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Stability-based planning and trajectory tracking of a mobile
manipulator over uneven terrains

Jae-Yun Jun, Vincent Padois and Faiz Benamar

Abstract— The problem of improving the stability of a mobile
manipulator over a sloped terrain is addressed in the present
work. Such an improvement is achieved by finding the location
of the manipulator’s center of mass that maximizes the overall
quasi-static stability, defined here as the force-angle stability,
using a stochastic optimization approach known as the Covari-
ance Matrix Adaptation. The tracking of both trajectories for
the robot base and for the manipulator is achieved by using an
inverse-kinematics controller in simulation.

I. INTRODUCTION

A mobile manipulator is suited for transporting objects
from a place to another while avoiding obstacles, as well
as for achieving other tasks such as opening doors, tracking
objects with a camera mounted on the manipulator, and more.
When traversing uneven terrains, such a robot becomes more
sensitive to the stability condition, while it also needs to
satisfy other constraints such as joint limits and motor speed-
torque limits.

Most of existing works on mobile manipulators focus
on planning paths (trajectories) and on controlling their
motion on level surfaces, while satisfying the aforementioned
constraints and guaranteeing the stability degree [1], ma-
nipulability [2] or task compatibility [3]. In addition, they
assume that the path (trajectory) for the end-effector of the
manipulator is given [4], [S].

The present work introduces a method to generate a
trajectory for the arm’s’ center of mass for improving the
robot’s overall stability and to track this trajectory using the
inverse velocity kinematics of the system, when a trajectory
is given for the robot base. When the manipulator’s mass
is non-negligible with respect to the robot-base’s mass, then
the degrees of freedom that the manipulator brings may be
used to increase the robot’s overall stability. The search for
the trajectory (for the arm’s center of mass) that optimizes
the robot’s overall stability is implemented using a stochastic
optimization algorithm called the Covariance Matrix Adapta-
tion (CMA) algorithm [6]. The solution-search space is non-
convex, and this algorithm can reliably find solutions for this
type of problems. As far as the stability definition, the force-
angle stability measure (proposed in [7]) is used.

The manipulator employed in the present work has five
degrees of freedom. But, because changes of the gripper’s
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Fig. 1. A Cameleon EOD, a tracked mobile robot from Eca Robotics [13]
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Fig. 2. Tracked mobile robot model: (a) top view, and (b) side view.

configuration do not significantly influence on changes of the
location of the arm’s center of mass, the associated degree
of freedom is not considered in the present work. Hence, the
manipulator is assumed to have four degrees of freedom, and,
therefore, it is a redundant system with respect to the control
task. The redundancy problem is typically resolved either
by kinematic control [8], optimization-based control [9]-
[11] or nonlinear optimization methods [12]. In this work,
we resolve the redundancy problem by finding joint angular
velocities that minimize the error between the desired task-
space velocities and the actual ones. In this manner, the
mobile manipulator can track both the trajectory for the robot
base and the other for the arm’s center of mass.

The presentation of this work is structured as follows. In
Section II, a method to generate a trajectory for the arm’s
center of mass for improving the robot’s overall stability and
to track this trajectory using an inverse-kinematics controller
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Fig. 3. With the purpose to define the workspace of the arm’s center of mass (CoM), a large number of locations of the arm’s center of mass are generated
by considering all possible combinations of discretized arm joint angle values. These locations are then labeled as valid or non-valid ones based on the

self-collision checking results.

is described. In Section III, the results of implementing
this method for a mobile manipulator traversing a slope
are presented. Finally, a summary of this work and some
guidance for future work are given in Section IV.

II. METHODS

A. Characterization of the workspace of the arm’s center of
mass

The mobile manipulator considered in the present work is
modeled after the robot shown in Fig. 1, and this model is
shown in Fig. 2. The robot base consists of a tracked mobile
robot with two tracks and two flippers. The two tracks are
actuated with two DC motors, and the flippers are coupled
and driven by one DC motor. The flippers are only considered
in the present study as collidable bodies, and they are not
actuated. On the other hand, the manipulator has five degrees
of freedom with four links and one gripper. Because changes
of the gripper configuration do not significantly influence
on changes of the location of the arm’s center of mass, the
gripper is not considered in this study. Hence, the manipulator
is assumed to have four degrees of freedom.

