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Abstract

A method is proposed for estimating the potential function of a
non-parametric estimator for stationary and isotropic pairwise inter-
action point process. The relation between a pair potential and the
corresponding Papangelou conditional intensity is considered. Consis-
tency and strong consistency of non-parametric estimate are proved in
case of finite-range interaction potential.

Keywords: Non parametric estimation, kernel-type estimator, pairwise
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1 Introduction

Gibbs point processes are a natural class of models for point patterns exhibit-
ing interactions between the points. By far the most widely applied form in
practical analysis is that of pairwise interaction, where the scale and strength
of interaction between two points are determined by a so-called pair potential
function. For a stationary and isotropic process the pair potential is a func-
tion of the distance between the two points. Fields of applications for point
processes are image processing, analysis of the structure of tissues in medical
sciences, forestry (Matérn [18]), ecology (Diggle [7]), spatial epidemiology
(Lawson [16])and astrophysics (Neyman and Scott [21]).

Pairwise interaction point process densities are intractable as the nor-
malizing constant is unknown and/or extremely complicated to approximate.
However, we can resort to estimates of parameters using the conditional in-
tensity. In this paper, we suggest a new non-parametric estimate of the
pair potential function for stationary and isotropic pairwise interaction point
process specified by a Papangelou conditional intensity on increasing regions
single realization is observed. In this cas a point process is defined as a ran-
dom locally-finite counting measure on the d-dimensional FEuclidean space
R? . Consistency and strong consistency of the resulting estimator are es-
tablished.

To our knowledge only one attempt to solve the problem of non-parametric
estimation of the pair correlation function and its approximate relation to
the pair potential through the Percus Yevick equation (Diggle et al. [§]).
The approximation is a result of a cluster expansion method, and it is ac-
curate only for sparse data. Many attempts have been tried to estimate the
potential function from point pattern data in a parametric framework ; maxi-
mization of likelihood approximations (Ogata and Tanemura [23], Ogata and
Tanemura [24], Penttinen [26]), pseudolikelihood maximization (Besag et al.
[2], Jensen and Mgller [13]) and also some ad hoc methods (Strauss [29], Rip-
ley [27], Hanisch and Stoyan [11], Diggle and Gratton [9], Fiksel [10], Takacs
[30], Billiot and Goulard [3]).

Our paper is organized as follows. Section 2 introduces basic notation
and definitions. In Section 3, we briefly present some models satisfying the
assumptions needed to prove our asymptotic results. In Section 4, we present
our main results. Consistency of non-parametric estimator is proved in Sec-
tion 5, it is based on the knowledge of Papangelou conditional intensity and
the iterated Georgii-Nguyen-Zessin formula. Using Orlicz spaces we can ob-
tain a strong consistency of non-parametric estimator in Section 6.



2 Basic notation and definitions

Throughout the paper we adopt the following notation. We denote the space
of locally finite point configurations in R? by N;;. The volume of a bounded
Borel set W of R? is denoted by |W| and o denotes the origin. For all finite

subset I' of Z4¢, we denote |I'| the number of elements in I'. || -|| denotes
Euclidean distance on R?. o4 = IEZT;//;) is the measure of the unit sphere in

R?. Let S! be the unit sphere in R?.
Papangelou conditional intensity (Mgller and Waagepetersen [19]) of pair-
wise interaction point process has the form

) = exp (= 3 salluoh)).

vex\u

If y0(u) = B is a constant and vo({u,v}) = ¥(||lu — v||) is invariant under
translations and rotations, then a pairwise interaction point process is said
to be stationary and isotropic or homogeneous. The Papangelou conditional
intensity can be interpreted as follows: for any u € R? and x € Ny, A(u, x)du
corresponds to the conditional probability of observing a point in a ball of
volume du around u given the rest of the point process is x. Fortunately
does not contain a normalising factor.

