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A KINETIC MODEL FOR THE TRANSPORT OF ELECTRONS
IN A GRAPHEN LAYER

CLOTILDE FERMANIAN KAMMERER AND FLORIAN MEHATS

ABSTRACT. In this article, a kinetic model for the transport of electrons in
graphene is derived with the tools of semiclassical analysis. The underly-
ing quantum model is a massless Dirac equation, whose eigenvalues display a
conical singularity responsible for non adiabatic transitions between the two
modes. Our kinetic model takes the form of two Boltzmann equations coupled
by a collision operator modeling these transitions. This collision term includes
a Landau-Zener transfer term and a jump operator whose presence is essential
in order to ensure a good energy conservation during the transitions. We pro-
pose an algorithmic realization of the semi-group solving the kinetic model, by
a particle method. In the last section, a series of numerical experiments are
given in order to study the influences of the various sources of errors between
the quantum and the kinetic models.

1. INTRODUCTION

1.1. Graphene structures. Recently, graphene based structures have been the
object of intensive research in nanoelectronics, see for instance the reviews [5l, [10]
and references therein. Graphene is a single 2D sheet of carbon atoms in a honey-
comb lattice and, differently from conventional semiconductors, the most important
aspect of graphene’s energy dispersion is its linear energy-momentum relationship.
Electrons behave as massless relativistic particles, the conduction and valence bands
intersecting at the zero energy point, with no energy gap. These features enable to
observe at low energy some physical phenomena of quantum electrodynamics, such
as Klein tunneling that is, the fact that Dirac fermions can be transmitted through
a classically forbidden region.

We are here interested in the description of the transport of electrons in a
graphene device via a kinetic model. Kinetic models are usually easier to implement
numerically and have a cheaper numerical cost, compared to out-of-equilibrium full
quantum models. Moreover, the treatment of boundary conditions is simpler in
this framework, which also enables to enrich the description by adding collisional
effects via Boltzmann-like terms. However, due to the absence of gap between the
conduction and valence bands, it is not correct to describe separately electrons and
holes, which remain coupled even at the semiclassical limit. The objective of this
paper is to introduce a kinetic model for ballistic transport, which treats the possi-
ble transitions between bands. This kinetic model is derived rigorously in a linear
setting and leads to algorithmic realizations which is tested numerically. Similar
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strategy has been developed at the same moment where we were writing this paper
by A. Faraj and S. Jin in [12].

1.2. The quantum model. The kinetic model that will be introduced below con-
sists in a system of approximate equations based on the Wigner counterpart of
an underlying quantum transport model. At the quantum level, the ensemble of
particles is described by its density matrix o(7T'), solving the von Neumann equation

ZhaTQ = [Ha Q}

The Hamiltonian reads

. _ _ 0 —i0x, — Ox,
H = —ihwpo -Vx +eU = vph <—iaxl + o, 0 ) + eU,

where X € R?, v is the Fermi velocity, 0 = (0x,,0x,) denotes the Pauli matrices
vector and U = U(X) is a potential, see [I0] for physical references.

Let us first put this equation in dimensionless form. We introduce a characteristic
space length L, a characteristic energy E and a characteristic density 7, then define
the associated characteristic time by ¢ = % and denote

X T eU 0
= - t = = = = N - —_=.
x La L ) V E ) Y ﬁL2
The system in dimensionless form reads
(1.1) iedro® = [(A(eD) + V), o°],

where the semiclassical dimensionless parameter is

h
5:g<<1,
EL

where D = —iV,, and A is the matrix

0 &1 — il
A() = ) .
© <f1 +i&o 0 )
The matrix A(£) has two eigenvalues |£| and —|¢| with associated eigenprojec-

tors IIT and 11—,
1 1
ITF = —Id £ —A(€)
2 2/
where Id is the identity matrix. The singularity of the eigenvalues at the point
¢ = 0 is called conical singularity. The applied potential V' (z) is supposed to be

smooth.

Finally, we assume that for any ¢ > 0, the initial data ¢°(0) is simultaneously
a nonnegative trace-class operator and a Hilbert-Schmidt one. We shall denote
by £1(L?(R?)) the set of trace-class operators on L?(R?) and by £2*(L?*(R?)) the
space of the Hilbert-Schmidt operators. We shall assume that the family of operator
(0°(0)) .~ is a bounded family of £*(L?(R%)), that is

(1.2) 3C >0, [[°(0)]lgr(z2(ray) < C.

We shall not assume any bound uniform in € on the Hilbert-Schmidt norm of ¢°(0).
Note that under these assumptions, we obtain

VteR, Ve>0, o°(t) € LYLA(R?)) N L2(LA(RY)),
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with
VteR, Ve >0, [[o°(t)llcr(r2me) < C.

1.3. Wigner functions. Denoting now by p®(t, z,y) the integral kernel of ¢°, the

Wigner function is defined by
1 " n n
_ (3
w(t,x, &) = )2 /e p° (t,x ey + 65) dn.

Since pf(t) is Hilbert-Schmidst, its kernel is a function of L?(R2 x R) and similarly
for w®(t). Note however that this fact holds for any € > 0 without any uniform
bound. The fact that the family (p*(t)).., is bounded in £'(L?(R?)) implies that
the family of distributions (w®(t))c>0 is bounded in the set of distributions (see

Remark

We call diagonal part of the Wigner transform the scalar distributions
(1.3) wi (t,2,€) = tr (T (§ws (¢, z, I (E))
and we have

w(t,,8) = wi (t, 2, I (§)+we (t, 2, I () +IT w (¢, 2, I +IT" w (¢, 2, ITT.

When ¢ is small, the off-diagonal contribution to the Wigner transform is known
to be highly oscillating in time so that

T we (t, o, €)TTT —0 in D'(R, x R\ {£ =0))),

(see [22]). For this reason, we focus on the quasi-distribution functions wq (¢, z, £).
Far from the crossing set {{ = 0}, wS and w® satisfy approximated transport
equations

Oyws + £ -Vewi — VV(x) - Vew? = O(e),

Ows — i -Vaws — VV(z) - Vews = Ofe),

-l
in D'(R;y x (R??\ {¢ = 0})). Besides, the equations (1.4) imply that, outside
{¢ = 0}, the functions w5 are constant along the integral curves (®%,)icr of the
vector fields

£
iy
Such curves — also called Hamiltonian curves of £ [£| + V(x) — are well-defined and
smooth as long as they do not reach {€ = 0}. They satisfy

P (1,6) = Hy (P4 (2,6)), 0L = (x,8).
It is proved in [I4] (see Proposition 3 therein) that such curves may reach {{ = 0} in
finite time, and that, if VV # 0 at the impact point, the curve can be prolongated
in a unique way away from {{ = 0} generating a continuous trajectory (which is
not C1). These facts are recalled in details in Section below.

(1.5) Hi($7£) == VI —VIV-Vg.

It is also important to notice that the evolution of w$ and w® are decoupled at
leading order outside {& = 0}: this regime is said to be adiabatic. The singularity
of the eigenvalues of A(£) when £ = 0 is known to produce non adiabatic transitions
between the modes. Our aim here is to propose a kinetic model which is also valid
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close to & = 0. We are going to add a collision kernel to these equations which will
couple the evolutions and generate transitions between the modes.

1.4. Conical singularities. Systems presenting conical singularities have been
the subject of extensive works since the early thirties with the works of Landau
and Zener [27, [33]. Such singularities arise in particular when studying molecular
dynamics in the frame of Born-Oppenheimer approximation (see [31), 28] for ex-
ample). Pioneer works have been performed in this context by G. Hagedorn and
his collaborators, with a wave-packet approach [23] 24]. Several ideas used here
are due to these contributions. Ten years ago, classification of crossings for rather
general systems was performed independently by [0} [7] and [I5]. In the latter ref-
erence and in [I4], the analysis of the crossing is made from the point of view of
Wigner transform and can be adapted to our setting. This kind of analysis has
led to numerical realizations for molecular propagation ([29], [I7] and [I8]) and
we have been inspired by these results. Of course, the Dirac equation arising in
the graphen context presents major difference, when compared to the Schrodinger
equation which models molecular propagation. However, the transitions due to the
conical intersections can be treated similarly. The collision kernel which treats the
transitions arising from the conical intersections, is derived from the analysis of
conical intersections performed in [I4] and from the particle description derived
in [29] 17, 18 [19] for molecular dynamics. Precise statements are given below.

1.5. The approximate kinetic model. We consider the set 3 defined by
Y= {(z,6) e R £-VV(z)=0}

which is an hypersurface of R* under the assumption

(1.6) VV(z) #0 Vo € R

This set is the place where the gap between the two modes (i.e. the function 2|¢|)
is minimal along the trajectories (see Remark. We notice that, assuming ,
the vector fields Hy (x, &) defined in are transverse to Y in a neighborhood of
{¢ = 0}. This comes from the observation that

(LT)  VV@)- (Hele + BV@)E- (He)o = —[VV (@) £ V(@) = <0

]

if £ is small enough. As a consequence, when the trajectories reach their minimal
distance to the gap, they pass through %, arriving from the region {£-VV(x) > 0}
and going to the region {¢ - VV (z) < 0}.

We define (f5(t), f(t)) as a pair of solutions to the following system:

oufs + % Vo f§ - VV()- Vel = Ko(f5, f9)
(1.8)
o f° — % VLSS - V(@) Veft = K- (5. f°)

with initial conditions f$(0) = w%(0) and f2(0) = w® (0) and where K4 are two

collision kernels, defined below in ((1.11)) and (|1.12]).

The collision process is involved above ¥; as a consequence, outside ¥, the func-
tions f§ are constant along the curves (@ );cr introduced previously. Starting
from a initial data localized far from X, the solution fi of system (1.8]) is obtained
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by propagating the data by the flow (9%, );cr so that the plus and the minus modes
have decoupled evolutions. Whenever trajectories reach ¥, the transition kernel
will generate transfers between the modes.

Even for smooth initial data, the result of this process will not be smooth func-
tions and they will present discontinuities on Y. But we have to localize on X
functions that present discontinuities through it, and thus have different traces. In
order to distinguish two sides of X, we will take advantage from the fact that, as
noticed above, the flows Hy are transverse to X in suitably chosen neighborhoods
Q2 of points (xg,&p) such that VV(xg) # 0 and |&p| is small enough. For a function
g which is defined in such Q, we set for (z,£) € QN X

(L9)  gsn(z,8) = lim g(PL(,€)) and gs,ou(@,§) = lim g (PL(,0)).

