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Abstract

The paper deals with the Gibbs point processes, which are usually used
to model interaction between particles. These processes are defined and
characterized through the Papangelou conditional intensity. In the paper, we
assume that the model is a stationary pairwise interaction point process, SO
that its Papangelou conditional intensity involves two terms: a Poisson in-
tensity parameter and a potential function. We suggest a new non-parametric
estimator for the potential function in the Papangelou conditional intensity.
Consistency and strong consistency for the resulting estimator of the total
Papangelou conditional intensity are proved in the case of the finite-range
interaction potential.

keywords: Kernel-type estimator, Pairwise interaction point process, Rates of
strong uniform consistency, Papangelou conditional intensity, Spatial statistics.

1 Introduction

Gibbs point processes are a natural class of models for point patterns exhibiting
interactions between the points. Fields of applications for point processes are im-
age processing, analysis of the structure of tissues in medical sciences, forestry
(see [15]), ecology (see [5]), spatial epidemiology (see [14]) and astrophysics
(see [18]). Non-parametric estimation has been largely ignored by researchers.



One exception is the suggestion to use the non-parametric estimation of the pair
correlation function and its approximate relation to the pair potential through the
Percus-Yevic equation (see [6]). The approximation is a result of a cluster expan-
sion method, and it is accurate only for sparse data. Pairwise interaction point
processes densities are intractable as the normalizing constant is unknown and/or
extremely complicated to approximate. However, we can resort to estimates of
parameters using the conditional intensity. In this present paper, we assume that
the pairwise interaction point process is stationary and isotropic , so that its Pa-
pangelou conditional intensity involves two terms: a Poisson intensity parameter
and a pair potential function (or pairwise interaction function). This paper fol-
lows a previous one, that was interested in the estimator of the Poisson parameter
in the Papangelou conditional intensity. In this present paper, we propose a new
non-parametric estimation of the potential function in the Papangelou conditional
intensity. We establish consistency and strong consistency for the resulting esti-
mator.

Our paper is organized as follows. Section 2 introduces basic definitions and
notations. In Section 3, we briefly present some models satisfying the assump-
tions needed to prove our asymptotic results. In Section 4, we present our main
results. Consistency of the non-parametric estimator for the potential function
in the Papangelou conditional intensity is proved in Section 4.1, it is based on
the knowledge of the Papangelou conditional intensity and the iterated Georgii-
Nguyen-Zessin formula. Using Orlicz spaces we can obtain a strong consistency
of the non-parametric estimator in Section 4.2. The proofs are given in Section 5.

2 Basic notations

Throughout the paper we adopt the following notations. Let ¢ be the Borel o-
algebra (generated by open sets) in R? (the d-dimensional space) and %g C B
denote the class of bounded Borel sets. We define a spatial point process X on R¢
as a locally finite random subset of R¢, i.e. the number of points N(W) = n(Xy )
of the restriction of X to W is a finite random variable whenever W C R< is a
bounded region. Ny = {x CR%n(xw) = n(xNW) < 00,V W € %¢} is the space
of locally finite configurations of points in R¢ and will be denoted by x. We
equip Ny with o-algebra Ay = 6{{x € Njs : n(xw) = m},m € No,W € %4}
That is .4} is the smallest sigma algebra generated by {x € Ny : n(xw) = m}.
The volume of a bounded Borel set W of R¢ is denoted by |W| and o denotes the
origin of R, i.e. 0 = (0,...,0) € R?. For any finite subset I" of Z¢, we denote ||

. . . d/2
the number of elements in I. || - || denotes Euclidean distance on R¢. 6, = 1"2(7td—//2)

is the measure of the unit ball in R?. Further, Zz ¢, means that the summation
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goes over the n-tuples of mutually distinct points &;,...,&,. Let SY~! be the unit
ball in RY.

For any Gibbs point processes in a bounded window, the Papangelou condi-
tional intensity at a location u given the configuration X is related to the probability
density f by A (u,x) = f(xU{u}/f(x) (for u ¢ x), the ratio of the probability den-
sities for the configuration x with and without the point # added. The Papangelou
conditional intensity can be interpreted as follows: for any u € R and x € N, 1>
A (u,x)du corresponds to the conditional probability of observing a point in a ball
of volume du around u given the rest of the point process is X.

