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Introduction and general notations

Backward stochastic differential equations (BSDEs) are the non-Markovian (stochastic) counterpart
of semi-linear parabolic equations. They have a wide range of applications in economics, and more
generally in optimal control. In mathematical finance, the standard hedging theory can be written
in terms of BSDEs (possibly reflected or with constraints), but they are also naturally associated
to risk measures (g-expectations), utility maximization under constraints, or recursive utilities.

These lectures are an introduction to the theory of BSDEs and to their applications. We will
concentrate on various existence and stability results, starting from the classical Lipschitz continuous

case up to quadratic BSDEs, and BSDEs with constraints.

Our aim is to present the techniques rather than the results by themselves, so that the reader can
enter the subject and further study the references we provide. These notes should be read in the
given order, some arguments that are used repeatedly will only be explained the first time they

appear.

We shall only consider BSDEs driven by a Brownian motion. Most of the results presented here
can be extended to BSDEs driven by a Brownian motion and a jump process, or even by a general

rcll martingale.
Very good complementary readings are the lectures notes [10, 29] and the book [31].

We collect here some general notations that will be used all over these notes.

We use the notation 0, f to denote the derivative of a function f with respect to its argument x.

For second order derivatives, we write 07, f and 92, f.
The Euclydean norm of z € R? is |z|, d is given by the context.

We will always work on a probability space (2, F,P) that supports a d-dimensional Brownian motion
W . We let F = (F;)i<r denote the augmentation of its raw filtration up to a fixed time horizon 7.
In general, all identities are taken in the P — a.s. or dt x dP-a.e. sense, this will be clear from the
context.

We shall make use of the following spaces (the dimension of the random variables depends on the



context):
e P : progressively measurable processes.

e LP(F;) : Fi-measurable random variables ¢ such that ||| := E [|§|p]% < 00. We write L7 if
t="T.

e SP: ( in P with continuous paths such that ||([|s» < c0.

3 =

e S : ¢ in P with rcll paths such that ||C||s» := E [supyo 7 []P]? < o0.

e AP : ( in P with non-decreasing rcll paths and such that (; € IL” and (, = 0.

1

e HP : ¢ in P such that ||(||mr :=E UOT |C5|pds] f<o

e H" : ¢ in P such that ||¢|jz» == E [[foT |Cs|2d$]%] 7 < o0,
e 7; : set of stopping times with values in [t,T]. We write T for 7.

1
o Bt Cin P such that ||Clay, = sup,er |E [ [ 1GPds 17 [~ < oo

Given two processes X and X', we shall always use the notation AX for X — X’. We apply the

same for two functions g and ¢": Ag=g¢9—¢'.

In all this document, C' will denote a generic constant which may change from line to line. Although
it will not be said explicitly, it will never depend on quantities that may change in the course of the

argument (like a parameter that will be send to oo for instance).

Proofs will be given for the one dimensional case although the result is stated in a multivariate

framework. This is only to avoid heavy notations.



Chapter 1

Introduction and motivations

1.1 What is a BSDE ?

Given an R?-valued random variable € in L2 and g : Q x [0, T] x R¢ x R¥4_ a solution to the BSDE
T T
yt:5+/ gs(Ys,Zs)ds—/ Z.dW., t<T, P—as., (1.1)
¢ ¢

is a pair of adapted processes (Y, Z), typically in S? x H2, with values in R? x R¥? such that (1.1)
holds.

It means that the process Y has the dynamics
dYs = —gs(Ys, Zs)ds + Z,dWs,

but, as opposed to forward SDEs, we prescribe its terminal condition Y7 = £ rather than its initial
condition Yj.
To fix ideas, let us consider the simple case g = 0. Then, a couple (Y, Z) € S? x H? such that (1.1)
holds must satisfy

Y, =E [5 |~7: t}

and the Z component of the solution is uniquely given by the martingale representation theorem

T t
g:]E[gH/O Z,dW,, ie E[¢ \]—“t]:E[ﬁ]Jr/O Z,dW..

From this particular case, we see that an adapted solution to (1.1) can only be given by a pair: the
component Z is here to ensure that the process Y is adapted. Unlike deterministic ODEs, we can

not simply revert time as the filtration goes in one direction.

In the rest of this Chapter, we provide various examples of applications. Other examples can be
found in the lectures notes [29] and in the book [31].



1.2 Application to the hedging of financial derivatives

Let us first discuss some applications to the pricing and hedging of financial derivatives.!

1.2.1 European options

We consider here a financial market with one risky asset S whose evolution is given by
dSt = St,utdt + StO'tth7

in which p and o are some predictable and bounded processes. A trader can either invest in the
risky asset S or borrow/lend money at an instantaneous risk free interest rate r, which is again
bounded and predictable for sake of simplicity. If 7; is the amount of money invested in S at ¢, and
Y is the total wealth of the trader, then Y — 7 is the amount of money that is lend /borrowed, and

the dynamics of the wealth process is
d)/;g = %dst + Tt(}/;g — ﬂ't)dt = {7Tt(,ut — Tt) + 'T't}/;g} dt + thtth-
t

Let us now consider a European option with payoff at time T given by a random variable & € .2
The aim of a trader who wants to sell this option is to define the minima initial amount of capital
Yy such that he can cover the payoff £&. Obviously, if we can find a 7 such that Yy = &£, then this

minimal amount is Yy. Otherwise stated we look for a couple (Y, 7) such that

T T
Y, — ¢ / (e — 1) + 7Y} ds — / oV
t t

If there exists a predictable process A such that (4 —r) = o\, which is called a risk premium in

mathematical finance, then the above reads

T T
Yi=¢ - / {Z:sAs +rYs}ds — / Z,dWs, (1.2)
t t

after setting 7 := wo.
Hence, the problem of hedging the option is reduced to finding a solution to a BSDE.

In the above, the solution is explicitly given by Y; = E%[e™ I rsds¢ | ] in which Q is the equivalent

probability measure such that W+ fo Asds is a Brownian motion, the so-called risk neutral measure.

However, the solution is no more explicit if the interest rates for borrowing and lending are different.

Let us denote them by r* and 7! respectively. Then, the dynamics of the wealth is given by

T T
Y, =¢&— / {Wsus +rh (Y, — m) T = rb(Y, — Ws)_} ds — / ms0sdWs.
t t

!This section can be completed by the reading of El Karoui et al. [32, 30].
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Assuming that ¢ > 0, the corresponding BSDE is

T
Yi=¢— /{ —i( Y, - 2t — rg(asY;—Zs)_}ds—/ Z,dW,.

Os

1.2.2 Hedging with constraints

Let us now consider the case where the trader wants to confine himself to strategies 7 satisfying
certain bounds: m € [—m, M| dt x dP-a.e. for given limits m, M > 0. Then, he needs to find (Y, Z)
satisfying (1.2) and Z/o € [—=m, M| dt x dP-a.e. In general, this problem does not have a solution

and one needs to relax (1.2) into
d}/t S {ﬂ't(/ubt — Tt) + Tt}/t} dt + WtUtth with YT == 57 (13)
which we write as

T T
Y, =& — {Zs s +15Ys} ds — / Z Wy + A — Ay, (1.4)
t t

in which A is an adapted non-decreasing process. The A process can be viewed as a consumption
process. To ensure to keep m = Zo within the prescribed bounds, one needs to start with a higher

initial wealth, which might indeed not be used and can therefore be consumed.

Hence, the solution is now a triplet (Y, Z, A). Obviously, uniqueness does not hold in general, as we
can always start with an higher Y; and compensate with the A process. However, we are interested
here in the characterization of the minimal solution, in the sense that Y is minimal among all

possible solutions, since the trader wants to minimize the initial capital required for the hedging.

This problem has been widely studied in the mathematical finance literature, and we refer to
[5, 14, 20, 22] for an analysis in the context of BSDEs. The corresponding BSDE is usually referred

as a BSDE with constraint on the gain process.

1.2.3 American options

An American payoff can be viewed as an adapted process (: the amount (; is paid to the holder if
he exercises his option at ¢ before the maturity 7.

Then, we want to find (Y, Z) solving (1.3) such that Y > ( on [0,7] P—a.s. Again, we can not expect
to have an equality in (1.3) if we look for a minimal solution, which in particular should satisfy
Y7 = {r. Then, a solution is again given by a triplet (Y, Z, A), with A adapted and non-decreasing,
such that (1.4) holds and Y > ¢ on [0, 7]. This is called a reflected BSDE, as the Y process should
be reflected on the lower barrier ¢ so has to stay above it at any time. This class of BSDEs has

been first introduced in the context of mathematical finance by El Karoui et al. [30].



1.2.4 Hedging according to a loss function

We now consider the problem of finding the minimal initial wealth Y, such that there exists 7 for
which
E[l(Yr —&)] = m.

In the above, m is a threshold, and ¢ is a loss function: a non-decreasing and concave function,
which typically strongly penalizes the loss (Y7 — &)~. This pricing criteria has be widely studied by
Follmer and Leukert [33, 34]. This leads to a class of BSDEs in which the terminal condition Yr
is no more fixed, but has only to satisfy a certain moment condition. Their properties have been
studied by Bouchard, Elie and Réveillac [6].

1.3 Optimal control : the stochastic maximum principle

Let us now turn to an application in optimal control.

We consider here the problem of maximizing an expected gain of the form

T
J(v):=E {g(X%) +/ ft(X;’,Vt)dt} ,
0
in which X" is the solution of the one dimensional sde
dX;/ = bt(Xty, l/t)dt -+ O't(X;/, I/t)th

with v in the set U of predictable processes with values in R.

In the above, the random maps f, b and o are such that (t,w) — (fi(w,z,u), by(w, z,u), oy(w, z,u))
is predictable for any (z,u) € R? (we omit the w argument in the following). We also assume that
they are dt x dP-a.e. bounded, C! in their argument (z,u), and that themselves as well as there
first derivatives are Lipschitz. The function g maps 2 x R — R, ¢g(0) € L*°, and g is a.s. C* with

bounded first derivative in z.

In the following, we shall show how BSDEs permits to provide necessary and sufficient conditions

for optimality. We refer to Peng [50, 51] for further references.

1.3.1 Necessary condition

Let us start with a necessary condition for a control 2 to be optimal. The general idea is to used a
spike variation of the form v*7 := 1o ryupre, 1] + V1 rte) With € € (0,7 —7) and v a F,-measurable
random variable, 7 € T.

By optimality of 7, we must have



and therefore, if € — J(v°7) is smooth,

0.J() ., <0. (1.5)

‘E:O —

The first problem is therefore to show that this map is smooth. From now on, we write X for X7
and XV for X*"", and we assume that o does not depend on v for sake of simplicity, see [51] for

the general case.

Under this additional condition, we can first show that X*"" is smooth with respect to e.

Proposition 1.1 Let us consider the process Y™ defined as the solution of

}/:‘, = ]-tZT (bT(XTJ V) - bT(XT7ﬁT)>

t t
+ / d,b, <X1/) Y,ds + / 0, (X> Y, dW, . (1.6)
Assume that © has P — a.s. right-continuous paths. Then, Y"7 = %X”Tﬂe:o on [0,7] P — a.s.