Let us now describe these collision kernels K. They depend on a transfer
coefficient

_ T ¢
(1.10) T:(z,€) = exp <5|VV(33)|> )
and on two jump operators
B VV(z)
Ji(z,€) = (xi2€||VV(x)|2’ ) (2,6 e B

Then, for functions f € C*(R*\ ¥), which have traces on %, we distinguish
between entering and outgoing traces by denoting by fs ;, the restriction to ¥ of
the function f 11¢.vv(2)>0) and by fs out the restriction to X of f 1ie.vv (+)<0y-This
is adapted to functions which are discontinuous through 3. Then, the collision
kernels K1 are defined by

(1.11) Ki(f,9) = At(2,8)0s(z,8) (T fsin — (Tegs,in) © J4),
(112) K—(f7 g) = A—(xaf)(sil(x7§) (Tegz7in - (T6f27in) o J—) )
where the Jacobians Ay are defined by

YV (@) £ [ RV (e €

(1.13) V(z,§) € ¥, Ax(x,§) = VIVV (2)[2 + [d2V (z)€]2

Remark 1.1. Note that the transfer coefficient T.(x,£) is exponentially small as
soon as |£| > R+/e for some R > 0. Moreover, if || < R/, we have

Jy =1d+ O(RVe) and Ay(z,§) = —|VV(z)| + O(RVE),
under the assumption .

Since the initial data that we want to treat are not necessarily continuous out-
side 3, something has to be said in order to extend the collision kernel to locally
integrable functions. For this and for stating the main result, we shall need a certain
number of assumptions.

Assumption 1.2. (1) The initial data (0§)e>0 satisfies and its Wigner
transform (we(0))eso s localized away from X.
(2) The potential is non degenerated: VV (x) # 0.
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(3) We have we (0) = O("/®) in LY (R2?) and the symbol a and the time T
are such that within the time interval [0,T), each of the trajectories (%)
arriving at the support of a at time T has passed through ¥ at most once.

Our main result is the following theorem, which states that the functions (f5)
provides an approximation of the Wigner transforms (w%).

Theorem 1.3. If (1) and (2) of Assumption[1.9 is satisfied on the time interval
[0,T7, then admits a unique weak solution.

Moreover if a € C§°(R?) is compactly supported outside {¢é = 0} and x € C°([0,T],R)
satisfy (3) of Assumption then there exist positive constants C, ey > 0 such that,
for all 0 < e < gq,

(1.14)

tr/ x(t) (f5 — wi)(t,2,€) ala, €) da dé dt| < Ce'/5.
RS

Remark 1.4. (1) The existence of solutions to these kinetic equations comes
from the fact that, under (1) and (2) of Assumption these equations
have a particle description relying on a Markov semi-group that is explained
in the next section and is crucial for the proof of the theorem.

(2) Note that the role of the indexes plus and minus can be inverted in (3) of
Assumptions [T.2] and result of Theorem [T.3] still holds.

(3) The limitation induced by (3) to the range of validity of Theorem [1.3|comes
from the fact that the kinetic kernels K4 are not adapted in some situa-
tions where the modes interfere too much. It appears nevertheless that
these kernels’ description encounter a larger range of situation than those
satisfying (3), as it appears in the numerical realizations of Section Some
example of situation where (3) is not satisfied and where the description by
the kernels K fails is given in [20] in the context of conical intersections
for molecular dynamics.

(4) We refer to Remark below where additional comments are performed
in view of the semi-group description of wg (¢).

1.6. A Markov semi-group. We consider the Hamiltonian flows
oY = (¢4 (2,6), & (2,€)) and L = (21 (z,€),£L(x,€))
with (2% (z,€),£%(z,€)) = (z,€) and

d ¢ d

—af = 5—: and —¢& = -VV(a'),
dt €% | dt

(1.15) d t d
St 5 d —¢t = _vV(zt).

"= ey gt (z=)

As long as £ # 0, the smoothness of the Hamiltonians |[¢| & V' (z) yields local
existence and uniqueness of the trajectory passing through (z,¢) for any z € R2.

However, it may happens that £ = 0 for some t* € R and some index + or —. If
t—1t*

at the point ., the assumption is satisfied (that is if VV'(z.) # 0), then one
can prove that there exists a unique continuation to the map ¢ — ®% when ¢t > ¢*
(see Proposition 1 in [15] and Proposition below where a precise statement
and a proof are given for the convenience of the reader). As a consequence, the
assumption guarantees the existence and uniqueness of the solutions to .
However, these trajectories are no longer smooth when passing through ¢ = 0; more
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precisely, the vector ®' has a discontinuity at t = t* whenever ft = 0. It is also

interesting to notice that if the latter assumption lb fails at xﬁg, then uniqueness
is no longer guaranteed.

Remark 1.5. For any trajectory ® , the quantity |£,| reaches its minimum on X.
Indeed, we can check that

d
4 L) = ¢ - vvit),
which is equal to 0 whenever ®% € 3. This motivates the introduction of the set 3.

We are now going to introduce a branching process between both types of tra-
jectories. We attach the labels + and — to the phase space and for points
(z,€,5) € RL == R* x {+1, -1},
we consider trajectories
L6 0, 400) — R,

which combine deterministic classical transport and random jumps between the
levels at the manifold . More precisely, we set

TLESI(t) = ((2,€), )

as long as ®f(z,§) ¢ ¥. Whenever the deterministic flow ®%(z,&) hits the mani-
fold X at a point (z*,£*), a random jump from

(z%,€%,4) to (J;(z", &), =)
occurs with probability T (z*, £*).
The jump aims at preserving at order O(¢g) the energy of the trajectory for points
¢ where the transfer coefficient is relevant, that is points where || < Ry/e according

to Remark This is an important ingredient of the proof (see Remark [2.13]).
Indeed, set

Ei('r7§) = :I:‘§| + V(J?),
then, if |¢| < R+/e, at a jump from + to —, we have

E_ (Jo(2,8)) = Ex(2,6) + O(€%) = By (2,€) + O(R%),

Note that the importance of the jump has been illustrated numerically in [19] in
the context of molecular propagation ; this jump was already performed in [24] for
the construction of gaussian wave packets which are approximated solutions of a
Schrédinger equation with matrix valued potential presenting a conical intersection.

Since VV(z) # 0, the trajectories which reach the manifold ¥ arrive there
transversally to X. As a consequence, in each bounded time interval [0, 7], each
path

(z,€,7) — E(x,i,j)(t)
has a finite number of jumps and remains in a bounded region of the phase space R4 .

Besides, away from the jump manifold ¥ x {—1,+1} each path is smooth.

Following [9, [30], we define the function P.(z,&,j;t,-) as the function which
associate to a measurable set I' C R4 the probability P.(x,&,5;¢,T') of being at
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time ¢ in ' having started in (z,£,j). And we define a time-dependent Markov
process (L);>0 acting on bounded measurable scalar functions f : R — C by

(L )€, ) = / F(ap, k) Po(, €. it d(g, p, ).
R4x{—1,+1}

An explicit expression of £L is written on short interval times close to jump points
in Section 2.2.2] (see equations (2.7) and (2.8) below).

In order to define its action on Wigner functions, we need to identify pairs of
functions (ay,a_) with some function a on R4, which is done by the identification

(1.16) a(z,&,+1) = ay(x,8), V(z,&) € RY
Through this identification, the action of (L£!);>0 on C°(R*\ {£ = 0}) is given by
(L2a)(z,€) = ((Lla) (z,€,+1), (La) (2,€,-1)),
We extend this action to D’ (R*\ {¢ = 0}) by duality by setting
VfeD'(RY), Vae R\ {€=0}), ((Lf)(E1),a) = (f, (Lia)(£1)).
Proposition 1.6 (Resolution of the kinetic model). Set w®(0) = (w?.(0), we (0))

and assume that (1) and (2) of Assumptions[1.9 are satisfied. Then the function
fe(t, @, &) = (LLws(0))(x, €) is the unique solution to system @ in D' (R*\ {¢£ =0}).

Then, Theorem is a corollary of the following proposition.

Proposition 1.7 (Approximation by the semi-group). Set w®(0) = (w% (0),w< (0))
and assume for x € C2°([0,T],R) and a € C§°(R*\ {¢ = 0}), Assumptions are
satisfied, then, there exist positive constants C,eq > 0 such that for all 0 < € < g,

tr / X(#) (WS (t,2,,€) — (LLus(0)) (2, &, £1)) ale,€) du dé dt\ <Ces,
R2d+1

Remark 1.8. Note that the hypothesis (3) of Assumptions [1.2] imply that on the
interval [0, T], the trajectories which reach the support of a has performed at most
one jump.

This Markov semi-group suits to an algorithmic resolution which is developed
in Section [3.I} where we provide some numerical experiments which testify to the
performance of the algorithm.

2. PROOFS

In this section, we prove the main result, Theorem [I.3] After a preliminary
section devoted to the study of the classical flow, we proceed in two steps. We
first prove Proposition which relates the approximated system and the
Markov semi-group described in Section [1.6] Then we give a sketch of the proof
of Proposition which explains why this semi-group describes the evolution
of the Wigner transform of the solutions of (L.1); for this, we follow the proof of
Theorem 2.2 in [I7] which has been performed for a system of Schrédinger equations
coupled by a matrix-valued potential.

2.1. Preliminaries. In this section, we analyze precisely the geometry close to a
point of ¥ in order to precise the setting in which the proofs will be performed.
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2.1.1. The generalized flow. In this section, we gather some properties of the flows
P’ that will be useful in the next sections. We first focus on the existence and
uniqueness of the generalized trajectories of the Hamiltonian vector fields H4 and
recall the arguments of the proof given in [I4].

Proposition 2.1. For any x¢g € R? such that VV (zg) # 0, there exists 7o > 0 and
a unique Lipschitz continuous map

t (xti(xo,O),fti(a:o,O)) , t € [—70,70]
satisfying for t # 0 and such that 29 (x9,0) = z0, £ (20,0) = 0 and

¢ ¢ _
% (20,0) S0 TV (o) €x(20,&0) 77 =VVo(zo)-
Corollary 2.2. With the notations of Proposition[2.1], we have
t oty _ t ety _ _ . .
tg%{ Hy(al,85) = tg%l+ H_(a%,83) = =VV(x0) Ve + IVV (o) Va,
lim H_(z',¢}) = lim H_(2',£6}) = — . — - V.
t_lfél_*_ (-T:t7€i) t_lgl_ (lezagzt) VV(‘TO) Vg |VV($0)‘ Ve

In the following and with the notations of Proposition we shall set

(2.1) H(zg) = lim Hy (o', &) = lim H_(a%,¢)),
t—0 t—0t
02 Hg) = Jim )= m H (L)

We observe that if w = dé A dx is the canonical skew-symmetric 2-form of the
cotangent space of R2, we have

(2.3) w(H, H') = 2|VV (z0)| > 0.

