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HIN conductive shells are characterized by a high ratio
between length and thickness. Thus, using a volume mesh

for these shells leads to a large number of elements to avoid
the numerical errors. Furthermore, when the frequency is high,
the skin depth becomes much thinner than the thickness e.
It increases the size of the needed mesh to properly model
this effect.

To compute eddy currents in thin shells in the general case
(δ > e or δ ≈ e or δ < e), a few different approaches

Fig. 1. Both thin shell and surrounding regions are non-magnetic (μ = μ0),
the conductivity is σ . S1, S2 are boundaries of the shell with the air region.
S is the equivalent surface region.

This paper presents an integral formulation using facet
elements that allows the modeling of non-magnetic conductive
thin shells in the general case (δ > e or δ ≈ e or δ < e).
This approach is similar to [4] but it considers the field
variation through depth due to skin effect in low frequency,
like in [1]. In our formulation, the current density is linearly
interpolated with first-order facet elements. Performances of
this formulation will be shown by two examples; the first one
is a modeling of the multiply connected region and the second
one is a coupling with an external circuit, connected to the thin
region.

II. FORMULATION

A. Thin Shell Equations
We consider a non-magnetic shell with a thickness e and a

skin depth δ (Fig. 1).
The current density J in the region is described by the

integral equation of the PEEC method [6]

J
σ

+ jωμ0

4π

∫

�C

J
r

d�C = −gradV (1)

where σ is the material conductivity, μ0 is the vacuum
permeability, and V is the scalar electric potential.

We assume that the current density J is parallel to the
equivalent surface region. Let us define the average shell
current Jm

Jm = 1

e

e/2∫

−e/2

J(z)dz = G · (JS1 + JS2)

2
(2)

with G = tanh[(1 + j)e/2δ]/[(1 + j)e/2δ], the characteristics
of function G are shown in [7], JS1 and JS2 are the current
density on both sides of the shell.
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I.  INTRODUCTION

T

have already been proposed [1]–[3]. In some of them [1], [2],
integral formulations are developed using a boundary integral
equation  method  and  or  a  volume  integral  equation  method.
In these  formulations, the field variation across the thickness
of the shell is considered with a quite good accuracy and the
air  region is  not meshed. In  [3], a  finite­element formulation
using  the  similar  shell  element for  modeling  thin  conductive
regions  has  been  presented.  This  formulation  considers  the
field variation through depth due to skin effect and allows the
modeling  of  the  multiply  connected  shells  and  the  coupling
with  an  external electrical circuit  but it  leads  to  the  mesh  of
the air region.

The   partial   element   equivalent   circuit   (PEEC)   method
is   a   well­known   integral   equation   technique   leading   to
an  equivalent  circuit  representation  of   an  electromagnetic
device [6]. This method is used for the modeling of complex
interconnect problems by requiring a structured mesh associ­
ated with uniform current density on each element.

Recently, eddy­current integral formulations based on facet
elements have been proposed [4], [5]. Different regions have
been  considered,  such  as  thin  regions  in  [4]  and  volume
regions in [5]. This approach seems very attractive because it
enables an easy treatment of the multiply connected problems
with  general  meshes,  without  cuts  technique  and  meshing
the   air.   Moreover,  the   coupling  with   the  classical   PEEC
formulations [6]  is  natural,  since  both  formulations have  the
same theoretical bases.
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We can write (1) for the first side of the thin region
JS1

σ
+ jωμ0

4π

∫

�C

J
r

d�C = −grads V1 (3)

with V1 is the scalar electric potential of the first side.
We now consider the following assumption:

∫

�C

J
r

d�C ≈
∫

S

1

r

⎧⎪⎨
⎪⎩

e/2∫

−e/2

J(z)dz

⎫⎪⎬
⎪⎭ d S = e

∫

S

Jm

r
d S. (4)

Using (2)–(4), we finally have
JS1

σ
+ jωμ0

4π
e
∫

S

Jm

r
d S = −grads V1. (5)

On the second side of the shell, we get a similar equation
JS2

σ
+ jωμ0

4π
e
∫

S

Jm

r
d S = −grads V2 (6)

where V2 is the scalar electric potential of the second side.
Averaging equations, which are written for both sides of the

shell and using (2), we obtain an integral equation for Jm with
VSm = (V1 + V2)/2, the average surface potential

Jm

G · σ
+ jω

μ0

4π
e
∫

S

Jm

r
d S = −gradSVSm. (7)

Thus, we get a thin medium region with the equivalent
conductivity σ ∗ = G · σ , the current density Jm , the scalar
electric potential VSm.

