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SYNCHRONISING AND NON-SYNCHRONISING DYNAMICS FOR A
TWO-SPECIES AGGREGATION MODEL

CASIMIR EMAKO-KAZIANOU, JIE LIAO, AND NICOLAS VAUCHELET

ABSTRACT. This paper deals with analysis and numerical simulations of a one-dimensional two-
species hyperbolic aggregation model. This model is formed by a system of transport equations
with nonlocal velocities, which describes the aggregate dynamics of a two-species population in
interaction appearing for instance in bacterial chemotaxis. Blow-up of classical solutions occurs
in finite time. This raises the question to define measure-valued solutions for this system. To this
aim, we use the duality method developed for transport equations with discontinuous velocity to
prove the existence and uniqueness of measure-valued solutions. The proof relies on a stability
result. In addition, this approach allows to study the hyperbolic limit of a kinetic chemotaxis
model. Moreover, we propose a finite volume numerical scheme whose convergence towards
measure-valued solutions is proved. It allows for numerical simulations capturing the behaviour
after blow up. Finally, numerical simulations illustrate the complex dynamics of aggregates until
the formation of a single aggregate: after blow-up of classical solutions, aggregates of different
species are synchronising or nonsynchronising when collide, that is move together or separately,
depending on the parameters of the model and masses of species involved.

1. INTRODUCTION

Aggregation phenomena for a population of individuals interacting through an interaction
potential are usually modelled by the so-called aggregation equation which is a nonlocal nonlinear
conservation equation. This equation governs the dynamics of the density of individuals subject
to an interaction potential K. In this work, we are interested in the case where the population
consists of two species which respond to the interaction potential in different ways. In the
one-dimensional case, the system of equations writes:

(1.1) Otpa + XaOz (a(p)pa) =0, for a=1,2,
with
a(p) = / Ou K (x = y)p(t, dy),  p:=01p1+ bap2,
R

where 6, xo for a = 1,2 are positive constants.

In this work, we are interested in the case where the interaction potential K in (1)) is pointy
i.e. satisfies the following assumptions:

(H1) K € CY{R\{0}).
(H2) VzeR, K(z)=K(—x).
(H3) 0,K € L>*(R).
(H4) K is A-concave with A > 0 i.e.,
Yo,y €RY, (0:K(2) — 0:K(y)) (x —y) < Mz —y)°.

The aggregation equation arises in several applications in biology and physics. In fact, it is
encountered in the modelling of cells which move in response to chemical cues. The velocity of
cells a(p) depending on the distribution of nearby cells represents the gradient of the chemical
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substance which triggers the motion. Cells gather and form accumulations near regions more
exposed to oxygen as observed in [20, 24]. We can also describe the movement of pedestrians
using the aggregation equation as in [I6] where the velocity of pedestrians is influenced by the
distribution of neighbours. This equation can also be applied to model opinion formation (see
[25]) where interactions between different opinions can be expressed by a convolution with the
kernel K.

From the mathematical point of view, it is known that solutions to the aggregation equation
with a pointy potential blow up in finite time (see e.g [11} [5, 2]). Then global-in-time existence
for weak measure solutions has been investigated. In [5], existence of weak solutions for single
species model has been obtained as a gradient flow. This technique has been extended to the
two-species model at hand in [II]. Another approach of defining weak solution for such kind of
model has been proposed in [I8, 17] for the single species case. In this approach, the aggregation
equation is seen as a transport equation with a discontinuous velocity a(p). Then solutions in
the sense of duality have been defined for the aggregation equation.

Duality solutions has been introduced for linear transport equations with discontinuous ve-
locity in the one-dimensional space in [3]. Then it has been adapted to the study of nonlinear
transport equations in [4] [I8], [I7]. In [I8| [I7], the authors use this notion of duality solutions
for the one-species aggregation equation. Such solutions are constructed by approximating the
problem with particles, i.e. looking for a solution given by a finite sum of Dirac delta functions.
Particles attract themselves through the interacting potential K, when two particles collide,
they stick to form a bigger particle.

In this work, we extend this approach to the two species case. To do so, we need to modify
the strategy to the problem at hand. Indeed, collisions between particles of different species
are more complex: particles can move together or separately after collision. This synchronising
or non-synchronising dynamics implies several difficulties for the treatment of the dynamics
of particles. In fact, particles of different species can not stick when they collide. Then an
approximate problem is constructed by considering the transport equation with the a regularized
velocity. Then measure valued solutions are constructed by using a stability result.

An important advantage of this approach is that it allows to prove convergence of finite vol-
ume schemes. Numerical simulations of the aggregation equation for the one-species case, which
corresponds to the particular case of (ILI]) when setting ps = 0, have been investigated by several
authors. In [§] the authors propose a finite volume method consistent with the gradient flow
structure of the equation, but no convergence result has been obtained. In [9], a Lagrangian
method is proposed (see also the recent work [7]). For the dynamics after blow up, a finite vol-
ume scheme which converges to the theoretical solution is proposed in [19,[6]. In the two-species
case, the behaviour is more complex since the interaction between the two species can occur
and they may synchronise or not i.e. move together or separately depending on the parameters
of the models and the masses of species. A numerical scheme illustrating this interesting syn-
chronising or non-synchronising dynamics is provided in Section 6. In addition, a theoretical
result on the convergence of the numerical approximation obtained with our numerical scheme
towards the duality solution is given. Such complex interactions phenomena have been observed
experimentally in [13].