Proof of Proposition[2-1 Following Proposition 3 in [14], we introduce two flows
Ul = (z4,€) and ¥4 = (:U2,£2) which are defined by

. ; I3
{ i = (=1 'sgu(t)gh, @) = o,
t _ ¢
gj - —VV($j),
or equivalently
1

VV(z57)do
§=—t| VV(£i)ds, af=umzo+( J“/ ‘fo ds

0 fo VVi(z 27 )do

The last system can be solved on short time by a fixed point argument in an open
subset of {VV(x) # 0} and the resulting map z +— W¥%(z,0) is smooth. As a
consequence, there exists a neighborhood € of (xg,0) such that Q@ C {VV(z) # 0}
and 79 > 0 such that for all (z,0) € €, the maps

((I)z-(xao))te[o 7o) (\Ijt (‘T O))te[O,‘r] and ( (:L' O))te[—To 0] (\Ilt (:17 O))te[—ro,0]7
(éi(m70))tg[o 70] (\Ilt (LE 0))156[077'] and (CI) (iE 0)) €[—70,0] (\Ijt (LC 0))t6[—7'0,0]’

solve our problem. The flows ®! (which are well defined for & # 0) extend to
Lipschitz continuous maps

t— @ (2,€), tel[—m,7], (£, €
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d

Remark 2.3. Following the arguments of Section 6.2 in [I6], one can prove that for
[t| < 70 and o € N?, the maps (z, &) — 02®% (z, &) are continuous maps on ) with
bounded locally integrable time derivatives 9;0¢®*(z, £).

2.1.2. Local analysis. In what follows, we shall associate with points (z,¢), which
are close enough to the set 3, a number 74 (z,£) which is the time that sepa-
rates (z,&) from the point of the trajectory @ (x,£) which belongs to X.

Proposition 2.4. Let zo € R? such that VV (zq) # 0, there exists an open set ) C
{VV(z) #0} C R‘(lac ¢) containing (xo,0) and such that the relations P8 (g, £) €
Y define two continuous functions on )

($,f) = Ti<.'17,§)-

+

Remark 2.5. By definition of 7% (x, &), we have VV(zfi(myf)) & (o) = 0 for any
(z,€) € Q.
Proof. Let us study the plus mode. We observe that
d d2 t
(24) I =—VV(al)- &L and —5 | = |VV (@) = d*V(al )€l - §*|
+

Since VV (z¢) # 0, we can find a neighborhood U of (x¢,0), ¢y > 0 and 71 > 0 such

that
2

d
(2:5) V(&) €, Vit <, —5lEh(5,6)F > 0 > 0.

Because of ([2.5)), the map ¢ — |§t+| reaches its minimum at most once in U. With
any (z,§) € U, we associate an interval [t;(x, ), ts(x,£)] of maximal size such that
D' (z,&) € U for all t €]t;(x,€),tr(x,&)[. Because of the first relation of , we
are interested to the times where the curves ®(x,&) crosses the hypersurface ¥,
which happens at most once in U. We set

Q" ={(,§) €U, Ay,m) € 2NV, 3s €ltily,m) tr(y,m)l, (2,€) = Ly, m)}-
Then QT is a neighborhood of (z,0) included in U and such that the relation

<I>:_+(I’§)(x,£) € X defines a map 7+ from Q7 into R. We define similarly 2~ and
the map 77 (z,£) and we choose Q = QT N Q™ (see Fig. [1)).

It is classical to prove that 77 is a continuous map on Q. We set

2= (@,6) and 6(1,2) = &P = ~TV(4 () €42

and we argue by contradiction. We assume that there exist g, z9 and a se-
quence (zp)neN+ going to zg as n goes to +oo and such that

|74 (2n) — 74 (20)] > .
Then, by the continuity of ¢, we get ¢(71(20),2n) o 0 and since 9,0 > ¢
(by (2.5))), we have
co [T4(20) = 74 (2n)| < [@(74-(20), 2n) — G(74(2n), 20)| = |D(74-(20), 2n) |-

Taking n large enough, we get |74 (2zn) — 74+ (20)] < @o/2, whence a contradiction
and the continuity of the map z — 74 (2) is proved.
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Figure 1: Domains Q4 (blue+green), 2_ (yellow+green) and Q (green) = Q4 N
QO = Qin U Qout

One argues similarly for the mode minus. O

Remark 2.6. The hypersurface ¥ parts  into two distinct connected regions (see
Fig. [1):
(2.6) Qout {r1 <0, - <0}NQ={VV(z)- £ <0} N
Q" = {1 >0, 7->01NQ={VV(x)-£>0}NQ.
Indeed, if VV(z) - ¢ > 0, we have simultaneously, 2[¢}[* < 0 and £[¢8 > < 0,

thus we have 7, (x,£) > 0 and 7_(x,£) > 0. Besides, for (z,£) € Q™ we have
Ot (x, &) € Q" for t € [0, 74 (z,€)].

This remark is fundamental to prove that the kinetic system has a meaning
in Lebesgue space L!(R*) and then to solve it. Indeed, the collision kernel requires
to take the trace of the functions on ¥, which is not necessarily doable for L!-
functions.

We consider the open set €2 of Proposition where H* are transverse to X.
We introduce the sets Q" and Q°% defined by (2.6). We can find an open set V,
V C Q such that there exists t; < ¢ty (¢ for initial and f for final) with

Y(y,m) € XNV, ®Y(y,n) € A",
Y(y.m) €SNV, O (y,1) € Q,
and we define
L ={2%(y,n), (y;m) €NV} C O,
2L = {2 (y.n), (y.n) € TNV} C Qo
(see Fig. [2).

Lemma 2.7. With the above notations, let f§ be two functions which are invariant
by @5 in Q" NY ={VV(x)-& > 0}NV. Then f5 have traces on LNV that we
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Y

Figure 2: Surfaces Ef‘_, Ei and XNV

denote by (f5)s,in-
Similarly, if f5 are invariant by ®5 in Q' NV ={VV(x)-£ <0} NV. Then f$
have traces on ¥ NV that we denote by (fL)s out-

Proof. We first use the functions 7+ for defining the four following continuous maps
Ky @ i3,
(2,6) = 229 (,0),
and
PRI Y 3}
(2,6) = 2 (@,).
These four maps are homeomorphisms. Set
(fD)sin = (KL)" fE(t:).
These two functions are L' functions of ¥ N which are the traces of f§ on X.

We argue similarly in Q°%¢, O

2.2. Analysis of the kinetic equations ([1.8]). In this section we prove the ex-
istence and uniqueness of solutions to the kinetic equations ([1.8)) and we analyze
the link between the Markov semi-group and this system of equations.

2.2.1. Uniqueness of solutions to (1.8). As a corollary of the analysis of the previous
subsection, we obtain that the solutions of are unique if they do exist. Indeed,
by (1) of Assumptions the data has been chosen supported outside X so that for
short time the kinetic system reduces to classical transport by the two flows.
We cut the data in a sum of compactly supported pieces so that each of these pieces
satisfy the hypothesis of Lemma [2.7] after a certain amount of time. We only need
to consider one of these pieces and we take the notations of Lemma[2.7] Because of
the previous decomposition of the data, we may assume that f§(¢;) is compactly
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supported in V N €;,. By Lemma [277] if the solution does exist on the interval of
time [t;, 7], we must have

FE(t2,6) = Lrs0f8 in (2709 (0,)) + L <0f8 e (€7 79(2.9)).

As a consequence, the solution for the plus mode will be unique (if it exists) if and
only if the outgoing trace (f$)s ous is uniquely determined by the entering traces
(f$)s,— and (f%)s,4+. We shall use the following Lemma, the proof of which is
postponed to the end of the section.

We gather in this Lemma properties that we will use in the following and we
postpone their proof at the end of the section.

Lemma 2.8. In the set of distributions, we have
(0 + Hy) (re(0.6) +1) =0, (3 + H2)®P " (2,6) =0,
Hy (1, (z.6)<0) = =My (2,805 (2, €),

where Ay is given by ,

As a consequence of this Lemma, we also have in D’(Qy), Hy7+ = —1, which
implies

Hy (<1>T+<“><x, §>) = Hory &7 08 (2,6) + (H @)™+ 9 (2,6) = 0.
Therefore, the fact that
(O + Hy) f$ = Ko ((f3)2in, (f2)2 0ut)
implies
Ay ((F9)min — (F)m0ut) = A (Te(F5)sin — To(fS)sin 0 J4) -
As a consequence,
(fD)sout = (L =T)(fS)s,in — Te(f2) s in 0 Iy,

and the outgoing and ingoing traces are linked. A similar argument holds for the

minus mode and as a consequence, the solution of (1.8)) is unique if it exists. ([l

2.2.2. Link between the particle description and the kinetic model. Let us prove
Proposition We aim at proving that the semigroup L! provides the unique
solution of (1.8]). In fact, since the uniqueness property has been proved at the end
of Subsection [2:2.1] we only have to prove that if

g°(t) = (LLw®(0)), t € RT,
and g5 (¢, z,€) = ¢°(t,z,&, +1), then (g5, g% ) satisfies system (L1.8) in D'(R*\ {¢ =

0}). By density of compactly supported continuous functions in L' (R?), it is enough
to prove it for continuous initial data.

By definition, the solutions of system include classical transport and jumps
on . Let us first consider a point (zg,&) which is far from X, i.e. such that
VV(xg) - & # 0. Then, there exists a neighborhood Qs of (xg,&) and 9,75 > 0
such that for € € (0,¢e3),

V(l‘,f) € 927 vt € R7 Vs E]t - T2at+7-2[? gft(t"r7§) = gi(87©£t+s($7£))'

As a consequence,
atgi + Higi =0 in QQ,
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and more generally, 0;¢5 + Hygg = 0 for VV (z) - £ # 0.

Consider now a point (zg,&p) such that & - VV(zg) = 0. Then, there exists a
neighborhood 5 of (x0,&p) and €3,7 > 0 such that for ¢ € (0,e2), (,£) € Qa,
t € Rand s € (t — 72,t + 72) (the time 72 corresponds to the length of an interval
of time during which trajectories issued from points of 2 have at most one jump),

gtz &) = gi (5277 (2,9))
L oo (@O @, 0)g5 (7 (0,) + 1,07 9 (2,6))
+ tpaer ey<o Te 0 T4 (@50 (2, 6))
x g (7 (@) + 0y (257 (@.9))).
We obtain
(27) g3 (ta,&) = g5 (507 (x,€))
L pasr <o |(Teg2) (7o (@,6) + £, 11 (@ 9(2,€))
~(Teg) (7o (0,0 + .97 (2,0)) .
Similarly, we have
(2.8) g (t,z,&) = g¢° (s,22"""(,9))
Flotasr <o |(1o03) (7 (@, + £, I (0T (. €)))
~(Tg?) (- (0,) + 1,07 “9(2,9)) ]

Note that equations (2.7)) and [2.8|are equivalent to the relation ¢°(t) = £LL%(g°(s))
and give an explicit expression for the semigroup on a small time 7 :=t — s during
which the trajectories jump at most once.

