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Sébastien Briot1,∗ Sébastien Krut2
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Abstract

Off-line robot dynamic identification methods are based on the use of the Inverse Dynamic
Identification Model (IDIM ), which calculates the joint forces/torques (estimated as the product of
the known control signal (the input reference of the motor current loop) with the joint drive gains)
that are linear in relation to the dynamic parameters, and on the use of the linear least squares
technique to calculate the parameters (IDIM-LS technique). However, as actuation redundant
parallel robots are over-actuated, their IDIM has an infinity of solutions for the force/torque
prediction, depending on the value of the desired overconstraint that is a priori unknown in the
identification process. As a result, the IDIM cannot be used as it is for such a class of parallel
robots.

This paper proposes a procedure for the dynamic parameter identification of actuation redun-
dant parallel robots. The procedure takes advantage of two possible modified formulations for the
IDIM of actuation redundant robots that can be used for identification purpose. The modified
IDIM formulations project some or all input torques/forces onto the robot bodies, thus leading
to a unique solution of the model that can then be used in the identification process. A system-
atic and straightforward way to compute these modified IDIM is presented. The identification of
the inertial parameters of a planar parallel robot with actuation redundancy, the DualV, is then
carried out using these modified IDIM. Experimental results show the validity of the methods.

1 Introduction

Parallel robots have increasingly been used for a few decades. This is due to their main advantages
over serial counterparts that are: (i) higher intrinsic rigidity, (ii) larger payload-to-weight ratio, and
(iii) higher velocity and acceleration capacities [1]. However, their main drawback is probably the
presence of singularities in the workspace. In order to overcome this difficulty, actuation redundancy
can be used [2, 3]. Actuation redundancy occurs when normally passive joints are replaced by active
ones. The robot becomes over-constrained. Overconstraints can be smartly used to improve the
robot properties, such as increasing the acceleration or payload capacities [4] or even decreasing the
backlash [5]. However, this involves the use of more complicated controllers.
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Figure 1: A one dof robot with actuation redundancy.

Several control approaches could be envisaged [6, 7], but it appears that, for high-speed robots
or when varying loads have to be compensated (e.g. in pick-and-place operations or machining),
computed torque control gives the best results [5, 8]. This approach requires an accurate estimation
of the dynamic model of the robot with the load [9]. However, a priori inertial parameters extracted
from CAD are generally not given by the manufacturer, and even if they are given, (i) they may
be inaccurate and (ii) friction terms inside the drive trains and passive joints are still unknown.
Therefore, the identification of dynamic parameters is necessary.

Several schemes have been proposed in the literature to identify the dynamic parameters of
robots [10, 11, 12, 13, 14, 15, 16]. Most of the dynamic off-line identification methods

• use an Inverse Dynamic Identification Model (IDIM ) that gives linear relations between each
joint force/torque and the dynamic parameters,

• build an over-determined linear system of equations obtained by sampling the IDIM while the
robot is tracking some trajectories in position closed-loop control,

• estimate the parameter values using least squares techniques (LS ).

Good experimental results can be obtained if two main conditions are satisfied:

• joint velocities and accelerations are calculated by a well-tuned derivative band-pass filtering
of joint position, and

• accurate values for joint drive gains are known to calculate the joint force/torque as the products
of input references of the motor current loop and joint drive gains [17, 18, 19].

For identifying the dynamic parameters of actuation redundant parallel robots, a major problem
arises. To better understand it, let us consider the simple example shown in Fig. 1. This mechanism
with 1 degree of freedom (dof ) is moved through the use of two actuators mounted in parallel that
can apply two independent forces denoted as f1 and f2 on the moving body of mass m. In this
example, only the moving mass m is considered (the robot legs are massless). For moving the
mechanism, an infinity of possible forces exists, e.g. [f1 f2] = [mẍ 0], or also [f1 f2] = [0 mẍ],
and even [f1 f2] = 0.5 [mẍ mẍ] or many other force combinations [f1 f2] = m [(1− α)ẍ αẍ] for any
value of α. This is due to the fact that, for an over-actuated mechanism, the input efforts are not
independent (indeed for this mechanism, we have f1 = mẍ − f2) which leads to the fact that the
generalized efforts are not the mechanism input efforts, but a linear combination of them.

It should be mentioned here that the function c = |f1 − f2| is called the overconstraint.
As a result, the mechanism IDIM would take the form [f1 f2] = IDMαm, where IDMα =

[(1− α)ẍ αẍ] is the observation matrix. IDMα depends on the parameter α which is a priori
unknown. This issue prevents the use of the usual IDIM in the identification process as a unique
formulation cannot be defined1. This problem also appears for any kind of actuation redundant
parallel robots: their inverse dynamic model is not unique and depends of the overconstraint in the
mechanism [5].

1It should be mentionned that in such a simple case, the value of the parameter α could be identified at each time
interval, but this cannot be the case for a more general over-actuated parallel robot.
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It should be mentioned that the overconstraint could be fixed using a proper controller [20].
However, as shown by our own experience in the field, most of the time, manufacturers of industrial
robots do not want to provide information on their controller, or even, in worst cases, the controller
does not fix the overcontraint. In such cases, the value of the overconstraint cannot be considered as
a priori known in the identification process as this quantity cannot be measured. Thus, identification
using the usual IDIM for redundant parallel robots cannot be carried out.

To avoid the potential lack of information from the controller, another method should be proposed.
Considering again the simple system presented in Fig. 1, it can be demonstrated that its dynamics
can be uniquely described if the equations are projected not on the actuators as usual, but on the
moving body such that: f1 + f2 = mẍ. Thus, by projecting the dynamic equations on a body
different from the actuators, a modified IDIM formulation can be obtained. Contrary to the usual
IDIM, this modified formulation does not express anymore the linear relations between each joint
force and the dynamic parameters, but between a linear combination of the joint forces and the
dynamic parameters. It should be mentioned that this formulation can be used in any case, the value
of the overconstraint c = |f1 − f2| being known or not.

The aim of this paper is to generalize the approach to any kind of actuation redundant parallel
robots and to propose a systematic and straightforward procedure for their dynamic parameter
identification. This procedure is based on the computation of a modified IDIM, linear with respect to
the inertial parameters, that does not require the knowledge of the overconstraint. Two different ways
for computing the IDIM are proposed. These formulations also minimize the number of intermediate
variables and operators used for the symbolic computation of the model. This point is crucial in
identification as it minimizes the risk of error propagation (due to the measurement noise) in the
computation of the observation matrix.

This systematic procedure is applied for the identification of a 3 dof planar parallel robot with
actuation redundancy designed at the LIRMM and named the DualV [21].