Moreover,

T
T = B |0aCniy 4 [ o (s
+E LX)~ (X)) (17)

The idea of the stochastic maximum principle is to introduce a set of dual variables in order to
exploit (1.7). Let us first define the Hamiltonian:

Ht('ra u,p, Q> = bt(x7 u)p + Ut(‘r)q + ft(xv u)

Then, we assume that there exists a couple (p, Q) of square integrable adapted processes satisfying
the BSDE

T T
B = 0,9(Xr)+ / 0 H(Xy, 0, By, O)ds — / OV, (1.8)
t t

This equation is called the adjoint equation and (]3, Q) the adjoint process.

The reason for introducing this process becomes clear once we apply 1td’s Lemma to PY ™. Indeed,
assuming that the local martingale part of PY™ is a true martingale, we obtain that 0, g(XT)EA/TT’” =

pT)A/;’” is equal in expectation to
A A A T A A A A
Bo(br(Xr0) — br (X, 52)) — / VO, HA(Xy, Dy P O,)ds
T R o T .
—i—/ O,bs <Xs, 193) Y7V Pyds —I—/ 0,0 (XS) YV Quds,

9



which, by definition of H, is equal to

T
Prbn () = 0 (i) = [ V7005 (et ds.

It follows that

~

aaj(ysj)k:o - E[HT(XT7VT7PT7QT)_HT(XT)D7P’T?QAT>i| .

By arbitrariness of v, this implies the necessary condition

A A ~

HT(XT, Uy, Py, QT) = maXHT(XT, u, Pr,Q;) P—as. (1.9)

ueR

forall 7€ T.

A similar analysis can be carried out when o does depend on the control v but it requires a second

order expansion in the definition of Y above. See Peng [50, 51].

1.3.2 Sufficient condition

We work within the same framework as above, except that we now allow ¢ to depend on the control

process V.

We assume here that the maps

x+— g(x) and = — ﬂt(x, B, Qt) = sup Hq(z, u, P, Qt) are P — a.s. concave (1.10)
u€eR

for almost every ¢ € [0, 77, and that
aIHT(XT7ﬁT)pT7QAT> :8$7:[7'(X7"p7'7©7') (111)

for all stopping times 7. Note that the latter corresponds to the envelop principle along the path of
(X, P, Q).
Under the above assumptions, the condition

Ho(Xr, 0r, Pr, Qr) = max 1o (Ko u, Pr,Qr) V7 €[0,7] (1.12)
ue

is actually a sufficient condition for optimality.

Indeed, we first note that, by concavity of g,

E[g(%r) - 9(Xp)] > E[0.0(Xn)(Xr — X0)] = E [Pr(Xr - X7)]

10



which, by It6’s Lemma and (1.11), implies
- T
B (o)~ o] = B| [ 2005 - 00X )]
LJo

r rT
- E / ax,}:Ls(Xsapsac?S)(XS _X;/)d‘s:|
LJ O

=y (o) - 0,00 Qus]

r pT
10)-10) = E| [ <H5<Xs,as,ﬁs,@s>—m(xg,us,z,@s))ds}
L/ O
r pT
) / ams()i's,ﬁs,@sx&—xg)ds]
LJO

r pT
Z E / ,]:[S(X&psaés) _I?:[S(X;7P57Q5)d8:|
L/ O

r T

_E / O, (X, Py, O0) (X, — XV)ds
LJO

>

Remark 1.1 Let us now assume that p, o and f are non-random and assume that there exists a

smooth solution ¢ to the Hamilton-Jacobi-Bellman equation:

0 = sup <%gp(t,x} + by(z,u)0pp(t, ) + %(at(ﬁc, u))?02 p(t, ) + ft(:c,u)>

u€R

with terminal condition p(T,-) = g. Assume that the sup is attained by some u(t,x). Set p := O
and q = 02 po. It follows from the envelop theorem, that (p,q) formally solves (take the derivative

with respect to x in the above equation)
0 = LYt x) + 0 H(x,p(t, x), q(t, x, 0(t, x)))

with the terminal condition p(T,-) = 0,g. Let now X be the controlled process associated to the

Markov control b = (-, X.) (assuming that it is well defined). Then, It6’s Lemma implies that
T
ptX) = Dg(t)+ [ (Kbl Kol Ko
¢

T
- / Q<57X37ﬁs)dWs .
¢
Under mild assumptions ensuring that there is only one solution to the above BSDE, this shows that
-[:A)t = p(t7 Xt) = awcp(tv Xt) and Qt = Q(t’ Xb ﬁt) = azm(p(ta Xt)o-t(Xtv ﬁt) :

xT

Otherwise stated, the adjoint process P can be seen as the derivative of the wvalue function with

respect to the initial condition in space, while Q 15 intimately related to the second derivative.

11



1.3.3 Examples
Example 1.1 Let us first consider the problem
max E [In(X7)]

where XV is defined as

t dss t t
X, = xo—i—/ X;’I/s?:xo—l—/ X;’Vsusds—l—/ X vso,dWy (1.13)
0 s 0 0

for some xy > 0 and where
St _ Soefot (s —J?/Z)ds—i—fot osdWs

for some bounded predictable processes p and o > 0 with 1/o bounded as well.

This corresponds to the problem of maximizing the expected logarithmic utility of the discounted
terminal wealth in a one dimensional Black-Scholes type model with random coefficients. Here, v

stands for the proportion of the wealth XV which is invested in the risky asset S.

It is equivalent to mazimizing E [ X¥] with X now defined as

t
Xg’:/(ysus—yfag/Q)ds :
0
The associated Hamiltonian is
Hi(z,u,p,q) = (wp — (u’07 /2))p .

Thus ﬂt(x, D,q)

adjoint process (p, ) is given by

Bp and the argmax is 4(t,z,p,q) := % . It follows that the dynamics of the
t

BN

A T/\
Pt_l—/ Q.dW, .
t

This implies that P =1 and Q =0 dt x dP a.e. In particular, for X = X? with v := p/o? the
optimality conditions of the previous section are satisfied. This implies that U is an optimal strategy.
Since the optimization problem is clearly strictly concave in v, this is the only optimal strategy.
Observe that the solution is trivial since it only coincides with taking the max inside the expectation
and the integral in E [ X¥] = E [fOT(VsMs — 1/320'2/2)(18].

Example 1.2 We consider a similar problem as in the previous section except that we now take
a general utility function U which is assumed to be C*, strictly concave and increasing. We also
assume that it satisfies the so-called Inada conditions: 0,U(oc0) =0 and 0,U(0+) = oo.

12



We want to mazimize E [U(X%)] where X" is given by (1.13). We write X for X”.

In this case, the condition (1.12) reads

Ht(Xta U, Pm Qt) = Ssup (U ,utXtPt +u UtXtQt> .

ueR
But, it is clear that it can be satisfied only if
Q.= -NP with A= pjo .
Thus, by (1.8), P should have the dynamics
. . r
B, = 0,U0(Xy) + /t NP,
This implies that we have to find a real Py > 0 such that
pt _ poe—%nggds—f(fAdeg
and Pr = ('LU()A(T). Hence, the optimal control, if it exists, should satisfy
Xr = (8,0)! (Poe*%foT Neds+ [ Ades) . (1.14)

Now, let Q ~ P be defined by dQ = ]f’T/pO so that W =W + fo Asds is a Q-Brownian motion, and
that X is a supermatingale under Q for all v € U. If X is actually a true Q-martingale, then we

must have
zo = E° [(aIU)*1 (Poe*% o”idﬁfo”sdws)] . (1.15)

Using the Inada conditions imposed above, it is clear that we can find Py such that the above identity
holds. The representation theorem then implies the existence of an admissible control U such that
(1.14) is satisfied. Since the sufficient conditions of Section 1.83.2 hold, this shows that U is optimal.

We can also check this by using the concavity of U which implies
UX) < UXr)+0:U(Xr) (X4 — Xr) = U(Xr) + Pr (X5 = Xr)

Since, by the above discussion, the last term is non positive in expectation, this shows that the

optimal terminal wealth is actually given by (1.14).

1.4 Exponential utility maximization with constraints

We now consider a similar utility maximization problem, but we add constraint on the financial

strategy. We restrict to an exponential utility function. Then, the following has been first discussed

13



in El Karoui and Rouge [55]. See also Hu et al. [38] for more details and for the case of power
utility functions, or [37] for general utility functions.
Let U be predictable processes with values in a compact (for simplicity) subset A C R. Given some
predictable bounded processes v and o, we describe here the wealth associated to a trading strategy
v € U by the dynamics

AV = n(pudt + o, dWs), Vi = 0.

We want to compute

up :=supE [U(V})] with U(v) := —e™", 1> 0.

veu

We use the following approach: find a process Y such that L” := U(V" —Y) satisfies
e [V is a super-martingale for all v € U.
e L7 is a -martingale for one v € U.
o L =U(Vy) forallv eld.
e Lj does not depend on v € U, we call it L.

If such a process exists then
E[U(VF)] =E[L7] = Ly > E[Lz] = E[U(V{)],

so that 7 is optimal and uy = Ly.
Let us take Y of the form (1.1). Then,

dLy = -nL{ (Vt,ut +9:(Y1, Z;) — g(Vt - ZtUt)2> dt —n(vioy — Z;) L{dW;.
Thus, we must have

2
Cogte
no

e

e
) noy

aoy — (Z + —
noi

2)
This provides BSDE with a driver which is quadratic in Z. If a solution exists with Z such that L”

is a true martingale for 7 € U defined by
9(2) = (3001 — Z)* = in).

then, © is actually the optimal trading strategy. We shall see later, see Theorem 2.5 below, that

existence holds and that the corresponding Z belongs to H2,,,, which ensures that L” is indeed a

_ — min (Yao, — 702 — ) — min !
oY, Z) = 9(Z;) = min (2(aat Z)° — ap min o <

ac

true martingale, see Kazamaki [39].

Remark 1.2 For U(x) = 27, we take v as the proportion of wealth and
LV — efo ysdWs—1 [; ’y|ys‘2dsef0' vusg—zds+Y.

We obtain by the same arguments as above that the value is x7e¥°.

14



1.5 Risk measures representation

Backward stochastic differential equation can also be used to construct risk measures. We briefly

discuss this here and refer to Peng [53] for a complete treatment.

Let us first introduce the notion of F-expectation defined by Peng, which is intimately related to

the notion of risk measures.

Definition 1.1 A non-linear F-expectation is an operator £ : L2 — R such that
o X' > X implies E[X'] > E[X'] with equality if and only if X' = X.
o &lc] =c forceR.

e For each X € L? and t < T, there exists n;* € L*(F;) such that E[X14] = E[;*14] for all
A€ F. We write &[X] for ni.

Remark 1.3 nX is uniquely defined. Indeed, if 7j; satisfies the same, we can take A = 1,x5; and

deduce from the first item in the above definition that Enf14] > E[ni14] if P[A] > 0. Note that it

corresponds to the notion of conditional expectation, in this non-linear framework.

