmhg(ri]eled by the phase difference term. The amplitudeisf - (A% + A2 4 24, Ay cos 6)do + E(A)>2
A=4/A% + A2 +24A:A 5 a
\/ 1 3 142 cos ¢ (5) f2E(A)i/ \/Af+A§+2A1A2 cos ¢pd¢
It is assumed that the phase differentés uniformly dis- 27 Jn
tributed between-r and, i.e., its probability density func- = A} + A3 - E(A)?
tion is f(¢) = 1/27 within the related interval anfi(¢) = 0 — E(A?) — B(A)?
elsewhere. The expected valuedtan thus be calculated: )
- 2 2
E(4) =5 /4 \/A1 + A3 + 24,4 cos ¢dd whereE(A2) is the expected power. Without loss of general-

1 5 ity, substituteds = rA; < A; (where0 < r < 1) into eq.(6)
= —/ \/Af + A% + 247 Az(1 — 25sin? §)d¢ to have

E(A) 21 +r) B 2\/_) ©)
Al + AQ / 4A1A2 SinQ ?d¢) Al s 1+7r
—n A1 + Az)? 2 This equation shows that as long as the amplitude ratio be-
tween two sinusoids is known, the increment of the overlap-
Al + A2 / \/ _ 444y in20do ping amplitude relative to the stronger sinusoid can be de-
Al + Az)? duced easily (see Figure 1 (a)). A source interaction model,

2( A1 + As) A A or overlap model, for two overlapping partials, called éve
#/ \/1 — % sin? 0d6 pected amplitude model, is thus defined. The standard de-
viation appears to be rather large (compare the thick solid

_2(Ar+ AQ)E 24/A1 A, line and the thick dash line in Figure 1 (b)), which implies
- o P(Al ¥ AQ) the large uncertainty in the estimation of the amplitude of

(6) overlapping partials. The two assumptions usually made are



shown together in Figure 1 (b). The additivity of linear spec ™ algorithm 2 : Expected spectrum using overlap model

trum (A; + As) implies the maximum of the resulting am-
plitude that occurs when two sinusoids anephase, that is,
cos(¢) = 1. The additivity of power spectrum/ A3 + A2)

in fact makes use of the expected pow&r1?). This assump-
tion is considered correct when the decomposition stage re-
mains in the power domain [3] [4], but less appropriate when
the linear amplitude of the partials is to be estimated, Wwhic
is often required for the separation or synthesis stage.

2.2. The amplitude estimation of more than two overlap-
ping partials

For the general case that more than two partials overlap, it
is assumed that the expected amplitude can be approximated
pair by pair using the proposed model. Given the ampli-

input : The observed signal gff mixing sources with

fundamental frequencies
FO; < FO; < --- < FOy; and known source
models as partial amplitude sequences

output: The scaling factorgc,,, )2_, for source

models that minimize the modeling error

Initialization of ¢; by matching non-overlapped partials
for m =2to M do

find non-overlapped partialf
find partials overlapped with those of lower FOs but
not those of higher FOS?
do initialization of the expected amplitude of
V « apply overlap model
if exist then
| Initialization of ¢, using/ with LSE

tudes of all partials that overlapd; > Ay > -+ > Ak},

the expected amplitude is consecutively estimated by using
eq.(9). The order of pairing the overlapping partials is-sug |
gested from the largest to the smallest, which is meant te min end _ _
imize the accumulated errors. The larger partials that tend do optimizec,,, using gradient descend for
cause larger estimation errors are thus handled with a more bothi/ andV « apply overlap model
appropriate estimation. Notice that this overlap chaie isl end

implied in the other two overlap models as well.

else
Initialization of ¢,,, usingV with LSE

Algorithm 1 : Overlap chain rule

input : The amplitudes of< overlapping partials
{Al >A2>"'>AK}
output: The estimated resulting amplitudg

Given the FOs and the spectral envelopes of the concur-
rent sound sources, the scaling factors are to be estimated
such that an optimal decomposition of the observed spec-
trum is achieved. It is proposed to estimate the scaling fac-
tors in a progressive manner: from the source of the lowest
FO, considered having the most non-overlapping partials, t
that of the highest FO, considered having the most overlap-

Initialization of A’ «— A;
for k=2to K do

I !
A N A *.Ak [~ apply t h_e ping partials. To estimate the scaling factgy, the gradient
estimation for two partials */ d ; o S
end escend method is used to_optlmlze the estimation based on
return A’ least square error (LSE) estimation:
argmin|eq Eq (W) * caFa(wm) * - - Cm B (wim) — E(wm)[?
3. EVALUATION grinies B m) % e Ba{m) () = Bloom)]

(10)
In order to compare the expected amplitude model, the addwherew,, is the set of partial frequencies except for the par-
tivity model of linear spectrum and that of power spectrumtials that overlap with sources of higher FOs (scaling fecto
an evaluation framework is proposed. Following the descripnot yet estimated)F,, is the spectral envelope of theth
tion in the introduction of Section 2, a testing algorithreds source and” is the observed spectral envelopesat. Thex
Algorithm 2) is designed to decompose the observed spectands for applying the overlap model. The optimal estimate
trum into a combination of source models which are assumedf ¢, makes use of non-overlapping partials and the partials
known in advance. The idea is to make use of the availabléhat overlap with the sources frointo m — 1. The more ac-
source models such that the different methods for estimagurate estimate of the scaling factors of source modelsighou
ing the overlapping partial amplitudes can be evaluated. Aive rise to the smaller modeling error, which indicatesta be
previously proposed method for creating synthesized polyter overlap model assumption.
phonic music database facilitates the extraction of the tru  The evaluation is carried out for 26 pieces of synthesized
models of individual sound sources beforehand [8]. The synmusic. In each STFT (short-time Fourier transform) analy-
thesized music database allows not only the estimationeof thsis frame of 93ms, the overlapping partials are locatedef th
true source models but also the precise inference of overlegpurce partials fall within the mainlobe of the correspond-
positions where the overlap models are applied and evaluateing peak in the spectrum of the polyphonic signal. That is,



the partials may not overlap with each other at the same fresf overlaps up to eight. The additivity of linear spectrum,
guency, which is the case of most real-world polyphonic sigalthough being often implicitly used in quite a few previous
nals. The modeling errors are evaluated for each analysgudies, is rather worse. The advantage of the expected am-
frame and the results are averaged for all testing piecéds wifplitude model is the handling of the phase information,Hgki
respect to the number of overlapping partials (see Figure 2)nto account its statistical distribution while avoidirgetdi-
For each number of overlapping partials, the modeling errorect estimation of the related phases. This study provides a
is normalized by the sum of the related partial amplitudes. alternative overlap model that can be useful for the releged
The modeling error for non-overlapped partials (the numsearch topics such as multiple-FO estimation and source sep
ber of overlap= 1) is about2%, which demonstrates good aration. For instance, the combination of hypotheticatseu
estimation of the scaling factors Bygorithm 2 and the trust- models can make use of the overlap model to evaluate its like-
worthiness of the evaluation setup. Of the three models, thood with respect to the observed spectrum. Further im-
expected amplitude model performs the best. The additiverovements may focus on two aspects: the naive overlap chain
ity of linear spectrum model has rather high errors comparetlle causing the estimation error to accumulate, and taking
to the other two models. In general, the additivity of powerinto account the rather large variance of the expected ampli
spectrum has similar performance to that of the expected antdde model.

plitude model.
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