A first condensed version of this paper has been proposed in [22]. Differences with the present
paper are:

• a modified formulation is given for the computation of the IDIM of general parallel robots, in
order to better explain the physical meaning of the equations.

• another new way to obtain an IDIM is shown and parameters estimated using this IDIM are
compared with those obtained using the method developed in [22].

• new experiments and cross-validations have been performed and are presented in this paper.

2 Inverse Dynamic Identification Model of Parallel Robots with no
Actuation Redundancy

This section presents some recalls on the computation of the IDIM of parallel robots without actua-
tion redundancy. These recalls are necessary as the computation of the IDIM of actuation redundant
parallel robots is partially based on some mathematical derivations shown in this part and to under-
stand why the usual IDIM cannot be used in the identification procedure.

2.1 Computation of the IDIM for Parallel Robots with no Actuation Redundancy

A parallel robot is a complex multi-body system having several closed loops (Fig. 2(a)). It is composed
of a moving platform connected to a fixed base by n legs, each composed of mi elements. It is
considered here that there is one actuator per leg, but the method can be easily extended to robots
with several actuators for each leg.

The computation of IDIM of parallel robots with no actuation redundancy is decomposed into
two steps [23]:
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Figure 2: A general parallel robot (grey circles denote actuated joints).

1. all closed loops are virtually opened to virtually disassemble the platform from the rest of the
structure (Fig. 2(b)); each leg joint is virtually considered to be actuated (even for unactuated
actual joints) so that the robot becomes a virtual tree structure while the moving platform
becomes a virtual free body; the dynamic models of the virtual tree structure and of the
virtual free platform are then computed with a systematic procedure based on the Newton-
Euler principle, and

2. the loops are then closed using loop-closure equations and Lagrange multipliers (which represent
the joint constraints applied to the platform that are required to close the loops of the real
robot), which involve the computation of robot Jacobian matrices.

In what follows, the computation of the IDIM of the virtual tree structure and of the platform
is recalled, and then a straightforward way to compute the Jacobian matrices required to calculate
the closed-loop constraints is detailed.

2.2 IDIM of Tree Open Loop Robots

According to [14], the complete rigid dynamic model of any open-loop tree structure can be linearly
written in terms of a (nt × 1) vector with respect to the standard dynamic parameters χstt (nt

denotes the total number of joints for the virtual tree structure),

τ idmt
(qt, q̇t, q̈t) = IDMstt (qt, q̇t, q̈t)χstt (1)

where τ idmt
is the (nt × 1) vector of the input efforts of the virtual tree structure, IDMstt is the

(nt × nstt) Jacobian matrix of τ idmt
with respect to the (nstt × 1) vector χstt of the standard dynamic

parameters given by χT
stt

= [χ11T
st ,χ21T

st , . . .χmn,n T
st ] and qt, q̇t, q̈t are the vectors of all joint positions,

velocities and accelerations of the virtual tree structure robot, respectively.
For rigid robots, the vector χ

jk
st of link j for leg k (denoted in what follows as the link jk) is

composed of 14 standard dynamic parameters such that:

χ
jk
st =

[

xxjk xyjk xzjk yyjk yzjk zzjk mxjk myjk mzjk mjk iajk fvjk fsjk τoffjk
]T

(2)

where:
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• xxjk, xyjk, xzjk, yyjk, yzjk, zzjk are the 6 independent components of the inertia matrix Ijk
of link jk at the origin of frame jk, i.e.

Ijk =





xxjk xyjk xzjk
xyjk yyjk yzjk
xzjk yzjk zzjk



 (3)

• mjk is its mass,

• mxjk, myjk, mzjk are the 3 components of the first moment of link jk, i.e.

mjk
jk−−−−→OjkSjk =

[

mxjk myjk mzjk
]T

(4)

where jk−−−−→OjkSjk is the position of the center of mass of the link jk expressed in the frame
attached at the origin of the considered link [14],

• iajk is the total inertia moment for rotor and gears of the drive train,

• fvjk, fsjk are the viscous and Coulomb friction coefficients in the joint jk, respectively, and
τoffjk = τofffsjk + τoffτjk is an offset parameter which regroups the current amplifier offset
τoffτjk and the asymmetrical Coulomb friction coefficient τofffsjk such as the friction effort
τfjk in the joint jk is given by the relation:

τfjk = fvjk q̇jk + fsjk sign(q̇jk) + τoffjk (5)

where q̇jk is the joint jk generalized velocity.
In the same way, the IDIM of the platform can be obtained as:

τ p

(

x, t, ṫ
)

= IDMp

(

x, t, ṫ
)

χp (6)

where τ p is the (6× 1) vector of platform reaction wrench, IDMp is the (6× 10) Jacobian matrix of
τ p, with respect to the (10× 1) vector χp of the platform inertial standard parameters2 and x, t, ṫ
are the platform pose, twist and acceleration quantities, respectively.

Various methods can be used to systematically derive these equations. Here, an algorithm based
on the use of the modified Denavit-Hartenberg robot geometric description and the Newton-Euler
principle is applied. This modeling is known to give the dynamic model equations in the most
compact form [14].

2.3 IDIM of Parallel Robots with no Actuation Redundancy

The IDIM of the virtual tree structure and of the free moving platform does not take into account the
closed loop characteristics of parallel robots: among all joint and platform coordinates qt and x of the
virtual robot (Fig. 2(b)), only a subset denoted as q is independent in the real robot (actual actuated
joints positions are indeed a subset of qt). All these variables are linked through the loop-closure
equations of the real robot that can be obtained by expressing the (translational and rotational)
displacement xk of the last joints of each leg located at Cmk,k (that belong to both platform and leg
k – Fig. 2) in two different ways: (i) as a function of the platform coordinates x and (ii) as a function
of all joint coordinates qt (also corresponding to the joint coordinates of the virtual tree structure),
such that:

f(x,qt) =







x1(x)− x1(qt)
...

xn(x)− xn(qt)






= 0 (7)

2The number of standard parameters of a free rigid body can be reduced to 10 inertial parameters as it is not
necessary to consider the parameters iaj , fvj , fsj and τoffj related to actuated joint drive chains.
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The main problem with (7) is that it is usually difficult to straightworwardly solve these equations.
Therefore, it is better to express the reduced loop-closure equations of the parallel robot which are
known to be simpler to obtain [1] and that directly relate the displacements q of the actuated joints
to the moving platform independent coordinates xind (defined as a subset of x):

fp(xind,q) = 0 (8)

and to solve then the reduced forward kinematic problem (fkp) which gives xind as a function of q.
Obviously, this problem can be also tedious, but:

• the equations (8) are simpler to solve than the equations (7),

• if the problem cannot be solved analytically, a numeric procedure may be applied [1].