The result is then straightforward by Lemma For the + mode (the proof for
the — mode is similar), we have

(O+HL)gT = 1r, (we)4ez0Ht (1r, (2,6)<0) {(ngi) (T+(ffa§) +1, J+(‘I’T(I'E) (%5)))
~(T.g%) (7 (2,€) + 4,079 (@,0)) .
Observing that @r(m’g) (x,€) = (x,€) for (z,€) € X, we obtain for ¢ > 0,
(s + Hy)gT = Ay (2,6)05(x,€) [Te(99)s,in — (T=(92)s,in) © J4 ]

where we have used that for 7, (z,£) = 0 and ¢t > 0, we have 1, (5 ¢)4¢>0 = 1. This

implies that g7 satisfies (L.8]).
O

2.2.3. Proof of Lemma[2.8 Let us begin with the first line. Recall that we have
(815 + Hi)(l);t == O
Similarly, in view of 74 (®1"(2,€)) = 74 (z,£) + t and writing

O (2,6) = O I (91!(2,6))
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we get (9; + Hy) (P55 (2,€)) =0 and

H (25 (2,8)) = 0.
Let us now prove the second line. Note that 7 (x,&) = 0 is an equation of the

hypersurface ¥. For calculating H (17+(z’€)<0)’ we write

z=(z,§), Hya= F(z)-V,a,

where a is a test-function, and we observe that V, - F\(z) = 0. Therefore, using
that a is compactly supported, Green’s formula reads

F(z) -V,a(z)dz = F(z) -n(z)a(z)do — V. -F(z)a(z)dz
/{T+(Z)<O}<> (2) /() (2) a(2) /{T+(Z)<O} (2)a(z)

b
= F(z) -n(z)a(z)do
b

where n(z) is the unitary exterior normal vector to X:

n(2,€) = (|d*V (@) + [V V (2)?) ( %25((5))5 ) '

Note that H, is transverse to ¥ and points towards the region 7, < 0. Besides,
one can check that Hy(z,§) - n(z,&) = Ay (x,£), where Ay is defined by (1.13).
At this stage of the proof, we have obtained for any smooth compactly supported
function a,

/(H+1T+(m,g)<o) adzdf = —/1T+(r,g)<o(H+a) dxdg

—/Za(H+ -n)do

—/ Ayado,
b

which gives the result. [

2.3. Mathematical justification of the approximation by the semi-group.

2.3.1. Strategy. In this section, we prove Proposition[I.7] The proof relies on a char-
acterization of w®(t) via pseudodifferential operators. Recall that if a € C§°(R?),
the semiclassical pseudodifferential operator of symbol a is defined by the Weyl
quantization rule

op.(a)f(z) = (2m) 2 / eV, ( =y as) Fy)dyds, | e SR

2 )
This operator extends to functions f € L?(R?) and one can prove that (op_(a)) is

a uniformly bounded family of operators of £(L?(R?)) since there exists a constant
C > 0 and an integer N € N* such that

(29)  VaeCERY, op.(@)eamy < C sup sup [ [ofa(s.€)ldz.
|BI<36€ER? /R?

We refer to the books [11, 8, [34] for a complete study of pseudodifferential operators.

The estimate is not the standard Calderon-Vaillancourt estimate (see [4]) that

is usually used. It has the advantage not to differentiate in the variable ¢ and is

inspired from [2I] (see also the survey [2]). A short proof is given in the Appendix
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for the convenience of the reader, we also recall the single symbolic calculus result
that we shall use.

Denote by C?2 the set of 2 x 2 complex matrices and consider symbols a that are
matrix-valued : a € C§°(R? C?2). Then, the operator op_(a) is a matrix-valued
operator acting on functions of L?(R?2,C?). If w® is the Wigner transform of the
matrix density 0°, we have the relation

(2.10) (a,w®) = tr(op.(a)o®),

where the bracket between the two matrices a = (a; ;) and w® = (w5 ;) is defined
by

(2.11) (a,w®) = Z aij(z, ws ; (v, §)drdE.
4j /R4 ’ !

We shall use this description of (a,w®) in order to prove Proposition

Remark 2.9. The relations (2.10) and (2.9) imply that, under Assumption [I.2] the
family (w®(t))e>0 is a bounded family in the set of distributions.

Since the initial density matrix ¢°(0) is supposed to be a Hilbert-Schmidt opera-
tor, there exists a sequence (\;)jen of £2(N) and a sequence of bounded normalized
families (1§ ;)jen of L?(R?) such that

*(0) = Y N5 ;) w5 5.
JEN
As a consequence, for t € R,
(1) = D s 0) w5 (1),
JEN
where for any j € N, the family (¥5(¢))e>0 is a family of solutions to the Dirac

equation
(2.12) iedyp; = (A(eD) + V(2)) ¥

70

with initial data 15 (¢) = 9§ ;. Besides, the relation (2.10) yields
(,0%) = tr (0p(@)%) = 30 A (0P (@05 (1), 45(1) o

JEN
We denote by w5 (t) the Wigner transform of the family (15 (¢))e>0 which is defined
by the relation

Va € C*(RY), (o, w5 (1)) = (op.(@)v5(t) , ¥5(t)) 11 g -

The Wigner function wj$(t) is a 2 by 2 matrix and the bracket involved in the
preceding relation is also the one defined in (2.11)). In the following, we will char-
acterize w5 (t) in terms of the flow ﬁ; r- More precisely, we are going to prove that
for any j € N, w5 (t) satisfies Proposition which gives the result for we(t).

For this purpose, we use the results of [29, 17, (I8, 9] which are stated for a
Schrodinger equation with matrix-valued potential. This comes from the follow-
ing observation : whenever V(z) = |z|?, the operator A(eD) + V(z) becomes a
Schrodinger operator with a matrix-valued potential by taking the Fourier trans-
form. As a consequence, the methods developed in [29,[17] for Schrédinger equation
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with matrix-valued potential can be adapted to our setting. Furthermore, conical
intersections have been classified in [6] and [I5] and the Dirac-type equation (L1,
like the Schrodinger equations of [17, [18, [19], enters in the same class of crossings.
Thus, it is not surprising that similar methods do apply. Note however that the
jumps were omitted in [29] and [I7]; as mentioned in [19], these jumps are required
for the correctness of the proof of [I7].

Then, the main steps of the proof will consist in :

(1) The transport outside X.

(2) Localization in energy and use of space-time variables.

(3) A normal form which reduces to a simple model called the Landau-Zener
system.

(4) The computation of the transitions on ¥ that is performed via the normal
form and the Landau-Zener system.

In the following, we will take advantage of Remark [I.I] for taking into account
only the jumps which occur inside the set

Uer = {(x,€) € R, [¢] < RVE}

Let us introduce the semi-group L. g which restricts the jumps to those occurring
inside U, g, the semi-group L. g differs from £, by exponentially small terms. It is
this semi-group that we shall consider now. The real number R will be chosen as
R = &~ 1/8 (see Notation .

Let us now detail these steps. For simplicity, we omit the index “;” and simply
consider a family (¥°(t)).~, uniformly bounded in L?(R?), of solutions to the Dirac
equation with initial data (¢§).>0 and we denote by w*(t) its Wigner trans-
form at time t. We also denote by w% (t) the scalar quantities wg () = tr (ITFw*(¢)).

2.3.2. The transport outside the transition region. The analogue of Proposition 2.3
in [I9] is the following

Proposition 2.10. Let ¢ € C°(R4, C), and let b € C*°(R?, C) with Vb compactly
supported. If there exist C > 0 and sg > 0 such that

Vr € [—s0,80] : @ (supp(c)) NU:. g =0
then for all x € C°(R,R) and for all s € [t — so,t + s¢]

" /R X(1) e, ) b( 72 ) wi (1, 2,€) da de dt =

w0 b(rr) k(5,85 0. 0) e
+O(1/(VeR”) + O(1/R?) + O(e).

This proposition is a refined version of the resolution of the kinetic system (|1.4)).
Indeed, solving (1.4) in a subset of the domain {|£| > o} for some Jp on an interval
of time [—s0, 50 such that the trajectories (®%),e[—s,,s,] d0 N0t reach {§ = 0} gives

wi(t,,6) = wi(t — s, @3°(2,€)) + O() in D'(RY).
Proposition authorizes to be at a distance of order O(R+/€) of {{ = 0}
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Since for scalar symbols a, we have
d 1
G 0) = (L oplalrt)  AED) V00 )
e L?(R2)
the proof of this proposition relies on a good understanding of the operator
1
L. = = [ops(aﬂi) , A(eD) + V] .
(2
The main ingredients are the two following observations :

e For a(z,&) = c(z,&)b (R\[) the symbol a(z,&)IIT(€) is smooth and we

have

(2.13) Va,B € N2, 3C, 5 >0,

0297 (a(z, O)TI* () ‘<c (Ry/E)~ 181,

so that we can use the symbolic calculus theorems of the Appendix, paying
attention to the rest terms.
e If B is an off-diagonal symbol, that is a symbol which satisfies

B =IITBII~ +II"BIIT,

the quantities

/ X(®) (0po(BYU< () , 07 (1)) dt

which seems to be of order O(1), can be proved to be of smaller order than
expected by re-using the equation satisfied by 1°(¢).

Proof of Proposition[2.10. Let us now focus on the proof itself. Using Proposi-
tion [4.1| and observing that A(£) = |£|(ITT — II7) with IIT 4+ II~ = 1, we obtain

L. = —op, ((VV(:L’) -Vea — £ Vma)HJr) +op.(B) + O(R™2) + O(e),

[3
with

B = faVV~VH+f%(|§|({aH+,H+}f{H+,aH+}))

— (El({all* T} — I aIT*}))
= —aVV . VII" — ¢ ({all",II"} — {II", alI*})
= —aVV . VII"+ ¢ (I1V,a - VIIT + Vya - VIITIT)
= —aVV . -VIT + [£|V,a- VIIT.