For convenience, throughout in this paper, we consider stationary and
isotropic pairwise interaction point process. Then its Papangelou conditional
intensity at a location w is given by

AMu,x) = 5% exp <— Z y(||v — u||)>7 Vu € R, x € Ny (2.1)

veEx\u

where * is the true value of the Poisson intensity parameter , v is called the
pair potential, a name that originates in physics: it measures the potential
energy caused by the interaction among pairs of points (u,v) as a function
of their distance ||v —u||. Usually a finite range of interaction, R, is assumed
such that

v(|Jlv = ul]) =0 whenever ||v — ul|| > R. (2.2)

We assume that v(||v —ul|) > 0 for ||v —u|| < R, so that typical realizations
will be more or less regular compared to a completely random arrangement.
The pairwise interaction between points may also be described in terms of
the pair potential function 7 into the interaction function ¢ = exp(—~). For
@ > 1, M(u,x) is increasing in x. For & < 1, \(u,x) is decreasing in x (the
repulsive case). It can be computed for the case @ = 1 which corresponds to
the homogeneous Poisson point process with with intensity 5*.



3 Examples of Papangelou conditional inten-
sity

Examples of conditional intensities are presented in Baddeley et al [1], Mgller
and Waagepetersen ([19], [20]). The following presents some examples which
have been applied in various contexts and satisfying the assumptions needed
to prove our asymptotic results.

1. A special case of pairwise interaction is the Strauss process. It has
Papangelou conditional intensity

/\(Ua X) = ﬂ@”[o,R](U,X\u)

where § > 0,0 < @ < 1 and njo g (u,x) = ZII(HU —ul| < R) is the
VEX

number of pairs in x with distance not greater than R.

2. Piecewise Strauss point process.
NR; ;R (Wx\u)
AMu,x) = BH@ I

where 8> 0,0 < &; < L, , py(w,x) = > _A(|Jv —u € [Rj_1, Ry])
VEX

and Rpy=0< Ry <...<R,=R < o0.

3. Triplets point process.
Mu,x) = Bolo.R) (XI5, 5 (x\u)

where f > 0, 0 < @ < 1 and sj g)(x) is the number of unordered
triplets that are closer than R.

4. Lennard-Jones model

Mu,x) =8 [T @(lo = ull)

vex\u

with log @(r) = (6% 76 —60"2r=12) 1y g (r), for r = ||Jv—u]|, where § > 0
and 3 > 0 ares parameters.



4 Main results

Suppose that a single realization x of a point process X is observed in a
bounded window W,, where (W,,),>1 is a sequence of cubes growing up to R4,
Throughout in this paper, his a non-negative measurable function defined
for all u € RY, x € N;; by

h(u,x) =1 (11)161£H1}—u|| > R> =1 (d(u,x) > R),

note that

F(o,mv) = E[h(0,x)h(rv,x)]
and

J(r) = /sdl F(o,rv)dv.

To estimate the function 3*2.J(r)®(r), we introduce edge-corrected kernel-
type estimator R, (r) defined by

#
~ 1 My, cpp (u) ~ - o —ul[—r
Ry, = 2RV b X h(v.X i (v —ull =7y
(r) bn|Wn@2R|0d u%}(”v - U’Hd_l (u’ \{’LL, U}) (U’ \{’LL, U}) ! ( by,
[[o—ul| <R
(4.3)

© will denote Minkowski substraction, with the convention that

Wieor = Wy, © B(u,2R) = {u € W, : |lu —v|] <2R forall ve W,}
denotes the 2 R-interior of the cubes W,,, with Lebesgue measure |W,,cor| > 0.
Z# signifies summation over distinct pairs. K; : R — R is an univariate
kernel function associated with a sequence (b,),>1 of bandwidths satisfying
the following:

Condition K(1,«) : The sequence of bandwidths b, > 0 for n > 1, is
chosen such that

lim b, =0 and lim b,|W,e2r| = 0.
n—oo n—oo

The kernel function K : R — R is non-negative and bounded with bounded
support, such that:

/Kl(u)du:1,/qu1(u)du:0,j:0,1,...,a—1, for a > 2.
R R



To estimate the function 8*J(r) we introduce empiric estimator J, (r) defined
by

Tu(r) = m D Mo (), XA {uh) e (u, X {u}), (4.4)

where h*(u, x) fsd 1 — u,x)dv. Using the spatial ergodic theorem of
Nguyen and Zessin [22], estlmator (4.4) turn out to be unbiased and strongly
consistent. The natural estimator of Poisson intensity g* is

= Yuex Lana(wh(u, XA\ {u})
o= fAn, h(u X)du (4.5)

This estimator turn out to be unbiased and strongly consistent and results
on asymptotic normality were obtained by Morsli et al. [5].