Let us now consider the solution (Y, Z) of

T T
Vimer [ a0 zyis— [ zaw, i<,
¢ ¢
and call the Y component £/[¢]. We omit ¢ when ¢ = 0. We set ¢, (y, z) = ulz|.

The following remarkable result shows that not only BSDEs provides non-linear expectations, but

that a large class of them (typically the one used for cash invariant risk measures) are actually given
by a BSDE.

Theorem 1.1 Let g : Q x [0,T] x R x R + R be such that g(x,y) € H? for all (x,y), and g is
uniformly Lipschitz in (y, z) dt x dP-a.e., then £9 is a non-linear expectation. Conversely, let £ be
one non-linear F-expectation such that for all X, X' € 1.2

E[X + X') < E[X] + E%[X]

and

EIX + X =&[X]+ X if X e LA(F).

Then, there ezists a random driver g which does not depend on y such that |g(2)| < p|z| and € = &£9.
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1.6 Feynman-Kac representation of semi-linear parabolic

equations and numerical resolution

Let us conclude with the link between BSDEs and semi-linear partial differential equations.

Consider the solution X of the sde
X =z +/ bs(Xs)ds —1—/ 0s(Xs)dWs,
0 0

in which b and ¢ are determinist maps that are assumed to be Lipschitz in their space variable.
Assume that there exists a solution v € C*2([0,T) x R) N C°([0,T] x R) to the PDE

0=Lo+g(-,p,0:p0) on [0,T) x R, with v(T,-) =G

in which )
Lo = Oy + b0y + 5028596@.
Then, the couple

solves
T

T
Y = G(XT)+/ gs(Xs,YS,Zs)ds—/ Z,dW..

Indeed, by Ito’s Lemma,

T T
G(Xr) = v(t,Xt)—F/ Ev(s,Xs)ds+/ 0,v(s, Xg)os(Xs)dWy
t t

T T
= v(t,Xt)—/ gS(XS,v(S,XS),avv(s,Xs)as(Xs))ds+/ 0,0(8, Xs)os(Xs)dWs.
¢ ¢

In particular, if the above BSDE has at most one solution, then solving the BSDE or the PDE is

equivalent.

This provides an alternative to the resolution of PDEs by considering backward schemes of the form
n n T n n n
Yo == E [Yt;hﬂ g (thaytgﬂa Zyn) ‘-Ft"] ;
n n n
Zt? = T]Et? [K;;I(W/t;‘“ - Wt;l) |-7:tf} )

in which Y? = g(XZ}) and X" is the Euler scheme of X with time step T'/n, t!, = ¢T'/n. When the
coefficients are 1/2-Holder in time and Lipschitz in the other components, this scheme converges at
a speed n2, see Bouchard and Touzi [8] and Zhang [58]. Obviously this scheme is only theoretic as
it requires the computation of conditional expectations. Still, one can use various Monte-Carlo type

approaches to turn it into a real numerical scheme, see the references in the survey paper Bouchard
and Warin [9] and in the book Gobet [35].
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Remark 1.4 a. A similar representation holds for elliptic equations. In this case, we have to
replace T' in the BSDE by a random time 7, typically the first exist time of X from a domain, see
e.g. the survey paper Pardouz [47].

b. By considering BSDEs with jumps, one can also provide a representation of systems of parabolic
equations. The original idea is due to Pardouz, Pradeilles and Rao [49] and was further discussed

in Sow and Pardouz [56]. The corresponding numerical scheme has been studied by Bouchard and

Elie [4].
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Chapter 2

General existence and comparison results

The aim of this Chapter is to provide various existence and stability results for BSDEs of the form
(1.1).

From now on, a driver g will always be a random map Q x [0,7] X RY % R4 s RY such that
(9:(v, Z))th € P for all (y,z2) € R4 x Rdxd.

2.1 The case of a Lipschitz driver
We first consider the standard case of a Lipschitz continuous driver.
Assumption 2.1 ¢(0) € H? and g is uniformly Lipschitz in (y, z).

The following results are due to Pardoux and Peng [48]. See also [32] for more properties such as
differentiability in the Malliavin sense and for application in optimal control and in finance.

We first provide an easy estimate that will be used later on.

Proposition 2.1 Let Assumption 2.1 hold. Fiz & € L2, If (Y, Z) satisfies (1.1) (assuming it exists)
and (Y, Z) € H? x H?, then Y € S

Proof. We use (1.1), the fact that ¢ has linear growth in (y, z) and the Burkholder-Davis-Gundy
inequality to obtain
T
IVl < B |G+ [ IV 12,0 + o P0)as].

O

Since the construction of a solution will be based on a contraction argument, we also need some
a-priori estimates on the stability of solutions with respect to their drivers and terminal conditions.

In particular, the following ensures that a BSDE can only have at most one solution.
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Proposition 2.2 (Stability) Let Assumption 2.1 for g and ¢’ holds. Fiz & and & € L?. Let (Y, Z)

and (Y', Z') be associated solutions (assuming they exist) in S* x H?. Then,
IAY ]IS + 1AZ][F < C (IACIE: + [Ag(Y. 2)]1%:) -
Proof. We fix a € R, and apply [t6’s Lemma and the Lipschitz continuity of ¢’ to obtain
T T
e |AY|? +/ e®|AZPds = e°T|AC? +/ e (2AY,(g5(Y, Z) — gL (Y, Z")) — a|AY,[?) ds
t t

T
—2 / e AY,AZdW,
t

IA

T
1
GO‘T\AC!Q+/ e [CIAYI] + SIAZI + |[Ag,[*(Ys, Z6) — o] AYi[]ds
. t
—2 / AY,AZdW,.
t

The reason for introducing the « is that if we now choose @ = C' then the AY terms cancel in the

first integral on the right-hand side:
1 /7 T T
e”‘t|AYt|2+§/ e“|AZPds < eO‘T|A§|2+C’/ |Ags|2(Y5,ZS)ds—2/ e AY,AZ,dW,.
t t t

Note that fo e**AY,AZ,dW is a uniformly integrable martingale since by the Burkholder-Davis-
Gundy inequality

E

. r T
sup| | €AY, AZdW,|| < CE|( / IAY,|? |Azsy2ds)%]
[0,T] 0 L JO

1

E [/ |AZS|2ds} < 00.
0

< CE |sup |AY]?
(0,7]

Taking expectation in the previous inequality then yields
sup [AYP] + [AZ|F < O ([ACE: + [1Ag(Y, Z)|%) -
We now use the definition of AY and the Burkholder-Davis-Gundy inequality to obtain
T
AVl < CB|IACE + [ 1A +|AZP + |ag PV, Z2)ds].
0
and the result follows from the previous estimate. O

Remark 2.1 In the above, we did in fact not use the Lipschitz continuity of g. FEuxistence of a

solution associated to g would be enough.
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We are now in position to prove that a solution to (1.1) exists.

Theorem 2.1 (Existence) Let Assumption 2.1 holds. Then, there exists a unique solution to
(1.1).

Proof. In the case where g does not depend on (y,z) the result follows from the martingale
representation theorem. The general case is obtained by a contraction argument.

Let H2 be the set of elements ¢ € P such that (e2!¢,)<r € H?, for a > 0. Given (U, V) € H, let
us define (Y, Z) := ®(U, V) as the unique solution of (1.1) for the driver (¢,w) — g;(w,U(w), V (w)).
Define similarly (Y’, Z’) from (U’,V’). Then,

T T
e | AY;|? +/ eS| AZ|’ds = / e* [2AY,(g5(U, V) — g5(U", V")) — a| AY,[?] ds
t t .
—2/ e AY,AZ dWs.
¢
Since g is Lipschitz,

A, (.(U,V) — (U, V) < CIAY,| [(AU, AV),)| < o] AV + <

(AU, AV), %,
in which we used that ab < na® + n=1b? for all a,b € R and > 0. Then,
T o [T T
e | AY,? +/ e |AZ,Pds < —/ e |(AU, AV),|*ds — 2/ e AY,AZ,dW,

t @ Ji t

and therefore
o Coa
le* (AY, AZ)||m= < EHG (AU, AV)||ge.

For «r large enough, the map @ is contracting, and therefore we can find a fix point (Y, Z) = (Y, Z).
This also prove uniqueness in H2. We have (Y, Z) € S? x H? by Proposition 2.1 and uniqueness in
S? x H? by Proposition 2.2. a

We now state a comparison result. It is interesting per-se, and it will be of important use for the
construction of solutions with more general divers. Also note the technique that we use to prove it,

it is a linearization procedure which is part of the standard machinery.

Proposition 2.3 (Comparison) Let d = 1. Let Assumption 2.1 holds for g and assume that
existence holds for ¢'. Assume that ¢ < (" and g(Y',Z") < ¢(Z',Y') dt x dP-a.e. Then, Y; <Y/
for allt < T. If moreover P[¢ < ('] >0 or g(Y',Z') < ¢'(Z',Y") on a set of non-zero measure for
dt x dP, then Yy <Yj.
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Proof. Since g is Lipschitz, the following processes are bounded:
b= (V = V') gV, 2) — g(Y", 2)) 1y and a = (Z — Z') N (g(Y", Z) — g(¥", Z)) gz
Let then I'* be the solution of
I'‘'=1+ / [byds + / IMa,dW,.
t t

Since
T

T
AY = AC + / bsAY, + a,AZ, + Agy(Y!, Z0)|ds — / AZdW,,

we obtain

T
AY, —E {P;Ac = [ a0 z)as \ft} .
t

Remark 2.2 Note that the same arguments lead to
T
Vi—E|rc+ [ T 0ds 7],
t
with
b:=Y 1 (g(Y,Z) - g(0,2))1yx and a := Z*(9(0, Z) — g(0))1 2.

In particular, if || 4 |g(0)] < M for some real number M, then'Y is bounded.

2.2 The monotone case

We now relax the Lipschitz continuity assumption and replace it by a monotonicity condition. The

idea is originally due to Darling and Pardoux [23].

Assumption 2.2 (Monotonicity condition) ¢(0) € H?, g is continuous with linear growth in

(y,2), is Lipschitz in z and
(9(y, ") —9W',) - (w—y) <kly =y,

for all y,y € R,

Note that we can reduce to the case k = 0 in Assumption 2.2 by considering (e"'Y;, "' Z;); in place

of (Y, Z). Thus, the name monotonicity condition.

As in the Lipschitz continuous case, we start with a-priori estimates that will then be used to

construct a contraction.
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Proposition 2.4 Let g be such that

y9(y, z) < |yl 19(0) + & (ly1* + |y| |=])

for all (y,z) € REx R4, Fig & € L2 and let (Y, Z) be a solution of (1.1). Then, there exists a > 0

and C,, (both independent on T ) such that
T 2
e+ ([ e laoas) ] .
0

Moreover, there exists v > 0, independent on T, such that

T
E | sup eo‘t|Yt|2+/ ™| Z,2ds| < C,E
0

te[0,7)

T
W[ <E {eﬂ—tw 4 / eW<T-t>|gs<o>|2ds|ft} |
t

Proof. Apply Ito’s Lemma to e*!|Y;|? to obtain

T T T
e Y |* + / ™| Z)?ds = T |¢[? +/ e [2Y,9,(Ys, Zs) — a|Y,|?] ds — 2/ Y ZdW, (2.1)
¢ ¢ ¢

in which

2Y,g5(Ys, Zs) — ofYi|* < CIYi[* + g5 ()] + CIYi] | Z] — afYi[?