To represent the robot configuration, a coordinate frame
is attached to the center of the base, representing the body
frame. The arm links are represented using the Denavit
Hartenberg’s parameters [14], and a coordinate system is
attached to each joint, with the purpose to represent the center
of mass of each link.

The arm’s center of mass can be expressed (in global frame
(9)) as a function of each arm link’s center of mass as
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where 9€4 is the arm’s center of mass in the global frame
(see Fig. 2(b)), 9T is the homogeneous transformation from
the body frame (B) to the global frame (G), BTx, is the
homogeneous transformation from the i-th manipulator link
frame (R;) to the body frame, *¢¢; is the center of mass of
the i-th manipulator link expressed in the ¢-th manipulator

link frame (R;), and m; is the mass of the i-th manipulator
link.

The search for the optimal location of the arm’s center
of mass can be efficient if one defines the workspace of
the arm’s center of mass in body frame using the brute
force method offline. That is, the four arm joint angles
are discretized, and the locations of the arm’s center of
mass corresponding to all possible combinations of these
discretized joints angles are recorded. Afterwards, each of
these locations is labeled as valid or invalid configuration
depending on the result of self-collision checking. In this
work, the self-collision is checked using the Gilbert-Johnson-
Keerthi (GJK) algorithm [15].

Fig. 3 shows the results obtained by implementing this
brute force method. Fig. 3(a) shows the set of all the locations
of the arm’s center of mass (regardless of their corresponding
labels), denoted by Sp. On the other hand, Fig. 3(b) and
Fig. 3(c) show the sets of valid and non-valid locations and
denoted by Sy and Sy, respectively. Both Sp and Sy are
convex sets, while Sy, is a non-convex set.

In fact, Sy is the workspace of the arm’s center of
mass. The workspace is non-convex due to the geometric
constraints of the manipulator and due to collisions that
occur between the manipulator links, as well as between
the manipulator and the base platform. But, one can express
this workspace as the set subtraction of Sy from So. It is
preferable to express the workspace in this way because both
So and Sy are convex sets, and, therefore, the identification
procedure of whether a point is within the workspace of the
arm’s center of mass can be quickly evaluated.

B. Relationship between the tip-over stability and the loca-
tion of the arm’s center of mass

In this work, the optimality criterion employed for search-
ing the desired location of the arm’s center of mass is the tip-
over stability measure. In particular, the force-angle stability
measure [7] is used. The force-angle stability measure can be
computed as the product between the magnitude of the net
force applied to the overall center of mass and the smallest
angle obtained among all the angles formed between the tip-
over-axis normals (l;’s) and the net force vector (f;), where



Pj+1

Fig. 4. The robot’s tip-over stability can be defined as the force-angle
stability measure [7]. The tip-over axes (a;’s) are the vectors that define
the support polygon boundary, and the force-angle stability measure can be
computed as the product between the magnitude of the net force and the
smallest angle obtained among all the angles formed between the tip-over-
axis normals (1;°s) and the net force vector (fr). {o is the location of the
overall center of mass and is defined in (4).

the tip-over axes (a;’s) are vectors that define the support
polygon boundary. Therefore, the stability measure can be
defined as
M:Injin<9j)||fr||7 j:{l"" 7n}7 2
where n is the total number of tip-over axes that define the
support polygon, f, is the resulting force vector, a; is the j-
the tip-over axis, 1; is the vector normal to the j-th tip-over
axis (a;), and 6; is the angle formed between f; and 1;. See
Fig. 4 for clarification.
On the other hand, one can develop (2) based on the
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Fig. 5. Stability measure as the first joint angle (go) is rotated from O [deg]
to 360 [deg], while the robot base has some nonzero roll value.

trigonometry to relate the stability measure to the overall
center of mass as

Gj =0; cos™ ! (f,-T‘I);ir‘I)j (pj+1 — go)>, 3)

where ®;= (I — éjﬁJT>, a;=a; /||a;||. and

\T
Lo (@ife ) a5 >0,
—1,

ag 7 =
otherwise.

where 1;=1;/|[1;]]. )
Finally, o in (3) can be related to {5 by

Eo = maa + meB’ @
mr
where f_o is the overall center of mass, f_ A 1s the arm’s center
of mass, §_B is the robot-base’s center of mass, mpr = m4 +
mp is the total mass, m 4 is the manipulator’s mass, and mp
is the robot-base’s mass.