Here we have used VIIT = IITVIItT 4+ VIITIIt. As a consequence, B is an off-
diagonal symbol. We write B = By + By with By = —aVV - VII', we have

(214) Va8 €N’ 3Cap >0, Vo€ € RY, |0002B;| < Cap(RVE) A1,

The result comes from the next lemma which concludes the proof. O

Lemma 2.11. For any x € C°(R), we have
/X(t) (0. (B1)y* (1), 4°(1)) = O(R™?) + O(e),
[ X (op. By (0,07 () = O(R7112) + O(VE).
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Proof. We begin with B;. Since B; is off-diagonal, we can write
By = [ Bl — I BT (2[¢]) 71, A(€)]
(O~ Bt — T B I ) (21€) 1, 74+ Viz) + A(6)].
After quantization, we get
0p.(B1) = |op. (117 ByIl™ — I ByII7) (2[¢]) ™), S0 + V(@) + A(<D)
+O(R™%) + O(2/R).
Once applied to ¥ which satisfies the Dirac equation 7 we obtain the an-

nounced relation.

Note that we have obtained more generally that if B; is off-diagonal and satisfies

the relation , then
(2.15) / X () (op. (B})9° (), 4= (1))

O ((Rve)™™) (R™* + VE/R))
O ((RVe)™7) (R +¢))

In particular, for By, we obtain

/ X(#) (0D (Bo)= (£), °(£)) = O(R~%~Y/2) + O(\//R)

that we want to improve. Therefore, we go one step further in the symbolic calculus
and we write

op.(Bo) = [op.((I1" BoIl™ — IT* BeIl7)(2[¢) ™), 20; + V (w) + A(eD)
+ 5 op. ({(7BoIT" — T BT )(20¢) ™ 7+ V ()}

570 ({7 BoIT® T BT ) 20e]) ™, A(6))

~ {A(©), (1 BIT+ — 1+ BT ™) (20¢]) ' })

+O(R™) + O(VE/R).

Paying attention to all these terms, we observe that

+

_ _ 1\ €
0p.(Bo) = [op(I1” BoIT* — I Byl )(2[¢]) ™), 201 + V(@) + A(D))
—igop, (VV - Ve (IT” BoIll™ — IITBoII7)(21¢) 1)) + O(R™2) + O(Ve).
The matrix
B_y =VV V¢ ((II"Bll™ — " BoII7)(2(¢]) 1)
satisfies (2.14)) with j = —2 and we claim that B_s is also off-diagonal. As a
consequence, equation ([2.15)) gives

/X(t) (0p.(B_2)¥<(t), 4°(1)) dt = O(R™e™/?) + O(R™%e™1/?),

which concludes the proof of Lemma [2.11

It remains to prove the claim, a simple calculus shows that

1 .
B_y= *5|f\73(VV'f)(HfBOHJr*HJrBoH*)*(2|§|)71VV'V§(HfBOHJr*HJrBoH*)-
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Therefore,
B = (20)"'IIF (VV - VI BolI" + 11" B, VV - VIIT) II*
—(2I¢]) 7 I (VV - VT BoIl™ + 11 By VV - VI I
= [¢|7HIF (- VV - VI BIIt + 11T By VV - VIIT) I+
= |¢7'0F [By, VV - VI ITF
=0
since By = a VV - VIIT, which proves that B_» is off-diagonal.
|

Notation 1. In the following, it will be convenient to denote by 7. any rest term
smaller than O(1/(R5/2)) +O(1/R?)+ O(\/€) + O(R3\/g). The term in R3./e will
be useful in the following. Note that when R = ¢~1/8 we have 1. = O(c'/8).

2.3.3. Localization in energy. The memory of the mode by use of a matrix-valued
symbol of the form all™ or all~, with a scalar, can be replaced by a localization in
energy. This requires to work in space time variables and has the advantage that
we are reduced to use scalar symbols. Using scalar symbols will be convenient in
the next section when we will perform a normal form and use a Fourier Integral
Operator. The energy surfaces of the space-time phase space Rf@m5 are the sets

(2.16) E* ={(t,z,7,€) €R’, 7=5F[¢] - V(2)}.
Recall that the dual variable of the time ¢ is interpreted as an energy 7.

In the following, we shall use semi-classical pseudo differential operators with
symbols depending on the variable (t,z,7,&) € R® with the choice of the Weyl
quantization in the time variables, as it was already the case for the space variables.

The localization in energy is done by use of a cut-off function 6 € C§°(R) such
that 0 <6 <1, 6(r) =0 for |7| > 1 and O(7) = 1 for |7| < 1/2. This function 6 is
fixed from now on.

Lemma 2.12. Let a € C°(R?) and set c. p(z,€) = a(z,£)(1—0)(26/(R\/E)), then
for all x € C§°(R),

[ X (0belec T . 07(0) ooyt = O/ ) + O

n (ops (X(t)cs,g(%fW(TjE'ig:/Lg‘/@)) v d)E)Lz(R?‘z).

Remark 2.13. It is because the localization in energy is made in balls of size /¢
that we need to perform the jumps: they guarantee that the energy of the created
trajectory do not differ at order O(y/¢) but at least at order O(e).

Remark 2.14. Note that the presence of the eigenprojector in the symbol induces
restriction on both components of the function ¥°(t). Indeed, by the symbolic
calculus of the Appendix and by equation (2.13)) we have

[0 (opee rTTE)# (1) 4°(0) ey

_ /R 3(1) (0D (e IV (1) . IG5 (1)) 1 ) i+ O(RVE).
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Proof of Lemma[2.13. We set
+ +V
G:R(z,Tag) = 9(7 €|\ﬁ (.’E)) .

Following the lines of the proof of Lemma 5.1 in [I8], we observe that since 1 — 6
vanishes identically close to 0, one can write

1= 054078 = gz (o + I+ VoG

for some smooth function G, with
(7 + €] + V(@)IITT (&) = T (§)(7 + A(§) + V(2)).

Therefore, we can use the equation satisfied by v°(¢), symbolic calculus and the

estimate to obtain
(op. (xeenlT) 67, ) = (ob. (xeorZ Rl ) U, ) + O (R2) + O(e).

T+ |¢] +V(x))
R\/e

It remains to get rid of the matrix IT*(¢). In view of
XCE,RH;F,R = XC£7R0;RH+ + Xca,RezRH_a
we only need to prove that (opE (XCE’RH;RH_)wE,w‘E) = O(n.). We observe that
Q;RC&R = 92_,}%(1 - Q;R)C&R, and
e 1 T—§+ V(=)
1-6 II =

_ 1 T+ V() ~_
= RﬁG< NG )H (T 4+ A(&) + V(2)).

By using again the equation, symbolic calculus and estimate (2.13]), we can write
(op- (xa™ 02 I ) w7, )
= (0. (xa 02 (1= 02117 ) 0, v%) + O (R72) + O(e) = O(n.).

The proof for the minus mode is similar. (I

) (r— €] + V()T

2.3.4. The normal form. For computing the transitions, we use a normal form
result. For this, we need to work microlocally in space-time variables. Following [6]
14l T3], close to a point (tg,x0,5 = 0,70 = —V(xg)), there exist a change of
coordinates

Kk: (s,2,0,0) = (t,x,T,§)
with 8,0 € R and z = (21, 22), ¢ = ((1,¢2) € R?, and a matrix B such that

(2.17) (T+V+AE)or="B (—J+/~1(5,21)) B,

with
e . S Z1
A(s,z1) = (21 s)'

Moreover, this change of coordinates preserves the symplectic structure of the phase
space R}, x Rféz the variables ¢ and ¢ are respectively the dual variables of s
and z. Besides, in view of Section 6.2 of [I4], there exists a function v > 0 such

that BB = ~Id.
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The construction of the canonical transform is based on the vectors H and H’
defined in [2.1{ and (see [6] and the analysis performed in [I7,[I3]). The variable
s is chosen such that the trajectories which reach {£ = 0} are included in {s < 0}
and those which leave (£ = 0) are included in {s > 0}. Besides, one extends the
vectors H and H' as vectors of T*R} , by adding the coordinate 1 along d; and
the coordinate 0 along &, and we keep calling them H and H’. The resulting
vectors are the limit on {{¢ = 0} and along the flows of the Hamiltonian vector
fields associated with the functions 7+ V() = |£|. They are sent by dx on the limit
on {s = z; = 0} and along the flow of the Hamiltonian vector fields associated with
y?(—o+4/s% + z?). A simple calculus shows that since the canonic symplectic form
w is preserved by canonical transform, the relation implies that H’ is sent on
¥2(—=0s + 0,), the limit as s goes to 0~ of the Hamiltonian field associated with
¥ (=0 — /s + 2?) and H’ is sent on on v*(—9s — d,), the limit as s goes to 0~ of
the Hamiltonian field associated with ?(—o + 1/s2 + 22). This observation allows
to relate the modes after the change of coordinates.

As a consequence, in these new variables (s, z, 0, (), the geometry of the crossing
is simple and we have

S:={=0,7+V(x)=0}=x({s=0, 21 =0, 0 =0}),
(2.18) E* =n({—a$\/82+ %ZO})a
where the energy sets Fy are defined by (2.16]).

Finally, in the construction of the canonical form , the function z (z, ) can be
related to the variables x and ¢ according to

VV(x)

W + O([¢?).

(2.19) z1(x, &) = &N

Similar formula can be written for the functions s and o. However, in the sequel,
we will only use the formula for z;.

Then, thanks to Theorem 3 of [6], it is possible to pass equation (2.17)) at the
quantum level : there exists a unitary operator K. and a matrix By such that

K.op.('Be)op. (~o + Als, 1) ) op=(Be) (K.)*
= op. (7 + V(2) + A(©) + O(?),

where B, = B+eB;. The operator K. is a Fourier Integral Operator associated with
the canonical transform k (see [8] or [14]). It allows to pass at the quantum level
the relation induced by the change of variables k. An important property of
these Fourier Integral Operators is that they are compatible with pseudo differential
calculus in the sense that for all a € C5°(RY),

K.op (a0 k™ ")K: =op_(a) + O(eN:(a)),

where

N.(a) = su su / 8ff$6f£a(t,x,r,§)dtdx
la|<K, |8]<2, |a|+]8]>2 (1.£)€R3 JR3 ’
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for some K € N. In particular, when one applies this relation to a symbol of the

form
e, €) = x(Bcen(o, 09 TG (g,

one gets
N.(ae,r) = O((RVE)™?) + O(1),
and eN¢(ae,r) = O(n:). We will use this property to translate the quantities that

we want to study in the variables (¢, x, 7,£) in these new variables (s, z, 0, (). More
precisely, we set

UE = OpE(BE)K:’L/JE,

then v solves (microlocally in L?(R3 .)) the system
(2.20) %83115 = A(s, 21)v° + O(c?)

and
(Opa(( tBaB) © "{)wsa ws)Lz(jo) = (Opa(a)vsa UE)LQ(ngz) + 0(775)

where 7. denotes a rest term as defined in Notation In particular, for scalar
functions a, we have

(0P ((7a) © ®)U%, ¥%) pamy ) = (0P (a)V%, 0) 2y ) + O1)
In what follows, we shall focus on the analysis of this family v=.