B. Facet Elements Interpolation
The average shell current distribution is interpolated with

first-order facet elements such as

Jm = 1

e

∑
j

w j I j (8)

where I j is flux across the j th edge and wj is the facet shape
function with some properties

w j · n = ± 1

� j
(9)

divsw j = ± 1

se
(10)

where � j is length of the j th edge and se is surface of
element e that contains the edge j . The sign (±) depends
on the facet orientation.

C. System Assembly Using Facet Elements
By applying the Galerkin method to (7) and using wi as

projection functions, a system of linear equations is obtained

[Zb]Ib = ([R] + jω[L])Ib = Ub (11)

with

Rij = 1

e

∫

Si

wi · w j

G · σ
d S (12)

Li j = μ0

4π

∫

Si

wi ·
∫

S j

w j

r
d Sd S (13)

Ubi = −
∫

Si

wi · grads VSmd S. (14)

Like the formulation presented in [5], [Zb] can be seen
as the impedance matrix of the electrical equivalent circuit
generated, Ib is vector of currents through the facets, sparse
complex matrix [R] is the matrix of the resistive terms, and
fully dense matrix [L] is the matrix of the mutual inductances.

Let us apply divergence theorem on (14), we get

Ubi = −
∫

�

(wi · n)VSmd� +
∫

S

divs(wi )VSmd S (15)

where � is the boundary of surface region S.
If edge i is an internal edge

Ubi = 1

sk

∫

Sk

VSmd Sk − 1

sl

∫

Sl

VSmd Sl (16)

with sk and sl are the surface of element k and l which share
the edge i . Thus, Ubi is the difference between the averaged
voltages of both elements sharing edges i .

If the edge i is a border edge, we have

Ubi = − 1

�i

∫

Li

VSmd Li + 1

se

∫

Se

VSmd Se (17)

with se is the surface of element e that contains the edge i
and �i is length of edge i . Thus, Ubi is the difference between
the surface averaged voltage on the single elements to whom
edge i belongs and the averaged potential on this edge.

From previous considerations, an equivalent electrical
circuit (11) can be generated. The branches of this circuit are
represented by the edges of initial mesh. Each element of the
mesh can then be seen as a node of this circuit. This electrical
circuit is in fact an equivalent representation of the dual mesh.

It should be noted in (11) that the resistance matrix [R] is
complex; therefore, it cannot be interpreted as purely ohmic
components in the equivalent electrical circuit presented.

D. Resolution of the Electrical Circuit

To resolve the equivalent electrical circuit, we use the
similar technique than which is presented in [5], so using an
independent loops search technique [8].

Fundamental circuit equations are expressed with external
source voltages

[M](Ub + Us) = 0 (18)

with [M] is the branch-fundamental independent loop transi-
tion matrix, where the value of each element can be −1, 0, or 1
and Us is the vector of external voltage sources (most part of
time equal to 0). We can write a new system of linear equa-
tions, where unknowns Im are currents flowing in independent
loops

[M][Zb][M]T Im = −[M]Us. (19)

Once linear system has been solved, we obtain the currents
flowing on each branch by applying the following equation:

Ib = [M]T Im . (20)



Fig. 2. Thin conductive disk (R = 500 mm, Rh = R/3, e = 10 mm,
σ = 6E7 S/m, Rc = 300 mm, and h = 100 mm).

E. Computation of Joule Losses

Our formulation gives the average shell current after the
resolution, which does not allow to calculate the Joules
losses integrating the current density J(z) along the thickness.
However, it is possible to evaluate the Joules losses from the
expression, like presented in [7]

P = e · Re

⎧⎨
⎩

∫

S

Jm · J∗
m

G · σ
d S − jω

∫

S

Bm · B∗
m

G · μ0
d S

⎫⎬
⎭ (21)

where Bm is the tangential component of the total induction
Btotal, which can be calculated by the following expression:

Btotal = G · μ0

4π

∫

S

Jm × r
r3 d S + Bexternal (22)

with Bexternal is the induction created by external sources.

III. NUMERICAL EXAMPLE

To validate the proposed formulation and to show its
performances, we consider two different examples. The first
one is a thin conductive disk with a hole placed in a magnetic
field created by a current loop (Fig. 2). The second one is a
square thin conductive plate connected with a wire, which is
supplied by a current source (Fig. 5), presents the coupling of
a conductive shell with an external electric circuit. The results
of our formulation will be compared with those obtained with
flux, a commercial finite-element method (FEM) software.

