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AUTOREGRESSIVE FUNCTIONS ESTIMATION IN NONLINEAR
BIFURCATING AUTOREGRESSIVE MODELS

S. VALERE BITSEKI PENDA AND ADELAIDE OLIVIER

ABSTRACT. Bifurcating autoregressive processes, which can be seen as an adaptation of au-
toregressive processes for a binary tree structure, have been extensively studied during the last
decade in a parametric context. In this work we do not specify any a priori form for the two
autoregressive functions and we use nonparametric techniques. We investigate both nonasymp-
totic and asymptotic behavior of the Nadaraya-Watson type estimators of the autoregressive
functions. We build our estimators observing the process on a finite subtree denoted by T,
up to the depth n. Estimators achieve the classical rate |'ﬂ'n|_ﬁ/(2ﬁ+1) in quadratic loss over
Holder classes of smoothness. We prove almost sure convergence, asymptotic normality giving
the bias expression when choosing the optimal bandwidth and a moderate deviations principle.
Our proofs rely on specific techniques used to study bifurcating Markov chains. Finally, we
address the question of asymmetry and develop an asymptotic test for the equality of the two
autoregressive functions.

Keywords: Bifurcating Markov chains, binary trees, bifurcating autoregressive processes, non-
parametric estimation, Nadaraya-Watson estimator, minimax rates of convergence, asymptotic
normality, moderate deviations principle, asymmetry test.
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1. INTRODUCTION

1.1. A generalization of the bifurcating autoregressive model.

BAR process. Roughly speaking, bifurcating autoregressive processes, BAR processes for short,
are an adaptation of autoregressive processes when the index set have a binary tree structure.
BAR processes were introduced by Cowan and Staudte [16] in 1986 in order to study cell division
in Escherichia Coli bacteria. Let T be the infinite binary tree indexed in the following way

T = [j {0,1)™.
m=0

We can see the nodes of T as representing a given population of cells, where the initial individual
is denoted by (. We suppose that each individual u € T gives birth to two individuals u0 = (u, 0)
and ul = (u, 1), called respectively type 0 pole and type 1 pole. In [16], the original BAR process
is defined as follows. If X, denotes the observation of some feature of cell u, then the first order
BAR process is given, for all u € T, by

XuO =a+ qu + w0,
Xy = a+qu + €ul,

drawing the initial value Xy according to a Gaussian law, where a and b are unknown real pa-
rameters, with |b| < 1, related to inherited effects. The noise sequence ((Eu(),5u1)7u € ’]I‘) forms a
1
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sequence of independent and identically distributed bivariate centered Gaussian random variables
and represents environmental effects.

Since then, several extensions of this model have been studied and various estimators for un-
known parameters have been proposed. First, one can mention [27]. There Guyon introduces
asymmetry to take into account the fact that autoregressive parameters for poles of type 0 or
1 can differ. Introducing the bifurcating Markov chain theory, Guyon studies the asymptotic
behavior of the least squares estimators of the unknown parameters. He also introduces some
asymptotic tests which allow to decide if the model is symmetric or not. Several extensions of this
linear model have been proposed and studied from a parametric point of view, see for instance
Basawa and Huggins [2, 3] and Basawa and Zhou [4, 5] where the BAR process is studied for
non-Gaussian noise and long memory. Next, around 2010, Bercu, Blandin, Delmas, de Saporta,
Gégout-Petit and Marsalle extended in different directions the study of the BAR process. Bercu
et al. [7] use martingale approach in order to study least squares estimators of unknown parame-
ters for processes with memory greater than 1 and without the normality assumption of the noise
sequence. A number of extensions were subsequently surveyed using the approaches of Guyon and
Bercu et al., one can cite [17, 20]. Even more recently, [21] takes into account missing data and
[6, 14, 22] study the model with random coeflicients. However, to our best knowledge, there is no
extensive nonparametric study for nonlinear bifurcating autoregressive processes, where there is
no a priori specification on the two autoregressive functions. We can mention the applications of
[12] (section 4) where deviations inequalities are derived for Nadaraya-Watson type estimators of
the autoregressive functions.

Nonlinear BAR process. Nonlinear bifurcating autoregressive (NBAR, for short) processes gener-
alize bifurcating autoregressive (BAR, for short) processes. Let us now give a precise definition
for NBAR processes. We now work on some probability space (2, F,P). For an individual v € T,
we are interested in some feature X, (it may be its size, its growth rate, its age, ...) with values
in the metric space S endowed with its Borel o-field &. We suppose that the features X, and
X1 associated to its offspring, denoted by w0 and w1, depend on the past only through X,, via
an autoregressive system of equations. In this setting we have the following

Definition 1 (NBAR process). Let u be a probability on (S, &), g. be a probability on (S x S, S)
with a null first order moment and fo, f1 : S — S be two functions. We say that X = (X,,u € T)
is a nonlinear bifurcating autoregressive process (NBAR process for short) with initial distribution
1 and autoregressive functions fo and fy if

(i) Xo~p,

(ii) For any u € T,

Xuo = fO(Xu) + w0 and Xy = fl(Xu) + Eu1
where ((Euo,sul),u € ']T) s a sequence of independent and identically distributed centered

bivariate random variables with common density g., independent on Xg.

We denote by P, the law of the process (X, u € T) built in such a way and by E,,[-] the expectation
with respect to the probability P,,.

1.2. Estimation of the autoregressive functions and objectives.

Autoregressive functions estimators. Our aim is to estimate the unknown autoregressive functions
fo and fi1 in Definition 1 from the observation of a subpopulation. For that purpose, we propose
to make use of a Nadaraya-Watson type estimator. Two seminal articles in nonparametric regres-
sion function estimation where written in 1964 independently by Nadaraya [41] and Watson [48].
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They introduced a kernel estimator, now called Nadaraya-Watson estimator, for the regression
function E[Y|X = z] when observing n pairs (X1,Y1),..., (X,,Y;) of independent random vari-
ables distributed as (X,Y). The Nadaraya-Watson estimator was also used in the framework of
autoregressive time series. In that case the aim is to reconstruct E[Xn|Xn,1 = ac], assuming
that (Xn, n > O) is stationary, see [44, 29]. We generalize here the use of the Nadaraya-Watson
estimator to the case of an autoregressive process indexed by a binary tree.

For the sake of simplicity, we assume that S C R. Let D C S be a compact interval. We propose
to estimate (fo(x), f1(z)) the autoregressive functions at point « € D from the observations
(Xu7 u € Tn+1)
by
T, |~ Z;r K, (2 — X)X

u€eT,

where @, > 0 and we set Kj, (-) = h, 'K (h,!-) for h, > 0 and a kernel function K : R — R such
that [, K = 1.

Objectives. Our first objective in this work is to study the estimators (1) both from nonasymptotic
and asymptotic points of view. The nonasymptotic study includes the control of the quadratic
loss in a minimax sense (Theorems 8 and 9) and the asymptotic study includes almost sure con-
vergence (Proposition 10), asymptotic normality (Theorems 11 and 12) and a moderate deviations
principle (Theorem 16). To this end, we shall make use of nonasymptotic behavior for bifurcating
Markov chains (see [27, 11]) and asymptotic behavior of martingales. We are also interested in
comparing the two autoregressive functions fy and f; and to test whether the phenomenon studied
is symmetric or not. The test we build to do so relies on the asymptotic study.

The present work is organized as follows. The results are obtained under the assumption of
geometric ergodicity of the so-called tagged-branch Markov chain we define in Section 2, together
with the nonasymptotic results. In Section 3, we state asymptotic results for our estimators which
enable us to address the question of asymmetry and build a test to compare fy and fi;. After
discussion in Section 4, we also give there some numerical results to illustrate the estimation and
test strategies (Section 5). The last part of the article, Section 6 with an appendix, is devoted to
the proofs of our results.

2. NONASYMPTOTIC BEHAVIOR

2.1. Tagged-branch chain. Let us first introduce some usual notation for binary trees. We
denote by G,, the set of individuals belonging to the m-th generation (m > 0), T, the set of
individuals up to the r-th generation (r > 0) and T the infinite binary tree which represent the
whole population:

G = {0,1}™, T, = U Gpm, T= D G,
m=0 m=0

with the convention Gy = {#} where ) is called the initial individual. The cardinality of the set
G, e.g., is denoted by |G,,|. We also use throughout the following standard notation: for u € Gy,
m > 0, its length (the generation to which it belongs) is |u| = m and we write u0 = (u,0) € Gy 41
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and ul = (u,1) € Gpy41 for its children.

The main tools in the study of the previous estimators come from the following property. A
NBAR process (X,,u € T) as defined above is a bifurcating Markov chain on T (see Definition 3)
with
(2) ’P((E,d:%dZ) :gs(dy_fO(x)adz_fl(x))
as T-transition probability (see Definition 2).

Definition 2 (T-transition probability, see [27]). We call T-transition probability any mapping
P :S x &% —[0,1] such that

(i) P(-, A) is measurable for all A € &2,
(ii) P(x,-) is a probability measure on (S?,&?) for allx € S.

For a G-measurable function f : S? — S, we denote by P f the G-measurable function

reS~Pfx) = / F (@, 2P, dy, d2),
52
when it is defined.

Definition 3 (Bifurcating Markov chain, see [27]). Let (X,,u € T) be a family of S-valued random
variables defined on a filtered probability space (Q, F, (Fm,m > 0),P). Let u be a probability on
(8,6) and P be a T-transition probability. We say that (X,,u € T) is a (Fp,)-bifurcating Markov
chain with initial distribution p and T-transition probability P if
(i) Xo~n,
(i) X is Fjy -measurable for allu € T,
(iii) for all m >0 and for all family (fu,u € G,,) of G-measurable functions from S3 to S,

E[ 11 fu(XmXuo,Xul)]fm} = II Pr.x.).

ueG,, u€G,

Bifurcating Markov chains are studied by Guyon in [27], it allows the case where the two off-
spring are not conditionally independent as we can see in the property (iii) of Definition 3.

For a T-transition probability P on S x &2, we denote by Py and P; respectively the first and
the second marginal of P, that is

Po(xz,B) =P(x,BxS), Pi(z,B)="P(x,S x B)
for all x € S and B € &. We denote by @ the mean of Py and Py,

(3) Q= (Po+P1) /2.