Let us now write the Markov process L. g in the new coordinates, we shall denote
by ENE, r the resulting semi-group.
e The hopping region is a neighborhood of size R4/ of the intersection of the
energy sets ET and E~, therefore it can be replaced by

Z]E,R = {zf +s2< ClR25}

for some constant C7 > 0. As already noticed before, turning C; into some
C5 > 0 will only induce exponentially small additional transitions, so that
one can take any neighborhood of size R+/e of the set S.

e Aswe have already observed, by the geometric properties of canonical trans-
forms, the Hamiltonian trajectories of our system are preserved by x and
one is able to identify each branch of the trajectories: the trajectories for
the plus mode are Hamiltonian trajectories of —o — 1/s2 + 27 and the tra-
jectories for the minus mode are those of the Hamiltonian —o + /s2 + 22.
We denote by CT)i these trajectories and we observe that they write

(221) 51(8,2,0’, C) = (S - N7Z,Ei(8,2170), (El)i(sazhg)?C/) )

where we set ¢ = ((1,¢’) and G} (s,21,0) =0 F /(s — V)2 + 22+ /52 + 27
by the conservation of the energy and ((1)% (s, 2z1,0) = (1 + O(R).
e The transitions occur when the gap is minimal along the trajectories, that

is when s = 0. Besides, when the transitions occur, one has ¢ - VV (z) = 0,
which implies [ A VV (z)| = |£]|VV (x)| and the relation (2.19) gives

s X 2 Z1 g
T.(z,&) = exp (EW) =Tz (\ﬁ) (1+ O(R?/2))
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where Ty (1) = e~™". Since T.(z, &) and Ty z(z /\/€) differ of a term of
order 7., we define the flow 257 g with the transition rate Tz (21 /1/2).

e Finally, we observe that the drift is made in the direction of H, — H_. By
the description above, dx sends H, — H_ on a vector collinear to d,. As a
consequence, we deduce that there exists a map o — do such that

(2.22) Ji =k loJrok(0,2,0,() = (0,20 + dc,0).
Using (2.18]), we deduce do = F2|z1].

Let us now reformulate our problem in these new variables. Recall that we work
in the region Z/~{E, r. Let b% (s, 2,¢) be two smooth functions compactly supported in
{s > 0} and such that the trajectories reaching their support have only experienced
one transition during an interval of time of length X. We also suppose that the

out

functions b* (s + N, z, () are supported in {s < 0}. We consider the symbol Q' =
(c:’}g“t, c;}gut) defined by

+,out + Xi(sv 21, J)

CeR (5,2,0,() = b>(s,2,()0 Riﬁ

where 6 is the cut-off function of Lemma and Xi(& z1,0) is the energy

NE(s,21,0) = —0 F /22 + 52,

Note that the localization in energy and the fact that we work in the hopping region
yield that o = O(R+/€) in the zone of interest; for this reason we do not need to
assume that b* depends on the variable o.

We now want to compute Z? ch% the pull back by the semi-group EE, R in the

. Jout — out
normal coordinates. The observable 2% has two parts ¢! 5" and c_ 5" and we

have to consider the random trajectories that reach the support of each of these
functions. More precisely, for c:’lg“t, we consider the plus trajectories that reach its
support; however, these trajectories may have known a jump and either they result
from plus trajectories, either they result for minus trajectory. Similar description
holds for trajectories reaching the support of C;}gUt

At that point of the analysis, we notice that by point (3) of Assumptions, in the
ingoing region, one of the mode is negligible. Without loss of generality, we can
assume that the contribution of trajectories which arise from the minus mode is

negligible. For summarizing, the picture is the following :

e for calculating the backward image by the semigroup of CI£Ut, we only
need to consider the plus trajectories which reach its support,

e for calculating the backward image by the semigroup of c;}g“t, we need to
consider the minus trajectories which reach its support and these trajecto-

ries arises from plus trajectories which have had a jump.

We denote by &)ft the Hamiltonian trajectories associated with AT and we observe

that along a trajectory, the variable (; is constant up to O(R+/¢) term, since (jl =
O(1) with observation time of order R./e.
Let us now calculate ¢! 5"". We observe that for (s, z,0,¢ = ((1,¢')) € supp el 53",

we have

(S,Z, g, (1 + O(R\/g)a CI) = &)ﬁ (S - N,Z, a, C) .
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Since the variable z; is constant along the trajectory, by applying the transition
rate at time 0, we have

C:ﬁn(s_NaZ7ng): (1_TLZ <R\[>) +OutO(I)N ( N7250'7C).

We deduce

z

s 000 = (1-Tiz (22 ) 0¥+ OLRVELC)

AT (&ﬁ(s —N, 2,0, C))
Ry/e

x 0

Using moreover the conservation of the energy AT along trajectories, we obtain
(2.23)

;rzfzn(S,Zaaa(f) = (1_TLZ (ﬁ)) b (s+R,2,¢)0 (W) + O(Ry/¢).

,171

The component c_ is more intricate since it incorporates classical transport
through both modes, application of the transfert coefficient and of the drift. Indeed,

the branches of minus trajectories which reach the support of c_ ’Wt results from

plus trajectories that have been drifted : more precisely, for (s, z, o, Q ) € suppc, ’O"t,

(5,20, + O(RVE), (') = 8% 0 J_ 0 @™ (s =N, 2,0,() .
By applying the transition rate at time 0, we obtain
i (s =N, 2,0,¢) = Trz (Rf) o 0 J_ 0B N (s = R,2,0,().
We deduce
cgén(s —N,z,0,() = <1 —Trz (Rf)) b~ (s,2,(1 + O(Rye), ()
A~ (&)i oJ_o &);S+N(8 -N, 2,0, C))
Ry/e

The crucial point is that (2.22)) implies that for all (z,0,¢) € R®,

x 0

A (=(0,2,0,0)) = X*(0, 21, 0),
s0, by using also the conservation of the energy along trajectories, we obtain
A (zlv)i oJ_o 5;5+N(s —N, 2,0, C)) = X*’(s — N, 21,0).

As a consequence,

(s =R, z,0,0) = ( —Try <RZ\1/E)> b (s,2,¢1,¢")
x 0 <X+ (s =% 20, C”) + O(RVE),

Rye
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whence

X"‘(s, 21,0)

Rye

(2.24) c;’én(s,z,a,() =TLz <\Z/15) b” (s+N,2,0)0 (

) o,

As a conclusion, in order to prove our result, we only need to prove the following
relations:
+,outy e & _ +,iny\, e , e
(2.25) (opg(cE’R s, v )LQ(RE,Z) = (ops(ca’R Jos, v >L2(R§,Z) + O(ne).

2.3.5. The transitions. The claim ([2.25)) is proved by use of the following Landau-
Zener type formula (see [27, [33] [14] [17]).

Proposition 2.15. Let v* be a solution of . There exist two vector-valued
functions k% € L?(R%, C?) such that ka’i1|zl|§R\/g are bounded and such that we
have for +s > 0 and |z1| < Ry/e

o 2
is2 /(9 s |"2 e+ R \ﬁ
vi(z,s) ets/(2) NG k7= (2)+ O (5) :
2
: —igt R?
vi(z8) = e /)] T k37*<z>+0< sﬁ)

Moreover, kT = S (%) k®~ where the unitary matriz S is given by
_ (a(¥)  =Ab(M?)
S(/\) - ()\b()\2) a()\2) )
d) =2 ) = 2T iz AD( 4 i3 sinh ()
’ D VLS 2 2

We are now in position to conclude the proof of Proposition by proving (2.25)).
We first take advantage of the localization near the energy surfaces to translate it as
a focalization: by the analogous of Lemma and Remark is (s, z) variables,
we obtain

+,0u +,0ut 77
(opg(cayR t)UE’UE)Lz(Rg 5 = <OPE(C€73 tHi(S,21))0671)5>L2(R2 B +O(1e)

= <0p5(c€jf’é’“tf[i(57zl))vs,ﬁi(s,21)1)6)122(113 : + O(n.)

where we denote by ﬁi(s, z1) the eigenprojectors of the matrix

A(s,z1) = (;1 i)

associated with the eigenvalues F/s2 + z2. For |21]| < Ry/e, we have

o) = (o 1)+ in (s> 0)

(2.26) it (s,21) — <é 8) + O(RVE) in {s <0}
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(whence similar asymptotics for II~ since Id = II* + II™). Therefore,

,out ,out
(°p5(ce+ﬂ )“E’“E)Lz(kz D (Opa(b:ﬁ >”§’“S) v OV

- —,out
(Opf(cf’gut)vs’vs)LZ(Ré o (opg(b&]g“ )Ui’vi)m(Ri 2) +Olne)

with b5 = b*(s, 2,¢).

The symbols c:’}é" are supported in the region {s < 0}, i.e. before the transitions.
By (3) of Assumptions we know that the mode plus only has mass of order 1.
By (2:26), in {s < 0}, the mode plus corresponds to the component v§ and we
deduce v§ = O(n.). Therefore, we have

) 1 = (o (T ()00 )00,

(Ops(c;}én)vsv vg)Lz(Rg ) = (Ops (TLZ (%) b;;ﬁ) Ui Uf)Lz(Rg ) + 0(776)3

with
bt =0T (s +R,2,0), bRt =07 (s+R8,2,0).

We now use Proposition in order to relate vf , with kigi For the term in

. ¢
function of ¢/ 5", we have
,

op. (¢} {1 )0* 0* = O(R*VE)
(o (2. v7)

L2 (R3 )
—ii

2 22
2 2 —isk
+,0ut —i5- | _s &,+ —is= | s 2¢ 5 e+
+<Op5(b€»R e T e | T )
L2(R3 )

We use the following Lemma (see Lemma 8 and Lemma 9 in [I5]) in order to
commute the pseudo differential operator and the phases.

Lemma 2.16. In L (L2 (Riz)), we have for |z1] < R\/e

2 2
an an
s +4 Figg

2¢
=7 op. (b5 2.0 | 2
As a consequence, we obtain
+,out _ +out) 1.6+ 1.6+
(Opg(c&}gu )US’U[E) L2(R3.) <0p€ (b&};u ) AL
Using the change of variable s — s 4+ N, we find

(Opf(ci’fgm)va’ UE)Lz(RS ) - (Opa (bj}%n) kgﬂr’ k;’+)L2(R3 ) TO0:).