1
< O, + |gs(0)]* + §|Zs|2 — alY,|*.
Take o« = C' and use the above to deduce
1 [T T T
eat\Yt\z—i-§/ €| Z,?ds < eaTlf\Z—l—C/ eas|gs(0)|2d5—2/ Y ZdW;.
t t t

This provides the second assertion.

The first one follows from similar arguments, we first write that

2Y,gs(Ys, Zs) — ofYi|* < CIYi[* + 2] |gs(0)] + CIYi| |Zs| — afYi[?

1
< CIYLP+ 2] gs(0)] + 512" — alYil,
and take o = C to deduce from (2.1) that

1 T T T
Py [eizpds = el [ e pl gl ds -2 [ e v.zaw,
t t t

Then,

1 T T
E { / eo‘s\ZS|2ds} < E{eO‘T|§|2+ / e 21Y)| |gs<o>uds}
t 0
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and

1 (7 g
E lsupeat|Y;|2 + 5/ eales|2ds] < E [eaT]§\2 +/ e [2|Ys] [g5(0)]] ds}
0 0

t<T
T
+E |:2 Sup| eas}/sstWs|:| )
t<T t
in which, given ¢ > 0,
T 1
OF [sup / eC“SYsstWS] < { 25| 2| Z,| ds)a]
t<T Jt
< 2E {supeas|Y| |Zs|2ds)§}
T
< E {sup eaS|Y5|2} +C.E {/ |Zs|2d3}
s 0
T
< (E {sup e‘“]YSP} +CE [eO‘T\ﬂQ +/ e [|Ys] 195 (0)]] ds}
s 0

and, given n > 0,

25 | / il laOas| < o [supenivi| + (] T|gs<o>\ds>2].

Combining the above leads to

t<T

1 T
E {sup e |Y;|? + 5 / 6“5|Z5|2ds} < (1+C)E [e*T|Ef] + (t+ Cp+n)E {sup 60‘5|Y5|2}
t s

T
#0y1+ E ([ a0
0
We conclude by choosing ¢ = 1/4 and n = 1/(4C, + 4). O

Corollary 2.1 (Stability) Let Assumption 2.2 for g and ¢’ holds. Fiz & and & € L%, Let (Y, Z)
and (Y', Z') be associated solutions (assuming they exist). Then, there exists a > 0 and C, (both
independent on T') such that

T 2
JAY |2 + [AZ]2 < C.E eaT|,A<||;2+( / e‘mgsm,zgds)
0

Proof. (AY,AZ) solves the BSDE with driver (y,z2) — g(y,2) =gy +Y', 2+ 2") — ¢ (Y', Z'). It

satisfies the requirement of Proposition 2.4. O

Theorem 2.2 (Existence) Let Assumption 2.2 holds. Then, there exists a unique solution to

(1.1).
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Proof. Uniqueness follows from Corollary 2.1. In the following, we separate the difficulties. Since
g is Lipschitz in z, we can first prove that a contraction holds when a solution exists for the BSDE
with driver g(-, V) for any V' € H2. This is a rather direct consequence of Corollary 2.1. Then, we
will show that a solution actually exists for g(-, V') by using the monotonicity condition.

Step 1. Let us first assume that, for any V € H?, we can find a solution to

T T
Y;f = 5 +/ gs(Ysa ‘/s)ds - / stWsa t S T. (22)
t t

Given (U, V), (U, V') 1et (Y, Z), (Y', Z') be the corresponding solutions and let ® be the correspond-
ing mapping. Then, it follows from Corollary 2.1 that

2

T T
AV I+ 1821 < G | ([ el v) - azvias) | < care| [ ey - vipas]
0 0

Hence,
IAY |32 + [AZ|f < CLTe | AV ][,

For T' < § small, the map @ is contracting. For larger values of T', we can glue together the solutions
backward: construct a solution on [T',7"— d], given Yr_s construct a solution on [T'—§,T — 20] with
terminal condition Yr_s at T'— §, and so on. This provides a solution on [0, T7.

Step 2. It remains to prove that we can find a solution to (2.2) for any V € H2 We now set
hi(y) = g:(y, V;) and restrict to the case where |£| 4 sup, |h(0)| is bounded by a constant M. This
will be important as we will modify the driver to reduce to the Lipschitz case and we need to ensure
that, in some sense, the modified driver shares the monotonicity property of h (which will come
from a bound on Y deduced from the bound on £ and h(0)).

By truncating and mollifying the function h, we can find a sequence of (random) functions A" which
are Lipschitz in y, with values 0 if |y| > n + 2, uniformly bounded on compact sets, and that
converges uniformly on compact sets to h. More precisely, we consider a smooth kernel p supported
by the unit ball, 8, € C* with values in [0, 1] such that 0,(y) = 1 if |y| < n and 6,(y) = 0 if
lyl > n+ 1. We set h"(y) := [ n?p(nu)b,(y — u)h(y — u)du.

This allows us to come back to the case of a Lipschitz driver. Then, there exists a solution (Y™, Z™)
to the BSDE associated to h™. We shall now show that (Y™, Z"), is Cauchy, which will provide a
solution for the original driver g.

Since ¢ and h(0) are uniformly bounded, Proposition 2.4 implies that |Y"| < A, where A is inde-
pendent of n. This implies that A" is monotone along the path of Y. More precisely, if k = 0 (which

we can always assume, see above), then A" in monotone on the ball center at 0 of radius n — 1:

W) = [ o)ty — by - wdu= [ aplmhly ~ wdu for [y <n - 1

[ul<1
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and therefore, for |y|, |y/| < n —1,
v — ) (B () — B(y)) = /| R e R A

since Kk = 0.

In particular, for n,m > A + 1, we have

Y™ =Y")(h"(Y™) = h"(Y") = (YT =Y (RT(Y™) = AT(YT) + (YT =Y (RT(Y") - R(Y™))
< 0424 sup | (y) — " (y)|.

ly|<A

By arguments already used in the proof of Proposition 2.2, we deduce that

Y™ = Y72 + 2™ — 2" < CE

/0 sup [A7(y) — h:<y>|ds] |

ly|<A

Hence the sequence is Cauchy. Let (Y, Z) be the limit. Clearly, for all 7 € 7, Y — Y, and
fT ZMdW, — fTT Z,dW, in L2. Moreover

T S

[ = holds < [ sup (1) = hu)lds + [ () = h(v2)lds.

ly|<A

Since h is continuous, convergence holds. Since equality between optional processes on stopping
times implies indistinguishability, see e.g. [24, Thm 86, Chap. IV], this shows that (Y,Z) solves
(2.2).

Step 3. We reduced above to bounded ¢ and h(0) to ensure to be able to make profit of the
monotonicity of h. The general case is obtained by a standard truncation argument. Fix p > 0 and
set &P = {1ljgj<p, MY = h1jp(0)<p- 1t satisfies the requirements of the previous step. Let Y7 and Y?
be solutions associated to p < ¢. By Corollary 2.1,

T
IAY I+ 1821 < CE i1y + [ Linon07)ds
0
Since |Y?| < Cp by Proposition 2.4 and |h(y)| < |h(0)| + C|y|, we have

Lin)sp3he(YP) < Clhe(0)*Lijn.(0)5p}»

and therefore
T
|AY |3 + [|AZ|7 < CE |:|§|21§|>p +/ 1{jh0)>p1 2 (0)ds
0

which goes to 0 as ¢ > p — oo. Hence there exists a limit, and it is easy to check (by similar

arguments as in the end of Step 2) that it provides a solution. O

25



2.3 One dimensional case and non-lipschitz coeflicients

In the one dimensional case, we can even only assume that ¢ is continuous. In general, we do
not have uniqueness, but only the existence of a minimal solution! (Y, Z). The following is due to
Lepeletier and San Martin [41].

Assumption 2.3 ¢(0) € H?, g is continuous with linear growth in (y, z).

Theorem 2.3 (Existence) Let d =1 and let Assumption 2.3 holds. Then, there exists a minimal
solution to (1.1) .

Proof. We proceed by inf-convolution: ¢"(x) := inf,/(g(x) + n|z — 2’|) to reduce to the Lipschitz
continuous case. Being n-Lipschitz, the driver g” is associated to a unique solution (Y, Z™). By
the comparison result of Proposition 2.3, the sequence (Y"),, is non-decreasing and bounded from
above by the solution of the BSDE with driver C(1 + |y| + |z|). Hence, it converges a.s. and in H?.
Moreover, it follows from It6’s Lemma and the uniform linear growth property of (¢"),, which is an

immediate consequence of the linear growth property of g, that

T
2027 < CB | [ o - v - gm0 2]
0

=

2

IN

T 3 T
ce| [Cor-vrpas| m| [T wreizv)
0 0

Hence (Z™),, is Cauchy and converges to some Z € H2.

It remains to prove that fTT gr(Ym Zmyds — fTT 9s(Ys, Zs)ds for all stopping times 7 € T. But
g™ — g uniformly on compact sets. In particular ¢™(z™) — g(z) if 2™ — x. Since, after possibly
passing to a subsequence (Y™, Z™) — (Y, Z) dt x dP-a.e., we actually obtain that ¢"(Y™, Z™) —
g(Y,Z) in H?, by dominated convergence (and up to a subsequence).

We conclude with the minimality of (Y, Z): if (Y, Z’) is another solution, then Y’ > Y™ by Propo-
sition 2.3, but Y" 1Y. a

Remark 2.3 Note that comparison holds by Proposition 2.3 for the minimal solutions constructed

as above.

Remark 2.4 Uniqueness can be obtained under stronger conditions. It is for instance the case if
there exists a concave increasing function k such that K(0) =0, k(z) > 0 is x # 0, fﬁ(w/&(m))dm =

oo and

9y, 2) — 9y, 2)* < k(ly — /'] + |z — %),

see [45]. See also [44] for different conditions.

Y.e. if (Y’, Z’) is another solution, then Y <Y’ on [0, T].
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2.4 The quadratic case

We restrict here to the one dimensional setting d =n = 1.

2.4.1 Existence for bounded terminal values

To prove existence, we use the following idea. Assume that g(y, z) = % z|* and set Y := €Y. Then,

dY =YdY + %Yszt =Y ZdW

so that (e¥,e¥'Z) solves a linear BSDE, which solution is even explicit.

The extension has been first provided by Kobylanski [40]. We start with the case where the driver
is bounded in y and the terminal condition is bounded. The extension to a linear growth condition
on y will be quite immediate, while working with unbounded terminal condition will require an
additional effort.

Assumption 2.4 ( is bounded, g is continuous,
l9(y, 2)| < Ky(1+|2)
for all (y,z) € R x R.