System (ILI)) can be derived from a hyperbolic limit of a kinetic chemotaxis model. In the
case of two-velocities and in one space dimension, the kinetic chemotaxis model is given by
(1.2)

1
oty + 00,5 =~ [ (TSI 0)f5(W) - TalS)e) ) de's a =12 veV = {1}
1%

— 025"+ 5 = 00 (fi(1) + f1(=1)) + 62 (fz(1) + f5(=1)),
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where f5(x,v,t) stands for the distribution function of a-th species at time ¢, position z and
velocity v, S¢(t,x) is the concentration of the chemical substance, T, [S](v,v’) is the tumbling
kernel from direction v € V to direction v’ € V and € > 0 is a small parameter. This tumbling
kernel being affected by the gradient of the chemoattractant, is chosen as in [12]

(1.3) To[S])(v,v") = g (1 + XavdzS) ,

where 1), is a positive constant called the natural tumbling kernel and y,, is the chemosensitivity
to the chemical S. This kinetic model for chemotaxis has been introduced in [21] to model the
run-and-tumble process. Existence of solutions to this two species kinetic system has been
studied in [14].

Summing and substracting equations ([L2]) with respect to v = £1 for f§ yields

(1.4) Oup5, + 0y JE = 0,
1.5 o Jg + ampa = % XaaxSEpE - J§ , a=1,2
a o - o a

where p, := fE(1) + fo(—1) and JE = (f5(1) — f&(—1)). Taking formally the limit ¢ — 0 in
(L3), we deduce that JS — x,0:5°0% in the sense of distributions. Injecting in (T4]), we deduce
formally that p¥ satisfies the limiting equation:

(1.6) 8100, + Xa0x((025°)p0) =0,
where S satisfies the elliptic equation:
—Z?mSO + 89 = 91,0(1] + 92,0(2].

This latter equation can be solved explicitly on R and S is given by
1
(1.7) SO = K % (01p) + 0203), K = §e—|m|.

Then we recover system ([LI]). This formal computation can be made rigorous. The rigorous
derivation of (6] from system (L.2]) will be proved in this work.

The paper is organized as follows. We first recall some basic notations and notions about the
duality solutions and state our main results. Section 3 is devoted to the derivation of the macro-
scopic velocity used to define properly the product a(p)p, and duality solutions. Existence and
uniqueness of duality solutions are proved in Section 4, as well as its equivalence to gradient flow
solutions. The convergence of the kinetic model (L2) as ¢ — 0 towards the aggregation model
(L6)-(L7) is shown in Section 5. Finally, a numerical scheme that captures the synchronising
and non-synchronising behaviour of the aggregate equation is studied in Section 6, as well as
several numerical examples showing the synchronising and non-synchronising dynamics.

2. NOTATIONS AND MAIN RESULTS

2.1. Notations. We will make use of the following notations. Let T" > 0, we denote

e L! (R) is the space of nonnegative functions of L!(R).
e Cy(R) is the space of continuous functions that vanish at infinity.
e Mjo(R) is the set of local Borel measures, My, (R) those whose total variation is finite:

Mp(R) = {p € Mioc(R), [ (R) < +o0}.

e Spm = C([0,T], Mp(R) — o(Mp(R),Cp(R))) is the space of time-continuous bounded
Borel measures endowed with the weak topology.
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e P5(R) is the Wasserstein space of order 2:
Pa(R) = {u nonnegative borel measures in R s.t |u| (R) = 1,/ |lz|? p(de) < oo} .
R

e For H € C(R\{0}), we define H:
_ (H(z), f 0,
A { (), forx#

0, else.

We notice that if K satisfies |(H2)| and [(H4), we have by taking y = —z in|(H4)| and using |(H2)|
that, Vo € R, 0, K (z)x < Az?. We deduce that [[H4)| holds for 0, K i.e.:

(2.1) Yo,y eR, (9,K(x) — 0, K(y))(x —y) < Mz —y)%

We recall a compactness result on Mp(R) — o(Mp(R), Co(R)). If there exists a sequence of
bounded measures p” € My, (R) such that their total variations |p"| (R) are uniformly bounded,
then there exists a subsequence of u™ that converges weakly to p in My, (R).