Once the values of xind are found as a function of q, it is possible to solve the inverse kinematic
problem using (7) in order to express all joint coordinates as a function of x (that is function of
xind), and thus of q. This problem is generally easy for usual parallel robots [1] and, even for more
complicated cases, can now be solved using advanced mathematical methods [24].

Differentiating (7) and (8) with respect to time, the following expressions can be obtained:

Jtkv − Jkq̇t = 0 ⇒ q̇t = J−1

k Jtkv, (9)

Jtkv̇ + J̇tkv − Jkq̈t − J̇kq̇t = 0

⇒ q̈t = J−1

k (Jtkv̇ + J̇tkv − J̇kq̇t)
(10)

and
Apv +Bpq̇ = 0 ⇒ v = −A−1

p Bpq̇ = Jpq̇, (11)

Apv̇ + Ȧpv +Bpq̈+ Ḃpq̇ = 0

⇒ v̇ = −A−1
p (Ȧpv +Bpq̈+ Ḃpq̇)

(12)

where

Ap =

[

∂fp
∂xind

]

T, Bp =

[

∂fp
∂q

]

Jtk =

[

∂f ′

∂xind

]

, Jk = −

[

∂f ′

∂qt

] (13)

with f ′ a subset of nt independent equations in f (nt =
∑n

i=1
mi), T a transformation matrix between

the platform twist t and the derivatives with respect to time of the terms xind [1], and v a vector of
the independent coordinates in the platform twist t (dimv = dimxind = n ≤ 6), defined such that

t = Dv (14)

In the case of robots with 6 dof, D is the identity matrix. In these expressions, it should be noted
that

• the matrix Jk stacks all Jacobian matrices corresponding to the independent motions of the last
joint due to the joint displacements of each serial leg and is thus a square matrix of dimension
(nt × nt),

• the matrix Jtk is a matrix of dimension (nt × n) that can be obtained by considering the rigid
body displacement of any point of the robot platform as a function of the platform twist, and

• in the case of parallel robots without actuation redundancy, the matrices Ap and Bp are square
of dimension (n× n).
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Finally, by introducing (11) and (12) into (9) and (10), the expressions of q̇t and q̈t as functions
of q, q̇ and q̈ can be obtained.

It should be mentioned that all the previous expressions are valuable as long as the robot does
not meet any singularity and as long as there is the same number of actuators as the number of
platform dof to control. The singularity avoidance or crossing is not the main topic of this paper,
and the reader should refer to [25, 26] for further developments. In the following of the Section 2.3,
it is considered that all these matrices are regular.

To take into account the loop-closure constraints into the dynamic model of the parallel robot,
Lagrange multipliers λT =

[

λT
1 λT

2

]

can be used [14] to compute the (n× 1) vector of the actuated
joint force/torque τ idm of the closed-loop structure. τ idm can be obtained in relation of the Lagrange
multipliers λ by

τ idm = [0,−BT
p ]

[

λ1

λ2

]

= −BTλ, (15)

where λ is calculated from the relation:
[

JT
k 0

−JT
tk AT

p

] [

λ1

λ2

]

= ATλ =

[

τ idmt

τ pr

]

(16)

In these expressions,

• λ1 stacks the wrenches λ
1
1 to λn

1 (Fig. 2(b)) applied by the virtual tree structure on the platform
at points Cmk,k, so that that virtual structure can have the same motion as the real parallel
robot,

• λ2 stacks the values of the norms of the wrenches λ1
2 to λn

2 (Fig. 2(b)) due to the platform
dynamics in the platform joints located at Cmk,k,

• A is a square matrix of dimension ((nt + n)× (nt + n)), and

• τ pr is defined by
τ pr = DTτ p (17)

where τ p is given in (6) and τ pr is a subset of forces/moments in τ p that can be found through
the use of the principle of virtual powers, which states that:

v∗Tτ pr = t∗Tτ p = v∗TDTτ p (18)

In this equation, the superscript “∗” stands for a virtual velocity.

Thus, the second equation of the system (16) represents the platform equilibrium so that the loops
of the parallel robot can be closed.

Solving (15) and (16), it can be demonstrated that:

τ idm = JT
t τ idmt

+ JT
pD

Tτ p

= JT
t IDMsttχstt + JT

pD
T IDMpχp

=
[

JT
t IDMstt JT

pD
T IDMp

] [

χT
stt

χT
p

]T

= IDMst (q, q̇, q̈)χst

(19)

where Jt = J−1

k JtkJp.
(19) represents the IDIM of the parallel robot without actuation redundancy.
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3 Inverse Dynamic Identification Model of Parallel Robots with
Actuation Redundancy

3.1 Inverse Dynamic Model

Let us consider in this part an actuation redundant parallel robot with r independent dof controlled
by n actuators, where r < n. Differentiating (7) with respect to time, it can now be proven that the
matrix Ap of (11) becomes rectangular of dimension (n× r), while the matrix Bp stays square of
dimension (n× n) [1].

As a result, the right parts of (11) and (12) must be changed as

Apv +Bpq̇ = 0 ⇒ q̇ = −B−1
p Apv = Jinv

p v, (20)

or
v = Jinv +

p q̇ (21)

where Jinv +
p is the pseudo-inverse of Jinv

p defined by

Jinv +
p =

(

Jinv T
p Jinv

p

)−1
Jinv T
p (22)

and

Apv̇ + Ȧpv +Bpq̈+ Ḃpq̇ = 0

⇒ q̈ = −B−1
p (Ȧpv +Apv̇ + Ḃpq̇)

(23)

or also
v̇ = −A+

p (Ȧpv +Bpq̈+ Ḃpq̇) (24)

where A+
p is the pseudo-inverse of Ap defined by

A+
p =

(

AT
pAp

)−1
AT

p (25)

Moreover, the matrix AT of (16) becomes now a rectangular matrix with (nt + r) rows and
(nt + n) columns, i.e. the system (16) has more unknowns than equations. Thus, there is an infinity
of solutions for the Lagrange multipliers λ. One solution can be obtained, assuming that the value
of the overconstraint c in the robot is known [5]:

τ idm = [0,−BT
p ]λ,

λ =
(

AT
)+

[

τ idmt

τ pr

]

+
(

I−
(

AT
)+

AT
)

c
(26)

where
(

AT
)+

is the Moore-Penrose pseudo-inverse of AT :

(

AT
)+

= A
(

ATA
)−1

(27)

that may be obtained through SVD. It should be mentioned that, in most of the cases, the value of
c is set to zero in the controller and, as a result, the vector λ is of minimal norm. Obviously, this
is not always the case and another (constant or varying) value can be given in order to improve the
robot properties, such as increasing the acceleration or payload capacities [4] or even decreasing the
backlash [5].