Plugging in the above estimator (4.4) and (4.5), then the interaction
function @(r) = exp(—~(r)) for r € (0, R] can be estimated using edge-
corrected non-parametric estimate by

~

b, (r) = }(?). (4.6)

The strong consistency of the estimators (4.4) and (4.5) implies the following:

Proposition 1. Let vy be pairwise interaction potential defined in (2.1) sat-
isfying condition (2.2). Let Ky kernel function satisfying Condition K (1, )
and the function J(r)exp(—v(r)) has bounded and continuous partial deriva-
tives of order a for all « > 1 in (r — 6,7 + &) for some § > 0. Then as
n — oo

B, (r)—s exp(—v(r)) in probability P (resp.P-a.s.) iff
R, (r)— B J(r)exp(—~(r)) in probability P (resp.P- a.s.).

The convergence in probability (consistency) for a wide class of point
process will be discussed in Section 5. Conditions ensuring uniform P-a.s.
convergence of kernel-type estimator of R,(r) and the strong consistency
®,,(r) will be discussed in Section 6.



5 Consistoncy

5.1 Asymptotic behaviour mean squared error of the
kernel-type estimator

In this section we will derive bounds for the mean squared error of the ker-
nel estimator kernel-type estimator of R, (7). We consider the mean square

error of ﬁn(r), MSE (ﬁn(r)) = Var (ﬁn(r‘)) + (Biais(ﬁn(r))Q. So con-
vergence in MSE implies that as n — oo (Bz'az's(]fzn(r))2 = (Eﬁn(r) -
B*2J(r) exp(—’y(r)))2 — 0 and Var (En(r)) =E (En(r) - Eﬁn(r))2 — 0.
Hence, R, (r) is consistent in the quadratic mean and hence consistent. For

doing this, we first determine the asymptotic behaviour of Efin(r) and
Var R, (7).

Theorem 1. Let v be pairwise interaction potential defined in (2.1) satisfying
condition (2.2). Let K kernel function satisfying Condition K(1,1). For all
r € (0, R], we have

lim Eﬁn(r) = B*2J(r) exp(—7(r)).

n—oo

If Condition K(1, «) is satisfied and the function exp(—v(r))J(r) has bounded
and continuous partial derivatives of order o in (r — d,r 4 0) for some § > 0
and for all o« > 1. Then

ER,(r) = B2J(r) exp(—=y(r)) + O() as n — oo.

Theorem 2. Let v be pairwise interaction potential defined in (2.1) satisfying
condition (2.2). Let Ky kernel function satisfying Condition K(1,«) for all
o > 1 such that [, Ki(p)dp < oo . For all r € (0, R], we have,

i bW Var(Ba(r)) = 20 ) exp(=2 () | K2p)dp

adrd—l

5.2 Proof of Theorem 1
Proof. We define

Luy, ..., ug, X) = hug, X)...h(ug, X),  F(ug, ..., us) = E[h(ug, X)-h(us, X)]

and J([|uall, -, [[us]]) = W([[u]| < R, ..., [|us[| < R).



The calculation of expectation and variance of ﬁn(r) is based on the
iterated Georgii-Nguyen-Zessin (GNZ) formula, see Papangelou [25]:

#
E Z h(uy,...,us, X\ {u1, ..., us}) :/./Eh(ul,...,uS,X))\(ul,...,uS,X)dul...dun
UL,y Us€EX

(5.7)

for non-negative functions h : (R%)" x Ny — R, where \(uy, ..., us, X) is
Papangelou conditional intensity and is defined (not uniquely) by

AUy ooy g, X) = Mg, )M (ug, x U {ur })oo A(us, x U {ug, ooy i1 }).

Applying the preceding formula (5.7) for s = 2, we derive

~ 1
B Ry(r) =
(r) bn|Whear|oa

E/R Twoan(®) 51, u||)z(u,v,X)K1(

2a || — wl[?—1

[|lv = ull =

; T) AMu, v, X)dudwv.