2.2. Duality solutions. For the sake of completeness, we recall the notion of duality solu-
tions which has been introduced in [3] for one dimensional linear scalar conservation law with
discontinuous coefficients. Let us then consider the linear conservation equation:

(2.2) Op + 0. (b(t,z)p) =0, in ]0,T[xR,

with 7" > 0. We assume weak regularity of the velocity field b € L>°(]0,T[xR) and b satisfies
the so-called one-sided Lipschitz (OSL) condition:

(2.3) dxb < (t),y € L*(J0,T[), in the sense of distributions.
In order to define duality solutions, we introduce the related backward problem
Op + bOzp = 0,
{p(T7 ) =p" € Lipioe(R).
We define the set of exceptional solutions £ as follows
& :={p € Lipioc(J0, T[xR) solution to (24 with pl = 0}.

Definition 2.1 (Reversible solutions to (2.4])). We say that p is a reversible solution to (2.4]) if
and only if p € Lip;.(]0, T[xR) satisfies (2.4]) and is locally constant on V., where V. is defined
by

(2.4)

Ve :={(t,z) €]0, T[xR; Tp. € Epe(t,x) # 0}.

Definition 2.2 (Duality solutions to ([2.2)), see [3]). We say p € Spq is a duality solution to
(22) in 0,77 if for any 0 < 7 < T, and any p reversible solution to (2.4]) compactly supported

in x, the function ¢ — /p(t,x)p(t,d:n) is constant on [0, 7].
R

The following result shows existence and weak stability for duality solutions provided that
the velocity field satisfied the one-sided-Lipschitz condition.

Theorem 2.3 (Theorem 2.1 in [3]).

(1) Given p™ € My(R). Under the assumption ([2.3)), there exists a unique p € Sp, duality
solution to ([2.2)), such that p(0,-) = p'™.

(2) There exists a bounded Borel function b, called universal representative of b such that
b=" a. e., and for any duality solution p,

Ap—+ 0,(bp) =0, in the distributional sense.
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(8) Let (by)nen be a bounded sequence in L*°(]0, T[xR), with b, — b in L>°(]0, T[xR) —
Assume that b, < Y"(t), where (Y")nen is bounded in L'(]0,T[). Consider a sequence
pn € Spm of duality solutions to

8tpn + a:c(bnpn) =0, in ]07 T[XR,

such that pp(0,-) is bounded in My(R), and p,(0,-) — p™ € My(R). Then p, — p in
Snm, where p € Saq is the duality solution to

Bip + 05(bp) =0, in]0,T[xR, p(0,-) = p™.
Moreover, byp, — bp weakly in My (]0, T[xR).
2.3. Main results. Up to a rescaling, we can assume without loss of generality that the total

mass of each species is normalized to 1. Then we will work in the space of probabilities for
densities.

The first theorem states the existence and uniqueness of duality solutions for system (L.II)
and its equivalence with the gradient flow solution considered in [11].

Definition 2.4. (Duality solutions for system (LI)) We say that (p1,p2) € C([0,T], My(R)?)
is a duality solution to (L)) if there exists a(p) € L°°((0,T) x R) and v € L}, ([0,T7]) satisfying
0za <~y in the sense of distributions, such that for all 0 < t; <ty < T,

(2.5) Oipa + XaOz(a(p)pa) =0, for a=1,2, p=01p1+ O2p2,
in the sense of duality on (t1,t2) and a(p) = 9, K * p a.e. We emphasize that the final datum
for (Z) should be ty instead of T.

Then, we have the following existence and uniqueness result:

Theorem 2.5 (Existence, uniqueness of duality solution and equivalence to gradient flow so-
lution). Let T > 0 and (pi™, pi*') € Po(R)2. Under assumptions there ezists a
unique duality solution (pl,pg) € C([0,T],P2(R)?) to (L)) in the sense of Definition with
(o1, p2)(t = 0) = (pi"™, pi™*) such that

(2.6) a(p) == / 0:K (x — y)p(t,dy), p=01p1 + 2.
R
This duality solution is equivalent to the gradient flow solution defined in [11].

In our second main result, we prove the convergence of the kinetic model (L2]) towards the
aggregation model.

Theorem 2.6 (Hydrodynamical limit of the kinetic model). Assume that xo(61 + 602) < 1 for
a=1,2. Let T > 0 and (f5,S%) be a solution to the kinetic-elliptic equation (L2) such that

fe(t =0) = fi" and fi" € LN LL(R) and / 22 fMdy < oco.
Then, as € — 0, (f5,S%) converges in the follofiing sense:
05 = fo()+ fo(=1) — po  weakly in  Spr,  fora=1,2,
S5~ 8 in C([0,T], Wh°(R)) — weak,
where pq is the unique duality solution of (LO) and S = K *(61p1+ 02p2) given in Theorem [2.5.
The condition x,(f; + #2) < 1 in the previous theorem is needed to guarantee that the
tumbling kernel T,,[S] defined in (I3]) is positive.

To conclude this Section on the main results, we emphasize that, a finite volume scheme to
simulate (2.3]) is proposed in Section 6 and its convergence towards duality solutions is stated
in Theorem
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3. MACROSCOPIC VELOCITY

In this section, we find the representative a of a for which existence and uniqueness of duality
solutions hold. To this end, we consider the similar system of transport equations to (LI
associated to the velocity a™ which converges to a. Next, the limit of the product a"(p2) pg for
a, 8 = 1,2 is computed.