Gibbs point processes in R? can be defined and characterized through the Pa-
pangelou conditional intensity (see [16]) which is a function A : RY x N, r— Ry
The Georgii-Nguyen-Zessin (GNZ) formula (see [21], [24], [8], [20]) states that
for any non-negative measurable function / on R? x N, f

EY h(u,X\u)= E/Rdh(u,x)/l(u,x)du. (1)

ueX

Using induction we obtain the iterated GNZ-formula: for non-negative func-
tions /1: (RY)" x Njy — R

+
E Z h(uy,. . ug, X\ {uy, ... un})

Up,...,un€X

:/.../Eh(ul,...,un,X)l(uh...,un,X)dul...dun (2)

where A (uy,...,u,,Xx) is Papangelou conditional intensity and is defined (not
uniquely) by A (uy, ..., up,X) = A (ug,X)A (up, xU{u1 }) ... A (u, xU{uq,. .., u0—1}).

3 Examples of Papangelou conditional intensity

Examples of Papangelou conditional intensities are presented in [1], [16], [17].
The following presents some examples. Let u € R, x € N, rand R > 0.

1. A special case of pairwise interaction is the Strauss process. It has Papan-
gelou conditional intensity

Au,x) = pp"onx\)

where 8 >0,0 < @ < 1 and njy g (4, X) = Z 1 (|lv—u|| <R) is the number
vEX
of pairs in x with distance not greater than R.

3



2. Piecewise Strauss point process.

ﬁch

(u,x\u)

where § > 0,0 < @; <1, R, 1R]”X ZH lv—ul €[R -1, R j]) and
vEX

Ry=0<R| <...<R,=R< oo,
3. Triplets point process.
A(u,x) = BD0R (xUu)—sp0,p) (x\)

where f >0,0< ® <1 and S[0,R] (x) is the number of unordered triplets
that are closer than R.

4. Lennard-Jones model.

Alux)=B [T @(lv—ul)

vex\u

with log @(r) = (6°r~ 0 — 0'2r~12) 11 /(r), for r = ||y — ul|, where 6 > 0
and 8 > 0 are parameters.

4 Main results

The Papangelou conditional intensity (see [16]) for a pairwise interaction point
process is defined by

M) = wwesp (~ ¥ nl{u))).

vex\u

If y(u) = B is a constant and Y ({u,v}) = ¥(||u — v||) is invariant under transla-
tions and rotations, then a pairwise interaction point process is said to be stationary
and isotropic or homogeneous.

For convenience, throughout in this paper, we consider a stationary and isotropic
pairwise interaction point process. Then its Papangelou conditional intensity at a
location u is given by

Au,x) = exp( Z v(|[v—ul]) ),VuERd,xele (3)

vex\u



where * is the so-called Poisson intensity parameter and ¥ is the so-called the pair
potential and is assumed a non-negative function; a name that originates in statis-
tical physics: it measures the potential energy caused by the interaction among
pairs of points (u,v) as a function of their distance ||v — u||. The pairwise interac-
tion between points may also be described in terms of the pair potential function y
into the interaction function ¢ = exp(—7) which has the following interpretation.
For @ > 1, A(u,x) is increasing in X (the attractive case). For @ < 1, A(u,X) is
decreasing in x (the repulsive case). It can be computed for the case @ = 1 which
corresponds to the homogeneous Poisson point process with intensity f*. Usually
a finite range of interaction R, is assumed such that

Y(|[v—u||) =0 whenever ||v—ul|| > R.
In other words, A (u,x) depends on x only through x N B(u,R), i.e.
A(u,x) = A (u,x N B(u,R)), 4)

where B(u,R) is the closed ball in R? with centered at # and radius R > 0. In this
present paper, we propose a new non-parametric estimation of the pair potential
Y (or more precisely for the pairwise interaction function @ = exp(—7)) in the
Papangelou conditional intensity for a stationary and isotropic pairwise interaction
point process. We establish the consistency and the strong consistency for the
resulting estimator.

Suppose that a single realization x of a point process X is observed in a
bounded window W,, € %’g where (W,),>1 is a sequence of cubes growing up

to R?. Throughout in this paper, & is a non-negative measurable function defined
forall u € R?, x € N;r by

h(u,x) = 11 (32£|1v—uu >R) — 11 (d(u,x) > R), )

note that for r € (0, R,

F(o,rv) =E[h(0,X)h(rv,X)] =P(d(0,X) > R,d(rv,X) > R)
and

J(r)= /Sdl F(o0,rv)dv.