Let Y = (Y,,,m > 0) be the Markov chain on S with initial value Yy = Xy and transition
probability Q. The chain (Y;,,, m > 0) corresponds to a random lineage taken in the population. In
the specific case of NBAR processes, the tagged-branch chain Y can be constructed as follows. Let
(tm,m > 1) be a sequence of independent and identically distributed random variables, independent
on X, that have the Bernoulli distribution of parameter 1/2. Let (¢/,,m > 1) be a sequence of
independent and identically distributed random variables, independent on X, that have probability
law (go + ¢1)/2, where

(4) do() = /5 ge(ody) and g() = /S 0o (da, )
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are the marginals of g.. Set

5) O

Ym :fL7n(Ym—1)+€;n7 m > 1.
Then P(Y; € dy|Yy = z) = Q(z,dy). More generally, for all m > 1, we have P(Y,, € dy|Yy = z) =
Q" (z,dy) where Q™ denotes the m-th iterated of @ recursively defined by the formulae

Q(x.B) = 6,(B) and Q"*'(z,B) = /S Qla, dy)Q™(y, B) VB € &.

It is well known that Q™ is a transition probability on S x &. From (2), the explicit expression
of @ is

1
(6) Q(z,dy) = 5(90(619—fo(x))+91(dy—f1(x)))'

Asymptotic and nonasymptotic studies on bifurcating Markov chains have shown that the limit
law of the Markov chain Y plays an important role, we refer to [11] and references therein for more
details. In the present work, the estimator of the invariant density of the tagged-branch Markov
chain will play a crucial role in the analysis of the estimators defined by (1). More precisely, we will
see that the denominator converges almost surely to the invariant density of the Markov chain Y
(Proposition 23).

2.2. Model contraints. Recall we assume that S C R. The autoregressive functions are devoted
to belong to the following class. For v € (0,1) and ¢ > 0, we introduce the class F(v, ) of
continuous functions f : § — S such that

|f(2)] < Alz+€
for any = € S.

The following Assumption will be in force throughout the present work:

Assumption 4 (Noise density). The probability g. is absolutely continuous with respect to the
Lebesgue measure with continuous density on S, also denoted by g. abusing slightly notation.

We denote by gg and g; the densities with respect to the Lebesgue measure of the probability
measures defined by (4). The two marginal densities gy and g; are devoted to belong to the
following class. For r > 0 and A > 2, we introduce the class G(r, \) of nonnegative continuous

functions g : S — [0, 00) such that
r

P

1+ |z

for any x € S. When (go, g1) € G(r,A)? for some A > 3, we denote the covariance matrix of (g9, 1),
called noise covariance matrix, by

- . ( o3 Q00201>

9()

00001 (o]

with 0g,01 > 0 and g € (—1,1).

It is crucial for our proofs to study the ergodicity of the tagged-branch Markov chain Y. Geo-
metric ergodicity of nonlinear autoregressive processes has been studied in [8] (see Theorem 1) and
also in [1, 15]. The main difference is that we need here a precise control on the ergodicity rate,
which should be smaller that 1/2; due to the binary tree structure. We also see, through (5), that
the autoregressive function is random in our case. The following crucial assumption will guarantee
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geometric ergodicity of the tagged-branch Markov chain Y with an exponential decay rate smaller
than 1/2 (see Lemma 20). For any M > 0, we set

(8) 5”@=mmh£&%@M£&m@W

Assumption 5. Set My = { + E[|e}|] < oo with €] drawn according to (go + g1)/2. There exists
n > 0 such that

P
v B n
and there exists My > 2My/(1/2 —n — ) such that
1
(9) 2M15((1+’Y)M1 —‘,—E) > 5

The following assumption will guarantee that the invariant density v is positive on some nonempty
interval (see Lemma 24). For any M > 0, we set

9oloo + |91]cc T
MM%J—LgLif/ / 5 dv
ly|>M Jzes 1+|y—’y\m|—€| /\‘y+'y|x\+€‘

dy,

where for a function h : § = R, |h| stands for sup,cgs |h(z)].
Assumption 6. For My > 0 such that n(Msy) < 1, there exists M3 > ¢+~ My such that §(Ms) > 0.
2.3. Main results. We need the following property on K:

Assumption 7. The kernel K : R = R is bounded with compact support and for some integer
ng > 1, we have ffooo 2* K (z)dx = lip—oy fork=1,...,ng.

Assumption 7 will enable us to have nice approximation results over smooth functions fy and fi,
described in the following way: for a compact interval D C (0,00) and 8 > 0, with 8 = |8]| + {3},
0 < {B} <1and |3] an integer, let 7—[% denote the Holder space of functions h : D — R possessing
a derivative of order || that satisfies

(10) (R () = 2 @)] < e(h) ] =y @
The minimal constant c(h) such that (10) holds defines a semi-norm [g|,,s . We equip the space
D

H? with the norm 1F2llyy5, = sup, [A(2)] + [hly,s and the balls
Hp(L) = {h:D >R, ||hfys <L}, L>0.

Theorem 8 (Upper rate of convergence). Work under Assumption 4. Let vy € (0,1/2) and £ > 0,
let r >0 and A > 3. Specify (J?o,m ﬁn) with a kernel K satisfying Assumption 7 for some ng > 0,
with

hn _ |Tn‘71/(25+1)
and @, > 0 such that @, — 0 as n — co. For every L, L' > 0 and 0 < 8 < nyg, for every g. such
that (go, g1) € (G(r,\) N ’Hg(L’))2 satisfy Assumptions 5 and 6, there exists d = d(~, ¥, go,g1) > 0

such that for every compact interval D C [—d,d] with non-empty interior and for every x in the
interior of D,

sup E, | (fon(@) = fo(@)* + (Fin(@) = fi(2))?]
(fo,f1)

1/2
< @ HT,|#/(28+D)
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where the supremum is taken among all functions (fo, f1) € (F(v,£) N H%(L))Q, for any initial
measure p(dx) on S for Xy such that p((1 + | -])?) < oco. The notation S means up to some
constant independent on n.

Some comments are in order: 1) The threshold w, should be chosen such that it inflates the
upper-rate of convergence of a slow factor only. Typically, @, = (Inn)~! is suitable. 2) Up to the
factor w; !, we obtain the classical rate |T, | #/(2f+1) where |T,,| is the number of observations.
We know it is optimal in a minimax sense in a density estimation framework and we can infer this
is optimal in our framework too. To prove it is the purpose of Theorem 9 which follows. 3) Looking
carefully at the proof, see (27), we actually see that w,, — 0 as n — oo is not necessary. One could
choose, w,, = w with

w = 1 inf inf v(z) >0

2 (fo,f1) z€D
where the infimum is taken among all (fy, f1) € F(v,¢)? and where @ > 0 is guaranteed by
Lemma 24. However, to calibrate in practice w, in such a way is not possible since we cannot
compute w. 4) For the sake of simplicity, we have picked a common bandwidth h,, to define
the two estimators, but one can immediately generalize our study for two different bandwidths
(R = |T,|7#/CBAD 1 € {0,1}) where 3, is the Hélder smoothness of f,. 5) We do not achieve
adaptivity in the smoothness of the autoregressive functions since our choice of bandwidth h,, still
depends on 3, we refer to the discussion in Section 4.

Theorem 9 (Lower rate of convergence). Assume the noise density g. is a bivariate Gaussian
density. Let D C S be a compact interval. For every v € (0,1) and every positive ¢, 3, L, there
exists C' > 0 such that, for every x € D,

liminf _inf  sup P(|Tn|ﬂ/(26+1)(|ﬁ)’n(:v) — fo(@)| + | fin(e) — fi(z)]) > C) >0,
O (fomafin) (fo,f1)

where the supremum is taken among all functions (fo, f1) € (.7:(’)/, HnN 'HBD(L))2 and the infimum
is taken among all estimators based on (Xy,u € Tyyq).

This result obviously implies a lower rate of convergence for the mean quadratic loss at point x.
We see that in a regular case, the Gaussian case, the lower and upper rates match.
3. ASYMPTOTIC BEHAVIOR

3.1. Main results.

Asymptotic normality. The almost-sure convergence of the autoregressive functions estimators is
obtained in Proposition 10 for any h, = |T,|~® with o € (0,1). Choosing o > 1/(28 + 1), the

estimator (ﬁ)n(w), ﬁn(m)) recentered by (fo(z), fi(x)) and normalized by +/|T, |k, converges in
distribution to a Gaussian law. Depending on o > 1/(28 + 1) or not, the limit Gaussian law is
centered or not, as we state in Theorems 11 and 12.

Proposition 10 (Almost sure convergence). In the same setting as in Theorem 8 with h, = |T, |~

for a € (0,1),
fon(@)\ _, (folx) Cws
(]?1,"(:6)> — <f1 (ﬂf)) b} ]P)N ..

as n — oQ.
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From now on we need to reinforce the assumption on the noise sequence: we require that the
noise (£g,¢1) has finite moment of order 4, E[sg + s‘ﬂ < 00, which is guaranteed by A > 5. We
denote by |K|3 = [s K(z)*dzx.

Theorem 11 (Asymptotic normality). In the same setting as in Theorem 8 with A > 5 and
hn = |Tn| ™ for o> 1/(26 +1),

Tl (%“Eii_ﬁii) Ny (00, Ba(a))  with  Sa(x) = K3 (v(x) T

T being the noise covariance matriz and 02 = (0,0). Moreover, for x1, ...,z distinct points in D,
the sequence

Jonl@) =Jo@)) 4y 4

Jrn(@) = fi(@)

The restriction o > 1/(28 + 1) in Theorem 11 prevents us from choosing h,, = |T,,|~1/Z#+1)
which is the optimal choice to achieve the minimax rate as we have seen in Theorem 8. The
following Theorem remedies to this flaw, but at the cost of an unknown bias. We obtain an explicit
expression of this bias for 8 an integer which depends on the 5-th derivatives of the autoregressive
functions and the invariant measure of the tagged-branch chain.

s asymptotically independent.

Theorem 12 (Asymptotic normality with bias expression). In the same setting as in Theorem 8
with A > 5 and B an integer,

(1) If h2\/|Tnlhn — K with k € [0,00) as n — +o0, then

Tl (inl’mgi;:;?g)%Ng(ﬁmg(x),zz(x)) with  S(z) = |K[2(v(@))'T

and

(-7 8 (vfo)?(z) — VP (z) fo(z)
my(r) = Bo(0) /Sy K(y)dy <(Vfl)5($) _ VB@)ﬁ(@) '

(ii) If h3\/|Tp|hn — o0 as n — +oo, then

s (fon@) = fo(@)) 2o
i (fl,n($)—f1(x)> — ma(2).