Theorem 2.4 (Existence for bounded terminal values #1) Let Assumption 2.4 holds. Then,
there exists a mazimal solution (Y, Z) to (1.1). Moreover, (Y,Z) € S* x HZ

BMO *

Proof. Saying that (Y, Z) solves (1.1) with terminal condition ¢ is equivalent to saying that

(Y, Z) = (e*"Y 2K, Y 7)

solves

T T
Y, = g+/ G.(Ya, Z)ds —/ Z.dW, (2.3)
t t
in which ¢ := €25+¢ and

9y, 2) = 2Ky {g(Iny/2K,, 2/ 2K y)) — 2*/ (4K4y°) }

which satisfies P
2 < ~ 2
—2Ky — o <g(y,2) <2K_y.
In the following, we focus on finding a solution to (2.3). The idea of the proof is the following. First,
we truncate the driver in y and z so as to recover the case of a continuous driver with linear growth.

Knowing that & is bounded, we then check that the truncation on y does not operate because
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solutions are indeed (uniformly) bounded. By comparison, the sequence of Y-components of the
solutions will be non-decreasing and therefore convergent. It then remains to prove the convergence
of the Z-components.

Step 1. Let 6, be a smooth [0, 1]-valued function with value 1 for |z| < p and 0 for |z] > p+1. Fix
0<fBsetply)=B"1VvyApSand

7 (2,y) = 0p(2)3(p(y), 2) + 2K5p(y) (1 — 0,(2)).

Since gP is continuous, existence holds by Theorem 2.3. Let (Y?, ZP) be a solution.

Then, we can choose (6,), and (Y?), so that the later is non-increasing and bounded. Indeed, if (6,),
it is non-decreasing, then g? | g(p,-), and we can appeal to Remark 2.3. Moreover, by Proposition
2.3, Y? is sandwiched by the backward ODE with divers 2K7(y V ') and —2K}(y A f8), and
terminal condition given by A > 0 and A~! such that A™! < e25s¢ < A. For A large, this coincides
with the ode with drivers 2K,y and —2K,y and the corresponding solutions a, a’ can be found such
that p(a) = a and p(a’) = @’. Hence, we have Y? = p(YP) so that ZP does not depend on p as well.
The corresponding lower bound is uniformly strictly positive so that 1/Y? is also bounded.

Hence Y? converges a.s. and in H? to some Y as p — oo, such that Y and 1/Y are bounded.

Step 2. We now show that (Z?),, is uniformly bounded in H?. To see this, let us set ¢ (z) := e3¢
where ¢ > 0 is such that

—27YP — | ZP|* < §(YP, ZP) < 26%Y'P, (2.4)
Then,
T 1 T
v =vp) - [ (vonmonzn - qronize) is- [z,
0 0
By (2.4) and since ¢’ < 0, this implies that, for any stopping time 7,

T 1 T
w200+ [ (VR4 o)+ g azR ) ds - [ wonza.

We now observe that ¢y’ + 39" = 3¢*/2 and that ¢(Y?) > ¢ for some real ¢ > 0 independent on
p. Hence

CE [w@) o0+ [ ) |¢’<Yf>!2c23@p|f7] > E [ / ' |Z§|2ds|f7} |

T

Note that the same is true for Z?/(2K,Y?).
Step 3. We can now prove that (Z?), converges. As it is bounded in H?, it converges weakly, up

to a subsequence. It is not difficult to check that

FEP2) =g (VP Z7) S M1+ |Z97) < N1+ 127 = 277 + |27 = Z* + | Z]*)
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for some A > 0. Set ¥(x) = e — x/4 — 1. We can take A\ > 1/16 so that ¢ is strictly increasing
and 1(0) = 0. Again, we apply [td’s lemma to obtain

E{ BOP —YE) + / Ly - Aw’}mp—WMZf—Zdes}

U (Y, WAL+ |22 = Z|* + | Z|*) ds].

Note that 14" — X/ = 4X?e*** 4 2 > 0. Then, being bounded, {3¢" — \'}2(Y? — V%) converges
strongly in H? as ¢ — oo to {14/ — M'}3(Y? — Y), so that {1¢" — \g/}2(YP — Y9)| 2P — 7]

converges weakly as ¢ — oo. From this and the fact that Y? > Y and v is non-decreasing, we get

T
{ / Ly - Aw'}mp—ng’—zs\?ds} < nminfE[ / {1w"—Aw’}%p—nqﬂzz’—zzlzds]

q—00
= {/ VY2 = YN +]28 - Zs!2+\zsl2)ds}
— E[(Y - Y0).

Hence

T
e[ [ v - ownor vz - zpas| < wmie| [ G- o - volz - 2]

: Uw . YoM+ IZF) ds

Since {1¢” — 2\¢'} = A/2 > 0, it holds that Z? — Z in H?.
Step 4. It remains to prove that (Y, Z) is a solution to (2.3). This is done by similar arguments as

IA

already used. O

Remark 2.5 (comparison) The fact that the sequence (Y?), is non-increasing implies that com-

parison holds for the maximal solutions. One could similarly provide a minimal solution.

We now consider a more general setting

Assumption 2.5 ( is bounded, g is continuous,
|90y, 2) < Ky(1+ [yl + |2]%).

Theorem 2.5 (Existence for bounded terminal value #2) Let Assumption 2.5 holds. Then,
there exists a unique mazimal solution (Y, Z) to (1.1). Moreover, (Y,Z) € S® x H2,,,.

Proof. We can truncate the y term in the driver. Then, since { is bounded, we can again sandwich

the solution is a way that the truncation does not operate. a
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2.4.2 Existence for unbounded terminal values

We next turn to the case where ¢ is not bounded. We follow Briand and Hu [12].

Assumption 2.6 g is continuous, there exists § >0, v >0 a > /v such that
Y2
90y, 2)| < @+ Blyl + S 12"
There exists X > vePT such that E [6/\\§|} < 00.

Theorem 2.6 (Existence for unbounded terminal value) Let Assumption 2.6 holds. Then,
there ezists a solution (Y, Z) to (1.1). Moreover,

S WE(-€IF] <Y < S WEG(EIR,

in which ¢ is given by (2.5) below.

Proof. The proof is based on Theorem 2.5 as we shall first truncate the terminal condition.
However, we need global estimates on the Y-component of the corresponding solutions, which do
not depend on the truncation. To do this, we extend the deterministic bounds obtained in Step 1
of the proof of Theorem 2.4 into (2.6) below. The existence of a solution in the general case will
then be obtained thanks to this global control and a localization argument, see Steps 2 and 3. In
Step 4, we prove that the Z-component is in H?.
Step 1. Set P = ¢ and Q = ve?¥Z. If (Y, Z) € S® x H? solves (1.1) then (P, Q) solves the
BSDE with terminal condition ¢’ and driver
B g, 1lg
F(p,q) = 1p0 ('ypf(lnp/% 7p) > ) )
We set
H(p) :== Lsip(ay + Bl Inp|) + avlpc1 > F(p,q)

and let ¢(z) be the solution of

T
di(x) =" —|—/ H(¢s)ds. (2.5)
t
We first prove that any (possible) solution (Y, Z) € S* x H? of (1.1) with ¢ bounded satisfies
1 1
S WE(-OIF] < Y £ S WE[G(OIF]. 26)

Set
B, = E[6u(¢)|F] = E [eM | ez
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Then, by applying the representation theorem to

evg-%./g E [H(6,(6))|F.] ds

we can find x such that

T T
B, = e + /t E [H(64(€))|F)] ds — /t YWV,

On the other hand . .
P, =%+ / F(P,,Q,)ds — / Q.dW.
t t

Since H is convex, we obtain

R0 [ (F(P.Q) = H@) ds— [ Q=)

Since H is locally Lipschitz and P, ® are uniformly controlled in (0,00), we can apply comparison
based on F' < H. This provides the upper-bound of (2.6). We then consider (—Y, —Z2) and work as
above to obtain the lower bound.

Step 2. We assume here that £ > 0 and set £" := £ An. By Theorem 2.5 and Step 1, we can find
a solution (Y™, Z™) such that

B [(—€")IF] < V7 < S IE (eI (27)

By considering maximal solutions, we must have Y™ < Y"! see Remark 2.5. We define Y :=
sup,, Y,, and observe from (2.7) that it well defined in L' and satisfies (2.6).
Set

T, = inf{t : %lnE [00()|F:] = K} NT.

Since H > 0, (¢); is non-increasing so that InE [¢o(£)|F;] < k implies InE [¢,(£")|F] < k. In view
of (2.7) this implies that Y\ is bounded from above.
We can then define Y* := sup, Y, and show, by similar arguments as in the proof of Theorem

2.4, that there exists Z* which is the limit in H? of Z7, , such that
T ATy TATy
YE=sup Y7, + / 9s(YF, ZF)ds — / ZEaW,.

Since (74)y is non-decreasing, we have Y., = Y*. By 7 1 T and (2.7), we deduce that Y is a
continuous process with limit & at T'. Set Z, = ZF for t < 7. Since Z*™! = Z* on [0, 7], we obtain
that

Tk Tk

9s(Ys, Zs)ds — / Z.dW.,.

t/\T].C

}/;/\Tk :K'k+/

t/\Tk
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It remains to send k — oo.

Step 3. We now consider the general case. Set P := (—p) V £. Then, define (Y?, Z?). We do the
same as a above by taking inf over p.

Step 4. It remains to prove that Z € H? Let 7, := inf{¢ : fot e 1Yl
(€7 — 1 — vyx) /2. Then, since x — ¢(|z]) is C? and ¥ > 0 on R,

Z*ds > n}. Set ¢(x) =

WD) = W)+ [ (WD) 0, 2~ G (VDIZE ) s

tATh

- U(1Ys])sign(Ys) ZsdW,
0

tATh

1 tATy
< Ui+ [ WD YD+ 5 [ 12 u ) - e (v s

— P (|Ys])sign(Ys) ZsdWs.
0

But v¢/(Y;) — ¢"(|Ys|) = —1, so that

1 tATh tATn
vl + 58 | [ 120as| <E o+ [T ¥D @+ oviDas]
0 0
It remains to appeal to (2.6) and our integrability assumptions on &. O

2.4.3 General estimates and stability for bounded terminal conditions

using Malliavin calculus

The content of this section is due to Briand and Elie [11]. The first idea of this paper is to rely
on the fact that the Y-component of a quadratic BSDE with bounded terminal value should be
bounded, while the Z-component should be BMO, i.e. belong to H? We make this assertion

BMO*

precise in the next proposition.
Assumption 2.7 g is deterministic, g(0) and ¢ are bounded by Ko,
19(y, 2) = 9(y', 2] < Lyly — o' | + K(1+ |2 + |2])]= = 2/|.
Proposition 2.5 (Equivalence of the classes of definition) Let Assumption 2.7 hold.
(a.) Assume that (Y, Z) € S® x H? solves (1.1), then Z € H2,,, and there exists k > 0 such that

T
B | [ 12.Pds 1] < (1 Y )t

(b.) Assume that (Y, Z) € S* x HZ,,, solves (1.1), then

[V ||s= < e™T (14 T)Kj.
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(c.) Any solution in S® x H? or in S* x HZ2,,, is in S® x HZ ..