To estimate the function B*2J(r)®(r), we suggest an edge-corrected kernel-type
estimator R, (r) defined for r € (0,R] by

R,(r)=———— —OR O (u, X\ {u, v A(v, X\ {u, V1K
") bn|Wae2r| 04 u,vexHV_qu’l ( \Mu, v, XA\ {u, v}HK] b,
lv—ul|<R
(6)

)



© will denote Minkowski substraction, with the convention that
Wycor =Wo©Bu,2R) ={u e Wy, : |lu—v|| <2R forall veW,}

denotes the 2R-interior of the cubes W,,, with Lebesgue measure |W,c2r| > 0. K
is an univariate kernel function associated with a positive sequence (by),>1 of
bandwidths satisfying the following:

Condition K(1,a) : The sequence of bandwidths b, > 0 for n > 1, is chosen
such that

limb, =0 and lim b,|W,cor| = .
n—oo n—oo

The kernel function Kj : R — R is non-negative and bounded with bounded
support, such that:

[ Ki(e)ap =1, [ p/Ki(p)dp =0,/ =0.1,.a~1, forar>2.
R R

To estimate the function $*J(r), we suggest an empirical estimator J,(r) defined
for r € (0,R] by

In(r) Y e () (u, X\ {u} )" (u, X\ {u}), (7

where 1*(u,X) = [qa1 h(rv+u,x)dv. Using the spatial ergodic theorem of [19],
the estimator (7) turns out to be unbiased and strongly consistent. The natural
estimator of the Poisson intensity B* is

= Tuex a e (Wh(u, XA\ {u})
n = 8
A= fA (u,X)du ®

In [3], we introduced a semi-parametric estimator (8) of the parameter f* and
studied its strong consistency, asymptotic normality and simulation study. Finally,
the desired estimator for the interaction function ®(r) = exp(—7(r)) is defined by
the ratio

fn(”)
Budu(r)’

The strong consistency of the estimators (7) and (8) implies the following:

D, (r) = for re (0,R]. 9)

Proposition 1. Let ¥ be a pairwise interaction potential defined in (3) satisfying
condition (4). Let K| kernel function satisfying Condition K (1, &) and the function
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J(r)exp(—7(r)) has bounded and continuous partial derivatives of order o for all
o> 1in(r—8,r+09) for some 6 > 0. Then as n — o

~

D, (r)—>exp(—v(r)) inprobability P (resp.P-a.s.) iff

R\n(r)—>ﬁ*2J(r)eXp(—y(r)) in probability P (resp.P- a.s.).

The convergence in probability (consistency) of the kernel-type estimator R, (r)
(defined in (6)) will be discussed in Section 4.1. Conditions ensuring uniform [P-
a.s. convergence (strong uniform consistency) of the kernel-type estimator I/Q\,,(r)
will be discussed in Section 4.2.

4.1 Consistency of the kernel-type estimator

In this section we discuss the consistency of R\n(r) For this it follows the interest-
ing to determine the asymptotic behavior of ER,(r) and VarR,(r).

4.1.1 Asymptotic representation of the mean and the variance of the kernel-
type estimator

In this section we derive asymptotic representations for the mean and the vari-
ance of the kernel-type estimator R, (r). We will use the Landau notation f(n) =
O (h(n)) as n — oo for error terms f(n) satisfying limsup,,_,., % < oo
Theorem 1. Let y be a pairwise interaction potential defined in (3) satisfying
condition (4). Let K, kernel function satisfying Condition K(1,1). Then we have
lim ER, (r) = B*2J (r) exp(—7(r)),
n—roo
in every point of continuity r € (0,R] of J x exp(—7).
If Condition K (1, &) is satisfied and the function exp(—v(r))J(r) has bounded
and continuous partial derivatives of order & in (r — 6,r+ 8) for some 6 > 0 and
for a > 1. Then we have

Eﬁn(r) = ﬁ*ZJ(r) exp(—y(r))+ O (DY) as n— .

Theorem 2. Let y be a pairwise interaction potential defined in (3) satisfying
condition (4). Let K| kernel function satisfying Condition K(1,) for all o« > 1
such that [ K3 (p)dp < oo. Then, we have,

. . 2 *2
tim b Wy Var(Ra() = () expl—1(0) [ K (p)dp.

in every point of continuity r € (0,R] of J x exp(—7).



4.2 Rates of strong uniform consistency of the kernel-type es-
timator

Before realizing the strong consistency for ii’\n(r) (defined in (6)) we introduce
some necessary definitions and notations. A Young function y is a real con-
vex nondecreasing function defined on R™ which satisfies lim;_e. Y/(#) = 40 and
v (0) = 0. We define the Orlicz space Ly as the space of real random variables Z
defined on the probability space (Q,.%#,P) such that E[y(|Z|/c)] < +eo for some
¢ > 0. The Orlicz space Ly equipped with the so-called Luxemburg norm |||y
defined for any real random variable Z by

1Z]ly = inf{c > 0; E[y(|Z]|/c)] < 1}

is a Banach space. For more about Young functions and Orlicz spaces one can
refer to [13]. Let 6 > 0. We denote by yy the Young function defined for any
x € R by

Yo (x) =exp((x+&)%) —exp(&g) where & =((1-6)/6)"/°11{0 <6 <1}.