To validate the stability measure, as shown in Fig. 5, some
nonzero roll value is given to the robot base, and the location
of the arm’s center of mass is varied by rotating the arm’s
Link 0 from 0 [deg] to 360 [deg]. The other arm joint angles
are set to be zero. Fig. 5(a) shows the arm configuration with
all the arm joint angles being zero. Fig. 5(b) shows two local
maxima in stability as function of the first arm joint angle
(q0)- These local maxima roughly correspond to having the
manipulator directed towards the two corners of the robot
side that is lifted. They are not exactly the same because
the manipulator is not symmetric due to its links’ volumes
(geometric constraints).

(a) Ten robot poses on a slope following a circular path
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(b) Stability measure values corresponding to the ten configurations
Fig. 6. Ten robot configurations are considered on a slope and following
a circular path. For each robot-base configuration, the first joint angle (qo)
is rotated from O [deg] to 360 [deg] with a precision of 27 /100 [rad], and
the robot’s overall stability measure is recorded.



In addition, we considered ten robot-base configurations on
a slope following a circular path as shown in Fig. 6(a). For
each robot-base configuration, the arm’s Link 0 is rotated 360
[deg] with a precision of 27 /100 [rad], and the corresponding
stability measure value is shown in Fig. 6(b). Again, all other
joint angles are set to be zero. Hence, the manipulator is
stretched all the time while it rotates about the vertical axis of
the Link 0. These results show again that, for each robot-base
configuration, the stability curve presents two local maxima.
As explained earlier, one local maximum has larger value
than the other one, due to the asymmetry that exists in the
distribution of the arm links (see Fig. 5(a)).

C. Search for the optimal location of the arm’s center of
mass

Next, a trajectory for the arm’s center of mass is searched
to optimize the robot’s overall stability, with a trajectory
given for the robot base. Because the workspace of the
arm’s center of mass is non-convex, a stochastic optimization
method known as the Covariance Matrix Adaptation (CMA)
algorithm [6] is used. This algorithm consists of two main
procedures: to update the mean of the distribution of success-
ful candidate solutions (samples) towards the maximum value
of a fitness function and to update the covariance matrix of
this distribution such that the likelihood of these parameters
increases with time.

Therefore, this optimization problem can be formulated as

max

w7 (E)
S.t. f_A c SV7 (5)

where 5 A is the arm’s center of mass, Sy is the workspace
of the arm’s center of mass, and F is the fitness function and
is defined as

FD) _ g1 2
® K A °A
F=uw — w2 5 ; (6)
Hmax dworkspace

where w1 >0 and w2>0 are weights satisfying the condition
wi1+wae=1, p is the stability function introduced in (2), _(At)
is the desired location of the arm’s center of mass at time
instant £, and f_(;_l) is the arm’s center of mass corresponding
to the previous time step. pimax 1S the maximum stability
measure value, and dyorkspace 1S @ scalar value representing
the size of the workspace of the arm’s center of mass
(see Fig. 3). In this study, we would like to maximize the
robot’s overall stability, while minimizing the motion that
the manipulator must make (from the current configuration)
to achieve it. In the optimization procedure, if a randomly
sampled configuration does not belong to the workspace
of the arm’s center of mass, then such a configuration is
discarded. As an example, Fig. 7(a) shows an initial set of
randomly chosen samples for the arm’s center of mass with
the robot base having some nonzero roll angle, and Fig. 7(b)
shows the CMA convergence result.

Because the CMA algorithm might not be able to search
for the global optima but be stuck to a local maximum,

Zm)

Y [m] X[m]

(a) Initial distribution of arm configurations
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(b) Converged arm configurations

Fig. 7. Initial and converged distribution of arm configurations after solving
(5) with the CMA algorithm

for each robot-base configuration, we considered two sets
of initial conditions around the two local minima. Fig.
6(b) indicates that, for all the considered cases, the desired
locations of the arm’s center of mass correspond to having
the joint angle of the Link 0 around 2.0 [rad] and 5.0 [rad]
with the other arm joint angles being nearly zero.