3.1. Regularisation. We build a sequence (a™),cny which converges to a by considering the
sequence of regularised kernels 9, K™ approaching 9, K.

Lemma 3.1. Let (0, K")nen be the sequence of reqular kernels defined by

1
axK($)7 fOT |$| > E)
1
noz K <—> x, else.
n

0, K" e C°(R), VzeR, 0,K"(—z)=—-0,K"(x),

0, K"(x) =

Then

and
102 K™ loo < 02K ||oos Oz K™ < A in the distributional sense.

Proof. From 9,K € C°(R\{0}) and since 9, K™ is continuous at £1, we conclude that
0. K" € C°(R). From we deduce that 0, K is an odd function. Using the definition of
0, K™ and we get that [[0,K"|eo < ||02K||oo- From the construction of 9, K™, we have
that 0, K™ = 9, K outside the interval [~ 1] and from [(H4)] one sees 9,, K™ < X in R\(—1, 1)

n n’n

in the sense of distributions. In addition, if we take z = — and y = L in[(H4)] we have that

n0, K <l> <\
n

Since 0y, K™ = no K (%) in [—%, %], we conclude that 0,, K™ < X in [—%, %] in the sense of
distributions. Finally, we obtain that 0., K™ < X in the sense of distributions. O

In the rest of the paper, the notation 9, K" will refer to the regularised kernels of Lemma [3.11
Given 0, K", the velocity a™ is defined similarly to (2.6]) as

(3.1) Vp€Sm, a"(p):= /R@xK"(w —y)p(t, dy).

In the following lemma, we show that if p] and pg admit weak limits p, and pg respectively
in Sy, then the limit of the product a"(pp)pf is a(pa)ps. Contrary to [22] where the two-
dimensional case is considered, this limiting measure does not charge the diagonal.

Lemma 3.2. Fora = 1,2, let {p2} € Sm be a sequence such thatVn € N,Vt € [0,T],|pl| (t,R) =
M,,. Suppose that there exists p, in Sy such that

P = Po  weakly in Sy,
Then, we have
a"(pa)pp — @lpa)ps  weakly in My([0,7] x R), o,8 =1,2,
where a™(-) and a(-) are defined in [2.0),B1)) respectively. That is for ¢ € Cy([0,T] x R),

T T .
/0 e 0: K" (z — y)pa(t, dx)ps(t, dy)o(t, x)dt — /0 s 0K (x — y)pa(t,dz)ps(t, dy)o(t, x)dt.
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Proof. Before starting the proof of the lemma, we first introduce some notations which simplify
the computations

1
Wt da, dy) = R (t, dx) @ p(t, dy), B = {(a:,y) ERz £y lo—yl < 5},
u(t, dz, dy) == pa(t,dz) @ pp(t,dy).
For ¢ € Cy([0,T] x R), we denote

(3.2)

Anlt)i= | 0K (w = y)u" (t. do, dy)g(t. ) - /R OuK (= y)u(t, de, dy)o(t, ),

Step 1: Convergence almost everywhere in time of A, (t).
Since 9, K™(0) = 0, we have

Anlt) = | 0K @ =yt oy dy)olt,x) = | 0K (@ =yt da, dy)o(t,),
= Lo(t) + 1L (¢),

where 1,,(¢) and I1,(¢) are defined by

—

L= [ (0K )~ 0K @~ ) "t do.dyott. o),

IIn(t) = R2 a/x?{(x - y) (Nn(tv dz, dy) - N(tv dz, dy)) ¢(t7 ‘T)

From the definition of 0, K" in Lemma [3.1] it follows that

L) = [ (K@ — )~ 0K (x — ) (.. dy)o0.).

n

The estimate on |0, K" ||z in Lemma 3] and [(H3)| imply that
L (0)] < 2[[@l oe 102 K || oo " (£, En),

with p" and F,, defined in (3.2)).
Let € > 0. Since the set F,, converges to the empty set, there exists N € N such that ¥n > N,

(3.3) u(t, Ey) <e.
For all n > N, we observe that E,, C Exn, we have
(3.4) p'(t, Ep) < p"(t En) < (1" — p)(t, En) + p(t, En).

From the weak convergence of pl, o = 1,2, we note that the sequence u"(t,-) converges weakly
to u(t,-). Since the total variation of u"(¢,-) is constant in n, the tight convergence is achieved.
Then, there exists N’ such that Vn > N’ > N

" = pl(t, En) < e.
From (B.4]) and ([B.3]), we conclude that Vn > N’ > N,
p(t, Ey) < 2e.
Hence, for all n > N’, we get
(35) Ta()] < 20l 10K o 1 (Es ) < 4] 25 0. K | 1o <.
We deduce that I,,(t) — 0.
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Next, we show that II,(¢) tends to zero.