On the lattice Z? we define the lexicographic order as follows: if i = (iy,...,ig)
and j = (ji,...,jq) are distinct elements of Z4, the notation i <,y j means that
either i; < jj or for some pin {2,3,...,d},i, < j,and iy = j, for 1 <q < p. Let
the sets {V¥;i € Z4, k € N*} be defined as follows:

V! ={j €2 j < i},
and for k > 2

vi=vlin{jez;

sk h o S
i—jl =k} where i—j| = max [i; — ji

By a real random field we mean any family (&;);c5« of real-valued random vari-
ables and for any subset I" of Z¢ define .#1 = 6(g;;i € I') and set

Ey (&) =E(&|Z, 1), keV/.

Denote 0(q) =2¢q/(2—¢q) for 0 < g < 2.

Next we list a set of conditions which are needed to obtain (rates of) strong
uniform consistency over some compact set [r|,72] in (0, R] of the estimator R,,(r)
to the function $*2J(r)®(r). The following assumption is imposed:

Condition .Zp : The kernel function K satisfies a Lipschitz condition, i.e.
there exists a constant 11 > 0 such that

Ki(p)—Ki(p")| <nlp—p'| forall p,p’€ri,rl.

8



Now, we split up the window W,cor into cubes such as W,cop = Ujer, A;, fol-
lowing [22], [12], [10] we will describe a point process in R as lattice process
by means of this decomposition A; = {& € R%q(i; — 3) < & < q(ij+3),j =

1,...,d} for a fixed number ¢ > 0, i = (iy,...,iy), where the process is observed
in Wyeor = U, g Ai, where I = {ieTy;|i—j| <1, forall j €T,}, and the norm
is | j| = max{[ji],...,|ja|} and assume that T, increases towards 7% and we split

up R, (r) as follows:

~ 1

R,(r) = ——— Ri(r),
( ) bn|Wn@2R|Gd icl, l( )

where
S VO = [lv—ull—r
Ri(r) = Z —d_lh(u,X\{u,v})h(v,X\{u,v})Kl .
u,veX ||V_MH by,
|[v—ul[<R

Note for all k € Ty, Ry = Ri(r) —ERi(r) and S, = Yyer, Ri(r).

Strong uniform consistency for ﬁn(r) is obtained via assumptions of belong-
ing to Orlicz spaces induced by exponential Young functions for stationary real
random fields which allows us to derive the Kahane-Khintchine inequalities by

[7].

Proposition 2. We assume that Conditions K(1,a) and £ p are fulfilled. Further-
more, we also assume that J(r)exp(—7y(r)) has bounded and continuous partial
derivatives of order o in [r; — 8,ry + 8| for some & > 0.

If there exists 0 < g < 2 such that Ry € L%(q) and

2
< oo, (10)
Yo(q)

)3

keV,

‘RkE\k| (R0)|

Then

N i/
mm\mv»ﬁﬁﬂwwm—ﬂwn:@m(ﬁﬁlﬁ)+ﬁ@$ a5 nsoe

r<r<r byn?/?

Our results also carry through the most important particular case of Orlicz
spaces random fields, for p-integrable (2 < p < +o0) real random fields.

Proposition 3. We assume that Conditions K(1,a) and £ p are fulfilled. Further-
more, we also assume that J(r)exp(—7y(r)) has bounded and continuous partial
derivatives of order & in [ry — 8,ry + 8] for some & > 0.



If there exists p > 2 such that Ry € P and

2 [[ReEjy (Ro)[ < oo (11)
keV1

Assume that b, = n~%(logn)?' for some q1,q2 > 0. Let a,b > 0 be fixed and if
a(p+1)—d*/2—qy>1 and b(p+1)+q1 > 1. Then

~ na oon b
sup \an—ﬁ*21<r>exp<—y<r>>|=ﬁa.s.(&)+mbg> s nse

rlﬁ”S"z bnnd/z
S Proofs
Proof of Theorem 1. Using the notation
L(uy, ... us,X) = h(ur,X) ... h(us, X), (12)
where / is given by (5).