If 8 is not an integer, we could generalize Theorem 12 but at the cost of introducing fractional
derivatives. Note that the definition of this notion is not unique (see [45] or [47]). We decided to
restrict the parameter 5 to be an integer in order to avoid here additional technicalities.

Moderate deviations principle. Statistical estimators are also studied under the angle of large and
moderate deviations principles. Large and moderate deviations limit theorems are proved in the
independent setting for the kernel density estimator and also for the Nadaraya-Watson estimator
(see [35, 36, 32] in the univariate case, see also [39] and references therein). We also refer to
Mokkadem and Pelletier [38] for the study of confidence bands based on the use of moderate
deviations principles. The purpose of this section is to establish a moderate deviations principle
for the autoregressive functions estimators defined by (1).

Let us introduce the notion of moderate deviations principle in a general setting. Let (Z,,,n > 0)
be a sequence of random variables with values in a Polish space S endowed with its Borel o-field
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G and let (s,,m > 0) be a positive sequence that converges to +oo. We assume that Z,/s,
converges in probability to 0 and that Z,/./s,, converges in distribution to a centered Gaussian
law. Let I : S — RT be a lower semicontinuous function, that is for all ¢ > 0 the sub-level set
{z € §,I(z) < ¢} is a closed set. Such a function I is called a rate function and it is called a good
rate function if all the sub-level sets are compact sets. Let (a,,n > 0) be a positive sequence such
that a, /s, converges to 0.

Definition 13 (Moderate deviations principle). We say that Z,/\/ans, satisfies a moderate de-
viations principle on S with speed a,, and the rate function I if, for any A € &,

. | Zn . 1 Zn, .
_zlen1£° I(z) < lly{ggfalog}}”( — €A)< 1171Ln_>solip - log P( — €A) < —;1612 I(x),

where A° and A denote respectively the interior and the closure of A.

We will state such a moderate deviations principle for the estimators fo(x) and fl(x) in a
restricted framework. Since the moderate deviations principle requires a strong notion of conver-
gence, the super-exponential convergence (see Definition 26), it is not surprising to ask the process

to also satisfy strong assumptions. The autoregressive functions fy and f; will be restricted to
belong to the class F(,¢) with v = 0, which means we have

max{|f0|oo; ‘flloo} S L.

To guarantee we have geometric ergodicity of the tagged-branch Markov chain Y uniformly in
the initial value with an exponential decay rate smaller than 1/2, we will require the following
assumption to replace Assumption 5 (see Lemma 25).

Assumption 14. There exists My > £ such that 2(My — £)6(My) > 1/2 with 6(-) defined by (8).
We also reinforce the assumption on the kernel with
Assumption 15. The kernel K : R — R is such that

Jo K @ldr  Jgolee + 1ol
Jo [K=(@)|dz = 26(M3) (1 — n(Ms))
where Ma, M3 come from Assumption 6 and K¥(-) = max{K(-);0}, K~ (-) = min{K(-); 0}.

Theorem 16 (Moderate deviations principle). In the same setting as in Theorem 8 with v = 0,
A > 5, K satisfying in addition Assumption 15, hy, = |T,|™% fora > 1/(28+1) and Assumption 14
replacing Assumption 5, let (b,,n > 0) be a positive sequence such that

. . bn _ .. . n _ “ee . n _
() S oy = o0 () Jim e =0, (i) lim o s =

T | Ji()n(x) — fo(z) >0
bn fl,n(x) - fl(x)
satisfies a MDP on S8? with speed b2 /(|Ty|hy) and good rate function J, : S — R defined by
Jo(z) = 2IK|2) w(2)2' Tz, ze€8?

+00.

Then the sequence

where 2t stands for the transpose of vector z.

The contraction principle (see [19], Chapter 4) enables us to state the following corollary of
Theorem 16.
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Corollary 17. In the same setting as Theorem 16, for every é > 0,
Ty |hn Ty |hn ~1
|b72| log P (| | |fL n(@) = fi(2)] > 6) = —(202|K|3) v(z)6*, e {0,1}.

3.2. Construction of an asymmetry test. Testing in the context of nonparametric regression is
a crucial point, especially in applied contexts. The question of no effect in nonparametric regression
is early addressed in [26]. We may also want to compare two regression curves nonparametrically
and we refer to [40] and references therein. Specific tools have been developed to compare time
series, in particular through autocorrelation functions (see for instance the recent work [31] among
many others). However the test we propose to study asymmetry follows from the estimation pro-
cedure we propose and is more inspired by the regression case.

lim

n—-+o0o

Let x1, ...,z be distinct points in S. We are going to build a statistical test that allows us to
segregate between hypothesis

Ho:Vie{l,....k}, folz) = fi(zy) vs. Hy:3e{l,....k}, folay) # fi(ay).

In the parametric studies on E. Coli [27, 17], these tests are known as detection of cellular aging
and they permit to decide if the cell division is symmetric or asymmetric.

Inspired by [9] we define new estimators in order to both achieve the rate |T,,|~#/(28+1) in the
asymptotic normality theorem and remove the bias. Let (A(a)( ),¢ € {0,1}) be the estimators (1)
with bandwidth 2l = T, |~/ (28+1) and (AL(LQ (z),¢ € {0,1}) be the estimators (1) with bandwidth
hY = IT,,|~%/B+1) for some § € (0,1). We assume that (3 is an integer so that the results of
Theorem 12 are valid. We define
(1) (Fun@) = (1= 1l 557) 7 (@) = [Tl 555 [(@)) 0 € {0,1}),

new estimators such that

st (fon(@) = fo(2)) r))  wi T) = v(x)) "
(2) (e (P TR L aonBae) with Balo) = (KB (6() T

As announced the trick of [9] enables us to remove the unknown bias while keeping the optimal
rate of convergence. We now define a test statistics based on these new estimators by

[T |57 -

13 Wh(x1,...,2) =
( ) TL( 1 k) (08+0%_200010)|K|% i

D (21) (fon (1) = Frn(z))?

with 9 (1) = [Tal ™ X ep, Kn, (X =) whete by, = [T, 71/,

Theorem 18 (Wald test for asymmetry). In the same setting as in Theorem 12, let x1,. ..,y
be distinct points in D. Then the test statistic Wy (x1,...,x) converges in distribution to the
chi-squared distribution with k degrees of freedom x*(k), under Ho, and P,-almost surely to +oo,
under H.

Note that in (13) we could replace 03, o3 and g by

UOn |T | ! Z (§U0)27 Uln |T | ! Z (é\Ul)Q and /Q\ = UO nal n Z E’U«OEUJ

u€T, u€T, u€eT,

with the empirical residuals &,, = X,, — ﬁn(Xu) for u € T,,. We claim that these estimators are
consistent, so that Theorem 18 is still valid with this other test statistics. Proving the convergence
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in probability of these three quantities would imply some technical calculations and we do not give
here more details.

4. DISCUSSION

Recursive estimators. For the sake of clarity, we have picked a bandwidth that depends on the
size of the whole subtree T,,. We could also choose bandwidths that depend on the sizes of the
generations. More precisely, we could estimate (fo(x), fi(x)) the autoregressive functions at point
x € D from the observations (X,,u € T, 1) by

n

A >N K (w— X)X,
(Funlw) = =gt e{0,1})
> 2 Ky, (z—Xu)

m=0ueG,,

with the collection of bandwidths (h,, = |G,,|™%,0 < m < n) for a € (0,1). These estimators can
be seen as a version of recursive Nadaraya-Watson estimators when the index set has a binary tree
structure. We stress that our results also hold for these alternative estimators.

Heteroscedasticity. More generally, given two functions og, 01 : S — [0, 00), we could consider the
autoregressive equations

XuO = fO(Xu) + UO(Xu)EuO and Xul = fl(Xu) + Ul(Xu)Eul

with E[e2,] = E[e2,] = 1 and Eleyoeu1] = 0 where o € (—1,1). Assuming 0 < inf,es0,(z) <
sup,cs 0.(z) < oo for ¢ € {0,1}, Theorems 11 and 12 still hold with

Zala) = KB ™ (ot oy i)

eoo(z)or(z)  oi(z)

The estimation of the variance functions oy and o; would be in practice of great interest but the
theoretical study of such estimators lies here beyond the scope of the article.

Adaptive estimation. Our estimators of the autoregressive functions are not adaptive in the smooth-
ness 3 of these two functions since the choice of the bandwidth h,, = |T, |~/ %+ still depends
on 3. For classical autoregressive models (i.e. non-bifurcating), we refer to the early work by
Hoffmann [30]. This has been also investigated in [18] and Delouille and van Sachs propose there a
protocol with design-adapted wavelets. It is well-known that the question of adaptivity boils down
to proving deviations inequalities. In our framework, we should prove deviations inequalities for
the two empirical means

Tul ™ D Kn, (@ — X)Xy, and  [T,|7" ) K, (¢ — X0).
ueT, u€eT,

In the restricted class of bounded autoregressive functions F(0, ¢), with compactly supported noise
density g., the results of [13] brings such deviations inequalities. Indeed, on the class F(0,¢),
we can achieve uniform ergodicity, a key assumption in [13]. However, on the more general class
F(v,¢) with v > 0, the problem of deviations inequalities is still open. We recall that on the class
F(v,¢) with v > 0, only V-geometric ergodicity with V a Lyapunov function is achieved.
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Uniform test. The asymmetry test we have built is based on the choice of a grid of points on S.
A theoretical result is needed in order to build a uniform test on a interval D C S. More precisely,
to achieve such a uniform test we should study the asymptotic behavior of

sgg«/|Tn\hn’ﬁ7n(as) — fu(@)], ©e{0,1}.

This asymptotic study lies in the scope of the theory of extrema. One can see the study of Liu
and Wu [34] for autoregressive processes of order 1: an asymptotic Gumbel behavior is highlighted
for the Nadaraya-Watson type estimator of the autoregressive function. One can also see Li [33]
where the aim is to compare the two autoregressive functions of two autoregressive processes of
order 1: a test statistics based on estimated residuals is studied there.

Weaker assumption on the noise. More realistic assumptions on the noise sequence, which represent
environmental effects, should be considered. As in Bercu, de Saporta and Gégout-Petit [7], we could
assume that the noise is such that, for any u € G,,,

Elew|Fm-1]=0

where F,,,_1 is the sigma-field generated by (X,,u € Ty,—1). This is much weaker than assuming
((eu0,€u1),u € T) is an independent and identically distributed sequence but the Markovian
structure of (X,,u € T) is lost and the techniques we have used in this work are no longer
available.