—

,(0) = [ (0K (@ = 9) = KR = p)olt. )" (1 da ) = " (1, o)

+ R2 amKR($ - y)¢(tv :E)(,un(t, dl‘, dy) - /L(t d$v dy))’

= TIL () + TT12(¢),

where R is an integer which will be fixed later. From the construction of 8, K in Lemma [B1]
we get

1= [ @0~ ) = 01— )00, )0 1 . ) — i, ).
Therefore, one has
UL (8] < 200, K[l |16l (4" (1, Er) + p(t, Er)).
Let ¢ > 0. Using (3.4)), by the same token as previously, there exists N such that for all n > N,
p"(t, En) <2, pu(t, En) <e,
Setting R = N, we conclude that for all n > N,
1L, (8)] < 6el|0n K || e || 6| oo -

For TI2(t), we notice that 0, KN (z — y)$(t,z) is a continuous function that vanishes on the
diagonal (x,z) and we have

- m(w - y)qb(t’ x)(,un - /L)(tv dl‘, dy) = R amKN($ - y)qb(t’ x)(,un - :u)(t’ d$v dy)

The tight convergence of u™ to p implies that there exists N” > 0 such that for all n > N”

o DKM (2 — y)(t, ) (1" — ) (., da, dy)' <e.

Therefore for all n > max{N’, N"}, one has

(3.6) TL,(8)] < e(1 +6/[0: K| o~ [|¢] o)

This implies that II,,(¢) converges to 0.

Combining (3.5 and (3.6]), we deduce that for almost every t € [0,T], A, converges to 0.

Step 2: Lebesgue’s dominated convergence theorem

For all t € [0,T], we have that

[An(8)] < 2[|¢[| oo |02 K[| oo Mo M.
Since A,, converges almost everywhere to 0, fOT Ay, (t)dt converges to zero from Lebesgue’s dom-
inated convergence theorem. O
3.2. OSL condition on the macrosocopic velocity.

Proposition 3.3. Let T, M be positive constants and p € Spq be a positive measure such that
vt € [0,T),|p| (t,R) = M. Let K be such that assumption |(H/) hold. Let a(p) and a™(p) be
defined in 2.8) and B.I) respectively. Then, there exists k € L*([0,T]) such that

Oga(t,x) < k(t), 0za"(t,z) <k(t), in the sense of distributions.
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Proof. For z,y € R, we compute:

—

@(p)t,z) — alp)ty)(z - y) = /R(C‘?/J((w - 2) = G:K(y — 2))(= — y)p(t,d2).
Using the A-concavity of K, we deduce from (2.1))

@(p)(t,2) — a(p)(t, ) — y) < Az — p)? /R plt,dz) < AM(z — ).

Since K™ is also A concave from the proof of Lemma [3.1] we get the one-sided Lipschitz estimate
on a’ by the same token as for a. O

4. EXISTENCE AND UNIQUENESS OF DUALITY SOLUTIONS

4.1. Proof of the existence of duality solutions in Theorem The proof is divided
into several steps. First, we construct an approximate problem for which the existence of duality
solutions holds. Then, we pass to the limit in the approximate problem to get the existence of
duality solutions thanks to the weak stability of duality solutions stated in Theorem 2.3l and
recover Equation (2.5 from Lemma Finally, we recover the bound on the second order
moment.

Step 1: Existence of duality solutions for the approximate problem

The macroscopic velocity a is replaced by an approximation a™ defined in ([B.1]) and the following
system is considered:

(4.1) 0Pl + XaOz (@™ (0197 + b2p5)pL) =0, for a =1,2.

Since 9, K™ is not Lipschitz continuous, we first consider 9, K™™ an approximation of 0, K"
obtained by a convolution with a molifier. The solution pa™ to the following equation is inves-
tigated.

(4.2) Op™ + XaOz (@™ (017" + O2p5 ™ ) p™) =0, for a=1,2,
where a™™ is given by
") i= [ D"~ )t dy).
R

Applying Theorem 1.1 in [I0] gives the existence of solutions pa™™ in L>([0, 7], My(R)) and
pa"| (t,R) = |p| (R) = 1. Since the velocity field a™™ is Lipschitz, pa™" is a duality solution.

In addition, for ¢ € C°(R) we have for o = 1,2 the following estimate:

d
g < / pZ’m(tvdw)QS(w)) = [ 0, K™™(z —y)(01p7"(t,dy) + Oapy ™ (t,dy)) p™ (¢, dx)Dr P ().
R R2
Then,
d 7,1
(4.3) 4 ( [ o <t,da:>¢<x>)' < 1956l 00 K[| o= (61 + ).

Using ([@3)) and the density of C°(R) in Cy(R), we deduce that po™ € Siq. Moreover, the
equicontinuity of py™ in Syq follows from (43) and the density of C2°(R) in Cp(R). Since
lpa™] (t,R) = ‘pfxm‘ (R) = 1, Ascoli Theorem gives the existence of a subsequence in m of po™
which converges to a limit named p} in Syq. We pass to the limit when m tends to infinity in

Equation (4£.2]) and obtain that p[ satisfies (4.1]).

Step 2 : Extraction of a convergent subsequence of p and existence of duality solutions.
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As above, there exists a subsequence of pl! in Sy such that
oo — po  weakly in Sy, for o =1,2.