For an interaction radius R, the Papangelou conditional intensity satisfies
Au,x) = A(u,P) forall x with d(u,x) >R

since points further away from v than R do not contribute to the Papangelou
conditional intensity at u. Using the finite range property (2.2), we get

R 6*2

ER,(r) = ———m—
(r) bn|Whe2r|oa
1 N _ _ _
E/ Wn@2R(1i) J(||v—u||)L(U,U,X)K1 M (P(Hv—u“)dudv
waa |V = ]| bn
p*? / J(Isl]) .~ sl =7
_ E[L X)| K P ds.
s o T[T [L(o, s, X)]|K; b (|]s][)ds

Recall a property of the integration theory (see Briane and Pages [4] or
Rudin [28]). Let S~ be the unit sphere in R, i.e. S¥! = {u € R?: |jul| =
1}, then for any Borel function f: R? — R,

f(u)du :/ flr2)rttogdrdz.
R 0 Jsi1
By combining the above result, we get so:

%2
ER,(r)= id

/ / T(bao + 1) F (0, (bug + )0) K1 (0)P(buo + r)oadodo.
—7/bn Sd—1

8



With bounded support on the kernel function and by dominated convergence
theorem, we get as n — oo, E R, (r) — 3*2J(r)exp(—(r)). Now, we are
going to prove the second part of the Theorem 1. We have a product of two
functions F'(o, (b,o + r)v)®(b,o + r) and we approximate each one of them
with a Taylor formula up to a certain . We use Taylor’s formula to obtain
for n — oo,

a—1
(bpo)* dP b dod
d(b, = —(r)dr+ = by, 00
(o) = 2(r) + 37 S5 )i + 2+ )
and
a—1 = =
- =~ (bno)* dF(0,1v) b d*F
F(o, (bpo+1)v) = F(o,1v) + o = dr + e (0, (r + by00)v).

>
Il

1
So we denote this product by T),(rv,r), then we have as n — oo

a—1

F(o, (buo + 1)0)0(byo + 1) = F(o,rv)d(r) + Y _ T, (rv,)(bao)* + O(5).

It follows that,

ER,(r) = 82J(r)d(r)

a—1
—1—6*2/ ZTn(Tv,r)bdev/ngl(g)dg
sd-14 R
+O(by) asn — oo.

Together with Condition K(1,«) imply the second assertion of Theorem
1. |

5.3 Proof of Theorem 2

Proof. The proof of Theorem 2 makes use of the following corollary.

Corollary 1. Consider any Gibbs point process X in R? with Papangelou
conditional intensity A. For any non-negative, measurable and symmetric



function f: R x R x Njy — R, we have

Var ( i S (v, X\{u, v}))

u,veX

=2E 12 (u, v, X)A(u, v, X)dudv

R2d
+4E fu, v, X) f(v,w, X)A\(u, v, w, X)dudvdw
R3d
+E [ flu,0,X)f(w,y, X)Mu, v, w, y, X)dudvdwdy
R4d

= [ B XN X0 ELS (9 XN, X dudoddy.
R4d
Proof. Consider the decomposition (see Jolivet [14] and Heinrich [12])

# 2 #
(3 o Xvueh) =2 3 FunX\(u0)

u,veEX u,veEX

#
+4 Z f(u, v, X\{u, v, w}) f (v, w, X\{u,v,w})

u,v,weX

£
+ Z f(u,v,X\{u,v,w,y})f(w,y,X\{u,v,w,y}).
u,v,w,yeX

(5.8)

Applying the preceding (GNZ) formula (5.7) combining with (5.8), we obtain

#
Var Z f(u,v, X\{u,v})

,’UE); ;é
B S0, X\, 0})? = (B 0, X\ {u,0}))?

=2E 2 (u, v, X)\(u, v, X)dudv
R2d

+4E fu,v, X) f(v,w, X)A(u, v, w, X)dudvdw

R3d

+E f(u,v,X)f(w,y,X)/\(u,v,w,y,X)dudvdwdy

R4d

— /IR{4d E[f(u,v, X)A(u, v, X)] E[f (w, y, X)\(w, y, X)]dudvdwdy.