A. Thin Conductive Disk With a Hole

In this example, we focus on the computed eddy current
distribution and Joules losses in the disk at different frequen-
cies [see Figs. 3(a) and (b) and 4 and Table I]. This example
has been modeled by three different methods. The first one is
the axisymmetric FEM. The second one is the shell element
formulation implemented in 3-D FEM code [3]. The last one
is our formulation.

The results provided by our formulation are very
encouraging. If we consider the axisymmetric FEM method
as our reference, our formulation leads to an error of 0.87%
for the Joules losses at 10 Hz (e/δ = 0.49), 1.10% at
50 Hz (e/δ = 1.08), and 0.21% at 250 Hz (e/δ = 2.43).
Let us notice that our formulation leads to more accurate
results than the same shell model but coupled with 3-D
T-ϕ FEM [3] with 2 000 000 elements (400 000 shell elements
in the disk) (Fig. 4).

Another advantage of our formulation is its capacity to treat
any multiply connected problems because of the algorithm
detecting the independent loops.

Fig. 3. Shell current distribution (ampere per meter) in disk at (a) 10 and
(b) 250 Hz.

Fig. 4. Joule losses in the disk, calculated by three methods versus frequency.

TABLE I

RELATIVE ERROR OF OUR FORMULATIONS COMPARED

WITH THE AXISYMMETRIC FEM SOLUTION

Fig. 5. Aluminum wire connected to a square thin plate conductive
in which supplied by a current source, e = 2 mm, length = 200 mm,
ρ = 2.836 × 10−8 �m, point A (0, −98, 0), and point B (0, 98, 0).

B. Thin Conductive Plate and Wire

The second example can be seen as the coupling of our
formulation with the classical PEEC method [6]. The currents
in the square thin plate conductive have been modeled with
our formulation and those in the wire have been modeled
by the PEEC method. Using the facet elements and the



Fig. 6. Global equivalent electrical circuit coupling facet integral and PEEC
approaches (Zbi is the impedance of the i th branch of the equivalent electrical
circuit of the plate, Z0k is the impedance of the kth branch of the equivalent
electrical circuit of the wire, and Mik is the mutual between these two
branches).

Fig. 7. Shell current distribution (ampere per meter) in the plate obtained
by our formulation at (a) 1 KHz and (b) 1 MHz.

Fig. 8. Shell current distribution along path AB computed by both
formulations at 1 KHz.

PEEC method, we obtained the different parts of the global
equivalent electrical circuit (Fig. 6). The results are obtained
by the resolution of the complete global circuit.

In Fig. 6, the mutual between the i th branch of the equiva-
lent electrical circuit of the plate and the kth branch of the
equivalent electrical circuit of the wire (Mik and Mki) are
calculated by the expression

Mik = jωμ0

4π

∫

Si

wi .

∫

�0k

uk

S0k .r
d�0d S (23)

Mki = jωμ0

4π

∫

�0k

uk

S0k
.

∫

Si

wi

r
d Sd�0 (24)

where �0 is the wire region, uk is the unit vector defining
the current direction in the wire, and S0k is the section of
element k of the wire conductor.

TABLE II

JOULE LOSSES IN THE PLATE (w)

This example is modeled by our formulation and the shell
element formulation implemented in 3-D FEM. We still focus
on the computed eddy current distribution and Joule losses in
the plate.

Simulations have been performed at different frequencies
from 10 Hz to 1 MHz. However, only results of simulations
at 1 KHz are shown (see Figs. 7 and 8 and Table II).

The results show that the Joule losses calculated by our
formulation present a difference of 4.21% compared with those
obtained with shell element formulation in 3-D FEM at 1 KHz.
Current distributions present a good adequacy.

IV. CONCLUSION

In this paper, we have presented an original integral volume
formulation using facet elements to model thin conductive and
non-magnetic regions. The formulation is general and various
skin depths (δ > e or δ ≈ e or δ < e) are considered.

The formulation has a small relative error in comparison
with an axisymmetric reference FEM. Cuts technique and
meshing the air are not necessary for solving multiply con-
nected problems. Moreover, it enables an easy and natural
treatment of the coupling with the classical PEEC formulation
both formulations having the same theoretical bases.

The obtained matrix fully dense but this problem can be
overcome by the use of a compression technique like fast
multi-pole method [9] enabling the save of memory and the
reducing the computation time.
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