5. NUMERICAL IMPLEMENTATION

The goal of this section is to illustrate the theoretical results of the previous sections, in particular
the results of Theorem 8 (Upper rate of convergence) and Theorem 18 (Wald test for asymmetry).

Quality of the estimation procedure. We pick trial autoregressive functions defined analytically by
fo(z) = 2(1/4 + exp(—2?)/2) and fi(z) = 2(1/8 + exp(—x?)/2)

for z € S = R. We take a Gaussian noise with 03 = 0 = 1 and ¢ = 0.3. We simulate M = 500

times a NBAR process up to generation n + 1 = 15, with root X = 1. We take a Gaussian kernel

K(z) = (2m)" Y2 exp(—22/2) and h,, = |T,|~'/® in order to implement estimators given by (1).

We did not meet any problem with the denominator in practice and actually set w, = 0. We

evaluate fo,, and fi , on a regular grid of D = [~3, 3] with mesh Az = |T,,|~!/2. For each sample
we compute the empirical error

e = w
' ||fLHAT

where || - || o, denotes the discrete norm over the numerical sampling. Table 1 displays the mean-
empirical errors together with the empirical standard deviations,

M M
e, =M Zegi) and (M~ Z(efi) - EL)2)1/2
i=1 i=1

for . € {0,1}. The larger n, the better the reconstruction of fy and f; as shown in Table 1. This is
also true at a visual level, as shown on Figure 1 where 95%-level confidence bands are built so that

=1,..., M,

for each point z, the lower and upper bounds include 95% of the estimators (AO(zT)L(x),z =1...M).
As one can see on Figure 1, the reconstruction is good around 0 and deteriorates for large or
small z. The same analysis holds for the reconstruction of f;, see the thin blue lines. The error is
close to |’]I‘|*2/5 for both f()n and fln as expected: indeed, for a kernel of order ng, the bias term
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in density estimation is of order A#(m0+1) For the smooth fy, fi and v we have here, we rather
expect for the rate |T,|~(o+1)/ro+1)+1) — |T|=2/5 for the Gaussian kernel with ng = 1 that we
use here, and this is consistent with what we observe in Figure 2.

n 8 9 10 11 12 13 14
| Ty, | 511 1023 2047 4095 8191 16 383 32 767
€o 0.4442 0.3417 0.2633 0.2006 0.1517 0.1285 0.0891
Std. dev. 0.1509 0.1063 0.0761 0.0558 0.0387 0.0295 0.0209
e 0.6696 0.5141 0.4006 0.3027 0.2356 0.1776 0.1384
Std. dev. 0.2482 0.1626 0.1227 0.0831 0.0622 0.0440 0.0326

TABLE 1. Mean empirical relative error €y (resp. €1) and its standard deviation
computed over M = 500 Monte-Carlo trees, with respect to |T,|, for the autore-
gressive function fo (resp. fi1) reconstructed over the interval D = [—3,3] by the
estimator fo., (resp. ﬁn)

Y L L L n - L " L
3 2 3 o T 2 3 -3 2 - 0 1 2 3

FIGURE 1. Reconstruction of fo over D = [—3, 3] with 95%-level confidence bands
constructed over M = 500 Monte-Carlo trees. In bold red line: © ~ fo(x). In

thin blue lines: reconstruction of f1 with 95%-level confidence bands. Left: n = 10
generations. Right: n = 14 generations.

Implementation of the asymmetry test. We implement now the estimators (11) inspired by [9] in
order to compute our test statistics (13). We keep a Gaussian kernel and we pick R = |T,|~1/5
and A = IT,,|~*/10 (i.e. § = 1/2). The numerical study of fo, and f; , leads to similar results
as those of the previous study. For a given grid {zi,...,z;} of D = [-3, 3], we reject the null
hypothesis Hg if W, (z1,...,2) exceeds the 5%-quantile of the chi-squared distribution with &
degrees of freedom and thus obtain a test with asymptotic level 5%. We measure the quality of
our test procedure computing the proportion of rejections of the null.

We first implement the two following cases:
(Case =) fo(z) = fi(z) = x(1/4 + exp(~2?)/2),
(Case #)  fola) = o(1/d+exp(—a?)/2) and  fi(x) = (1/8+ exp(—a2)/2).
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The test should reject Hg in the second case but not in the first one. The larger n, the better the
test as one can see in Table 2: H; is more and more often rejected for (Case #) and less and less
often rejected for (Case =) as n increases, which is what we expect. We also observe the influence
of the number of points of the grid which enables us to build the test statistics. Three grids of
D = [-3,3] are tested with k = 13,25 and 61 points. The larger the number of points, the larger
the proportion of rejections of Hy in both cases. The test we have built shows good properties

S. VALERE BITSEKI PENDA AND ADELAIDE OLIVIER

Mean empirical error (log-scale)

T T
fO estimator
-——f1 e_szk/ignator
R

L
65

L
75

I
85

Number of observations IT | (log-scale)

F1GURE 2. The log-average relative empirical error over M = 500 Mol”bte—Carlo
trees vs. log(|Ty|) for fo (resp. f1) reconstructed over D = [—3, 3] with fon (solid
blue line) (resp. fin (dashed blue line)) compared to the expected log-rate (solid

red line).

only for a reasonable number k of points, as one can see in Table 2.

n 8 9 10 11 12 13 14

| Ty 511 1023 2047 4095 8191 16383 32767
Ax =05 46.8% 67.2% 87.6% 99.0% 100% 100%  100%
Case # Az =0.25 59.6% 77.8% 92.8% 99.8% 100% 100% 100%
Ax =01 67.8% 854% 95.6% 99.8% 100% 100%  100%

Ax =05 19.6% 18.6% 182% 16.2% 13.4% 14.8% 12.4%

Case = Az =0.25 30.4% 30.0% 29.0% 24.8% 21.4% 19.4% 19.8%
Az =0.1 42.6% 42.6% 40.4% 39.8% 35% 31.6% 32.2%

TABLE 2. Proportions of rejections of the null hypothesis Hy Vi =

...k, fo(m) = fi(z)} for 5% asymptotic level tests over M = 500 Monte-

Carlo trees. The test is based on the test statistics Wy (x1, ...,

xg) (13) with the

grids {z; = =3+ (I — 1)Az < 3;1 > 1} for Az € {0.5;0.25;0.1}. (Case #): the
proportions should be high. (Case =): the proportions should be low.

The second experiment aims at studying empirically the power of our test. We keep with the
same autoregressive function fy for cells of type 0 and parametrize the autoregressive function for
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cells of type 1 such that it progressively comes closer to fo:
fo(z) = x(1/4 + exp(—2?)/2) and fi,(z) = 2(T + exp(—2?)/2)

for 7 € [1/8,1/4]. This choice enables us to interpolate between (Case #) and (Case =). As 7
becomes closer to 1/4, i.e. as fi . becomes closer to fy, we see the decrease of the proportions of
rejections of the null in Figure 3. The steeper the decrease is, the better performs our test. The
proportion of rejections of Hg is higher than 40% only for 7 up to 0.1875 for a reasonable number
of observations (|T,| = 2 047 on the left in Figure 3). On the right in Figure 3, one can see what
become the results for a larger number of observations, |T,| = 32 767: the performance is good
for 7 up to 0.225, i.e. closer to the equality case 7 = 1/4.

100 T T T T T T T T | 1004 o o 6 6 °

90 1 %
o 801 1 e sor }
70

60 -

jons of the null hypothesi

50

40

30+

Proportion of rejections of the null hypothesi

Proportion of rejecti

°
20 ° o 201 °

°
1o L I I I L L L L | 1or L L L L L L L L L |
0125 01375 015 01625 0175 01875 02 02125 0225 02375 025 0125 01375 015 01625 0175 01875 02 02125 0225 023875 025
Similarity parameter between f0 and f1 Similarity parameter between 0 and f1

FIGURE 3. Proportions of rejections of the null hypothesis Ho : {Vl €
{1,...,k}, fo(z1) = fi-(z1)} with respect to T € [1/8;1/4] for 5% asymptotic
level tests over M = 500 Monte-Carlo trees. The test is based on the test statistics
Wi (1, ... xk) (13) with the grid {z; = =3+ (I — 1)Az < 3;1 > 1} for Ax = 0.5.
Left: n =10 generations. Right: n = 14 generations.

6. PROOFS

The notation < means up to some constant independent on n and uniform on the class (fo, f1) €
F(y,0)%.

For a G&-measurable function h : & — R and a measure p on (S,8) we define pu(h) =
Js h(z)p(dx). For K C S let

h]y = /|h<y>|dy, h3 = / hy)?dy, |hlx = sup |h()]
S S yeK

and |h|s = |h|s. For a function h: 8? — R and K, K’ C S let

|h|k i = sup |h(x,z")].
(z,x")eK XK'

The following lemma is well-known (see [17], Lemma 2.1 and [27], Equation (7)) and highlights
the role of the tagged-branch Markov chain. We prove it in Appendix for the sake of completeness.
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Lemma 19 (Many-to-one formulae). Let (X,,u € T) be a bifurcating Markov chain with T-
transition P and let Q) be defined by (3). Then for g : S — R such that |g(x)| < 1+ |z| for any
x €S, we have

(14) B[ 3 9(X0)] = GnlBu[9(Vm)] = [Gln(Q™)
u€G,y,
and
(15) Bl D 9(X)g(X)] =[Gl > 2 (@ (P@ g2 Q' 1g))),
(u,v)E€GP, =1
u#tv

for any initial measure p(dz) on S for Xy such that p((1+-[)?) < occ.

6.1. Preliminary. Set V(z) = 1+ |z| for € §. It plays the role of the Lyapunov function in the
following

Lemma 20 (Ergodicity). Work under Assumption 4. Let v € (0,1/2) and £ > 0, let r > 0 and
A > 2. For every (fo, f1) € F(v,£)%, for every g. such that (go, g1) € G(r, \)? satisfy Assumption 5,
there exists a unique probability measure v of the form v(dz) = v(z)dz on (S,8). Moreover, for
every g. such that (go,g1) € G(r,\)? satisfy Assumption 5, there erists a constant R > 0 and
p € (0,1/2) such that

sup sup |Q™h(z) —v(h)| < RV(z)p™, x2z€S8, m>0,
(fo,f1) [h|SV

where the supremum is taken among all functions (fo, f1) € F(v,£)? and among all functions
h: 8 — R which satisfy |h(z)| < V(z) for all z € S.
Proof of Lemma 20. We shall rely on the results of Hairer and Mattingly [28].