Let us find the equation satisfied by p, in the distributional sense. Let ¢ be in C2°([0,T] x R).
Since pl satisfies (A1) in the distributional sense, we have

T T
| [ootomdndsxa [ [ @@+ bap)onie.doyote,zia =o.
0 R 0 R

Using Lemma B.2], we can pass to the limit in the latter equation and obtain,

T T
/0 /R 0,6(t, 2)po(t, dz)dE + e /0 /R (O1p1 + Oaps) pa(t, da)b(t, )t = 0.

Thus p, satisfies (2.5) in the sense of distributions. From Proposition B3] the macroscopic
velocity a™(p") satisfies an uniform OSL condition. Then, by weak stability of duality solutions
in (see Theorem 23] (3)), we deduce that

Otpa + XaOz(a(p)pa) =0, for @ =1,2, in the sense of duality in |0, T[xR.
Step 3 : Finite second order moment.

From Equation (Z3)), we deduce that the first and second moments satisfy in the sense of

distributions
d )
< ( / |w|pa<t,dx>> — - [sn()alp)pat. o)

% </ 2% palt, dm)) = —2/d(p)pa(t,da;), for a =1,2.

Since pi™ € Py(R) and a(p) is bounded from ((H2)]), we deduce that the first two moments of
po are finite, then p,(t) € P2(R) for ¢ > 0. O

Remark 4.1. If we define the weighted center of mass of the system z. as follows:

0 0
zo(t) == 2= / zpr(t,dz) + = / zpa(t, dz).
R X2

_Xl R

We remark from straightforward computation that %JEC = (0. Then the weighted center of mass
is conserved for this system.

4.2. Proof of the uniqueness of duality solutions in Theorem Uniqueness relies
on a stability estimate in Wasserstein distance, which is the metric endowed in P2(R). This
Wasserstein distance dyy is defined by (see e.g. [26] 27])

1/2
dw(vp) = inf { |y—:c|2v<d:c,dy>} ,
vEl(v,p) (JR2

where T'(u, ) is the set of measures on R? x R? with marginals y and v, i.e.,
) = {7 € Po(R xRV € ColR xR, [ el dn) = [ €aohutam)

/]RZ §(y1)y(dyo, dyr) = /Rﬁ(yﬂlf(dm)}.

The Wasserstein distance dyy takes a more pratical form in the one-dimensional setting. Indeed,
in one space dimension, we have (see e.g [23], 20])

1
vy (v, p)? = /0 I (e) - F2)[ de,
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where F;! and F N 1 are the generalised inverse of cumulative distributions of v and y, defined
by
Fl(z) = inf{:p eR,v((—o0,z)) > z}, Fu_l(z) = inf{x €R, u((—o0,x)) > z}.

This Wasserstein distance can be extended to the product space Pa(R) x P2(R). In the case at
hand, we define Wy (v, u) by

1 9
(4.4) Wg(l/,,u)zz/o \F;ll(z)—Fu—ll(z)dei; i/ |F2N(2) — Fl(2)| dz,

where v = Zl = Zl € P2(R) x Po(R) and F, !, F;al are the generalised inverse of
2 2

cumulative distributions of v, and p. for a = 1,2, respectively. Using W5 we prove a contraction
inequality between duality solutions of (LT]).

Nznz o pini 11
Proposition 4.2. Let p™ <lem> and V"™ = <y17“> be in P2(R)%2. We define u = <N2>
2 2

ing

and v = Zl duality solutions of (L)) with respectively the initial data u'™, v
2
Then Wa(u,v) defined in (£4) is bounded and satisfies the estimate:

Wa(p,v) < Wa(u™,v"™) exp (2A\(x1 + Xx2) (01 + 02)t).

Proof. Since (u1,v) € Pa(R)? x Pa(R)2, Wa(u,v) is bounded. For the sake of clarity in the proof,
we denote

Fl=F ', G.'=F,, fora=12.

We also omit the argument ¢ in notations F, (¢, z) and G,!(t,x). Computing the derivative of
Wo (1, v)? with respect to time,

1
O Wi, )2 = 2 /0 (7 (2) — Gy (2) (BF, (@) — 0:G; M) de
+ 2X1—(92 / (F2_1(a;) — Gz_l(m)) (ath_l(x) - E?th_l(a:))dx.

X201

Straightforward and standard computations give that
O Fy ! (2) = xal(t, Fy ' (2), 0G5 = xad(t,G5'(x)), fora=1,2.
From the definition of a in (2.6]), we get
1 ——
OuF () = xaby / OR(F ! (@) ~ 2t d2) + by [ OR(F (@) - 2)palt ).
0
Setting z = Fy ' (y) in the first integral and z = F; !(y) in the second one yields
1 1
O @) =it [ OR(F w) = F )y + it | GR () = By ()

Similarly, we get

1 ——
oG ib / B K(GT () — GT () dy + x162 / B K (G (x) — Gy (4))dy.
0
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Using the oddness of 0, K, we can symmetrise the terms in the right-hand side of 0, F}" L atGl_l.
One gets

1
| @) = 67 @) @ (@)~ 06 ) =
Sxif / / (0K (F (@) ~ B () — K (G @) — G (w) )
Tl@) - G @) — () — G ) dedy
it /0 /0 a’xR(Ffl(x)—F;l(y))—aﬁ«G;l(x)—G;l(y))) (F (@) - G7 (@) dy de.