10



We obtain the desired result. [ |

Applying Corollary 1 to this function

Ly, con (W) = > v —ul[—r
flu,v,X) = HU_GWJ(HU - U||)L(U,U,X)K1<T 7

it is easily seen that Var ﬁn(r) =A; + Ay + A3 — Ay, where

2

A=
' b?%’WnGZRPO—g

]IWn QR(U) 7, T 2 HU_UH -T
E/R2d MWJ(HU — u||) L(u, v, X)K; B — AMu, v, X)dudo,
- 10 () v (V) 5, .
A :—E nO2R nO2R J . B L ’X
B Waearloy /R To = ][]0 = w2 Ul — ulls [ = wlD (. v, w, X)

Kl(HU —:H —T)Kl(HU—;UH _r))\(uw’w,x)dudvdw,

1 Ly () () ~ 5
A :—E no2R no2R J _ _ L X
3 b%’Wne2R|2UZ{ /IQ;MHU_UHd_le—de_l (HU quHw y”) (uavaw7y> )
x K (Hv_bﬁ) K, (%) AMu, v, w, y, X)dudvdwdy,
and
1
Ay

B b%,|Wn62R|20§

(E/R Lwoean(®) 50 u||)f(u,v,X)K1<M>A(U,U,X)dudv)2.

a ||v — ul|d1 b,

The asymptotic behaviour of the leading term A; is obtained by applying
the second order Papangelou conditional intensity given by:

AMu,v,%) = Mu, x)A(v,x U {u}) for any u,v € R and x € Nj;.

Using the finite range property (2.2) for each function A(u, x) and A(v,xU
{u}), this implies that

Mu,0) =B and Av,0U{u}) = B*®(|jv —ul|) forall wu,vecR%

And by stationarity of X, it results

11



26*2
A= o3 2 2
bn|Wn@23| 04

[l — ull

]lWHGQR(u) T ~ 9 —r
/RMWJ(HU ul)) B[H (0, v — u, X)| K3 — &(||v — ul|)dudv

25*2 / / Q+r ~ )
o F(0, (bpo + 1)w) K &(b,0 + r)dodo(w).
" bu[Waoarlo? S, Jsis ngﬂdl (0, (bno + 1)w) K7 (0)®(bno + r)dodo(w)

Dominated convergence theorem and assumption of K imply for all r €

(0, R]
2 *2
lim bn‘WnGZRlAl /8 /K2
n—o0 aqr

We will now show that all other integrals to Var Rn(r) converge to zero.
For the asymptotic behaviour of the second term A, we remember the third
order Papangelou conditional intensity by

AMu, v, w,x) = AMu, x)A\(v,x U {u})Mw,x U {u,v})

for any u,v,w € R? and x € Nj;. Since X is a point process to interact
in pairs, the interaction terms due to triplets or higher order are equal to
one, i.e. the potential v(y) = 0 when n(y) > 3, for ) # y C x. Using
the finite range property (2.2) for each function A(u,x), A(v,x U {u}) and
AMw, x U {u,v}) and after a elementary calculation, we have

_ [ pPe(llo —ul)@([lw—vl) i du,w) <R
Alw, v, w,0) = { B3®(||lv —u||])  otherwise.

Which ensures that A(u,v,w,() is a function that depends only variables
[lv = ul|, [[w = vl|, denoted by @1([v — ull, [|w — v[]).
According to the stationarity of X, it follows that

4 Ly, (W) Lyy e (V) _
A :—E/ | " J(||v —ul], [|lv — wl]) L(u, v, w, X
2 B2 Wheorl202  Jgaa [Jv — w41 — wl]]4! (Il Inl 1) L( )

V—ull —r V—w||—T
< @u(llo — ull, Jhe ol DK (%)m(%)dumw

/ / / / [Whezr N (Waezr — (buo +1)2)]
|Wne2R|0d —r /by, J =1 /by JSI1 JSd—1 [Whezrl

X F(0, (bno + 1)z, (bpd + 1)2)P1(bpo + 7, buo’ + 1) K1(0)K1(0')dodo dog(z)doy(Z).

12



The asymptotic behaviour of the leading term As is obtained by applying
the dominated convergence theorem. When multiplied by b, W,,cor|, we get
hmn—mo bn|Wn62R|A2 = 0.

Next we introduce the finite range property (2.2) and reasoning analogous
with the foregoing on \(u,v,w,y,?). which ensures that \(u,v,w,y,0) is a
function that depends only variables ||v — ull, ||y — w||, ||w — ul], ||w — v]]),
denoted by @o(||v — ull, ||y — w]||, ||lw — u||, [|lw — v||). We find that

1 Lw, cop (W) Lw,gpp (W) ~ =
Az = E/ WSS nO2R J(||lv =], [|lw —yl|]) L(u, v, w,y, X)
b2|[Whearl?05  Jra [[v — u|| 1w — y||d-1

b b
W, N (W, —w
/ / / / / [Whe2r ©2R )|K1(Q)K1(Ql)
\WnezRIUd R S —p b J—r by Jsi-1 Jsa—1 |Whe2Rrl

X B3 (b0 + 1, b + 1, [w]], ]| (buo + )z — wl)dwdodddg(=)doa(2).