F(uy,...,us) = E[h(uy,X) ... h(ug, X)],
J(furlls- - Mlusl]) = ([l [ < R ... [[us]| < R).
The calculation of the expectation and the variance of ﬁn(r) is based on the

iterated Georgii-Nguyen-Zessin (GNZ) formula (2), i.e. applying the preceding
formula (2) for s = 2 and with

W, (1) ~ [[v—ul|—r
bl X) = 728G 7 — 0 (=120,
we derive
. 1
ER,(r) = ——— —
n(r) bn|Wheor|0g
Wy () ~ ~ lv—ul|—r
E/Me—mdl (v — )L, v, X) Ky [ ——2 ) A (e, v, X) duadlv.,
R |[v —ul| by

We remember the second order Papangelou conditional intensity by:
A (u,v,X) = A(u,x)A(v,xU{u}) forany u,v € R? and x € N/.

Using the finite range property (4) for each function A (u,x) and A (v,xU{u}), we
have

A(u,X) =A(u,XNB(u,R))
=p* when d(u,X)>R

10



and

A, XU{u})=A(v,(XNB(W,R))U{u})
=B*®(|[v—ul||) when d(v,X)>R.

Consequently, by the stationarity of X and from the definition of L given by (5),
we get

R ﬁ*2
ER,(r)=————
a(r) bu|Wncor|0a
Uy, () ~ ~ —ull -
B e Tyl Elw X0k (=) @y oy
R2d||v_ | b
ﬁ*z/ J(/Is[)) sl =~
L(o,s,X)|Ki| —— | @ d
b0y Jrd ||s]|4] ElL(o,s X)]Ki by, (lsll)ds

Recall a property of the integration theory (see [2] or [23]). Let S9-1 be the
unit ball in RY, ie. S? ! = {u € R?: ||u|| = 1}, then for any Borel function

f:RI— Ry,
L fdnau= [~ [ s oyrdz,

By combining the above result, we get so:

)
ER,(r) = P

/r/b i 1J( nP +r ) ( ,(bnp+r)v)K1(p)q5(bnp_|_r)6ddpdv'

With bounded support on the kernel function and by dominated convergence the-
orem, we get as n — oo, ER,(r) — B*2J(r) exp(—¥(r)).

Now, we are going to prove the second part of Theorem 1. We have a product
of two functions F' (o, (byp + r)v)®@(b,p + r) and we approximate each one of
them with a Taylor formula up to a certain ¢. For any point p in R, there exists
0 € (0, 1), such that by Taylor-Lagrange formula, we get

ot pk)(r DY) (r+b,p0
= Kk !

and

- _ a—1 (k) Fla) b,pO

F(o,(bup +1)v) =F(0,rv)+ Y I(COY,rv) (bup)f+ ( (raf po) )b,‘;‘.
k=1 : :

11



So we multiply two such functions, their product equals the product of their
a!" Taylor polynomials plus terms involving powers of r higher than ¢ In other
words, to compute the o’ Taylor polynomial of a product of two functions, find
the product of their Taylor polynomials, ignoring powers of r higher than a. So
we denote this product by 7, (rv,r), then we have as n — oo

_ _ a—1
F(0,(bap +1)V)®(bup +71) =F(0,m)@(r)+ Y. Tu(rv,r) (bup)* + O(b7).
k=1
It follows that,

ERy(r) = B*2J(r)(r)
o—1
+B* /S . kzl T, (rv,r)bkdy /R p*Ki(p)dp
+O0(bY) asn— oo.

Together with Condition K (1, &) implies the second assertion of Theorem 1. [J

Proof of Theorem 2. The proof of Theorem 2 makes use of the following corol-
lary.

Corollary 1. Consider any Gibbs point process X in R¢ with Papangelou con-
ditional intensity A. For any non-negative, measurable and symmetric function
f:Rdedelf—>R, we have

+
Var( Z f(u,V,X\{u,v}))
u,veX
= ZE/ fz(”,va X)A (u, v, X)dudv
R2d
+4E/3df(u,V,X)f(v,w,X))L(uW’W,X)dudvdW
R
FE [ 00 7003 XA 0. X)dudvaody
R

— /R“d E[f (u, v, X)A (u, v, X)| E[f (w, ¥, X)A (w, y, X)]dudvdwdy.