Step 1. In order to make use of Theorem 1.2 of [28] we shall verify their Assumptions 1 and 2.
Since Y1 = f,, (Yo) + €} with ¢; drawn according to the Bernoulli distribution with parameter 1,/2
and ¢} drawn according to (go + g1)/2, we get

Q- (@) = Ex [Vl] < E[| £, ()] +Ell1]] < vl2] + Mo

using (fo, f1) € F(v,0)%, with My = £ + E[|¢}]] as defined previously. We have v € (0,1) and
My > 0, so that is Assumption 1 in [28] (with their V(y) = |y|).

Set C = {z € S;|z| < M;} where M; comes from Assumption 5. For any A € & and = € C,
using the expression of @ given by (6),

Qz,A) > %/Amcgo(yffo(r))dw%/Amcgl(yffl(x))dy-

For (z,y) € C%, we have |y — f,(z)| < (1 4+~)M; + £ for v € {0,1}. Thus
|[ANC]
Cl
where §(+) is defined by (8) and | A| denotes the Lebesgue measure of A € &. That is Assumption 2
in [28] with o = 2M;6((1+~)M;+¢) > 0. The existence and uniqueness of an invariant probability

measure v follows from Theorem 1.2 of [28]. Moreover v is absolutely continuous with respect to
the Lebesgue measure, since Q(z,dy) defined by (6) itself is absolutely continuous with respect

ireng(x, A) > 2M6((1+~) My + 0) VA€ G,
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to the Lebesgue measure by Assumption 4 on g.. By Assumption 5, for M; satisfying (9), there
exists some ag € (0,1/2) such that
(16) o =2M5((1+7)M; +£) > 1/2+ .

We set 8 = ag/My. For all x € S we pick Q™d, and v for p; and po in Theorem 1.3 of [28] and
apply it recursively. We conclude that for any function h such that |h(z)| < (1+f|z|) forallz € S,
for some positive constant C' > 0, we have

|Q™h(z) —v(h)| < Cp™ (1 + B|z[)
with C' =14 [4(1+ Blaz|)v(x)dr < co.
Step 2. A precise control of p with respect to v, My and « is established in [28]. Set vy =

y+2Moy /My +n € (y+2My/M;y, 1) where n comes from Assumption 5. Theorem 1.3 of [28] states

one can take 24 M,B
(1 — (e 2+ MibPv
p—(l (O‘ aO))\/( 2+ M. j )

Condition (16) gives immediately 1 — (o — o) < 1/2. Note that

2+ MiBy 1 (1 + 2a9) My
— < - = M >——
24+ M3 2 RS 0 PN
which is satisfied for ag € (0,1/2) with our choice of My (which satisfies (9)). Thus Assumption 5
guarantees we can take p < 1/2.

It immediately follows from Step 1 and Step 2 that, for any function h such that |h| < V, for
some positive constant R > 0, we have
|Q™h(x) —v(h)| < Rp™V(x)

with V(z) = 1+|z|, as asserted. This bound holds uniformly over (fo, f1) € F(v, £)? by construction
(the uniform choice of p is guaranteed by Step 2 and for a uniform choice of C in Step 1 recall that

(90, 91) € G(r, A)?). O

Step 2 of this proof highlights that Assumption 5 is written to readily obtain p < 1/2. Note
that to prove the existence of some p € (0,1) in Step 1, one only need the existence of some
My > 2My/(1 — 7) such that 2M18((1 + )My + £) > 0 with §(-) defined by (8).

6.2. Estimation of the density of the invariant measure. For € D, set

- 1
(17) Un(x) = o] Z Ky, (z — X,),
n u€eT,

a kernel estimator of the density v of the invariant measure of the tagged-branch chain Y of
transition Q.

Proposition 21. Work under Assumption j. Let v € (0,1/2) and £ > 0, let v > 0 and X > 3.
Specify U, with a kernel K satisfying Assumption 7 for some ng > 0 and

h, = |’]I*n|*1/(25+1).

For every L' > 0 and 0 < 8 < ng, for every g. such that (go,g1) € (G(r,\) N ’Hg(L’))2 satisfy
Assumptions 5 and 6, for every compact interval D C S with non-empty interior and every x in
the interior of D,
—28
sup By (9a(e) — v(@))’] < T 75
(fo,f1)
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where the supremum is taken among all functions (fo, f1) € F(v,£)?, for any initial measure p(dx)
on S for Xy such that p((1+ - [)?) < oco.

Proof of Proposition 21. The usual bias-variance decomposition can be written here as

£[(to) o] ~E[( 7 3 e fw]

[ o] Z Ky, (x — — Ky, xv(z ))2} —l—(Khn*y(g{:)—y(x))Q

u€eT,

where * stands for the convolution. For (gg,¢91) € ’Hﬁ(L’) we have v € H (L") for some L > 0:
since v is invariant for @, using (6) which defines @ and Assumption 4, we can write

v(y) = /S W) QU y)dr = /S v(@) (90 (y = fo@)) + 91 (y — f1(a)) ) da.

where we immediately see that the regularity of v is inherited from the regularity of gg and ¢g; the
marginals of the noise density g.. By a Taylor expansion up to order |3] (recall that the number
ng of vanishing moments of K in Assumption 7 satisfies ng > ), we obtain

(18) (K, *v(z) —v(z))” < h2P,
see for instance Proposition 1.2 in Tsybakov [46]. In addition, we claim that
(19) £ [ 32 = Xa) = K » v(@)*] £ (Tl

Choosing h,, = |T,,|~1/2#+1) brings the announced result. Let us now prove (19) in two steps.
Step 1. Result over one generation. We heavily rely on the following controls:

Lemma 22. Let F' be a bounded function with compact support and G be a locally bounded function.
For h,, > 0 and x in the interior of D, we define the function H, : S — R by

Hy() = F(hy'(z =) G().
For hy, such that x — hpsupp(F) C D, we have
(i) [QHnloo < hn| Fl1|Glp|Qls,p and |v(Hy)| < hn|F1|Glp|v|p.
(ii) Under Assumption 5, form >0, y € S,
Q" H(y) — v(Ha)| S hn A (V(y)p™)
up to the constant max{|F|1|G|D(\Q|57D + |1/|D),R|F|OO|G\D}.
The proof of this lemma is postponed to the Appendix. Note that we have |v|p < |Q|sp <

1Qls.s < (lgoloo + 191]00)/2 < 00 (recall that v is invariant for @ defined by (6), we work under
Assumption 4 and (go, 1) € G(r, A)?). Set

Hy() = K(hy'(x =) and  Hy(-) = Ho(") — v(Hy),
with h,, sufficiently small such that z — h,supp(K) C D. On the one hand,
Eu| Yo H2(X0)| = [Gonli(@Q"H2) S Gl
uEG,

relying on the many-to-one formula (14) and Lemma 22(i). Insplred by [24] (proof of Proposition 8),
set I* = [|loghy|/|logp|]. Since p(QmH(P(V®V))) < (use V(z) = 1+ |z] for z € S,
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(fo, f1) € F(v,£)? and finally pu(V?) < oo, one can look at Lemmae 25 and 26 of [27]), by the
many-to-one formula (15),

=

B Y Hu(X)E(X)] S [6al( 202+ 30 271200 s2m,

UAVEG, =1 I=1*+1

using the first upper-bound given by Lemma 22(ii) before I*, the second one after I*, and using
p € (0,1/2). Finally, we conclude that

[ 3 H 2} < |GonBon.
u€G,

Thus, we have uniformly over (fo, f1) € F(,£)?,

(20) E.[( PR — K, xv(@))"] S (Ghal) 7!

Step 2. Result over a subtree. We rely on the previous inequality (20). Decomposing by generation
and by the triangular inequality, we obtain

=y 5 e x50t
S(Z'?fﬁ'({ 3 fintem - to) )

(Z (i) ) £ (Talha)

This proves inequality (19) we claimed and the proof is now complete. Note that we have removed
the log-term which appears in Proposition 8 of [24]. O

Proposition 23. In the same setting as in Proposition 21,
Up(x) = v(z), P,—as.
as n — oo.

Proof of Proposition 25. Write

Up(x) — Z K, ( — Ky, xv(z)) + (Kp, xv(z) — v(2)).
uGT

From (18), we deduce that
(21) |Kp, xv(z) —v(z)| — 0 as n — oo.

Note that we could obtain (21) invoking the result stated by Theorem 2.1.1 of [42], result also known
as the Bochner Lemma (see section 7.1.2 of [25]). Using (19) for h, = |T,,| ™ with o € (0,1),

ZE [ o] Z Ky, ( - Ky, *l/(l’))2:| < 00,

n>0 u€T,

and by the Borel-Cantelli lemma, we deduce that

‘|T | Z Kp, (x — - Kp, *1/(3:)‘ -0, P,—a.s.
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as n — oo. Thus |7, (z) —v(z)| - 0, P, —a.s. as n — oo. O
6.3. Proof of Theorem 8. For z in the interior of D, for « € {0,1}, we plan to use the decom-
position

Fin(@) — fi() = Men@ £ Lunl@) _ (1))

Un () V oy v(x)
- ML’n(m) L, ( ) — (Vfb)( ) _ /V\n(m) vV wy, — V(CE) T
@ van T o)V o AP EVP—)
with
(22) M, () = ﬁ S K (2 — Xo)ew
n ueT,
(23) Ly p(x) = ﬁ > Ky, (2 — Xu)fu(Xu).
n u€eTy,
Thus

24) Ef(fun() = £.0))°] S 222 (Bp [ (Moin(@))*] + B[ (Lun(@) = 0£) (@)
+E, {(i/\n(x) V @, — V(x))ZD

using |f,|p < oo, uniformly over the class F(v, ) for D compact interval. We successively treat
the three terms in Steps from 1 to 3.

Step 1. Term M, ,(x). For all m > 0 and ¢ € {0,1} fixed, the sequence (g,,,u € G,,) is a family
independent random variables such that E[¢2,] = 02. Thus
2

5 (g, Bl 2 Ko = Xu)ew)'] = |G:|haE*‘{\Gm| 2, K - X, )]

ueG,

0.2

= gt (B @ =) S (Cln) ™

by the many-to-one formula (14) and using Lemma 22(i). The result over a subtree follows by the
triangular inequality (as in Step 2 of the proof of Proposition 21),

(25) By | (Men(@))”] £ (Tala) ™

Step 2. Term L, n(z). By usual the bias-variance decomposition,
Ey|(Lun(@) = (0f)(@)’] = E [ ol Z K, (@ = Xu) fu(X0) = K, * (v£)(@)) ]
+ (K, * (vf) (@) = wf.) (@)

First, since (vf,) € HﬁD(L”) for some constant L > 0 and since Assumption 7 is valid with ng > 3,

(Kn, % (vf)(@) — (vf.) () < h20.