Ky <W’—“H—7“)K1<”“’_y’_r>x(u v, w, y, X)dudvdwdy

Where

D5 (bpo+1,byd +1, ||wl], || (bro+7)z—w]||) = ( 0+, by o +r)F( , (bno+
)2, (bpo' +1)2")Po(bro + 1, by + 1, |[|w]|, ||(bno + )2 — w]]).

By dominated convergence theorem, we get lim,, o b, |Wye2r|Asz = 0.

For asymptotic behaviour of the leading term Ay, it then suffices to repeat
the arguments developed previously to conclude the following result.

ﬁ*4

A= ————
b%‘Wne2R|203

Tl —ull,[lw —yl) -~ =
Tw, u)lyy, w E[L(u,v, X)|E|L(w,y, X
/R4d eQR( ) @2R( )HU _ qu_IHw _ de—l [ ( )] [ ( )]

v—ul|—r w—yll—7r
<o =l — i (0= e () dudvaoay
54
~ B2|Waearloj

/ |Wn@2R N (Wn@2R - w)|
3¢ [Wheerl|[v — ul|= 1w — y[[?—1

w &(||o|@(|ly — w||)K1<HU! - T)Kl <”w _by” - r)dvdwdy
64

 [Whe2rlo?

W, N (W, — ~ -
/ / / / / Wneor o2R w)‘J(an—i-r, bnd +17)F(0, (byo+1)2)
Re S —r /by J—r b, Jsi-1 S [Whe2r

X Fo, (bnd + 1r)2")®(bpo + r)®(bpo’ + ) K1 (0) K1 (o' ) dwdedg' doy(z)dog(2).

T[]l llw = yll) E[H (0, v, X)] E[L(w, y, X)]

13



Then by dominated convergence theorem, we get lim,, o bp|Wyoor| Ay =
0. [ |

6 Strong consistency

6.1 Rates uniform strong convergence of the kernel-type
estimator

Before realizing the strong consistency sfn(r) we introduce some necessary
definitions and notation. A Young function ¢ is a real convex nondecreasing
function defined on R™ which satisfies limy o, ¥(t) = +00 and 1(0) = 0. We
define the Orlicz space Ly, as the space of real random variables Z defined
on the probability space (N;¢, F,P) such that E[¢(|Z]/c)] < +oo for some
¢ > 0. The Orlicz space Ly equipped with the so-called Luxemburg norm
||.]|;; defined for any real random variable Z by

121y = inf{c>0; E[p(Z]/c)] <1}

is a Banach space. For more about Young functions and Orlicz spaces one
can refer to Krasnosel’skii and Rutickii [15]. Let 8 > 0. We denote by 1)y the
Young function defined for any z € R* by

V() = exp((z + &)%) — exp(€)  where & = ((1—6)/6)°1{0 < 6 < 1}.

On the lattice Z¢ we define the lexicographic order as follows: if i = (iy, ..., ig)
and j = (ji, ..., jq) are distinct elements of Z4, the notation i <., j means
that either iy < j; or for some p in {2,3,...,d}, i, < j, and i, = j, for
1 < q < p. Let the sets {V/*; i € Z¢, k € N*} be defined as follows:

and for k > 2

k _ y/1 . d. i _ > T o
VEP=V.n{jeZ;|i—j| >k} where |i—j frgl?g)il‘zl Jil

For any subset I' of Z? define Fr = o(¢;; i € I') and set
E(e;) = E(ei| Fym), k€ Vi

Denote 0(q) = 2q/(2 — q) for 0 < ¢ < 2 and by convention 1/6(2) = 0.

14



Next we list a set of conditions which are needed to obtain (rates of)
uniform strong consistency over some compact set [rq,72] in (0, R] of the
estimator R,(r) to the function 3*2J(r)®(r). The following assumption is
imposed:

Condition Lp : The kernel function K is a Lipschitz condition, i.e. there
exists a constant 1 > 0 such that

|K1(p) — K1 (p)| <mlp—p/| forall p,p € [ri,ra).