Proof. a. Note that K IK
9y, 2)| < Ko+ == + Lylyl + ===,

Let v be defined by
e3lel — 1 — 3K, ||

and apply Ito’s Lemma to obtain

v < v+ [ (%WYS»—%) Zas+C [ OOl a+ Wl ds— [ o)z,

Since ¢ — 3K,|¢)'| = 1 and ¢ > 0, this implies
1 T r K
38| [ 1zpas 1| <k o+ [l (Ko Gl ds 17

b. We can? use the linearization procedure of Proposition 2.3 because Z € HZ . O
Now that we know that Z should be BMO, we can use the linearization procedure of Proposition

2.3 to obtain comparison of solutions with different terminal conditions.

Proposition 2.6 (Stability in the terminal condition) Let Assumption 2.7 hold for (g,§) and
(9,¢). Let (Y, Z) and (Y', Z") be associated solutions in S® xHzyo. Then, there exists an equivalent

probability measure P and a bounded process b such that
oy e )

for all stopping time 7 < T'. Moreover, there exists py > 1 such that for all p > py we can find C,
which depends only on p, L,, K, and K, such that

1Y = Yls2e + |12 = Z'|lgr < CplI€ = € llL2v-

Proof. Again, we can use the linearization argument of Proposition 2.3 to obtain that there exists

an adapted process b, bounded by L,, and a € H2,, such that

BMO

T
AY = A+ / b AY, + asAZyds — AZ,dW.

2

“vo, We can again define an equivalent

The bound on Ha||H2BMO depends only on K,. Since a € H

measure P and a P-Brownian motion W such that

T
AY = AC + / byAY,ds — AZdW,.

2For any ¢ € H2,;0, the Doléans-Dade Exponential &( fo CsdW5) is a martingale, see Kazamaki [39)].
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This proves the first identity.
Let £* be the Doleans-Dade exponential of fo asdWs. Since the later is BMO, this is a martingale
and, since b is bounded by L,,

Ay < e T(ENTEEFAC] |F] < eMT(ENTE[(EN? |F] E[IACP | R

in which 1/p+1/q = 1. But, by the reverse Holder inequality, E [(E%)? |.7-_t]% <Clfforl<qg<q*
in which ¢* depends |la||m . see Kazamaki [39, Theorem 3.1]. For the AZ term, we again apply
[t6’s Lemma to AY? to obtain

T T T
/ |AZ,|*ds = |AC|2+/ 2AY;(gS(YS,ZS)—gs(i/s’,zg))ds—/ 2AY,AZ AW,
0 0 0
in which
1
AY,(gs(Ys, Zs) — g5(Y4, Z0)) < (sup |[AY ) (Ly 4+ 2K2(1 4 | Z,* + | Z%) + §|AZ|2-

We conclude by using Burkholder-Davis-Gundy inequality, the energy inequality for BMO martin-
gales 3 which implies that

2 2 2 2

120 + 112122 < M 2115+ 1271152 ),
together with the bound on Y of Proposition 2.5. a
Remark 2.6 Eztension of the comparison result to different drivers is straightforward.

We can now look for another proof of existence. The general idea is the following. When g = 0, then
the Clark-Ocone formula implies that Z = E[D.£ |F.] whenever the Malliavin derivative process
D¢ = (D) is well-defined, see Nualart [46]. If D¢ is bounded, then Z is bounded. The same
essentially holds for BSDEs. Thus, if D¢ is bounded, then the Z-component of the solution is
bounded and everything works as if the driver was uniformly Lipschitz in z. Thanks to Proposition
2.6, the general case can be obtained by approximating any bounded terminal condition by a

sequence that is smooth in the Malliavin sense.

Theorem 2.7 (Short existence proof) Let Assumption 2.7 hold. Then, there exists a unique
solution (Y, Z) € S* x Hy\ o to (1.1).

Proof. Step 1. If g is C' and ¢ has a bounded Mallivian derivative, then it follows from El
Karoui et al. [32] that for s <t

T T
D,Y, = D + / (0y9(Yu, Zy) DYy + 0,9(Yu, Zu)Ds Z,) ds — / D,Z,,dW,,
t t

3See Kazamaki [39, Section 2.1]
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while D,Y; = Z;. This readily implies that |Z| < e[| DE||p.

Step 2. In the case where £ has a bounded Mallivian derivative but g is general, we can truncate
g in the z component to make it Lipschitz without changing the Lipschitz constant in y. Then, by
Step 1 and Proposition 2.5, both Y and Z are bounded by a constant which does not depend on
the Lipchitz constant in z of the truncated operator. The truncation can then be chosen so that it
does not operate.

Step 3. One can approximate £ by a sequence (£™),, which has bounded Malliavin derivatives, so
that the convergence holds in any L?, and P — a.s., see Nualart [46]. The sequence can be chosen

to be uniformly bounded by K. In view of Proposition 2.6, the sequence of solutions is Cauchy in
S x H" and belongs to S® x HZy 0. O

Remark 2.7 The linearization technique used in Proposition 2.6 allows for comparison. Note that
a comparison result is also obtained in Kobylanski [0, Thm 2.6] under very similar conditions, but

again the proof is of pde style one and relies on appropriate changes of variables.

2.4.4 Comparison for concave drivers and general terminal conditions

The content of this section is based on Delbean, Hu and Richou [26, 27]. Their key idea consists in
rewriting the solution of a quadratic BSDE in terms of an optimal control problem on parameterized
BSDEs. The value of this optimal control problem being unique, there can not be more than one
solution to the BSDE.

This requires the following assumptions.
Assumption 2.8 g is continuous, and there exists a, 3 > 0 and v > 0 such that
< T2
190y, 2) < a+ Blyl + 1"
Moreover, g is uniformly Lipschitz in y and concave in z.

To define the associated control problem, we introduce the Fenchel transform f of g with respect
to z:

f(y,q) == sup(g(y, z) — 2q). (2.8)
Remark 2.8 We have
o If f(y,q) < oo then |f(y,q) — f(y,0)| < Cly =yl

e f is convex in q.

o fly.q) > —a—Bly| + gl
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o fly.a) = —a+5laf if gly.) = 9(0,).

Theorem 2.8 (Comparison for concave drivers) Uniqueness holds for solutions (Y, Z) of (1.1)

satisfying : 3 p >y and € > 0 such that

E [eps“plo,ﬂ Y™ tesuppg 7 Yq < 0.

Proof. In order to simplify the proof, we assume that g(y,-) < ¢(0,-), see [26] for the additional
small time argument required in the general case. Let A be the of predictable processes ¢ a.s. square
integrable such that

M = 5(/ qsdWs)
0
is a martingale and

52| [ (g + 10,0 ds + 6] <

where dQ/dP = Mrp.
By Briand et al. [13, Proposition 6.4, we can find (Y%, Z?) such that Y is of class (D) under Q,
|Z%)? and |f(Y?,q)| are a.s. square integrable and

T T
Y= 5 +/ fs(}/;q7QS)ds - / QSdWs-

We will show that any solution (Y, Z) of (1.1) verifying the requirement of Theorem 2.8 satisfies
Y = essinf Y.

qgeA
Step 1. Let us prove that Y < Y. Fix tg, let

t
nom wtfeztes [ ZP 412+ ol 2 ),
to

n o= (YO-Y) Y f(Y,Z)— f(Y, Z))1{yazyy,

and note that || < C. We apply Itd’s formula to el "®AY with AY = (Y — Y9), and use (2.8),
to get

AY, = elmiray, / i (g, (Ya, Z0) — fo(YE, qs) — 1A — ¢ Z.) ds — / eJi A Az W e

t t

= elrhAY, 4+ / el (.Y, Zo) = @ Za — fo(Ye, 4s)) ds — / el AZ AW 2

t t

IN

eftTn anTAYTn _ / ej;:s WrdrAstW;@7

t

so that

AY, <E [eff" mdr AY,

Fil .
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In order to pass to the limit n — oo, we use the inequality
ry < e’ + y(lny —Inp—1)
p

to obtain

M
EQ[sup Y+] < E |:easup[0,T] Y+ + _T(ln Mp —1Ine — 1):| < 00,
[0.7] <

by definition of A and assumption on Y. Since Y7 is of class (D), this implies that

AY, < limsupE [ v AY, |F| <E [l v Avr|F] < 0.
Step 2. We now choose ¢ = ¢ € 9.9(Y, Z) so that
FY.q) =9(Y,2) - Zq.
Then, the computations of Step 1 lead to
AY, =E [eff" TN |]—"t] .

If ¢ = ¢ is admissible we can pass to the limit and conclude, since Y4 will be of class (D) and

- M
EQ[Sup Yf] < E |:epsup[07T] LA —T(ln Mpr—1Inp— 1)] < 00.
(0,7] p

To see this, note that, by Remark 2.8 and the assumption g > ¢(0, -),
1. R .
—a+ 5|c1|2 < f(Y,9) =9(Y,Z) — Zq
so that

1, 1
— 6] < Y. Z)+ C|Z]* + — |G|
27|q| <a+g(Y,2)+C|Z| +47|Q|

and
Lo 2
—ld* < a+g(Y,2) + C|Z]".
4y

Hence, |q| is a.s. square integrable. This also implies that

1 1 Tn Tn
5 E [M, InM,]=E® {2—/ |qs|2d5] < E“ V (a+g(Ys, Zs) — qus)dsl <Ta—-EYY, — Y] <C,
Y Y Jo 0

which shows that (M., ), is uniformly integrable by the de La Valle Poussin Lemma, hence M is a

n

martingale. Moreover, we can pass to the limit:

1 T 1 Tn
E [MpIn M) = B¢ [5/ |qs|2ds} < lim inf E© [5/ |cjs\2ds] <C.
0 0

Is it not difficult to check that f(0,q) satisfies the required integrability condition. 0
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2.4.5 Additional readings

Lepeltier and San Martin [42] have studied the case of a super-linear growth in y and quadratic
growth in z. Tevzadze [57] has provided a construction based on BMO arguments and Picard
iterations for systems. Barrieu and El Karoui [1] use an approach based on general properties of
quadratic semimartingales which allows one to consider quite abstract settings. Counter-examples
for the case of super-quadratic growth in z can be found in Delbean, Hu and Bao [25]. As for

numerical schemes, see Chassagneux and Richou [17].
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Chapter 3

Monotonic limits and non-linear

Doob-Meyer decomposition

In all this chapter d = 1. The following material is due to Peng [52]. It provides general stability
results for super-solutions of BSDEs as well as important representation results. These are of
important use to provide general existence results to BSDEs with constraint, see Section 4.1, or

representations to certain optimal control problems, see Section 4.3.

3.1 Monotonic limit

We start with a general stability result under monotonic convergence.

Let us consider the family of processes
Yi=Y]+ / gids — A"+ / Z'ds (3.1)
0 0
where (g%, Z");> is bounded in H?, each A’ € A% and is continuous.