12



Proof. Consider the decomposition (see [11] and [9])

(Z fqu\{uv}) =2 Z (v, X\ {u,v})

u,veX u,veX

)
+4 Y fluv, X\{u,v,w}) £ (v, w, X\ {u, v, w})

u,y,weX

£
+ Y v X\ {uvw v} f(wy, X\ {u,vwy}).

u,y,w,yeX
(13)
Applying the preceding (GNZ) formula (2) combining with (13), we obtain

”
Var Z flu,v, X\{u,v})

u,veX

Z F v, X\{u, v} E Z flu,v, X\{u, v}))

u,veX u,veX

—ZE/ (u,v, X)A (ut, v, X)dudlv

1 4E /R Py, X) £ (0w, X)A (1, v, 0, X) dudvdw

FE [ (00 703 XA (1., X)dudvabody

- /R EL 1 X)X EL (0,3, X)A (2. X) Jdudvdody.

We obtain the desired result.

Applying Corollary 1 to this function

HWHZR() v—ulNT(u.v [[v—ul|—r
) = 2Tl XK (=)

13



it is easily seen that Varﬁn(r) =A|+Ay+A3 — Ay, where

2
b2 Wheor|>0]

HWneZR(u) ~ ~ S |lv—ul|—r
E/RM—HV_MHZ(dI)J(HV—MH)L(M,V,X)KI B A (u,v, X)dudv,

4 / HWneZR( )HWGZR( )
b2 Waeorl?og SR ||y —ul[4= [y — w] |4
K <H‘)_[)¢)K1 (Hv_bﬁ)l(u,v, w, X)dudvdw,
n n
1 1 1 ~
E/ W@ZR() W@ZR( ) J(HV
R

b2\ Wocor|>03  Jrad [[v —ul|d= 1w — y| |4~

x Kj o=l =r K [w =yl =r A (u,v,w,y,X)dudvdwdy,

Al =

Ay = J(v—ull, [y —wl)L(,v, w,X)

Az = —ul],[[w =)L,y w,y.X)

and

1

Ag=——
b%’Wn@2R|2G§

2

Mweae) o lv—ul| —r
E | —22ZJ(||lv—u||)L X)Ki|———— |4 X)dudv | .
( /Rde—qul ([lv —ul[)L(u, v, X) 1( by (v, X)dudv

The asymptotic behavior of the leading term A is obtained by applying the second
order Papangelou conditional intensity given by:

A(u,v,x) = A(u,x)A(v,xU{u}) foranyu,v e R? andxe Niy.

Using the finite range property (4) for each function A (u,x) and A (v,xU{u}) and
by stationarity of X, it results

2ﬁ*2

b%|Wn®2R|ZG§

/ —”W"@”(Z_)l)ﬂuv_u||>E[z<o,v_u,an%(%)c1><||v—u|r>dudv

A=

2d ||V_”H2
2[3*2 np+ B )
g a1t (0 (bn K2 (p)®(bnp + r)dpdo(w).
 bu|Waerlo] /—r/bn/§d1 bup + )41 (0, (bup +r)w)Ki (p)@(bnp +r)dpdo(w)

Dominated convergence theorem and assumption of K; imply for r € (0, R]
B*Z 2
lim bn|Wn@2R|A1 = / K
n—oo

14



We will now show that all other integrals to Var(R,(r)) converge to zero. For
the asymptotic behavior of the second term A;, we remember the third order Pa-
pangelou conditional intensity by

A(u,v,w,x) = A(u,x)A (v,xU{u})A(w,xU{u,v})

for any u,v,w € R? and x € N, - Since X is a point process to interact in pairs, the
interaction terms due to triplets or higher order are equal to one, i.e. the potential
v(y) = 0 when n(y) > 3, for 0 # y C x. Using the finite range property (4) for
each function A (u,x), A(v,xU{u}) and A(w,xU {u,v}) and after an elementary
calculation, we have

_ [ BPe(lv—ule(|w—v])) if [u—w|][<R
A, v, w,0) = { B=3®(||[v—u||)  otherwise.

Which ensures that A(u,v,w,0) is a function that depends only variables ||v —
ul[,||w—v||, denoted by @ ([|v—ul|, |[w—v|]).
According to the stationarity of X, it follows that

4 / HW@ZR( )HWQZR( )
b2 Waeor|?07 — Jrad ||[v —ul |41 |v — w][d=1

V—Uuj|—r V—W|| —F
e e ] e g LT

/ / / / [Wac2r N (Waoor — (bap +7)z)]
|Wn@2R|Gd —r/by J—r/b, JSd—1 Jsd-1 [Wocor|

X F (0, (bup + 1)z, (bup + 1) ) D1 (bup + 1,bup’ + 1) K1 (p)K1 (p')dpdp’doy(2)doy(2).

The asymptotic behavior of the leading term A, is obtained by applying the domi-
nated convergence theorem. When multiplied by b, |W,,c2r|, we get lim,, e by |Wyc2r|A2 =
0.