Secondly, we do the same study as in the proof of Proposition 21 for

Hy () = K (hy (2 =) £.0),
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relying on Lemma 22 (using | f,|p < oo uniformly over the class F (v, £), with D compact interval),
with h,, sufficiently small such that  — h,supp(K) C D. We obtain

B[ 32 B o= X)) = K (1) @)°] < (Talh)
™ uet,

Thus
(26) Ep | (Lun(@) = 0)@))*] S 02 + (ITalhn) .

Step 3. Denominator U, (x) V w,. We prove the following lemma in Appendix.

Lemma 24. Work under Assumption 4. Lety € (0,1/2) and ¢ > 0, letr > 0 and A > 3. For every
ge such that (go, g1) € G(r, \)? satisfy Assumptions 5 and 6, there exists d = d(~,¥, go,g1) > 0 such
that for every D C [—d, d],

inf inf v(z) >0
(fo,f1) z€D

where the infimum is taken among all functions (fo, f1) € F(v,£)2.

Relying first on Lemma 24, we choose n large enough such that

(27) 0<w,< 1 inf inf v(z),
(fo,f1) z€D
and we get
~ 2 ~ 2 _
(28) E, [(Vn(x) vV — 1/(33)) } S By [(Vn(x) - Z/(J;)) } S hiﬁ + (|Tn|hn) 1;

uniformly over (fo, f1) € F(7,¢)?, using the upper-bound obtained in the proof of Proposition 21
for the second inequality.

Finally, gathering (25), (26) and (28) in (24) and choosing h, = |T,|~'/?#*1) we obtain the
asserted result.

6.4. Proof of Theorem 9. In the following, P?fo ) will denote the law on SIT»+1! of the vector
(Xu,u € Tyy1), NBAR process, in the sense of Definition 1, driven by the autoregressive functions
fo and f; with initial probability measure p(dz) on S for Xy and with a Gaussian noise i.e.

2
g:(,y) = (2m(ofot(L— o) P exp - ). @y es?,

o?x? — 20001 pTy + agyz
2(0507 (1~ p?))

with 09,01 > 0 and p € (—=1,1). When fy = f1 = f, we shorten P?fo f1) into P?%. We denote by

E%[] the expectation with respect to P}.

Step 1. Let § > 0. Fix fo = f1 = f* with f* € F(v,4) N ’HﬁD(L —0) and x € D. Then, for large
enough n, setting h,, = |T, |~/ we construct a perturbation (fo., fi.n) of (fo, f1) defined
by

Jon(®) = frny) = fi(y) = [*(y) + ahp K (b, (x — ), y €S,
for some smooth kernel K with compact support such that K(0) = 1, and for some a = as x > 0
chosen in such a way that f, € F(vy,£) N H%(L). Note that at point y = =z, |fo.n(z) — fo(z)| =
Fin(@) — F1(2)] = as chf = a5 | To|~5/@5+D).
Step 2. In the sequel, to shorten expressions, we set

|(Founs Fin) = f| = [fom(z) = F(@)| + | Frn(z) — f(2)].
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For arbitrary estimators (]?On(:z:),fln(a;)) and a constant C' > 0, the maximal risk is bounded
below by

fer{r}?,}} }Pf (|T |ﬂ/(2ﬂ+1)| fO nafln f| > C)

1 o~ o~
22 (PR (Tl @0 (o, Frn) = £7] 2 ©) + P (Tl @D (fo, Frn) = £2] 2 ©))

1. Lipn _mn
=L [1{mrn|ﬁ/<2ﬁ+1>\(ﬁ),n,ﬁ,wmx} + 1{\Tn|‘3/(2’3“>\(ﬁ),n,ﬁ,n)*fﬁ,IZC}} — 5 IPF- = Py
By the triangle inequality, we have
TP (oo Fon) = £+ (o Fn) = £21) 2 2100 f2(2) = £°(2)] = 205,

by Step 1, so if we now take C' < as /4, one of the two indicators within the expectation above
must be equal to one with full P}, -probability. In that case,

max P}L(ITnI’B/(w“)!(%,mﬁn —fl= c) 1(1— [P} — P} [|l7v)

VASSPASYAS

and Theorem 9 is thus proved if limsup,,_, ., [P} — P, lrv < 1.

Step 3. By the Pinsker inequality, we have H]P’f* - P

n_ 1y 1/2
v < f(]E” {l Zii D and the log-
I

likelihood ratio can be written

d]P’ uO*f*( u)7 ulff*( u)
[ ()] = [ < e )]

_ Z EL. [ — 0001p)eu0 + (0§ — 0001p)E w1 (X )}
o302 (1— o) " "
o8 + 0% — 20001;) n [ s }
E%. - Xu)|,
i 20803 ( u%; ) (Xu)

since g, is chosen to be the bivariate Gaussian density and, under P}Z, we know X0 = f*(Xu)+€u0
and X1 = f*(Xy)+eu1- Recall now that X, is independent on (g0, €,1) which is centered. Thus

E?*[ln(dP? )| = 7+ o1 _20001/) > ER (- F0x)

dP’;}: 200 ueT,
o240 2000
(29) - 02;;(1 o ”Z\G w(@p (7 = £207))

using the many-to-one formula (14), with

Qp(z,y) = %(go(y — @)+ 9y - f*(x))),

where gg and g; are the marginals of g.. Since

Q- (" = B))) = a3k [ K2 (0w = 2))Q- (.= < e KEEIQye s 5h
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where |Q¢+|s,s only depends on oy, o1 and p. Gathering this last upper-bound together with (29)
and the Pinsker inequality, we finally get, with our choice of h,,

IBY. — P

2
v S as K

and this term can be made arbitrarily small by picking ax s small enough.

6.5. Proof of Proposition 10. For the choice h, = |T,|”* with a € (0, 1), relying successively
on (25) and (26), we deduce

ZEM[(ML,n(x)y] <oo and ZE#[(LM(@ - (VfL)(x)f] < .
n>0 n>0
Thus, as n — oo,
M, n(z) =0, P,—as. and L,,(z)— (vf)(x), P,—a.s.
From Proposition 23 and since w,, — 0,
Up(x) Vw, - v(z), P,—as.

We conclude reminding that

Fon(o) = 2 L),

6.6. Proofs of Theorems 11 and 12.

Proof of Theorem 11. Set x in the interior of D. The strategy is to use the following decomposition,
which is slightly different from the one used in the proof of Theorem 8§,

Fom(@) = fol@)) _ Mo 5 ()
VTl <A° ’ > = A(va{\/m <M(1),n(ar)>

Jin(z) = fi()
+ /[Tl (%2"53) + VI[Talhn @228) }

where, for « € {0,1}, M, ,,(x) is defined by (22),

(30) Ny () = ﬁ S K (2 — X) (fi(X) — (),
n ueT,
(31) Ryn(@) = (Pu(2) = (@) v =) ) fu(a),

and U, (z) is defined by (17). The first part of the decomposition is called main term, the second
part negligible term and the third part is a remainder term due to the truncation of the denominator
of the estimators. The strategy is the following: prove first that the last two terms goes to zero
almost surely and prove a central limit theorem for the main term in a second step.

Step 1. Negligible and remainder terms, N, ,,(x) and R, » (). We use the decomposition N, ,,(z) =
NL(},L) (z) + NL(?n) () where

(32) NU() =ﬁ S B, [, (5 — X)) (f(X0) — £.(2))]

ueT,

Z (Khn (z — Xu)(fL(Xu) - fb(x)) -E, [Khn (z— Xu)(fL(Xu) - fL(l')]),

u€eT,

1

33) N3 (z) =
(33) N, () ]
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We claim that

VITolhn N8 (2) — 0 and /[T, |, N, -0, P,—as.
as n — oQ.

Step 1.1. Set
(34) Hn() = K(h;l(z - )) (fa() - fb(l‘))

with h,, sufficiently small such that  — h,supp(K) C D. By the many-to-one formula (14), after
a decomposition of the subtree T,, in U} _;G,,

1

(35) NS (z) =
: [Tnl

Z (Gonl By [, (2 = Vo) (£u(Ym) = fu(@)] = by v (H,)
since v is the invariant measure of the tagged-branch chain (Y,,,m > 0) and
v(H,) = | K(h,'(x =) (fi(y) = fi(2))v(y)dy
=hy | K@) (f(z = hny) = f.(2))v(z = hny)dy

S

=t [ K@) (00 = hay) = (@) = (& = ha) = v(@)) £ (2) ) dy

s
We now use that both (vf,) and f, have derivatives up to order |3]|. Also remind that K is of
order ng > . By a Taylor expansion for some ¥ and ¥ € (0,1),

)1 18]
(36) I/ = h, / K ny (I/fb)mj (Z‘ _ 19hny) (th‘J/?

LBJ
~ / K(y “y — () (@ = Ohay) = (wf) ) ()

(W (o — 0 hng) — 019 (x))ﬁ(x))dy.

Thus, using (vf,) € H2 (L") and v € H2 (L") for some L > 0,

vz — ﬁ'hny)fb(x)>dy

hpy| L2

v(H,)| < hn/ K@) yﬂ, ((E"19Rng) ) + (L0 g 1) f.(2) ) dy < B,
s

Hence, recalling (35), Nb(%l)( < P and /|T,|hn NL(n) ) goes to zero when n goes to infinity

choosing h,, = |T,|™* with o > 1/(1 +25).