Theorem 3.1 Assume that Y, 1Y, for each t, with Y such that ||Y||sz < co. Assume further that
(g, Z")i>1 is bounded in H?, and that each A® € A% and is continuous. Then, Y has the form (3.1)
where g € H?, (g,7) is the weak limit of (¢, Z");, A € A%, Moreover, (Z"); converges to Z in any
HP with p € [0,2).

Proof. By weak compactness, up to a subsequence, (g, Z*); converges weakly to some (g, Z). Then,

for each stopping times 7, we have the weak convergences

/gid3—>/ gsds and /ZﬁdWs—>/ ZdWs.
0 0 0 0

So A% weakly converges to

A, = —YT+Y0+/ gsds—i—/ Z.,dW,.
0 0
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Using the fact that Y has the form Y = B — A with B rcll and A non decreasing and a.s. finite, we
show that it is rcll (and so is A). Indeed, Y, = B; — A; <Y, and on the other hand

YtﬁY?—i-EjEnib—i—ej—i-e?;ﬁnﬂ—i-ej—i-s;?

in which lim;_,,, £; — 0 and lim,_ et =0.

We now show that (Z%);>1 converges strongly in HP. Fix o < 7 two stopping times, then

EU ]ZS—Z;']st} < EY: =Y+ ) [AA)

te(o,7]

+28 | [ (- v, apas+ [ (- vaa]

= E[7+E| > |A—-A_]

te(o,7]

because A is continuous, (Y — Y*)dA" > 0. The only difficult term to consider is the jumps’ term.

For this, we use the following which in proved in the Appendix of [52].

Lemma 3.1 Let A € A%, then for any §,e > 0, there exists a finite number of pairs of stopping

times (og, Tk)k<r such that 0 < op <1, < T and
e the sets (ox, 11| are disjoint.
> kBl —op| >T —¢
hd ZkgK]E [Zo‘k<t§7'k |Ar — Atfﬂ < de/3.

By using the above, for i large enough,

Y E [/ |ZS—Z§|2ds] < ) ETt46e/3 < 62/2
k k

Ok

From this an the first item in the lemma, we see that (Z°) converges in measure on the product

space Q x [0,T], and therefore in HP for p < 2, since the sequence is bounded in H?2. O

3.2 Stability of super-solutions of BSDEs
Given ¢ € L2, we consider the BSDE
T T
Y, :§+/ gs(YS,ZS)derAT—At—/ ZdW,, t <T (3.2)
t t

in which (Y, Z) € S? x H? and A is a bounded variation process. We shall always assume that

Assumption 2.1 holds (although it will not be said explicitly).
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Definition 3.1 (Super-solution) Y is called a super-solution of (1.1) if A is non-decreasing.
Before to provide the main stability result of this section, let us discuss two important properties.

Proposition 3.1 Given A € A?, there exists a unique solution to (3.2) such that Y + A is contin-

uous.

Proof. Set X :=Y + A. Then, (X, Z) solves

T T
=¢4 Ap +/ 9s(Xs — Ag, Zg)ds — / ZdWs.
t t
We can then use Theorem 2.1. O
Proposition 3.2 IfY is a super-solution then the decomposition in (3.2) is unique.

Proof. Let (Z, A) and (Z', A") denote two decomposition. By It6’s Lemma,
T
0=0 +/ | Zy — Z!|2ds + Z(At — A — (A, — A, )2
0 t
This implies that Z = Z’ and Ay = Aj. Hence,
¢
Vb A = Yot doo [ o0 zis+ [ zaw,
0 0

t

= Yo+ Ay — /gS (Ys, ZY) ds—l—/Z;dWS
0 0

- }/;f—i_At’

and therefore A = A’. O

We conclude this section with a stability result which is a consequence of Theorem 3.1.

Theorem 3.2 (Monotonic stability) Let (Y, Z%) solve (3.2) for some continuous A® € A%, As-
sume that Y 1Y, with ||Y|s2 < co. Then, Y € S?
(Z', AY); is bounded in H? x S?.

and Y is a supersolution of (1.1). Moreover,

rcll

Proof. It suffices to show that (¢’, Z*); is bounded in H?, in which —¢* = g(Y*, Z*), and to apply

Theorem 3.1. Let us compute
(- [ oot s [z
0 0

T
< kE [1+/ ]Zi\%ls]
0
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for some x > 0, while

EU ]Z;\st} < CE {1+/ ]Y;Z;\ds—l—/ Y;dAg}
0 0 0

1 r . 1 .
< C.+-E [/ |Z!2ds + —|AZT|2} ,
4 0 K

for some C,, > 0. We can then deduce from Theorem 3.1 that (Z%); strongly converges in HP, p < 2,
to some Z. This implies that g(Y? Z*) converges in HP to ¢(Y, Z), which in turns has to coincide
with the weak limit of the ¢'’s. O

3.3 g-supermartingale : decomposition, monotonic stabil-

ity and down-crossings

From now on, we write & .[{] to denote component Y of the solution of the BSDE with driver g
and terminal condition £ € L?(F,) at the topping time 7. It is the g-expectation operator. In all

this section, we assume that Assumption 2.1 holds for g.

Definition 3.2 (g-supermatingale) Let X be progressively measurable. X is a g-martingale if
X = E[Xr]. It is a g-supermatingale (in the strong sense) if for all stopping T < T, we have
E[|X,|)] < oo and X > & ,[X,].

We now state the Doob-Meyer decomposition for right-continuous g-supermatingale . A version for

processes admitting only left-limits can be found in [7].

Theorem 3.3 (Non-linear Doob-Meyer) Let Y be a right-continuous g-supermatingale such

that ||Y||s2 < co. Then, Y is a rcll g-supersolution.

Proof. We proceed by penalization. Consider the sequence of solutions

T T T
=Yoot [ atieds [ iy - [ aw, (33)
t t t
We have Y > y'. Otherwise, we could find § > 0 such that P[r > o] > 0 where
o:=inf{t:y, >Y,+0} AT and 7:=inf{t>o:y <Y}

By right-continuity, y! > Y, +6 and Y; > y% on {o < 7}, which contradicts the comparison principle

of Proposition 2.3 combined with the fact that y > Y on [o,7]: Y, > &.[V;] > &-[y:] > y.. By

comparison again, we then deduce that (y%); is a non-decreasing sequence bounded by Y. Hence, it
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converges to some Y. We can then apply Theorem 3.2 to deduce that Y is a rell g-supersolution.
But on the other hand Theorem 3.2 also implies that

T 2
limsup i*E (/ Y —yi\ds) ] < 00,
1—00 t
which implies that ¥ =Y (since both are right-continuous). a

Theorem 3.4 (Monotonic stability) Let (Y"); be a sequence of rcll g-supermatingales that mono-

tonically converges up to'Y such that ||Y||s2 < 0o. Then, Y is a rcll g-supermatingale.

Proof. Let us consider (3.3) with Y in place of Y, and say that (y°,2") is the solution. As above,
we have y* <Y and (y'); is non-decreasing by comparison (since Y is non-decreasing). Hence it
converges to some y <Y, which is a rcll super-solution, by Theorem 3.2. To see that y =Y, let us
consider for ¢ > j the BSDE

T T T
il =i+ [ ol s+ [ iv) yiyds— [ vaw,
t t t
Then, y* = y* > y¥ since Y* > Y7, but y¥ 1Y/ soy > Y. O

We conclude this section with a down-crossing inequality, which is due to Chen and Peng [18]. The
version we provide here is an easy extension of their Theorem 6, see [19, Proposition 2.6].

Let 1 > 0 be the Lipschitz constant of g with respect to its z-variable. We denote by £** the
non-linear expectation operator associated to the driver (y, z) — +pu|z|. Given a < b and a finite
set {0,7} C I C [0,T7], we let Dg(Y, ) be the number of down-crossings of the process (Y;);es from
bto aon [0,7].

Theorem 3.5 (Down-crossing) Let Y be a g-supermartingale such that supp r[|Y|lL2 < oo,
Then,

- 1
80,;[Dg(y7 I)] S HE&T[YO A b - YT VAN b]

Remark 3.1 As usual, this allows to prove that the paths of a g-supermartingale have a.s. left-
and right-limits. As in the linear case, Y admits a rcll modification if and only if t — & r[Y:] is

right-continuous. See [7, 19] for more details.
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Chapter 4

BSDE with constraints

In this chapter, we discuss various results on BSDE with constraints. All over this chapter, £ € L2,
Assumption 2.1 holds, and d = 1.

4.1 Minimal supersolution under general constraints

We start from a general existence result which is an easy consequence of Theorem 3.4.

Let ¢ be a non negative adapted random map, Lipschiz in (y, z). We want to find a minimal solution
(Y, Z,A) € S* x H? x A% which solves (3.2) and satisfies

o(Y,Z) =0 dt x dP — a.e. (4.1)

Theorem 4.1 (Minimal super-solution) Assume that a solution (Y, Z,A) € S

2 x H? x A? to
(3.2)-(4.1) emists. Then, there exists a minimal one (Y, Z,A) € S2, x H? x A%2. Moreover, Y is the

increasing limit of (Y*) defined through
T . . T . . T .
=¢4 / gs(YS, Z)ds + / ips (Y, Z2)ds — / ZdWs.
t t t

Proof. By comparison, Y* < Y < V. So Y 1 to some Y < Y. By Theorem 3.4, Y is a

Moreover, Theorem 3.2 implies that

(/ 0s(Yi, Z1)d )2] < oo

so that, since (Y?, Z%); converges in HP, for p < 2, the constraint (4.1) is satisfied. O

g-supersolution in S?

rcll’

lim sup i’E
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4.2 Reflected BSDEs

We now turn to the case where the constraint is a lower bound on Y. More precisely, let S be a
continuous process in §?, £ € 2. We look for minimal solution (Y, Z, A) € S? x H? x A? such that
(3.2) holds with

Y > S on[0,7] (4.2)

We assume that Sp < ¢ without loss of generality.

We already know from the previous section that a minimal solution exists, if at least one solution
exists. In the present case, we will drop the a-priori existence assumption, and we shall say more
on the structure of the minimal solution. In particular, we shall see that the minimality can be

characterized by the minimal effort constraint:

/T(}/s - Ss>dAs =0. (43)

The following is based on El Karoui et al. [30]. We refer to Lepeltier and Xu [43] for the case of a

r.c.l.l. barrier.

4.2.1 Existence and minimality

We first show that the constraint (4.3) actually characterizes the minimal solution. This is an easy

consequence of Tanaka’s formula.

Theorem 4.2 (Minimality) Assume that (Y, Z, A) € S* x H? x A? solves (3.2)-(4.2)-(4.3). Then,
it is the minimal solution to (3.2)-(4.2).