By Proposition we have

2 2
, 21 z — z —
k§+:ﬁb(;> g *“(S) &

Besides, b*(s + X) is supported in {s < 0} and, as we said before, by (3) of
Assumptions near {o +s =0, s < 0} (i.e. near minus trajectories entering
in the hopping zone), v5(z,s) = O(n.). Therefore, because of the link between v§

— op, (b(s, 2, ¢)) + O(v&| Ine]).

O(ne).
>L"’(R‘Z’,z)+ ()
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and k5~ in the region {s < 0}, k3"~ (2) = O(n.) and, using the relation A2|b(\)|? =
1 —a(N)?=1-e"™ we obtain

330 ) 35 <o (e () ) 0

in £(L? (Ri’z)) Finally, in view of the relations satisfied by C:E”é", and arguing as

before, we can conclude that

+,0uty e & Al o kT
, - 1—Tpz (== ) ) 015" ) KT KT
(OpE(CS’R Jot )L2(R§,Z) (Opg (( e (ﬁ)) E’R> P >L2(R§,z)

+O(776)
_ +,iny, e e
- (Ops(cs,R )v U )L2( +(9(775)'

RA+1)
Arguing similarly for ¢ 5", we obtain 1)

3. NUMERICAL EXPERIMENTS

3.1. Algorithmic realization of the semi-group.

The algorithm. The mechanism describing the evolution of f§ , (¢, ,&) has a sim-
ple algorithmic description as proposed in [18] :
(1) Far from X, f(t,x,&) propagates along the trajectories ®% and f=(t,x,¢)
propagates along the trajectories ®° .
(2) Whenever a trajectory reaches ¥ at time t* in a point (z*,£*), one may
transmit some energy to the other mode according to a random process.
One takes a random number r between 0 and 1 and one compares r and
the transfer coeflicient T (z*,£*):
o Ifr > T.(z*,£*), one continues with the same trajectory and propagate
the mass f5(t*,2*,£*) on the trajectory ®° (z,¢).
o If r < T.(z*,£), one initiates a trajectory ®* from the point
S VV (z*)
3.1 26V = Jp(x¥, &) = | of + 2| =——25, &F
(3.) (& 68) = 1o €)= (27 4 2 S o
and propagate the mass f° (t*,2*,£*) = f1(t*,2*,£") on the new tra-
jectory @'t (zt",€).
A similar process is performed on the other mode.

Remark 3.1. Note that the hypothesis (3) of Assumptions imply that at a
transition point, only one of the trajectory is weighted.

3.2. The simulated models. In this section, we present various numerical ex-
periments in order to validate our kinetic model . We assume that the initial
data has a Wigner transform supported in the domain Q C {|z1] < a, |{] < M}.
In pratice, we will take a = M = 10. We will not discuss the behavior close to
the boundary and we will consider a time schedule [0, 7] such that the trajectories
issued from 2 do not reach any boundary. For the quantum model, we will use
periodic boundary conditions. In the case of the barrier potential, we will also
assume that the trajectories issued from points of 2 do not reach the top of the
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barrier with velocity 0; thus, we are in the frame of Assumption and the above
description of the trajectories is valid.

Several sources of error can be identified in this model, if we compare it to the
original quantum equation :

— the error made in the computation of the initial data and on its sampling
by a bunch of particles,

— the error made during the plus/minus transition processes; on the com-
putation of the transmission coefficients and the position of particles after
transitions (presence or not of the jump process),

— the error made during the transport phase, when the quantum transport in
replaced by the classical transport induced by the Hamiltonian and
when the coherence effects between particles are neglected,

— the error made when we neglect the transport of the antidiagonal part of
the Wigner function.

In the numerical tests that we present, we concentrate our study on these modeling
errors, instead of numerical errors due to time and space discretization. Hence,
we have taken sufficiently small time steps and space steps, such that the error
associated to these numerical parameters is negligible compared to the modeling
errors.

In order to characterize these different modeling errors, let us identify the models
that we simulate:

(i) The quantum graphene model is the original quantum equation , com-
puted with the Strang splitting method. In the first series of experiments
(Subsections and , the initial data is a gaussian coherent quan-
tum state localized at the position z{ in the z; direction, multiplied by
a plane wave in the xo direction, with the momentum £° = (£9,£9), and
polarized on the plus mode:

_ 0
B2 sblen) = viler - b€ (il - o) e (222202 ),

9
with
(3:3) GG(w1,€9) =14 (D) < Voo &) ) |
and
2 0
(3.4) ug(a, €7) = (me) " exp <§§ + ixf) .

In the last experiments (Subsection , the initial data is a mixture of
coherent quantum states

_ 0
piten) = [ wito - ot e) (50 - o) exp (11272250

(3.5) x fO(a, &) datde],

where f9 is a given distribution density and where, for simplicity, all the
states are taken with the same momentum &9 in the zo direction.

(ii) The kinetic graphene model is , discretized according to the particle
algorithm described in Section [3.1} with randomly computed transitions
between plus and minus modes, with or without jumps (3.1). The initial
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data ff o and f€ ; are described in Subsection @ The time integrator is
the triple jump method of order 4 [25].

(iii) The quantum pseudo-graphene model is the following modified quantum
equation, computed with the Strang splitting method:

(3.6) ie0y0° = [(A(eD) + V), o°], with A(§) = (|g| _(|)§|)
with the same initial data p§ as (i). Far from the crossing set {¢ = 0}, this
model displays the same dynamics as (i), but the major difference is that
no transition occur between plus and minus modes with .
(iv) The kinetic pseudo-graphene model is the same as (ii), without transition
process. It is the classical counterpart of the quantum pseudo-graphene
model (iv).

3.3. The Klein effect. Our aim in this subsection is to observe qualitatively the
Klein effect (the tunneling of particles through a classically forbidden potential
barrier) with both models: the quantum graphene model and the kinetic graphene
model. For the simulations presented in this subsection, we have taken a sufficiently
large number of particles (4x 10%) and assume that we are at numerical convergence.
The potential is the following smooth barrier potential, depending only on z:

V(x1) = 4sin® (g(ml + 1)) for z1 € [-1,3], and V(z1) = 0 otherwise.

Let us describe the phenomenology that can be observed on Figures [3] and [
Here, ¢ = 0.064. We represent on Figure [3| the contour plots of the trajectories
of the plus and minus modes, computed with the quantum graphene model. On
Figure [4 the plus and minus densities are represented at four instants, computed
with the quantum graphene model (plotted in plain lines) and computed with our
kinetic graphene model (plotted with the 'X’). It can be seen that the results given
by both models are in very good agreement.

Initially, a coherent wavepacket in the plus mode is at position 2 = —2 with
the momentum ¢° = (£9,£9) = (1.3,0.1) (Figure [4(a)). The wavefunction first
propagates freely, then enters inside the barrier and its momentum &; decreases until
it vanishes. At the instant ¢;, the wavefunction is partially reflected and partially
transferred through the barrier in the minus mode. Then, the minus wavepacket
propagates inside the barrier (see Figure until it reaches the other side of the
barrier (instant ¢), through which it is partially transferred into a plus wavepacket
and partially reflected. Finally, the remainding minus wavepacket propagates from
the right to the left (see Figure and hits again the barrier (instant ¢3), where
it is almost integrally transferred into a third plus wavepacket outside the barrier.

At the end of the simulation (Figure [4(d)]), almost all the mass have been redis-
tributed into three plus wavepackets. In Table we give the numerical transfer
rates (i.e. the ratio of mass in each wavepacket over the initial mass) of the initial
mass into wavepackets 1, 2 and 3 for different values of ¢, computed with the quan-
tum model and with the kinetic model. Here again, we observe a good agreement
between our kinetic model and the reference one.

3.4. Choice of the initial data. Let us concentrate on the computation of the
initial data for the kinetic model. Recall that, in the pure-state case, the initial
data for the quantum graphene model is the density matrix given by , where
the wave function is the gaussian wavefunction projected on the plus
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position

Figure 3: Contour plots of the plus and minus densities, quantum graphene model
with € = 0.064.

Table 1: Transfer rates

c [0.128 | 0.064 | 0.032 | 0.016 | 0.008 | 0.004 |
wavepacket 1 (quantum) | 7.42% | 14.18% | 26.25% | 45.55% | 70.31% | 91.17%
wavepacket 1 (kinetic) | 7.64% | 14.64% | 27.03% | 46.73% | 71.47% | 91.92%
wavepacket 2 (quantum) | 85.71% | 73.65% | 54.39% | 29.66% | 8.82% | 0.78%
wavepacket 2 (kinetic) | 85.69% | 73.49% | 54.17% | 29.46% | 8.79% | 0.75%
wavepacket 3 (quantum) | 6.38% | 10.46% | 14.28% | 13.50% | 6.20% | 0.71%
wavepacket 3 (kinetic) | 6.20% | 10.2% | 13.98% | 13.15% | 6.01% | 0.68%

mode. Let us denote by f§(z,£) the Wigner function of ¢f and by ?g(x,ﬁ) the
Wigner function of the gaussian wavepacket

(w2 — yz)£8) ’

P,y = w1 — 29, €9) (u(yn — 2,€0))" exp (

€
which is
Te 1 i M —= n
fo(z, &) = %/e 3 g (t,xl - 55) ug (1’1 + 65) dn 552:53
1 (z1 —29)* (L —&)°
(57) e G e L

The function tr(ITT (&) f§(z,&)ITT(€)) is asymptotically close to }g(z,f) as e — 0.
More precisely, using pseudo-differential calculus, the following expansion can be
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Figure 4: Propagation of a coherent wavepacket through a barrier for ¢ = 0.064.

obtained:
B8 Q@ OT) = w6 - §7e0:5 (. + )
(3.9) = fi (x1 - ;’;22 ) +0(e)

in L'(R*). Notice that this expansion is in powers of ¢'/? (indeed, the L' norm of
81;}%(;10,5) is of order ¢71/2).

As initial data for our kinetic graphene model, in the pure-state case, let us
experiment these two approximations of f§: the first one is simply ?Og(x, £) and the
second one is the shifted function

(3.10) fiolx &) =f5 (wl - ;éTz ) :

The advantage of this last choice compared to the right-hand side of
the distribution function is always positive. On Figure [5] we plot in logarithmic
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scale the errors on the densities, i.e. the quantities

o = [ |l65@l = [ Fiwpte|dor, ey = | ]|ws<z>|2 / fi,()(x,s)ds\dzl,

for e = 2V x 2.5 x 1073, with N € {0,1,2,3,4,5,6,7,8,9}. Again, these integrals
have been computed with enough discretization points such that the numerical
integration errors is negligible: the (x,¢) domain [—10, 10]? is discretized with 2%
grid points in the x direction and 2!! grid points in the ¢ direction with a non
uniform cartesian mesh refined near the point (z%,£9). As above, we have taken

(29,69,€8) = (-2,1.3,0.1). Figure [5| confirms the estimate (3.8) and (3.9): the

function jfg is an O('/?) approximation of f§ and the shifted function f$ o(z, ) is
an order O(¢) approximation. From now on, we choose this shifted function f{ ,
defined by (3.10) (and f< ; = 0) as initial data for the kinetic graphene model.