Similar computations can be carried out for fo (Fy Y, x)— G;l(t,x)) (ath (t,2)—0,G5 (t,x)).
Finally, 9;Ws (v, 1)? reads

Walv, w)? = 101 / / (FK (P (@)~ Fr () — BK(G (@) — G ()
(Frl @) - Grl (@) — (Fr\(y) — 6T (v))) dudy
;@)

s 0% / / 0K (Fy ) (x) 1<y>>—ﬁ<651<x>—cgl<y>>) x
(Fy ( z) — (Fy > (y))) dxdy
206, / / (G >—F51<y>>—a;?w;l(x)—c:;l(y))) S
(F (y) = (G7'(x) = G5 '(y))) da dy.

Applying inequality (2.1 to (@35]) and using Young’s inequality yields

1 92 1

OWalv, 1)? < 41 A% ((91 +02) (7 ) = G @)oo+ B ) [ () - G51<x>>2dx> .
0 1 0

By definition of Wy (4.4]), we conclude

OWa(v, 1) < 4AN(xa + x2) (01 + 02)Wa(v, p)?.

Then the result follows from Gronwall’s Lemma. O

Proof of uniqueness. From Proposition .2, it is clear that if ©™ = "™ then p = v. We
deduce uniqueness of duality solution in Theorem

4.3. Equivalence with gradient flow. We recall that u € AC?([0,T],P2(R) x P2(R)) if u
is locally Holder continuous of exponent 1/2 with respect to the Wasserstein distance Wy in

Pa(R) x Pa(R).

1ne

Proposition 4.3. Let assumptions of Theorem[Z3 hold. Given p'® <£Z1m> € P2(R) x Pa(R).
2

Let p = (Z;) and p = <§;> be respectively the duality and gradient flow solution. Then, we
have p € AC?([0,T],P2(R) x P2(R)) and p = p.
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Proof. We have that <a(p;> € LY([0,T],L*(p1 ® p2,R?)). This comes from the fact that 9, K

is bounded and

/ﬁ((l’—y)(@lpl(t,dy) + 02p2(t, dy))| < [|0-K]| Lo (61 + 62).
R

From Theorem 8.3.1 in [I], we deduce that p € AC?([0,T], P2(R) x Pa(R)). Since p satisfies
(2.5) in the distributional sense, we deduce by uniqueness of such solution that p is a gradient
flow solution.

Conversely, we suppose that p is a gradient flow solution, we have that p € C([0,T], P2(R) x
P2(R)) and p verifies (2.5)—(2.6). By uniqueness of the solution in Theorem 2.5 we deduce that

p=p. O
5. CONVERGENCE FOR THE KINETIC MODEL

The convergence of the kinetic model (L2]) towards the aggregation model is analysed in this
section.

Proof of Theorem [2.0. From the assumption x*(6; + 62) < 1 for o = 1,2, we obtain that T,[S]
defined in ([I.3]) is positive. Since T,[S] is a bounded and Lipschitz continuous function, we get
the global in time existence of solutions to (ILZ) and we have that f¢ € C([0,T], L% N L (R))
and [ 2%fidx < oc.

To prove the convergence result stated in Theorem 2.6l we consider the zeroth and first order
moments of the distribution fZ(x,v,t) introduced previously.

o= fo() + fE(=1), JEi= (1) — f2(~1)), fora =1,2.
From (L2]), these moments satisfy the following equations

8#32 + ang = 0,
(5'1) € € 2 € € €
O JE + O0zp5, = E(xa(‘)xS s, —J5), fora=1,2.
From the first equation of (B.I), we deduce that V¢ € [0,T], |p] (t,R) = |pi| (R). Therefore,

for all ¢ € [0,7] the sequence (p5(t,-))c is relatively compact in My(R) — o(M,(R), C§(R)).
Since J¢ is uniformly bounded in C°([0,T], L'(R)), using the same token as in the proof of the
existence, there exists p, € Sy such that

PS5, — pa  weakly in Spq, for o =1,2.
From the second equation of (5.1]), we have
JS = Xa0:5°p%, — % (OpJS, 4+ 0:p5,), in the distributional sense
= A° + R°.

We have that R® converges weakly to zero in the sense of distributions. From Lemma [B2] one
obtains

T T
/ / G(005% + 025)B(t, 2)pE. (¢, dx)dt — / / a(01p1 + 022) B(t, )pa(t, d)dt.
0 JR o JR
We conclude that
J5 — xa@(01p1 + 62p2)ps  in the sense of distributions.