Step 1.2. In the same way we have proved |v(H,,)| < h1t8. we prove |QH,, (y)| < hl*t# using the
fact that z ~ f,(2)Q(y, z) and z ~ Q(y, z) belong to ’H%(L”) for some other L” > 0 for any fixed
y € S. This enables us to reinforce the inequality of Lemma 22(i) and using Lemma 22(ii) we
obtain

Q' Hay) — v(Ho)| S B A (V(g)pl), 121,
It brings the following upper-bound using the same technique as in Step 1 and Step 2 of Proposi-
tion 21:

E, [(N2(@)*] S hi(ITulhn) ",

L

which, by the Borel-Cantelli lemma, leads to the P,- almost sure convergence of / |’]Tn|hnNL(72n) (x)
to zero, choosing h,, = |Tp|™® with a > 0.
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Step 1.3. To end the first step of the proof, we prove that the remainder term is such that

(37) VI|Tnlbn Ry n(z) =0, P, —a.s.

as n — oo. Write

(38) R n(x) = (ﬁn(x) - wn)fb(m)l{ﬁn(zkwn}

where (U () — @,) converges P,-almost surely to v(z). We can easily prove that 1(5, (1)<, }
converges IP,-almost surely to 0, since 7, (x) converges P,-almost surely to v(z) and @, — 0,
which means that 15 (2)<w,} is null P,-almost surely beyond some integer. So

VITulbnl(p, (@)<w,y =0, P, —a.s.

beyond some integer and (37) is thus proved.

Step 2. Main term M, ,,(x). We will make use of the central limit theorem for martingale triangular
arrays (see for instance [25], Theorem 2.1.9, page 46). We follow [17] (section 4) in order to define
the notion of the n first individuals of T. Let (H:ﬁb ,m > 1) be independent random variables,
where for each m, II7, is uniformly distributed over the set of permutations of G,,. The collection
(I, (1), - m(|Gm|)) is a random drawing without replacement of all the elements of G,,. For
k> 1, set pk = inf{k’ > 0,k < |Ty/|} (it can be seen as the number of generation to which
belongs the k-th element of T). We finally define a random order on T through IT the function
from {1,2,...} to T such that II(1) =  and for k > 2, TI(k) = IT%, (k — |T,,—1|). We introduce the
filtration G = (G,,n > 0) defined by Gy = 0(Xy) and for each n > 1,

G = o (((Xsigny Xm0 Xefig,n)s 1 < b < 0), (LK), 1 <k <+ 1)),

For n > 1, we consider the vector of bivariate random variables E(n)(m) = (E,(Cn)(ac), 1<k <|T,|)
defined by

k -1
—(n n . n B K(h, (r — X5 €=
39) B =Y EM(@) with E"(x)=(Talh,) "> ( 1( XEIU))) @00 | |
= = Xiw))ed@ay

Notice that £ (z) is a square-integrable martingale adapted to G = (G,,n > 0). Then, (E(n)(x),
n > 1) is a square-integrable G-martingale triangular array whose bracket is given by

B0 = S B 0 0] = b 30— X))

where T is the noise covariance matrix. We apply Proposition 23 (with |K|5 2K? replacing K as
kernel function) and we obtain

+=(n) 1 2(7—1 2
(40) E™ (@))r, = (m u%; K2(h (- Xu)))F — |KRu()T, P, —as.

as n — oo. Condition (A1) of Theorem 2.1.9 of [25] is satisfied, this is exactly (40). Since the
bivariate random variables ((Euo, Eul),U € ']I‘) are independent and identically distributed and since
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€o and &1 have finite moment of order four,

Tl |
;EUE;”)( ~ B @) ’gk 1] - [(;:1? ?;LEI ZK4 — Xiigry))
E 2 )
- [(leﬂ?nThi) ] (mnlmn > K (b e - X))

where ||-|| denotes the Euclidian norm for vectors and setting Eén) (z) = 0. We apply Proposition 23
(with |K2|;2K* replacing K as kernel function) and we conclude that

(41) ZEWW ~E @)gin] 50 Bu-as

The Lyapunov condition (41) implies the Lindeberg condition (A2) of Theorem 2.1.9 of [25] (see
section 2.1.4, page 47 of [25]). Therefore, by the central limit theorem for martingale triangular

arrays,
n My
BiE) @) = VTl (y27(5)) 4 A 0n, v ).

We conclude gathering Step 1 and Step 2, together with
Up(x) Vw, - v(z), P,—as.
and the Slutsky lemma.
Step 3. Independence. Let xq 7& x9 € D. We repete Step 2 for
;vl,xg ZE( (x1,22) with El(n)(acl,xg) = (El:; (x1)>
By (22)

and we are led to

Mo,n(xl)
—(n) o m | Man(z) | a o (v(z1)T 022
E\Tn|(x17x2)_ |Tn|hn MO,n($2) —>N4 047|K|2 02’2 V(x2)1“
M (z2)

with 04 and Og 5 respectively the null vector of size 4 and the null matrix of size 2 x 2, which
shows asymptotic independence between (Mo’n(:rl), M n (xl)) and (Mo,n(IQ), Mlyn(mg)) and thus

between (fon(xl),fln(xl)) and (fon(xg),fln(xg)) as asserted. O

Proof of Theorem 12. Step 1. Case k < co. We look carefully at the proof of Theorem 11 and see
that only Step 1.1 has to be reconsidered. We prove that

V| Trlhn N(l) ) — wkv(z)m(x).

Indeed for 8 an integer using (35) and (36),

ﬂﬁ
VT N (a hV”Fm ) ()P (@ — D) — v (& — 9 ho) () dy

and we conclude letting n go to mﬁnlty since (vf,)? and v# are continuous.

Step 2. Case k = co. With the same argument we prove that in that case,
hy? NG (@) — v(z)ym(z)
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as n — 0o. Looking at Steps 1.2 and 1.3 in the proof of Theorem 11, we obtain
h, P NL(Qn)(x) —0 and h,”R,,(z) —0, P,—as.

In addition,

- id
hy? M, () = (WA TTnllin) A/ TTnlhin M, (z) = 0,

since we work in the case h2\/|T,|h, — & = 0o and \/|T,|hn, M, »(2) is asymptotically Gaussian
as proved previously (Step 3 in the proof of Theorem 11). O

6.7. Proof of Theorem 16.

Preliminaries. In the setting of Theorem 16, we achieve uniform ergodicity as stated in the follow-
ing

Lemma 25 (Uniform ergodicity). Work under Assumption j. For every (fo, f1) € F(0,£)2,
for every g. such that (go,g1) € G(r,\)? satisfy Assumption 1/, there exists a unique probability
measure v of the form v(dz) = v(z)dx on (S,6). Moreover, for every g. such that (go,g1) €
G(r,\)? satisfy Assumption 1/, there exists a constant R > 0 and p € (0,1/2) such that

sup [Q™h(z) — v(h)| < R|h[e p™,
(fo,f1)

where the supremum is taken among all functions (fo, f1) € F(0,£€)2, for all x € S and m > 0.

The proof is postponed to the Appendix. Uniform ergodicity achieved by Lemma 25 is here crucial
in order to make use of deviations inequalities as obtained in [13]. We recall that the ergodicity
proved in Lemma 20 was not uniform in the initial point.

We will intensively use the following two concepts: super-exponential convergence and super-
exponential equivalence. Let (Z,,n > 0) be a sequence of random variables and Z a random
variable with values in a Polish space S endowed with its Borel o-field & and endowed with d a
metric which makes (S, d) complete.

Definition 26 (Super-exponential convergence). We say that (Z,) converges (s,)-super-expo-
superexp

nentially fast in probability to Z and we note Z, —— Z if
Sn

lim sup 1 logP (d(Z,,,Z) > §) = —

n——+oco Sn

for any 6 > 0.
Let (Y,,n > 0) be another sequence of random variables with values in S.

Definition 27 (Exponential equivalence, see [19]). We say that (Z,,) and (Yy,) are (sy)-exponential-
ly equivalent and we note Z, TPy, if

Sn

1
limsup — logP (d(Z,,,Yy) > §) = —o0.

n——+oo Sn

for any 6 > 0.
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Proof of Theorem 16. Set x in the interior of D. In order to prove the moderate deviations prin-
ciple, MDP for short, we use the decomposition

T |hr, J:C\Q,n(x) — fo(z) — 1 {'Tn|hn (MO,n(m)>
bn fl,n(x) - fl(m> Vn(@)Veon bn Ml,n(x)

+ ‘Tn|hn No,n(m) + ‘Tn|hn Ro,n(f)

bn NLn ({E) bn Rl,n (il?)
where, for ¢ € {0,1}, M, ,,(z), N, »,(x) and R, ,(x) are defined respectively by (22), (30) and (31).
The strategy of the proof is the following. After studying the denominator term 7, (z) V w, in

Step 1, we will prove in Step 2 that the last two terms of the decomposition are negligible in the
sense of moderate deviations which leads us to

) [Tl (@,nm - fo<x>> superexp L (Mom(x))

bn fl,n(x) - fl(x) b2 /(|Tp|hn) n(@)V@n bn MLYL(I)

in the sense of Definition 27. Consequently, this two quantities satisfy the same MDP (see [19],
Chapter 4) and we prove a MDP for the right-hand side of (42) in Step 3.

Step 1. Denominator Up(z) V wy,. We claim that

43 Do) V @, ——Bs (7).
(43) (2) YA (z)

On the one hand, we have seen that
K, xv(z) = v(z)
as n — oo (see (18)). Since the previous sequence is deterministic, we conclude that

44 K superexp .

(44) ho < V() Y v(z)

On the other hand, from [13],

62 |Tn\hn)

1
(45) PN(’m > K, (@ = Xo) = Kn, xv(w)] >6) < 2exp ( c1+c20

u€eT,

where ¢; and ¢; are positive constants which depend on K, R, p, @ but not on n. Note that
Lemma 25 ensures we are in the setting of [13]. Applying the log to the two terms of (45),
multiplying by |T,,|h,/b? and letting n go to infinity, we are led to

(46) ﬁ S K (@ = Xo) = Kn, % v(a)

ueTy,

superexp

b2 /(T )

using conditions (i) and (ii) on the sequence b,. From the foregoing (44) and (46), we conclude
that

47 U (1) —2 (7).
(47) (@) b2 /(|Tn|hn) (@)

To reach (43), write the decomposition
Un(z) V wn —v(@)| = [Un(z) — v(2) |15, (2)>w,} T |0 — V()| 15, (2)<on}s

and note that it just remains to prove
superexp

48 16
() <) S (Tt
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We have
PM (1{i/\n(m)<wn} > (5) < 5_1HDM(I//\TL(Z‘) < wn) < IP(|Z//\n(.’L‘) - Khn *Z/(J)) | > 6/)

with ¢’ = inf s ¢ yinfeep K, *v(x) — @, > 0 for n large enough under Assumption 15. Using
the deviations inequality (45) with ¢’, we obtain (43), which ends the first step.