However, as the value of the overcontraint c is generally not given by industrial controllers, it
cannot be set a priori. Thus, the dynamic model (26) cannot be used as it is. We propose here
two ways for modifying the inverse dynamic model so that it is possible to obtain a unique IDIM
for parallel robot with actuation redundancy. It should be mentioned that these formulations are
universal (i.e. they can be obtained for any actuation redundant parallel robot for which the value
of the overconstraint is known or not).
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3.1.1 Case 1: Projection of the input force/torque on the platform

As matricesBp and Jk of (11) and (9) are still square and not singular outside of serial singularities [1],
Eqs. (15) and (16) can be rewritten as:

[

τ idm

τ idmt

]

=

[

0 −BT
p

JT
k 0

]

λ,
[

−JT
tk AT

p

]

λ = τ pr (28)

resulting in

τ pr =
[

−JT
tk AT

p

]

[

0 J−T
k

−B−T
p 0

] [

τ idm

τ idmt

]

=
[

−AT
pB

−T
p −JT

tkJ
−T
k

]

[

τ idm

τ idmt

]

=
[

Jinv T
p −JT

tkJ
−T
k

]

[

τ idm

τ idmt

]

(29)

with Jinv
p = −B−1

p Ap according to (20).
Introducing (1), (6) and (17) into (29) leads to:

Γ1
idm := Jinv T

p τ idm = JT
tkJ

−T
k τ idmt

+DTτ p

= JT
tkJ

−T
k IDMsttχstt +DT IDMpχp

=
[

JT
tkJ

−T
k IDMstt DT IDMp

] [

χT
stt

χT
p

]T

= IDMred
st1

(q, q̇, q̈)χst

(30)

Thus, by projecting the input forces/torques on the platform through the use of the matrix Jinv T
p ,

the inverse dynamic model becomes unique and can be used for identification purpose.

3.1.2 Case 2: Projection of some input force/torque on actuated bodies

Another way to compute a unique solution for the inverse dynamic model is the following. The idea
is to fulfill the system of equations (16) with n− r equations coming from (15). Let us partition (15)
as follows:

[

τ 1:r
idm

τ r+1:n
idm

]

=

[

0 −B1:r
p

T

0 −Br+1:n
p

T

]

λ (31)

where τ 1:r
idm and τ r+1:n

idm are subsets of τ idm (τ 1:r
idm is of length r, and τ r+1:n

idm is of length n − r), and
B1:r

p and Br+1:n
p are subsets of Bp (B1:r

p is of dimension r× n, and Br+1:n
p of dimension (n− r)× n).

The way of partitioning (15) is obviously not unique. If the robot has got identical legs with
symmetrical arrangement (this is the case of the prototype studied in Section 5.1), the n−r equations
can be those corresponding to the n−r last actuators. If it is not the case, a study must be completed
to find the partitioning that leads to the best identification results (in terms of quality of parameter
estimation and input/force torque reconstruction). However, this study is not the topic of the present
paper.

Finally, the n − r last equations of (31) can be added into (16) such that the system (15)–(16)
becomes:

τ 1:r
idm =

[

0 −B1:r
p

T
]

λ = B∗

p
T
λ (32)





τ r+1:n
idm

τ idmt

τ pr



 =





0 −B1:r
p

T

JT
k 0

−JT
tk AT

p



λ = A∗

p
T
λ (33)
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Solving (33), it comes that:

λ = A∗

p
−T





τ r+1:n
idm

τ idmt

τ pr



 = Ap1τ
r+1:n
idm +Ap2τ idmt

+Ap3τ pr (34)

where A∗

p
−T = [Ap1 Ap2 Ap3 ]. It should be mentioned that a sufficient condition for A∗

p
T to be

invertible is that matrices JT
k , J

T
tk, B

1:r
p

T
and AT

p are of full rank, i.e. the robot does not cross any
serial or parallel singularities [1].

Introducing (33) into (32) leads to:

τ 1:r
idm = B∗

p
T
(

Ap1τ
r+1:n
idm +Ap2τ idmt

+Ap3τ pr

)

= B∗

p
TAinv

p1
τ r+1:n
idm +B∗

p
TAp2τ idmt

+B∗

p
TAp3τ pr

= JT
τ r+1:n

τ r+1:n
idm + JT

τ idm
τ idmt

+ JT
τpr

τ pr

(35)

Introducing (1), (6) and (17) into (35) leads to:

Γ2
idm = JT

τ idm
τ idmt

+ JT
τpr

τ pr

= JT
τ idm

IDMsttχstt + JT
τpr

DT IDMpχp

=
[

JT
τ idm

IDMstt JT
τpr

DT IDMp

] [

χT
stt

χT
p

]T

= IDMred
st2

(q, q̇, q̈)χst

(36)

where Γ2
idm := τ 1:r

idm−JT
τ r+1:n

τ r+1:n
idm . Thus, by projecting the input forces/torques of n−r actuators on

r other actuators, the inverse dynamic model becomes also unique and can be used for identification
purpose.

3.2 Computation of the IDIM including the payload

Because of perturbations due to noise measurement and modeling errors, the actual force/torque τ

differs from τ idm. This involves that the value of Γj calculated using the values of the measured
force/torques τ differs from Γj

idm by an error e, such that

Γj = Γj
idm + e = IDMred

stj
χst + e (37)

Equation (37) represents the Inverse Dynamic Identification Model (IDIM ).
The payload is considered as an additional link (denoted as link l) fixed to the robot platform [9].

Model (37) then becomes:

Γj =
[

IDMred
stj

IDMl

]

[

χst

χl

]

+ e

= IDMtotχtot + e

(38)

where

• χl is the (nl × 1) vector of the inertial parameters of the payload;

• IDMl is the (n× nl) Jacobian matrix of Γj
idm with respect to the vector χl.

10



4 Identification Procedure

4.1 Computation of the Base Parameters

In this Section, the off-line identification of the dynamic parameters is considered, given measured
or estimated off-line data for τ and (q, q̇, q̈), collected while the robot is tracking some planned
trajectories. The model (37) is sampled at frequency fm in order to get an over-determined linear
system of rfm equations and nst unknowns:

Yfm(q̂, τ ) = Wst
fm

(q̂, ˆ̇q, ˆ̈q)χst + ρfm (39)

where (q̂, ˆ̇q, ˆ̈q) is an estimation of (q, q̇, q̈), respectively, obtained by sampling and band-pass filtering
the measure of q [27], ρfm is the (rfm × 1) vector of errors, Yfm is the (rfm × 1) vector of the inputs

Γj , sampled at frequency fm and Wst
fm

(q̂, ˆ̇q, ˆ̈q) is the (rfm × nst) observation matrix.