(v —=ull, [y =w|)L(u,v,w,X)

Ay =

Next we introduce the finite range property (4) and reasoning analogous with
the foregoing on A (u,v,w,y,0), which ensures that A (u, v, w,y,0) is a function that
depends only variables |[v—ul|,||y —w||, ||w —u]|, ||w —v||), denoted by D> (||v —
ull,|ly = wll, ||w—ul|,||w—v||). We find that

—ul], [lw =y L(u, v, w3, X)

Ay =

1 Mw . 11 -
E/ anzR( ) W@ZR( ) J(HV
R

b3 Wacorl?o7 — Jre ||v —ul[4=[w — y[|4~!

e (||V—Z||—F>K1<||W—bY||—”>)L(u v,w,y, X)dudvdwdy

|Wn62R ﬂ n62R W) | ,
K K
’WnGZR‘Gd /Rd /r/b /r/b /Sd I/Sd 1 |Wn@2R| l(p) l(p)

X D3 (bup +1,bap" + 1, [|Wll,||(bnp + 1)z — wl|)dwdpdp'doy(z)doy (),

15



where

D3 (bup +1,bup" + 1, [|W, [ (bup +1)z—wl]) =
J(bup +1,b4p" +1)F (0, (bap +1)2, (bup" +1)2 ) D2(bap + 1,620 +1, W], || (bap + 1)z —w]]).

By dominated convergence theorem, we get lim,,_,c b, |W,cor|A3 = 0.
For asymptotic behavior of the leading term Ay, it then suffices to repeat the
arguments developed previously to conclude the following result.

ﬁ*4
b%|Wn92R|2G§
T —ull, [w =)
11 1
i Mo a0
v—ul||l—r w—y||—r
><d><||v—u||>d><||y—w||>z<1(” ! )Kl(" il )dudvdwdy

Ay =

E[L(u,v,X)]E[L(w,y.X)]

by by
[34
a bf21|Wn@2R|G§
[Whcor N (Waeor —w)|
Vi, ||w— L(o,v,X)|E|L(w,y,X
S T = U b= ID L o, X) ELE G, . X)

% & (|[v])) ||y — w|)Ki (%)m (W)dvdwdy
B4

a |Wn@2R | 0-5

|Wn@2R ﬂ n@ZR W) | ,
n by, K
/Rd /r/bn /r/b /sd I/Sd | |Wn92R| J(bup +1,bap" +r)Ki (P)K1 (p")

X F(0,(bnp" +1)2)F (0, (bap +1)2) @ (bup + 1)@ (byp’ + r)dwdpdp’'doy(z)doy ().

Then by dominated convergence theorem, we get lim, e by |W,c0r|As = 0.
Therefore, we have finished the proof of Theorem 2. 0

Proof of Proposition 2 and Proposition 3. The compact set [ri,r;] is covered by
the intervals C; = [s;_1,s;|, where s; = ri +i(rp —r;)/N,i = 1,...,N. Choosing
N as the largest integer satisfying N < c/I,, and I, = r,b2. We apply a triangle

16



inequality decomposition allows for

sup |Ru(r)—ER,(r)|< sup

R~ Rilp)

Si—1Sr<s; Si—1<rP<s;
v s [ER()-ER,(p)
Si1SrP<s;
b s [Ra(p)-ER,(p)
Si—1SP<si

By Lipschitz condition (Condition . p), we derive that there exists constant 1 > 0
such that n sufficiently large

R~ Rilp)

sup
Si—1ShP<s;
< Laprop— ¥ Ml g e X ()
> S Nr— u, u,v v, u,vy).

b% Ou|Wneorl uveX ||V_”||d_1

[[v—ul|[<R
1 Z 1y (u) ~ =~
<nr,——— — 2L, X\ {u, v h(v, X\ {u,v}).
" 04| Wacor| 52k ||V—M||d_]( v M)

[lv—ul|<R
Follows from the last inequalities and the Nguyen and Zessin ergodic theorem

[19], we get

sup
Si—1<rP<s;

ién(r)—Rn(p)‘:ﬁa,s,(rn) as 1 —» oo,

As well, we obtain

sup Eﬁn(m—Eﬁn(p)‘:ﬁa.s,(rn) as 1 —» oo,

$i—1ShP<s;

We now concentrating on the stochastic part.