Step 2. Negligible and remainder terms, N, ,(z) and R, ,(x). We claim that

TP superexp
“9) b )

Remind the decomposition N, ,(z) = NL(}n)(a:) + NL(?TL) () with NL(,ln)(x) and NL(zn)(x) defined by
(32) and (33). On the one hand, we have proved that |NL($2 (z)] < h8 (Step 1.1 in the proof of
Theorem 11). Thus
[T | o [Tl ™?
by, by,
and since the right-hand side of the previous inequality is deterministic and tends to 0 (condition
(iii) on the sequence b,,), we conclude that

NG ()] S

|Tn |hn (1) superexp
by ) b2 /(ITnlhn)

)

see for e.g. [50] for more details. On the other hand, from [13], the following deviations inequality
holds

752|Tn|hn
¢ (hin + BT ) + c’26>

where ¢} and ¢} are positive constants which depend on K, R, p, @ but not on n. More precisely,
we apply the results of [13] replacing the terms |Q|s pllg||L1(.) and |Q|$’D”9HE2(M) by respectively
|Qg|oo and |Qg?|oo, controlled by h? and h2~! respectively for the test function g(-) = h; ' H, (")
with H,, defined by (34). Recalling conditions (i) and (ii) on b, and h, = |T,|”* with o >
1/(28 4 1), it brings

P#(|NL(31)($)| > §) < 2exp <

|Tn|hn NL(Qn) (:E) superexp
bp " b2 /(| Tn|hn)
Hence (49) is proved. We also have
|Tn |hn ( ) superexp
bn T 2 /(Talha)
using (38) and recalling (47) and (48). Together with Step 1, it leads us to
1 |Tn|hn (No,ng;ﬁg)> + 1 |Tn|hn (Rom(,r)) superexp 0

@V \Nig(z)) — @Ven b \Rin(z)) v2/(T, k)

and finally to (42).

Step 3. Main term M, ,,(x). Consider the G-martingale triangular array (E;n)(xL 1<k<nmn>1)
defined by (39). In order to make use of the MDP for martingale triangular arrays (see [50, 51, 43]),
one need to check

—(n) superexp 2
50 E (z —— |K|sv(2)T,
(50) E" @), 2222 | (o)
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and
(51) ZE [||E(”) A ‘QH} :H/ZT:)) 0

The condition (51) is called exponentlal Lyapunov condition and it implies exponential Lindeberg
condition, we refer to [50, 51] for more details. Using (40) and (41), one see that to prove (50) and
(51), it suffices to show

1
52 — K2(h Yz — X)) === | K2
2 [Tl zﬂ: (o = 20)) ey 1K)
and

53 Xu superexp 0
) (IT, Ih 2%; ) b2 /(T on)

The same argument as in Step 1 (replacing K by |K|;2K? or |K?|;2K* in (45)) enables us
to prove (52) and (53). Gathering (50) and (51) and using the truncation of the martingale

(E’(:) (2),1 <k <n,n >1) as in the proof of Theorem 5.1 of [10], we conclude that
bn |Tn‘ by, Ml,n(x)

satisfies a MDP on &% with speed b2 /(|T,|h,) and the good rate function defined for all z € S
by

1
I (z) = sup {A'z — 71/( IK|32' Tz} = (2|K|3 ) v(z) 2T 2.
AER?

Finally, using Lemma 4.1 of [49] (which is a consequence of the contraction principle) and Step 1,

we conclude that
1 |Tn|hn Mo,n(ﬂf)
Up(z)Voo, bn Ml,n(x)

satisfies a MDP on &% with speed b2 /(|T,|h,) and rate function J, defined in Theorem 16. Re-
minding (42), we get the MDP stated in Theorem 16. O

6.8. Proof of Theorem 18. On the one hand, applying Theorem 12 to the estimator ﬁ(%) built
with the bandwidth h") = |T,|~1/@F+D),

8 I ;
T~ 2557 Ay (2) =5 No(ma(z), Sa(z))  with A, (z) = (A%gg ;_j}fgx;)

On the other hand, applying Theorem 12 to the estimator ﬂiﬁ built with the bandwidth A" =
|T,,| =/ 25+ for 5 € (0,1),

_ FO) oy
T |~ B By () —% ma(z) with  Bn(z) = igg;(””) fo@))
10 (@) = f1(2)
Combining these two results, we obtain

T, - (?)n(x) fo(:r)) _ |Tn|” 77T Ap(x) — |Tn|” T Bn(z) 4 NQ(OQ,EQ(w)),

(:L’) fl(x) 1— |T |7 2ﬁji)lﬁ —
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as announced in (12). The study of the test statistics W, (x1,...,x,) under Ho and #H; then
follows classical lines. We give here the main argument for £ = 2. By (12) and using in addition
the asymptotical independence stated in Theorem 11, we obtain

iO,n(xl) - fo(xl)

i | Fin(e) = Aien) | . _( Saw) 0
|Tn| f;(l),n(.’E;) _ f;(ﬂ?;) *)N4(04,24(.’E1,1’2)) Wlth 24(1'1,%2) = < (2)2)21 22?;2> >

fin(x2) = fi(@2)
Then, using the Delta-method,

=z (fon(z1) = frn(z1)) = (fo(z1) = fi(z1))) _a T,
| T | ((fo,n(m)—fl,n(x2)) - (fo(@)_fl(xz)» 5 No (02, Bs (21, 22))

with

which boils down to, under H,

s _ _
T, |~z 1/2 _
2 |2 | 2 <V(x1)1/2('f;0’7L(x1) f_l,n(xl))> i}NQ(()Q,IQ)?
VIKZ(02 4 02 = 200010) \¥(72) (fon(x2) = fin(22))
with I5 the identity matrix of size 2 x 2. The replacement of v(-)

by the Stlutsky theorem. Thus, under Ho, W, (x1,x2) BN x%(2), the chi-squared distribution
with 2 degrees of freedom. Under 1, we prove that W,,(z1, xz2) converges P,,-almost surely to +oo
following the same lines and using

by its estimator 7, () is licit

Zﬁn(wl)(fo,n(fl) - f1,n($z))2 — ZV(fUl)(fo(ﬂﬂl) - f1(ﬂcl))2 #0, P,—as.
=1

=1

when H; is valid.

7. APPENDIX

7.1. Proof of Lemma 19. Let us first prove (i), see [17] (Lemma 2.1). For u = (u1, ug, ..., Um) €
Gm,

E.[9(Xu)] = 1(Pu,Puz - .. Pu,. (9)).

Then
EM[ Z g(Xu)] = Z H(Pmqu---Pum(g)) :PJ( Z Pu17DU2"'Pum,(g))
uEG (u,erum) (U1 semtim)
€{0,1}m €{o0,1}m

= u(2"(Po+P1)"(9)) = [Gm|u(Q™9)
since Q = (Po + P1)/2 and |G,,,| = 2. We also know that u(Q™g) = E,[¢(Y,)].

We now turn to (ii). We refer to [27] for another strategy of proof (proof of Equation (7)). Some
notation first: for u = (u1,...,um) and v = (vy,...,v,) in T, we write uv = (U1, ..., Um, V1, ..., Up)
for the concatenation. For m > 0, we denote by F,, the sigma-field generated by (X, |u| < m).

For m > 1, whenever u # v € G,,, there exists w € T,,_1 together with i # j € {0,1} and
u, v such that v = wiu and v = wjv, where we call w the most recent common ancestor of v and
v. The main argument uses consecutively a first conditioning by Fj,|+1 which lets X, and X,
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conditionally independent and a conditional many-to-one formula of kind (i), a second conditioning
by F|.| and the definition of the T-transition P and finally the many-to-one formula (i),

B Y o(Xex)] =230 3 B[ Y o(Xuon)g(Xuis)

UZVEG,, =1 weGp WEG
TEG)_
m
=23 3 (G PR QT g(Xu0) Q' g(Xun))
1=1 weG,,_;
m
=23 @) Y B [P@ @@ g)(X.)]
=1 WEG,, —1

m

=23 (2 G [EL[P(Q' g © Q1 g) (V)|

=1

2"y 21‘%(@’”‘[ (PQR"'g® Ql‘lg))),
=1
as asserted.

7.2. Proof of Lemma 22. First,

QH, ()] < /S F(h @ - )1G()|Q, 2)d=

—ha [ @G~ ) QM. — o)
supp(F')

for h,, such that © — h,supp(F) C D (remind that x belongs to the interior of D). We prove in
the same way the bound on v(H,). Hence we have proved (i) and we now turn to (ii). The first
bound h,, obviously comes from (i) and it remains to prove the second bound V(y)p™. Under
Assumption 5, we apply Proposition 20 to ¢ = H,,/|H,|e and it brings

Q™ Hn(y) — v(Hn)| < R|Hn|oop™V(y)-
Since |Hp|oo = |F|oo|Gp for hy, such that = — h,supp(F) C D, we obtain the announced upper-
bound.

7.3. Proof of Lemma 24. For every |z| < d,

v(z) = /S v)Q.2)dy > inf Qly, 2) /ngz v(y)dy.

ly| < Ms,
|z]<d

On the one hand,

Jnf Qa,y) = %{ Jof go(y—fo(@)+ inf gi(y—fi(e ))} > §(d+ (0 +yMz)) > 6(M;s) >0
lyl<d ly|<d ly|<d

if d > 0 is such that d+ (£+~vyMs) < Ms, which is possible from Assumption 6. On the other hand,

/ y)dy —/ / Q(z,y)dzdy
|y|>M2 ly|>M2

< Vloo/l o [es 3 go(y — fo(x)) + 91 (y — fl(x)))dwdy < n(Ma)
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since (fo, f1) belongs to F(v,£)? and (go, g1) to G(r, \)2. We know in addition that ||« < |Qls,s <
(190]00 + |91]00)/2 < 0. Using n(Mz) < 1 brings

/ v(y)dy > 0.
ly| <Ms

Hence v(y) > 6(Ms)(1—n(Ms)) > 0 for any |y| < d. We have uniformity in fo and f; since 6(Ms)
and n(Mz) are uniform bounds on the class F(, £).

7.4. Proof of Lemma 25. Set C = {y € S; |y| < My —{} # 0 since My > £ under Assumption 14.
We prove that, for all y € C,

inf Q(z,y) = %{ inf g0 (y — fo(x)) + inf g1 (y — f1(x))} > §(My) >0

with d(-) defined by (8), since |y — f,(x)] < My (for |f,|co < ¢ and |y| < My —£). From Douc et al.
[23], Theorem 6.6 and Lemma 6.10, one can take p =1 — |C|0(My) =1 — 2(My — £)6(My) and we
obtain p < 1/2 under Assumption 14.
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