The forces/torques τ (and thus the values of Γj) are perturbed by high frequency unmodeled
friction and flexibility force/torque of the joint drive chain which is rejected by the closed loop control.
These force/torque ripples are eliminated with a parallel decimation procedure which low pass filters
in parallel Yfm and each column of Wst

fm
and re-samples them at a lower rate, keeping one sample

over nd. This parallel decimation can be carried out with the MATLAB decimate function, where
the low pass filter cutoff frequency, ωfp = 2π0.8fm/ (2nd), is chosen in order to keep Yfm and Wst

fm

in the frequency range of the model dynamics. After the data acquisition procedure and the parallel
decimation of (39), we obtain an over-determined linear system

Y(τ ) = Wst(q̂, ˆ̇q, ˆ̈q)χst + ρ (40)

where ρ is the (rc × 1) vector of errors, Y is the (rc × 1) vector of the inputs and Wst(q̂, ˆ̇q, ˆ̈q) is the
(rc × nst) observation matrix.

It should be noted that no error is introduced by the parallel filtering process in the linear relation
(40) compared with (39). In [27], practical rules for tuning this filter are given.

In Y and Wst, the equations corresponding to the j-th line of the vector Γj and of the matrix
IDMred

stj
are sorted in order to regroup the equations of each line altogether such that: YT =

[

(Y1)T , · · · , (Yn)T
]

, Wst =
[

(W1)T , · · · , (Wn)T
]T

, where Yj and Wj represent the rc/n equations

of the j-th line of the vector Γj and of the matrix IDMred
stj

.
The identifiable parameters are the base parameters which are the minimum number of dynamic

parameters from which the dynamic model can be calculated [14]. The minimal dynamic model can
be written using the nb base dynamic parameters χ as follows:

Y = W (q, q̇, q̈)χ+ ρ (41)

where W is a subset of independent columns in Wst which defines the identifiable parameters.
Several methods exist for the computation of these subsets (analytical [14] or numerical [28]). In this
work, it is preferred to use a numerical method based on QR factorization.

There is infinity of possible subsets of base parameters, as presented in [29, 28]. In [29], the
authors test different subsets (obtained via the SVD of the observation matrix [28]) and keep the one
which leads to the best conditioning index of the observation matrix. Even if it is computationally
efficient, this method has a drawback: for a parallel robot with identical legs, it can lead to a set of
base parameters which does not conserve the symmetry properties of the robot legs. Obviously, for
avoiding this problem, it can be set a priori that some parameters are equivalent, which involves to
sum their corresponding columns in the observation matrix. However, as there can be some small
variations in the parameters values due to the manufacturing process, it is worth to avoid this a
priori regroupment and check it a posteriori on the identified values.

Here, a method is described that avoids these drawbacks. For presenting it, let us make some
brief recalls on the computation of the base parameters via QR factorization. The QR factorization

11



of the matrix Wst of (40) takes the form

QTWst =

[

R
0

]

(42)

where Q is a (r× r) orthogonal matrix and R is upper triangular. If the absolute value |Rkk| of the
k-th component located on the diagonal of R is inferior to α (α is the numerical rank – different
from 0 because of round-off errors – and can be chosen such that α = ǫ max |Rjj |, where ǫ is a
small coefficient depending on the level of perturbations in Wst (due to noise measurement and error
modelling) and max |Rjj | is the largest diagonal absolute value of R [28]), the k-th column Wst

k of
Wst can be deleted. At the end of the procedure, (nst − nb) columns of Wst have been deleted
that correspond to (nst − nb) standard parameters removed from vector χst to keep a set of nb base
parameters χ.

Because the QR algorithm starts from the last columns to the first of Wst, the (nst−nb) standard
parameters to delete are dependent on the ordering of the columns of that matrix. For serial robots,
the matrix Wst is built such that the columns with the smaller indices are those corresponding to
the links closest from the base. Thus, using the previous algorithm, the parameters with the smallest
influence (those of the wrist) are eliminated from the base parameters.

For parallel robots, to take into account the symmetry in the leg dynamic parameters, it is
preferable to order the columns of Wst such that

Wst
r =

[

Wst
p Wst

χ1,1:n
Wst

χ2,1:n
· · · Wst

χnstleg
,1:n

]

(43)

where nstleg is the number of standard parameters for one leg, matrix Wst
p is the observation matrix

corresponding to the platform inertial parameters and matrices Wst
χk,1:n

concatenates the columns
of matrix Wst corresponding to the parameters χk that are a priori identical for the n legs. Then,
(nst−nb) columns of Wst

r can be deleted using the previous approach based on the QR factorization
to obtain a new observation matrix W associated with a set of symmetrical base parameters denoted
as χ.

4.2 Weighted Least Square Identification of the Robot Dynamic Parameters
(IDIM-WLS)

The LS solution χ̂ of (41) is given by

χ̂ = W+Y where W+ = (WTW)−1WT (44)

is computed using the QR factorization of W.
Standard deviations σχ̂i

can be estimated assuming that W is a deterministic matrix and ρ is a
zero mean additive independent noise [27] with a covariance matrix Cρρ such that

Cρρ = E
[

ρρT
]

= σ2
ρIrc (45)

E is the expectation operator and Irc , the (rc × rc) identity matrix. An unbiased estimation of the
standard deviation σρ is:

σ2
ρ = ‖Y −Wχ̂‖2 / (rc − nb) (46)

The covariance matrix of the estimation error is given by:

Cχ̂χ̂ = E
[

(χ− χ̂) (χ− χ̂)T
]

= σ2
ρ

(

WTW
)−1

(47)

σ2
χ̂i

= Cχ̂χ̂(i, i) is the i-th diagonal coefficient of Cχ̂χ̂ (47).
The ordinary LS can be improved by taking into account different standard deviations on actuated

joint j equations errors [27]. Data in Y and W of (40) are weighted with the inverse of the standard
deviation of the error calculated from ordinary LS solution of the equations of joint j [27]

Yj = Wjχ+ ρj (48)
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Figure 3: The DualV.

This weighting operation normalizes the errors in (40) and gives the weighted LS estimation of the
parameters (IDIM-WLS ).

4.3 Payload Identification

In order to identify both the robot and the payload dynamic parameters, using the model (38), it is
necessary that the robot carries out two types of trajectories [30]:

1. trajectories without payload, and

2. trajectories with payload fixed to the end-effector.