Lemma 1. Assume that either (10) holds for some 0 < g < 2 such that Ry € Ly, @
and r, = (logn)"/4 /b, (\/n)?. Then

sup ﬁn(p)—Eﬁn(p)’:ﬁa.s.(rn) as  n—s oo

Si—1<p<s;

17



Proof. We consider the exponential Young function define for any ¢+ € R™ by

V(1) = exp((1 +&)9) —exp(&f) where & = ((1-¢)/q)"/111{0 < g <1}. Let
€>0andr € [r,r] be fixed

P (|I/€\n(r) —ER,(r)| > 8rn> =P (lSn| > ernbnnd)

q q
€ rpbn? S
Sexp — M+€q Eexp A_i_éq .
S S
1Sl 1w, 150w

Therefore, we assume that there exists a real 0 < ¢ < 2, such that Ry € Ly, @
and using Kahane-Khintchine inequalities (cf. [7], Theorem 1), we have
P (]R\n(r) —ER,(r)| > er,,) =P (\Sn| > ernbnnd>

€ rpbpn?

Coer, big R 5)1

0= R, + H,/yRkEH(Ro)}
evy

We derive that if condition (10) holds, then there exists constant C > 0 and so if

Fn = (logn)l/q/bn(\/ﬁ)d

R n eq]
sup P(IR,(r) —ER,(r)| > €ry) < (1+5) exp [_ Ogn}
r<r<n C4

§(1+eiq")exp[—(M

denote

2
Yo(q)

Choosing € sufficiently large, therefore, it follows with Borel-Cantelli’s lemma

P(limsup sup |R.(p) —Eﬁn(p)‘ > ¢ery) = 0.

n—oos; | <P<s;

Now, we will accomplish the proof of Proposition 3.

Lemma 2. Assume (11) holds for some p > 2 such that Ry € L and b, = n~ % (logn)!
for some constants q1,qz > 0. Let a,b > 0 be fixed and denote r, = n*(logn)” /b, (+/n)".
if

alp+1)—d/2—qgx>1 and b(p+1)+q >1,
then

sup
Si1<p<s;

ﬁn(p)—Eﬁn(p)‘:ﬁa,s(m) as 1 — oo,

18



Proof. Let p > 2 be fixed, such that Ry € L” and for any € > 0,

PR,y (r) — ER,(r)| > £r,) = P <|S,,| > Srnbnnd>

e PE|S,|P
rE bl prd
- p/2
I P R)
g i .

The last inequality follows from a Marcinkiewicz-Zygmund type inequality by
[4], where
ci(R) = [Rilly + Y IReEk—y (Ri)llp-
kev!
Under assumption (11) and with the stationarity of X, we derive that there exists
C > 0 such that

P sup
Si—1SP<s;

R.(p) —Eﬁn(p)‘ > m) <N sup P(|R,(r)—ER,(r)| > €ry)

r<r<r

<N Ke~ P
= by (Vn)pd

As N < ¢/l and I, = r,b2, then for r, = n%(logn)’/b,(+/n)? , it results for n
sufficiently large,

~ ke P
P sup
Si—1<SP<si

R.(p) —ERn(p)‘ > 8r,,> <

— palpt1)—d/2 (log n)b(P‘H)bn

< Ke~P
— palp+t1)=d/2—q (10gn)b(p+1)+q1 ’

Fora(p+1)—d/2—q, > 1and b(p+1)+q; > 1, we get for any € > 0

Z]P’( sup

n>1 Si—1<p<si

~

R.(p) —ERn(p)‘ > srn> < oo,

]

Considering these arguments the proofs of Proposition 2 and Proposition 3 are
completed, it results from a direct application of the theorem of Borel-Cantelli
and by Theorem 1:

sup |ER,(r)—R(r)|=0((b%) as n— oo

r<r<r
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Proof of Proposition 1. We consider the mean square error of ﬁn(r),
MSE (R, (r)) = Var (R,(r)) + (Biais(R,(r))".
The estimator I/Q\n(r) is asymptotically unbiased by Theorem 1 and so we have
(Biais(Ry(r))* = (ER,(r) — B*2I(r)exp(—7(r)))> — 0
and by Theorem 2, we have
Var (R, (r)) = E (Ry(r) —ER,(r))* — 0.

Hence, R, (r) is consistent in the quadratic mean and hence consistent estimate of
B*2J(r)exp(—¥(r)). Ju(r) and En are strongly consistent estimates of f*J(r) and
B*, thus the consistency (convergence in probability) of the estimator (IAJ,,(I) of
exp(—7(r)). Then one gets with the same arguments as before and by Proposition
2 or Proposition 3, we conclude the strong consistency of the estimator (13,,(1") of
the function exp(—7y(r)). O
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