1072 E
107 E
- s/lope1/2
2 107t 4
[}
107 E
_ e
107° R
V2 erro
o - slope 1
_7
10 ‘ ‘ ‘
107 10° 107 10™ 10°

Figure 5: L! error on the initial density, for the two choices }E and f§ ;.

Let us now discuss briefly the initial sampling step for the distribution function
J§,0 and compare the rates of convergence of Monte Carlo and quasi-Monte Carlo
sampling. Monte Carlo sampling can be achieved by a rescaled and shifted sampling
of a bidimensional Gaussian distribution, taking advantage of the tensorial struc-
ture of the function. Its convergence rate is known to be of order O(1/y/Npart),
where Np,r+ denotes the number of particles. Quasi-Monte Carlo methods use
quasi-random sequences, also known as low-discrepancy, which are deterministic
approximation of the uniform distribution on [0,1]? and can be transformed into
a Gaussian distribution by the cumulative distribution function. Such methods
display better convergence rate, of the form C(log Npart)*/Npare- In both cases,
densities are reconstructed by a fifth order spline interpolation method.

On Figure [6] we have represented with the same scales, for the quasi-Monte
Carlo method (using a 2D Hammersley set) and the Monte Carlo method, the L!
error between the reconstructed density and the reference density [¢§|?, for four
different values of e. For the quasi-Monte Carlo method, we observe a convergence
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rate which is compatible with O(C(log Npart)?/Npart) (with a saturation due to
the difference between f§ ; and f§, studied above). For the Monte Carlo method,
we observe a slower convergence, of the form O(1/v/N). Therefore, in the sequel
we systematically use the quasi-Monte Carlo method, with 4 x 108 particles.

error

L .
—x—e = 0.064 > 107 | —~—& = 0.064
-~ 0.016 X £ =0.016
Sl ——e = 0.004 10° ——e =0.004
——c =0.001 ——e = 0.001
- --C(logN)?%/N ---C/VN
B ; 107 w ‘
10° fo* 10° 1( 10° 10° 10° 10
Nyart Nypart

(a) Quasi-Monte Carlo method

(b) Monte Carlo method

Figure 6: L' error on the initial density with respect to the number of particles for
the quasi-Monte Carlo and the Monte Carlo methods

3.5. Transport and transition phases. In this section, we compare the dynam-
ics computed with the quantum and the kinetic models. The initial data are the
same as in the previous subsections: 9§(z; — z9) given by and f{ , defined
by (3.10). Here also, we take (29,£9,£9) = (—2,1.3,0.1). The final time of the
simulation is 5 = 4.5.

Transport phase. In a first step, in order to characterize the error made during
the transport phase, we simulate the pseudo-graphene model, which displays the
same transport properties as the graphene model but which induces no transition
between plus and minus modes. We simulate the actions of two potentials:

(3.11)

where o =~

1
Vi(r) = o (@1 +10) and Va(ar) = aatan(2es + g),

0.643 has been adjusted such that, at the points where a particle is

stopped by the potential barrier (resp. x7 for Vi and z} for V), we have V{(z}) =
V3 (x3). On Figure [T we plot the error

d$1

error—/‘|H+1/)5(tf,x)|2—/fi(tf,%f)df

+f \Hu}f(tmﬁ— / fi(tf,m,@ds\dxl

as a function of . We observe two features. First, the error behaves as O(g'/?)

in both cases. This can be explained by the fact that the derivative in x and & of
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the coherent wavepacket are of order e='/2 in L! norm. Second, the error for the
transport in V5 is 5 times higher than the error for the transport in V;. This can
be explained by the fact that V; is a harmonic potential, so the quantum transport
operator coincides with its Wigner counterpart. Hence, for the transport by V7, the
main source of error comes from the fact that coherence effects between particles
are not taken into account. For the transport by V5, the main source of error comes
from the replacement of the quantum transport operator by the classical one.

error

w
)

kel

®
\H
~
)

10 ¢ E
—<—transport in V3
—=—transport in Vs
—4
10 . . .
107 107 107 107" 10°
g

Figure 7: L' error on the densities for the pseudo-graphene model as a function of
g, at time ¢ty = 4.5, with the two potentials V; (harmonic) and V5 (anharmonic).

Transition phase. Let us now come back to the real graphene models, with tran-
sitions. We compute the transport by the potential V; of a coherent wavepacket
initially at (z9,£9,€9) = (—2,1.3,0.1). We plot on Figure [8] the plus and minus
trajectories in the potential V;. When the plus particles hits the potential barrier
at the position x7 and at time t*, its momentum &; vanishes and a transition oc-
curs: the mass is partially tranferred to a minus particle, with the transfer rate 7.
This phenomenology can be observed on Figure [§] where, for e = 0.064, the contour
plots of plus and minus wavepackets are represented, computed with the quantum
graphene model. In order to check the formula , we give in Table the
numerical transfer rate T, (i.e. the ratio of the transferred mass over the initial
mass) and the quantity 7;1(055); (theoretically equal to V'(z7)) for 6 values of ¢,
computed with the quantum model and with the kinetic model. Note that z7 is
defined by Vi(z7) + &3 = Vi(29) + [£°|, which gives z} ~ —0.61 and V] (z}) ~ 0.94.
The numerical results corroborate the predicted rates.

But the rate T is not the only parameter appearing in the transition phenom-
enon. We highlight the importance of the jump operator J., designed in order
to ensure the energy conservation during the transition process. On Figure [9] we
plot the L' error between the densities for the quantum model and the densities
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45

3.5

position

Figure 8: Contour plots of the plus and minus densities, quantum graphene model
with € = 0.064.

Table 2: Transfer rates

y € | 0.128 ] 0.064 [ 0.032 | 0.016 | 0.008 0.004
T, (quantum) 0.772 [ 0.596 [ 0.355 [ 0.126 [ 1.60x10~* [ 2.55x 10"
T. (kinetic) 0.769 | 0.593 | 0.351 | 0.123 | 1.52x1072 | 2.38x10~%

—;fgi (quantum) | 0.9481 | 0.9486 | 0.9489 | 0.9491 |  0.9491 0.9492

—;ff;i (kinetic) | 0.9364 | 0.9387 | 0.9384 | 0.9383 |  0.9385 0.9415

for the kinetic model, with and without the jump. For clarity, we plot separately
the error on the plus density (continuous red and blue lines) and the error on the
minus density (dashed red and blue lines). The final time of the simulation is still
ty =4.5.

We observe on the minus density curves (dashed lines) that the jump process im-
proves significantly the precision of the computation of the post-transition density:
without the jump operator and for £ > 1072, the error on the minus density is of
order 1. Note that, for ¢ < 4 x 1073, the transfer rate becomes negligible and the
major part of the error becomes the error made on the transport process, studied
above: the plus density curves (continuous curves) are comparable to the red curve
of Figure [7] (the scales in these two figures are the same).

3.6. N-particles system. In this last numerical experiments, we take the initial
data as a mixture of coherent quantum states, with a double bump distribution
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Figure 9: L' error on the densities for the kinetic graphene model at time ty = 4.5,

as a function of €, with and without the jump process.

function, i.e. the matrix density is (3.5) with

O(2°,¢%) = max (cos(27rx)]l,7/4gmg,5/4 , cos(27rx)]l,11/4§m§,9/4)
x(5/m) "2 exp (—5(& — 1.3)?).

The potential is V; defined in (3.11)). We plot on Figure [10| the plus and minus
densities computed with the quantum and the kinetic graphene model, for € = 0.016

at timest = 0, 1.8, 2.7 and 4.5 . The kinetic model is still used with 4x10° particles,

and the quantum model is now used with 5000 wavefunctions.
Finally, in Table [3.6] we provide the numerical tranfer rates between the plus

and minus mixture of coherent states. Again, on Figure [I0] and in Table [3.6] we

Table 3: Transfer rates

| e [0.128 [ 0.064 [ 0.032[ 0.016 | 0.008 | 0004 |
Transfer rate (quantum) [ 0.771 [ 0.595 [ 0.355 [ 0.126 [ 1.62 x 1072 [ 2.76 x 10~%
Transfer rate (kinetic) | 0.768 | 0.592 [ 0.350 [ 0.123 | 1.54 x 10=2 | 2.57 x 10~ *
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Figure 10: Propagation of a mixture of coherent wavepackets through a barrier for

e = 0.016.

observe a very good agreement between both models.

4. APPENDIX: PSEUDO-DIFFERENTIAL CALCULUS

In this Appendix, we recall a few results of symbolic calculus that we use in this

article and we prove the estimate (2.9)), which is at the core of these results.

Fo(F)(©) = (2me)F (

£

3

The estimate (2.9) relies on the Schur Lemma. With f € L?(R?), we associate

) = (2me) /2 / fla)e 27 da,
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and we observe that for any a € C$°(R24),

(op(a)f.f) = (2me)” d (“y =9 f(y) ] () de dy dé
= (2me)” 3d/ ( 5) L(&-(m—y)+in-y—iz-C)
xf(Z)f(i)dxmumdndc

(27-(-8)—2(1/0/()(75)e%(f‘v"rin‘(X—%)—iC(X-‘r%))
HNF(N(C)dX dv de dndC
= @9 [a ( “) X (1) ) B dX dnde

= (Kefs(f)a]_—s(f))7
where K. is the operator of kernel k.(&,¢’),

riee) = za (55 555).

3

with
i¢,0) = (20 [ al-w, e

By the Plancherel theorem, the norm of op,(a) and of K. are the same. Besides,
using the Schur Lemma, we obtain

e < ke ( )|d ke ( )|d
IK.| < Max <§s€u£/| (&, )de’, sup/| §5|5>

< / sup [a(€, v) dv
R4 (¢eR4

< C sup sup/|8fa(x,§)|dx.
[B]|<d+1 ¢eRA

for some constants C' independent of a and e, which gives the result.

By use of the same techniques and of the Taylor formula, one can prove the
following result about the composition of pseudo differential operators :

Proposition 4.1. Let a,b € C°(R?*?,CN-N), N € N, then

0p-(a)op.(b) = op.(ab) + -op.({a.b}) + <R,

with {a,b} = Vea- Vb —Vya- Veb and

|R:||z(2(rey < C sup sup  sup  sup /’8?856($,§)|dx
c=ab |a|=22<|8|<d+3 £€RI

for some constant C > 0 independent of a, b and €.
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