The sampling and filtering of the model IDIM (38) can be then written as:

Y =

[

Wa 0
Wb Wl

] [

χ

χl

]

+ ρ (49)

where

• Wa is the observation matrix of the robot in the unloaded case,

• Wb is the observation matrix of the robot in the loaded case,

• Wl is the observation matrix of the robot corresponding to the payload inertial parameters.

Thus, these two types of trajectories avoid the regrouping of the payload parameters with those
of the platform and allow their independent identification. Next section presents experimental results
on a prototype of actuation redundant parallel robot.

5 Case Study

5.1 Description of the DualV

The DualV (Fig. 3) is a prototype of a planar parallel robot with actuation redundancy developed
at the LIRMM [21]. This robot has 3 controlled dof (two translations in the plane (xOy) and
one rotation about the z axis), but 4 identical legs with one actuator per leg. Thus, its degree of
redundancy is equal to 1. Each leg is composed of one proximal and one distal link. The proximal
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Figure 4: The controller for the DualV.

Table 1: MDH parameters for the frames corresponding to i-th robot leg (i = 1, ..., 4).

ji aji µji γji dji θji rji
1i 0 1 γi lOAi

= 0.41m q1i − γi 0
2i 1i 0 0 lAiBi

= 0.28m q2i 0
3i 2i 0 0 lBiCi

= 0.28m q3i 0

link AiBi is attached to the base by an actuated revolute joint and to the distal link BiCi by a passive
revolute joint. The distal link is also attached to the moving platform by a passive revolute joint.

The geometric parameters of the virtual open-loop tree structure are described in Table 1 using the
modified Denavit and Hartenberg notation (MDH ) [14] (in this table, γ1 = 15.52deg, γ2 = 164.48deg,
γ3 = −164.48deg and γ4 = −15.52deg). The platform and payload are considered as supplementary
bodies, the payload being fixed on the platform. They are respectively numbered as bodies 4 and 5.

The DualV is actuated by four ETEL RTMB0140-100 direct drive actuators, which can deliver
maximal torques of 127Nm. The robot is able to achieve accelerations of 25G in its workspace. The
current amplifier can provide directly the measure of the input torque produced by the actuator.

Its controller is an augmented PD control with a dynamic based feedforward and internal-stress
avoidance described in Fig. 4. PD controller gains are computed based on the response of a second
order differential equation for the tracking error equations, with a chosen bandwidth whose cut-off
frequency is equal to fc = 70Hz (ωc = 2πfc) and a damping factor ξ = 0.7 to provide the fastest
response. The bandwidth is chosen just below the natural frequency of the robot estimated at about
100Hz using finite element analysis.

The derivative term is filtered using a first-order low-pass filter whose cut-off frequency is set
to 70Hz to avoid amplifying noise. On this controller, we can switch on or off feed-forward terms
to partially compensate for the dynamics of the system or not. This compensation is based on the
inverse dynamics computation.

To get rid of the combination of joint torques that create internal-stress rather than operational
forces, a projection along the null space of the robot inverse transposed Jacobian matrix Jinv T

p is
performed:

τ ∗ = τ −

n−r
∑

i=1

(

uc T
2i

τ
)

uc
2i

(50)

where uc
2i

(i = 1, . . . , n− r) span the null space of Jinv T
p (see [20]). Canceling internal stress (from

a kinetostatic point of view) is recommended since it leads to less deformation and impact favorably
robot’s accuracy. Additionally it ensures having the joint torque vector of the lowest norm, which is
good from an energy consumption point of view.

Finally, it should be mentionned here that, for the DualV, the controller is known and the value
of the overconstraint could be fixed to zero in the identification procedure. However, this could not
be the case if the robot were designed by industrial manufacturers that generally give few details
about their technology.
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5.2 Computation of the Inverse Dynamic Model

The inverse dynamic model of the DualV can be obtained using the equations given in Sections 2
and 3 but is detailed here for reason of clarity.

5.2.1 Inverse dynamic model of the virtual tree structure and of the virtual free plat-
form

The inverse dynamic model of the open loop virtual structure can be obtained by noticing that each
leg is indeed a planar 3R robot in which the last body is massless. Its inverse dynamic model may
be found in [31]:

τt1i =
(

zz1i + ia1i + d22m2i

)

q̈1i + zz2i(q̈1i + q̈2i)

+ d2mx2i ((2q̈1i + q̈2i) cos q2i − q̇2i(2q̇1i + q̇2i) sin q2i)

+ d2my2i ((2q̈1i + q̈2i) sin q2i + q̇2i(2q̇1i + q̇2i) cos q2i)

+ fs1isign(q̇1i) + fv1iq̇1i

τt2i =zz2i(q̈1i + q̈2i) + d2mx2i
(

q̈1i cos q2i + q̇21i sin q2i
)

+ d2my2i
(

q̈1i sin q2i − q̇21i cos q2i
)

+ fs2isign(q̇2i) + fv2iq̇2i

τt3i =fs3isign(q̇3i) + fv3iq̇3i

(51)

where

• parameters zzji, iaji, mji, mxji, myji, fsji, fvji are defined in Section 2.2 (j = 1, 2, 3),

• angles qji and length d2 are defined in Table 1 and Fig. 3 (j = 1, 2, 3),

• τt1i is the torque of the virtual actuator located at point Ai, τt2i is the torque of the virtual
actuator located at point Bi, and τt3i is the torque of the virtual actuator located at point Ci.
The vector τ idmt

of (1) stackes all vectors τ ti = [τt1i τt2i τt3i ]
T .

The inverse dynamic model of the free body corresponding to the platform (body 4) with the
payload (body 5) in the virtual system is

τp1 =(m4 +m5)ẍ− (mx4 +mx5)(φ̈ sinφ+ φ̇2 cosφ)

+ (my4 +my5)(−φ̈ cosφ+ φ̇2 sinφ)

τp2 =(m4 +m5)ÿ + (mx4 +mx5)(φ̈ cosφ− φ̇2 sinφ)

− (my4 +my5)(φ̈ sinφ+ φ̇2 cosφ)

τp3 =(zz4 + zz5)φ̈+ (mx4 +mx5)(ÿ cosφ− ẍ sinφ)

− (my4 +my5)(ÿ sinφ+ ẍ cosφ)

(52)

with τpj being the j-th components of the vector τ p of (6); x, y and φ are the platform coordinates
(x and y are the position of the platform centre, φ the platform orientation defined as the angle
between the axes x0 and xp); zzj , mj , mxj , myj are defined in Section 2.2 (j = 4, 5).