Proof. Let (Y, Z', A") be a solution of (3.2) with the constraint Y’ > S. Then, we can use Tanaka

formula to obtain

T T
G- < [ vV Z) - 00V Z0)ds = [ Ty (Z - Z)aw,
t t
T
t

T T
< / ly,syvi(9s(Ys, Zs) — g5(YS, Z7))ds — / ly,sy: (Ys = YJ)(Zs — Z0)dW,
t t

since Y > Y/ implies Y > S. We then linearize the equation to obtain, for some bounded processes
a and b, that

T T
V- Yt < / Ly (0u(Ya = Y7) + au(Z — Z0))ds — / Ly (Ys = Y/)(Z, — Z0)dW,
tT . t
< [ o0t vadZo- Z)ds - [ drow (Y- Y - Z)dW.
t t
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We can the find a probability measure P such that
T
V=Yt 2 B[ (V- v)ds |
t
We conclude by Gronwall’s Lemma.

We now prove that a solution exists.

Theorem 4.3 (Existence) There exists a solution (Y, Z, A) € S* x H? x A? to (3.2)-(4.2)-(4.3).

Proof. We proceed by penalization and consider the BSDEs

T T
vi—gt [ a7z ey - s) ) ds— [ zzaw.

By comparison, (Y"), is non-decreasing. Let us set A} := fot n(Y — S;)"ds.
Step 1. We first prove that

T
E {|Y;"|2+/ |Z§|2ds+\A%\2] <C.

0

To see this, let us use It6’s lemma to obtain that, for any € > 0,
T T 1
B vep s [ 1zp] < el [ (casprpe iz ol
0 t
T
+E [2/ Yin(Y] — Ss)ds}
t

T
B i+ [ (cos mrp+ gizip) a

IN

+2E e sup | ST + e| A% — A7|?

[t.T]

in which we used the fact that y(y —2)” = 01,5, + y(z — y)1y<, < z(y — ).
On the other hand, it follows from (4.4) and the linear growth of g that

T
E[A7— A7) < CE {|§|2+|Yt"|2+ / <1+|n"|2+|z;1|2>ds]
t

Combining the above for € small and using Gronwall’s lemma leads to the required result.

Step 2. The result of Step 1. implies that Y 1Y € H?. We now prove that

E

sup [(Y" — S)_|2] — 0.
[0,7]
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Let (Y™, Z") be the solution associated to the diver g(Y™, Z") — n(y — S). Then, Y™ > Y™ and
T
v =E [56‘”(“) + [ 0.0 2 4 nS e sl 7

Passing to the limit n — oo, we obtain 577” — &1.—7 + S;1,..7. This implies that Y, > S, and so
Y > S on [0,T] by [24, Thm 86 Chap IV]. In particular, (Y™ — 5)~ | 0, which by Dini’s theorem
implies that its sup over [0,7] also converges to 0. It remains to use the dominated convergence
after noticing that (Y™ — S)~ < (Y!' - 9)".

Step 3. We now show that (Y, Z" A") — (Y, Z, A) in §? x H? x $2.

Fix AY = Y™ —YP for p > n and defined AZ and AA similarly. Then,

T T 1 T
|AY|* + E U |AZ,|*ds m] < E V <C|AY5|2 + 5|AZS|2) ds+2/ AY,dAA, m] :
t t t
But since Y? > Y™
AY dAA, < —(Y" = YP)p(YP — S)” < (Y™ — S)"dAP

so that

1 T
lg [/ |AZS|2ds} < E
2 0

Letting n and then p go to oo, this shows that Z" converges to some Z in H2. The convergence of

T
/ C|AY,|*ds + 2sup(Y" — S)~ AL,
t [0,7]

(Y™), in S% is then deduced by applying It6’s Lemma as above and by using the Burkholder-Davis-
Gundy inequality. The convergence of (A™),, follows.

Step 4. We know from Theorem 3.2 that (Y, Z, A) solves the BSDE. It remains to prove that (4.3)
holds. But,

T T
| o= s == [ 10— 5 s <o
0 0
while (A™),, and (Y™ — S),, converges in S?. O

As for non-reflected BSDEs, we can provide a comparison result. Here again, we appeal to Tanaka’s

formula.

Proposition 4.1 (Comparison) Let g satisfy Assumption 2.1 holds. Let (Y, Z, A) solve (3.2)-
(4.2)-(4.3). Given &' € L2, §" € S, and a map ¢ such that the corresponding solution (Y',Z' 5 A’)
satisfies ¢ = ¢'(Y',Z') e H2. If ¢ < ¢, S < S and gY',Z") < g(Y', Z'), then Y < Y'. Ifin
addition ¢' satisfies Assumption 2.1 and S > S’ then dA > dA’.
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Proof. Set AX = X — X’'. By Tanaka formula
T
@AV < A0+ [ Don(aV Z) - s
t

T T
+/ 1Y‘5>Y5,dAAS - / 1Y5>YSI(ZS - Z;)dWS
t t

But S < 8" <Y’ implies that dA =0 on {Y > Y’}. Thus

T T
(AY)" < (AT + / 1y,>vi(9s(Ys, Zs) — g,)ds — / ly,>vi(Zs — Z,)dWs.
t t

It suffices to linearize as in the proof of Proposition 2.3 to conclude on the first assertion of the
Proposition.

When ¢’ is Lipschitz, Y is obtained by the penalization scheme of Theorem 4.3. By comparison on
this scheme, we have Y™ > Y™ so that n(Y"™ — S)~ > n(Y"™ —S')~. Since, by the proof of Theorem

4.3, the integrals of these two processes converge to A and A’, the result follows. a

4.2.2 The case of a smooth barrier

In the case where the barrier is an [td6 process, one can even provide a control on the bounded

variation process A.

Proposition 4.2 Assume that
dSt = ,utdt + Utth

for some a.s. square integrable and predictable processes p and o. Let (Y, Z,A) € S* x H? x S? be a
solution of (3.2)-(4.2)-(4.3). Then, Z =V dP x dt on {Y = S}. Moreover, there exists a predictable

process o with values in [0, 1] such that
dA = aly_gs[g(Y,Z) + p| dt.
Proof. We use Tanaka formula and (4.3) to obtain
dY = S)" = —1y-5[g(Y, Z) + pldt + 1y~5(Z — o)dW + dL,
in which L is the local time of Y — S at 0. But (Y —S)" = (Y — 5), and therefore
—1y=s[g(Y, Z) 4+ pldt + 1y~5(Z — 0)dW +dL = —[g(Y, Z) + pldt + (Z — o)dW — dA,
so that Z =0 on {Y = S} and

dA < =1y_s[g(Y, Z) + p] dt.
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4.2.3 Link with optimal stopping problems
We conclude this section with a (not surprising) Snell-envelop style characterization.

Proposition 4.3 Let (Y, Z, A) € S? x H? x A? be a solution of (3.2)-(4.2)-(4.3). Then,
Y = esssupE |:§17'T + S7'17'<T +/ gS(}/Sa Zs)ds | E:| )
TET: ¢

in which T; denotes the set of stopping times with values in [t,T].

Proof. One inequality is trivial. On the other hand, let 7,, be the first time s after ¢ such that
Y, < S, + % or s =T. On [t,7,], we have dA = 0. Hence,

Vi~ E [Ym +/ 0s(Ya, Z2)ds | f} |
t

Note that 7,, T 7 € 7;. Passing to the limit in the above leads to

Y, =E [§1+=T + S:licr +/ 9s(Ys, Zs)ds | th:| .
t

4.2.4 Further readings

Many works have been done on reflected BSDEs. Let us a quote a few of them in which the
interested reader will be able to find further references.

Reflected BSDEs with very irregular lower bounds have been studied by Pend and Xu [54]. They
also considered double reflections, i.e. from above and below. Applications of doubly reflected
BSDEs to Dynkin games can be found in Hamadéne and Zhang [36]. For multivariate BSDEs with
reflections, we refer to Chassagneux, Elie and Kharroubi [15], they have applications in optimal
switching problems. Obviously, one can also consider reflected BSDEs with quadratic drivers, see
e.g. Bayraktar and Yao [2]. As for numerical schemes, see Bouchard and Chassagneux [3], and
Chassagneux, Elie and Kharroubi [16].

4.3 Constraints on the gain process

In this section, we provide a dual representation for BSDEs with constraint on the Z-component.
They have been introduced in Cvitanic, Karatzas and Soner [21]. An extension of their existence
result and new regularity properties have been obtained recently by Bouchard, Elie and Moreau [5].
For sake of simplicity, we consider here the situation where ¢ is deterministic and the constraint is

of the form

Z €O dt x dP (4.5)
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with O a convex closed set which contains 0.

To provide our characterization of the minimal solution, let us define the support function
§:u € R sup{u -z, z € O}.

Let us also define U as the class of bounded progressively measurable processes with values in the
domain of O dt x dP-a.e. Given v € U, we let P” be the probability measure of density given by
the Doléans-Dade exponential of fo vsdWs, and denote by W¥ := W — fo vsds the corresponding
P”-Brownian motion. Then, given X € L®(F;), 7 € T, we define £” [X] as the Y-component of
the solution (Y, Z) of the BSDE

Y=X+ [ (Vi 2)~sw)ds— [ Zawr.

Theorem 4.4 (Minimality) Assume that there exists an adapted r.c.l.l. process Y such that*
Y, = esssup {STV’TE], veu, vl = 0}  VT7eT,
and ||Y ||s2 < 0o. Then, the minimal super-solution (Y, Z) of (1.1)-(4.5) satisfies Y =Y .

Proof. Let (Y, Z) be a super-solution. Then, for 7 <o < T,
}/T 2 Ya + / gs(Y;y Zs)ds - / stWs

T o
o Yo + / (gs()/s; Zs) - VsZs)dS - / stWsy

T

> Ya—i—/ (gS(YS,ZS)—(S(VS))dS—/ ZsdW?Y

since vZ < §(v) if Z € O. This implies that Y is a super-solution of the BSDE with driver g(-)—d(v)
under P¥, and therefore a £”-super-martingale. Hence, Y, > &7 [¢] for all v € U.
Conversely, it is not difficult to deduce from the definition of Y that it satisfies a dynamic program-

ming principle?
Y, = esssup {EZJ[?J], Ve L{} ,V1<oeT.

Then, we can use the decomposition of Theorem 3.3 to deduce that, for each v € U, we can find
(Z7, A¥) € H2(P¥) x A%(P¥) such that

T T
Vo= e [ (T2~ dds + Ay - A - [ zawy.

T

1See [7] for a recent more general statement.
2See e.g. [5].
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Identifying the quadratic variation terms implies that Zv=27= 7. Thus,
T T . A A A
e = / (vsZs — 0(vg))ds < / (vsZs — 8(vy))ds + A — Ay = AY — AS.
0 0

If Z does not take values in O dt x dP-a.e., then a measurable selection argument?® allows us to

construct € U such that

T
e ;:/ (05 Zy — 6(05))ds
0

A

satisfies e > 0 and P[e > 0] > 0. Since (A\DsZs — 6(ADg)) = Ae for A > 0, this contradicts the above
upper-bound: e < A% — A9 for all A > 0. O

Remark 4.1 We refer to [5, 21] for sufficient conditions under which the r.c.l.l. process Y exists.

When g is linear, this can be proved by using the aggregation arguments contained in El Karoui [28].

3See [5].
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