Strong uniform consistency for the resulting estimator are obtained via
assumptions of belonging to Orlicz spaces induced by exponential Young
functions for stationary real random fields which allows us to derive the
Kahane-Khintchine inequalities by El Machkouri [17]. Our results also carry
through the most important particular case of Orlicz spaces random fields,
we use the inequality follows from a Marcinkiewicz-Zygmund type inequality
by Dedecker [6].

Now, we split up the sampling window W, into cubes such as W,cop =
User, As, where A; are centered at i and assume that I',, = {—n,...,0,...,n}?
increases towards Z?. We split up En(r) as follows:

En(r) - Z Ry (r)

B bn|Wn@2R|Jd p

Ip, (u) + = lv —ul| =7
R = 3 X\ B X o (==,
lo—ull<R.
Note for all k € T',, Ry = Rp(r) —ERi(r) and S, = > ker,, Ry (r).
Theorem 3. Under Conditions K(1,«) and Lp. Further, assume that J(r) exp(—v(r))
has bounded and continuous partial derivatives of order o in [rqy — &,r9 + 0]
for some § > 0.

1) If there emists 0 < q < 2 such that Ry € Ly, and

D

kevy

2 < 00. (6.9)

| RiEjgy (Ro)|

Yo(q)

Then

N ogn)l/1
sup |Rn(7“>—ﬂ*2j(7”) eXp(—’}/(T»‘ = Oa.s. (wg—)>+0(bz> as n — Q.

r1<r<ra bnnd/2
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2) If Ry € L™ and
> BB (Ro)| ., < oe. (6.10)
keVy
Then

sup | Ru(r) =327 (r) exp(—(r))| = O,

r1<r<rz bnnd/Z

(tosy”

3) If there exists p > 2 such that Ry € L and

> [ ReEw(Ro)l, < oc. (6.11)

keVy

Assume that b, = n~%(logn)? for some q1,q2 > 0. Let a,b > 0 be fized
and if alp+1) —d*/2—q>1 and blp+1)+q > 1. Then

r1<r<rag bnnd/2

Remark 1. From the Markov property of X entails that for i # 0 are not
neighborhoods, then R; et R, are conditionally independent, i.e E[Ro|(Xy,; 1 #
0] = 0. Since o(R;,i € V) is contained in o(Xy,,i # 0) for k > 1, for some
integer L, it follows immediately that conditions (6.9), (6.10), (6.11) are sat-
isfied.

6.2 Proof of Theorem 3

Proof. To establish rates of the uniform P- a.s. convergence for the estimator
R,.(r), we apply a triangle inequality decomposition allows for

~

sup ﬁn(r) —ER,(r)] < sup

Rolr) = Ruly)

8i—1<r<s; 8i—1<1,p<s;
+ s [ER0)-BR)
8i—1<7r,p<s;
+ sup  |Ru(p) — ERn(p)‘-
8i—1<p<s;
The compact set [rq,75] is covered by the intervals C; = [s;_; — s;], where

s; = ry +i(re —ry)/N,i = 1,...,N. Choosing N as the largest integer
satisfying N < ¢/I,, and [,, = r,b>. Under the condition Lp, we deduce that
there exists a constant n > 0 such that for any n sufficiently large

16
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N n%(logn)®
sup | R, (r)—B*J(r) exp(—v(r))| = O, (ﬁ) +0O(by) as n— oo.



~ ~ 1 -
sup | Ry (r) — Rn(p)' < Snlr—plR,

S$i—1<7,p<s; o bn
Srnﬁn
where
R Ly B 5w oo X fuo)
= —————— —==—"h(u, U, v v, u,v}).
0a|Whezrl woeX [lo — ||
[lv—u||<R

Follows from the last inequalities and the Nguyen and Zessin ergodic theorem
[22]:

sup
8i—1<71,p<s;

R, (r) — En(p)’ =0,s(rn) as n— oo.

As well

sup |ER,(r) — Eﬁn(p)‘ =0,s(rn) as n— 0.

8i—1<1,p<58;

Lemma 1. Assume that either (6.9) holds for some 0 < q < 2 such that
Ry € Ly, and r, = (log n)Y/b,(y/n)? or (6.10) holds such that Ry € Lq,
and r, = (logn)'/?/b,(/n)?. Then

sup ﬁn(p) — Eﬁn(p)‘ =0,s(rn) as n— oo.