From (51) and (52), the identification model of the tree structure and of the free platform can
easily be obtained.

The way to compute the platform and the virtual tree structure joint coordinates, velocities and
accelerations is detailed in the following section.
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5.2.2 Forward kinematic problem of the real parallel robot

For the DualV, the loop-closure equations (7) can be written as (for i = 1 . . . 4):

0 = x− rp sin(φ+ kπ)− xAi
− d2 cos q1i − d3 cos(q1i + q2i)

0 = y + rp cos(φ+ kπ)− yAi
− d2 sin q1i − d3 sin(q1i + q2i)

0 = φ+ k̄π − q1i − q2i − q3i

(53)

where rp is the half platform length (rp = lC1C3
/2), k = 0 (k̄ = 1) if i = 1, 2, k = 1 (k̄ = 0) if i = 3, 4,

and xAi
and yAi

are the position coordinates along x and y axes for the point Ai.
From the two first lines of (53), the reduced loop-closure equations (8) that directly relate the

displacements of the actuated joints to the moving platform coordinates can be obtained after deleting
from these expressions the terms in cos q2i or sin q2i (for i = 1 . . . 4):

d23 = (xCi
− xBi

)2 + (yCi
− yBi

)2 (54)

where xCi
= x− rp sin(φ+ kπ) and yCi

= y+ rp cos(φ+ kπ) are the position coordinates of point Ci,
and xBi

= xAi
+ d2 cos q1i and yBi

= yAi
+ d2 sin q1i are the position coordinates of point Bi.

Noticing that the forward geometric problem can be solved by

x =
xC1

+ xC3

2
, y =

yC1
+ yC3

2
, φ = tan−1

(

−
xC1

− xC3

yC1
− yC3

)

(55)

when finding expressions of xCj
and yCj

(j = 1, 3) as functions of q1i (i = 1 . . . 4). These expressions
are quite simple to find as the loops formed by the legs 1 and 2, or the legs 3 and 4, are five-bar
linkages:

xCj
= fjyCj

+ kj , yCj
=

−pj ±
√

p2j − 4gjrj

2gj
(56)

where

fj = −
yBj+1

− yBj

xBj+1
− xBj

, gj = f2
j + 1

kj =
x2Bj

+ y2Bj
− y2Bj

− y2Bj+1

2(xBj+1
− xBj

)

pj = 2fj(kj − xBj
)− 2yBj

rj = x2Bj
+ y2Bj

− d23 + k2j − 2kjxBj

(57)

In (56), the sign “±” denotes the two robot assembly modes, that are considered to be a priori fixed
in the identification process as no parallel singularities are crossed.

Then, it comes easily from (53) that:

q2i = tan−1

(

yCi
− yBi

xCi
− xBi

)

− q1i, q3i = φ+ k̄π − q1i − q2i (58)

Then, differentiating (53) and (54) with respect to time, and simplifying, the matrices Ap, Bp,
Jk and Jtk of (13) can be found:

aip = d3
[

c12i s12i − sin(φ+ kπ)s12i + cos(φ+ kπ)c12i
]

(59)

where aip is the i-th line of Ap, c12i = cos(q1i + q2i) and s12i = sin(q1i + q2i),

biip = d2d3 sin q2i (60)

where biip is the i-th term of the diagonal matrix Bp,

JT
tk =

[

J1 T
tk J2 T

tk J3 T
tk J4 T

tk

]

(61)
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Table 2: Essential parameters of the DualV.

Case 1 Case 2
Param. Id. Val. %σχ̂ri

Id. Val. %σχ̂ri

zz11R 4.45e− 2 1.58 4.12e− 2 3.14
zz12R 4.81e− 2 1.39 4.62e− 2 3.09
zz13R 4.81e− 2 1.41 4.57e− 2 2.54
zz14R 5.07e− 2 1.38 5.79e− 2 1.89
zz4 2.06e− 2 1.37 2.05e− 2 2.23
m4 1.92e+ 0 1.08 1.96e+ 0 1.48
zz5 1.61e− 2 1.71 1.64e− 2 3.04
mx5 −1.27e− 1 0.76 −1.27e− 1 1.51
m5 5.42e+ 0 0.30 5.52e+ 0 0.29

Relative error norm ‖ρ‖ / ‖Y‖ ⇒ Case 1: 0.110, Case 2: 0.091

in which, for i = 1 . . . 4

Ji
tk =





1 0 −rp cos(φ+ kπ)
0 1 −rp sin(φ+ kπ)
0 0 1



 (62)

and Jk is a block-diagonal matrix whose i-th diagonal element is

Ji
k =





−d2 sin q1i − d3 sin(q1i + q2i) −d3 sin(q1i + q2i) 0
d2 cos q1i + d3 cos(q1i + q2i) d3 cos(q1i + q2i) 0

1 1 1



 (63)

Then, all velocities can be computed from (9) and (21) as a function q̇T = [q̇11 q̇12 q̇13 q̇14]
T :

t =





ẋ
ẏ

φ̇



 = −A+
p Bpq̇, q̇i =

(

Ji
k

)−1
Ji
tkt (64)

where q̇i is the vector of the leg i joint velocities.
Finally, the accelerations can be computed from (10) and (24) using the previous expressions.
Combining these expressions with those of Section 5.2.2 into the equations of Section 3, the

identification models of the DualV can be computed.

5.3 Identification Results

In this part, experimentations are performed and the dynamic identification model is carried out on
the DualV using the modeling approaches presented in Section 3 and the identification procedure
proposed in Section 4. To estimate the quality of the identification procedure, a payload mass
of 5.37kg which has been accurately weighed is mounted of the platform and will be identified in
parallel to the robot parameters. Two types of exciting trajectories are then performed, as explained
in Section 4.3:

1. trajectories without the payload, and

2. trajectories with the payload fixed to the end-effector.

Before presenting the identification result, it should be noticed that during identification process,
some small base parameters remain poorly identifiable because they have no significant contribution
in the joint torques. They are canceled to keep a set of essential parameters of a simplified dynamic
model with a good accuracy [9]. The essential parameters are calculated using an iterative procedure
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Figure 5: Values of Γ1, estimated from input torques using the relation Jinv T
p τ from (30) (red lines)

and calculated using identified parameters χ̂ from the relation IDMχ (blue lines) with the payload
of 5.37 kg.

starting from the base parameters estimation. At each step the base parameter which has the
largest relative standard deviation %σχ̂ri

is canceled. A new IDIM-WLS parameter estimation of
the simplified model is carried out with new relative error standard deviations %σχ̂ri

. The procedure
ends when max (%σχ̂ri

) /min (%σχ̂ri
) < rσ, where rσ is a ratio ideally chosen between 10 and 30

depending on the level of perturbation in Y and W. In the following of the paper, this ratio is fixed
to 10.