D. Trajectory tracking

Once the stability-optimal trajectory for the arm’s center
of mass is found and having a trajectory given for the robot
base, one can control the motion of both the robot base and
the arm by solving the following problem

. 2
. - . .12
min 3 [E-Sa(@al +3hal,.
q we

s.t. q < Qiimits
4 < Qrimit- (7
SE can be designed as
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where &= [X 58, Y, 7, X4, Ya, 2 A] T represents the desired
trajectories for the robot base and the manipulator in the slope
frame (S) (see Fig. 6(a)). S¢=[X5,Yn,v, Xa,Ya, Za]"
indicates both the actual robot-base configuration (X-Y co-
ordinates of the robot-base’s center of mass and its yaw
angle) and the arm’s center of mass (X-Y-Z coordinates).
a = [a, 49 q0,q1,q2,q3)" corresponds to the two motor joint
angles for the robot base and the four joint angles of the
manipulator. J(q) is the 6 x 6 Jacobian that relates q to S¢,
Qiimic 18 6D joint angle limits, im; is 6D joint angular speed



Fig. 8. Converged configurations on a slope.
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limits, and K, is the 6 x 6 proportional gain diagonal matrix.
Finally, we and w, represent the weights for the two additive
functions employed in the fitness function.

In (7), the trajectories for both the robot base and the arm’s
center of mass are considered instead of just considering the
trajectory for the arm’s center of mass. This is because the
goal of this study is to improve the robot’s overall stability
while the robot base moves, by reconfiguring its arm. If only
the trajectory for the arm’s center of mass was considered,
then there would be solutions that require only the arm’s
motion, having the robot base in place. Clearly, this is not
the purpose of the present work.

III. RESULTS

To validate the method proposed in Section II, the prob-
lems of trajectory generation for the arm’s center of mass
(see (5)) and of trajectory tracking (see (7)) are solved
for a mobile manipulator traversing a slope and following
a circular trajectory for the robot base. In this work, as
a proof of principle, the proposed method is implemented
in simulation using MATLAB, and the evaluation of the
method’s efficiency will be a future study subject.

Fig. 8 shows ten converged manipulator configurations as
the mobile manipulator is asked to follow a circular path on
a slope. For this simulation w;=0.9 and w;=0.1 are used.
For the first four robot configurations, the manipulator is
reconfigured to be on the front right side. The ordering of
these configurations are also indicated in Fig. 8. Then the
manipulator is reconfigured towards the front left side during

the subsequent four robot-base configurations. Finally, the
manipulator is again reconfigured to the front right side for
the last two configurations. Notice that the CMA algorithm
chooses the location of the center of mass corresponding to
the stability local maximum closest to the location of the
arm’s center of mass obtained in the previous time step,
unless there is a significant value difference between the two
maxima.

Fig. 9 shows the tracking of both the trajectory for the
robot base and the trajectory for the arm’s center of mass as
the robot traverses on a slope. Fig. 10(a) and Fig. 10(b) show
a closer look at the tracking performance using the controller
described in the previous section. The results show that the
tracking errors for both the base and the arm are bounded.

Fig. 11 shows the joint angular velocities for both the base
and the arm. In this study, the arm’s joint angular velocities
are imposed to be limited at 47 [rad/s]. Fig. 11(a) shows
the saturation of the joint angular velocities during the initial
stage of the simulation. In general, the first arm joint angular
speed is larger than the rest because the desired location of
the arm’s center of mass mainly shifts parallel to the slope
plane with small changes along the direction normal to this
plane.

On the other hand, Fig. 11(b) shows that the robot-base’s
joint angular velocities quickly raise to reach the desired
velocities. One can also see that the values of the angular
velocity of the right-side joint are always larger than those
of the left-side joint. This result is because the robot is
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Fig. 10. Tracking error for both the robot base and the arm
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asked to track the circular trajectory counterclockwisely, and,
therefore, the left side of the robot is the inner side as the
robot tracks the desired trajectory.

Finally, the results corresponding to a comparison study are
illustrated in Fig. 12, with the purpose to show the benefit
of reconfiguring the arm for stability. The obtained results
indicate that the force-angle stability measure achieved as the
robot tracks the trajectories shown in Fig. 9 by reconfiguring
its arm are clearly better than when the robot’s arm is
completely removed.

IV. CONCLUSION AND FUTURE WORK

We propose in this paper a method for motion generation
and control of a mobile manipulator intended to navigate
on uneven terrains, which can be considered to be as a
set of slopes. The arm motion generation is defined by
optimizing the tip-over stability of the overall system. The
inverse kinematics-based controller ensures the tracking of
the trajectories for the robot base and the arm’s center of
mass. The proposed approach is validated in simulation on
a sloped ground, and, in the future, this method will be
generalized to other types of uneven terrains.
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