5i—1<p<s;

Proof. For ¢ > 0, using Markov’s inequality, we get

P <|]?in(r) - Eﬁn(r” > Ern> =P (]Sn] > Ernbnnd>

q q
Sexp[— qugq ]Eexp[ #—i—fq ]
Therefore, we assume that there exists a real 0 < ¢ < 2, such that

Ry € Ly,,, and using Kahane-Khintchine inequalities (cf. El Machkouri
[17], Theorem 1), we have

P (\]?in(r) — Ef{n(r)\ > 5rn> <P (]Sn] > 5rnbnnd>

’ uban !
< (14 €%) exp [— (M(Zje; biZ(R))lm +§q) ]
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denote
2

= [ Bolly,, + 22

kevy

We derive that if condition (6.9) holds, then there exist constant C' > 0 and

so if 7, = (logn)"/b,,(y/n)?

| R Ejiy(Ro)|

¥o(q)

sup P(|Ru(r) — ERu(r)| > ern) < (14 €5) exp [—

r1<r<ro

e logn
o '

Now, we will accomplish the second step the proof of Proposition 3. Using
Kahane-Khintchine inequalities (cf. El Machkouri [17], Theorem 1) with
q = 2, such that Ry € L, we have

P (IRu(r) = BRu(r)] > er,) <2 exp [- (Mg:”bbizzé))vz) }

denote

bia(R) = ||Ro||_ + > || BBy (Ro) .-
keVy

We derive that if condition (6.10) holds and so if 7, = (logn)'/?/b,(y/n)?,
there exists C' > 0 such that

sup P(|R.(r) — Eﬁn(rﬂ > er,) < 2 exp {—

r1<r<rg

e2 logn
C? '

choosing ¢ sufficiently large, therefore, it follows with Borel-Cantelli’s lemma

P(lim sup sup |Ra(p) — Eﬁn(p)‘ > ery,) = 0.

n—00 5;_1<p<s;

Now, we will accomplish the last step the proof of Theorem 3.

Lemma 2. Assume (6.11) holds for some p > 2 such that Ry € LP and
b, = n~%2(logn)? for some constants q1,qs > 0. Let Let a,b > 0 be fived and

denote 1, = n*(logn)®/b,(y/n)e. If
ap+1)—d/2—qgp>1 e bp+1)+q>1,

then

sup
8i—1<p<s;

R.(p) — ERn(p)’ = O,s(rn) as n— oo.



Proof. Let p > 2 be fixed, such that Ry € I.” and for any ¢ > 0,
P(|R,(r) — E R, (r)| > er) = P (|Su] > ernbyn?)

e PE|S,|P
rhbhnrd
- p/2
< R (22? ZF Ci(R>> '
1€l n

The last inequality follows from a Marcinkiewicz-Zygmund type inequality
by Dedecker [6], where

ci(R) = || Rill + Z | Ri B (Ry)|| 5
keV}

Under assumption (6.11) and with the stationarity of X, we derive that there
exists C' > 0 such that

P( swp |Fulp) — EBalp)
si—1<p<s;

> ET’n) < N sup P(|§n(7“) — Eﬁn(rﬂ > erp)

r1<r<rs
Ke™P
< N—-r——"-—.
T mabh(v/n)pd

As N < ¢/l,, and l,, = r,b?, then for r, = n®(logn)’/b,(v/n)? , it results for
n ¢ sufficiently large,

~ ~ ,igfp
P <Si?1<1£)<8i R.(p) —ER,(p)| > €Tn> < na®+)=d4/2(log n)bep,
ke P

= nalp+1)—d/2—q2 (log n)b(p+1)+q1 ’

Fora(p+1)—d/2—qg,>1etb(p+1)+ ¢ > 1, we get for any e >0e >0

ZIP’( sup

n>1 $i—1<p<s;

~

Ra(p) — ERn(p)‘ > Ern) < 0.

Considering these arguments the proofs of Theorem 3 are completed, it
results from a direct application of the theorem of Borel-Cantelli and by
Theorem 1 we have

sup |ER,(r) — R(r)| = O(b2) as n — oo.

r1<r<rg
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