The two proposed identification models are tested:

• Case 1: the IDIM of Section 3.1.1 that projects the input torques on the platform, and

• Case 2: the IDIM of Section 3.1.2 for which the input torque 4 is projected on the actuators
1 to 3.

Table 2 presents the identification results. Subscript ‘R’ stands for the parameters that have been
regrouped using the procedure presented in Section 4.1 (here, zz1iR = zz1i + ia1i + d22m2i). It can
be observed that the robot parameters have been correctly estimated in both cases. The payload of
5.37kg has also been accurately identified. Moreover, the relative error norms in both cases is about
10%, which shows that the inputs Γj have been correctly reconstructed (see also Figs. 5 and 6).

However, the IDIM of Case 1 leads to lower standard deviations of the identified parameters and
to the best payload estimation.
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Figure 6: Values of Γ2, estimated from input torques using the relation τ 1:3 − JT
τ4
τ4 from (36) (red

lines) and calculated using identified parameters χ̂ from the relation IDMχ (blue lines) with the
payload of 5.37 kg.

5.4 Cross-Validations

To cross-validate the obtained models, the following procedure is used. First, a computed torque
control scheme is implemented into the controller. This scheme uses the dynamic models identified
into the previous part. Into the controller, the value of the overcontraint is set to zero (Eq. (26)).

Then, two different trajectories are performed and input torques measurements are recorded
during these movements. The two trajectories are depicted in Fig. 7. It should be mentioned that,
obviously, they are different from the trajectory used for the identification process.

Finally, the measured torques are compared with the calculated torques using (26) by setting
the value of the overcontraint equal to zero. The results, in terms of relative error norms, are
summarized in the Table 3 (see also Figs. 8 and 9 that show the torques along the two trajectories
with the parameters identified in Case 1). It can be seen that the input torques are correctly predicted
in both cases, even if the parameters identified with the IDIM of Case 1 lead to a slightly better
torque estimation.

Finally, to see the improvement in terms of trajectory tracking, the tracking errors obtained when:

• Case a: a simple PD control scheme is implemented into the controller,

• Case b: a computed torque control scheme is implemented into the controller (with parameters
identified in Case 1),

• Case c: a computed torque control scheme is implemented into the controller (with parameters
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Figure 7: The two trajectories used for the cross validations.

Table 3: Relative error norms (Percent).

Trajectory 1 Trajectory 2
χ̂ τ1 τ2 τ3 τ4 τ1 τ2 τ3 τ4 Mean

Case 1 9.1 8.5 7.5 8.9 9.8 8.5 7.6 10.5 8.8
Case 2 9.1 8.5 8.0 8.6 10.0 8.6 8.2 11.7 9.2

identified in Case 2).

The maximal tracking errors for each joint are given in Table 4. Of course, when computed torque
control is used, the tracking error is lower (from 54% to 76% of reduction). The comparison between
the cases b and c, when computed torque control is used with the two different identified dynamic
parameters, is more difficult to carry out. Indeed, both controllers are quite equivalent in terms of
tracking errors. Therefore, it is not possible to claim which kind of identification methodology is
better.

5.5 Discussion

It has been observed for the DualV that, even if the results are slightly the same in terms of tracking
errors, the IDIM model of Section 3.1.1 leads to better parameter estimation and torque reconstruc-
tion. However, these results are not sufficient for stating that, in general, the best IDIM to use is
the one of Section 3.1.1. This should be confirmed after carrying out many experiments on different
types of actuation redundant robots, and even if we had the possibility to do so, this is not the topic
of the present paper. Moreover, even if for the moment we have no example in mind, we think that
it could exist some particular robots for which the IDIM of Section 3.1.2 is better suited.

To our opinion, the only thing it is possible to claim is that the computation of the IDIM of
Section 3.1.1 is more straightforward than the computation of the IDIM of Section 3.1.2 as all the
equations are projected on the platform and as it cannot exist several combinations for projecting
the equations.

6 Conclusion

This paper has presented a method for the identification of the inertial parameters of parallel robots
with actuation redundancy. Contrary to serial robots or parallel robots without actuation redundancy
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Figure 8: Measured (red lines) and estimated (blue lines) input torques rebuilt using the identified
parameters of Case 1 on trajectory 1.

Table 4: Tracking errors (10−3 radians).

Trajectory 1 Trajectory 2
e1 e2 e3 e4 e1 e2 e3 e4

Case a 6.35 6.50 8.00 8.25 7.70 7.65 9.40 7.60
Case b 2.79 2.15 1.95 2.10 2.90 2.65 2.20 2.05
Case c 2.80 2.11 2.06 2.04 2.83 2.67 2.25 2.10
b/a (%) 55.9 66.9 75.6 74.6 62.3 65.4 76.6 73.0
c/a (%) 56.0 67.6 74.3 75.2 63.2 65.1 76.1 72.3

ei = max
∣

∣qdi − qmi
∣

∣, where qdi and qmi are the desired and measured
joint i positions, respectively.
b/a (c/a) (%): percentage of error reduction between Cases a and b (c).

for which the dynamic identification methods are based on the use of the IDIM which calculates each
joint force/torque that are linear in relation to the dynamic parameters, for actuation redundant par-
allel robot that are overconstrained, the usual IDIM has an infinity of solutions for the force/torque
prediction, depending of the value of the desired overconstraint that is a priori unknown. As a result,
the usual IDIM cannot be used as it is.

This paper proposed a universal procedure for the computation of a modified IDIM of actuation
redundant parallel robots, i.e. which can be applied for any actuation redundant parallel robot
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Figure 9: Measured (red lines) and estimated (blue lines) input torques rebuilt using the identified
parameters of Case 1 on trajectory 2.

for which the value of the overconstraint is known or not. Two modified formulations have been
shown for the IDIM of actuation redundant robots that can be used for identification purpose. This
formulation consists of projecting the input torques/forces on other bodies, thus leading to unique
solution of the model that can thus be used in the identification process. The identification of
the inertial parameters of a planar parallel robot with actuation redundancy, the DualV, was then
performed using these modified IDIM. Experimental results show that the inertial parameters of the
robot were correctly identified. Moreover, for validation purpose, a known payload mass has been
added on the robot to be sure that the identification process was correct. This mass has been very
accurately identified. Finally, it has been shown that the torque prediction with the newly identified
parameters was correct and that when the identified models were used into controller with torque
prediction, the tracking errors were considerably lower.
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