Passing to the limit in the first equation of (5.1I), we deduce that p, satisfies (2.3]) in the sense
of distributions. We use uniqueness of duality solutions to conclude the proof. O
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6. NUMERICAL SIMULATIONS

This section is devoted to the numerical simulation of system (ZX]). We provide a numerical
scheme which preserves basic properties of the system such as positivity, conservation of mass
for each species and conservation of the weighted center of mass. Moreover, we prove the
convergence of the numerical approximation towards the duality solution defined in Theorem 2.5

6.1. Numerical scheme and properties. Let us consider a cartesian grid of time step At and
space step Az. We denote z; = jAxz,j € Z,t" = nAt,n € N. An approximation of p,(t",z;)
denoted py, ; is computed by using a finite volume approach where the flux ng_l /2 is given

by the flux vector splitting method (see [15]). Assuming that (o, ;) are known at time t", we

compute p"Jr1 by the scheme:
ntl_pn o Fno o — FT
Po.j AL L) + av]+1/2Am 3712 _ o for o = 1,2 and j € Z,
(6.1) F"]1m-—(”l.W7ﬁj_1+(@%_PZp
Z 0y K (elpl it 92102 z) )
i#]

where ()1 := max{(-),0}, (-)~ := min{(-),0} are respectively the positive and negative part of
(). Then we reconstruct

N¢—1

pan t LL’ Z Zpag]l[t"t’“q[ )5 ( )

n=0 jE€Z
where d;; is the Dirac delta function at z; = jAz. We first verify that this scheme allows the

conservation of the mass and of the weighted center of mass.

Proposition 6.1. Let us consider (pi™, pi*') € Py(R)? such that fora = 1,2, pit = djez pgdémj.
We assume that for n € N*, (pg ;)jn are given by the numerical scheme ([©.1). Then the con-
servation of the mass of each species and of the weighted center of mass hold:

(6.2) Vn € N, Zpggl = Zpg,j fora=1,2,
= =
61 nt1 , 02 P
(6.3) neN, — Tipry T X_ TiP2j = Z TPy + Zwﬂp%
ljez ? je Ljez 2 ez

Proof. Identity (6.2)) can be obtained directly by summing over j € Z the first equation in (6.1]).

We now show (6.3]). Multiplying by x; the first equation in (6.I)) and summing over j € Z,
one gets

A
_Z JPZ,JEI Z TjPaj — ij ) P+ A_gt;zxj(&?—l)erZvj_l

< jez @ jez ]eZ JEZ
A Zx] ') Paj — Ax ij(aj-',-l) Paj+1, TOr @ =1, 2.
JEZ JEZ
Using a discrete integration by parts, one gets

Sy = ety MY (@) (@)7) oy = D A el

jGZ ]GZ JEZL jEZ JEZ
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Finally, we get

01 1 0 1 01
X1 zipn +g Tty = Z Pty + Z%Pzﬁﬁtza (0101, + 0205) -

JEZL JEZ ]EZ ]EZ JEZ
From (6.1]), we have that
Dy (0101 + 0208 5) = Y 0ukK (wj — i) (017} 5 + 0208 ) (015 s + O2p53) -
JEL i#j

Swapping indices ¢ and j and using the oddness of 9, K yields

D (0101 + Oapsg) = 0.

JEZ
Then (6.3)) follows. U
Lemma 6.2. Let (pi™, pi) be in Pa(R)? such that pi™ = djen p&jémj with Y ez, p&j =1 and

Payj > 0 for oo = 1,2. Assuming that for n € N*, (p(w)jm are given by the numerical scheme
©1)). If the following CFL condition holds

At
(6.4) HaxKHLoo(Ql +92)— <

1
Ax ’

Then for all n € N, Pa; = 0 and we have sup;,,

(91 + 92).

Proof. This result is proved by induction. Let us assume that at time n, for all j € Z, pg ; is

positive and sup; |a (01 4 02). From (61)), it follows that

At At At
n+1 N N7 n AN - n
(6.5) ,OO:; = (1 T Az |a |> o,j T _m(aj—l)—i—pa,j—l A x(ajﬂ) Pa,j+1-

n

aj| <

Using the condition (6.4]) and the fact that sup, |a7

(01 +62), we get that

1. Therefore pZ?l is positive as a linear combinaison of positive numbers.

n+1
a7j ’

Then, recalling the expression of a7 given in (6.I), using the fact that p
and the conservation of the mass, ([6.2]) yields

j € Z, are positive

@t < 0,K 1< (81 + 02).
O

6.2. Convergence of the numerical solution to the theoretical solution. In this part,
we prove that the numerical scheme given in (6.1]) converges to the duality solution obtained in
Theorem

Theorem 6.3 (Convergence of the numerical scheme). Let ' > 0, Az > 0 and At > 0 such
that (©4) is satisfied and denote Ny = 4. Let pi* € Po(R), we define

iy i ,
po; = / f o) de,  jEL
X

j—

Nl

Let us define pa,az € Mp([0,T] x R) by

N¢—1

(66) Pa, Aw t l‘ Z Zpajﬂ[t" t”*l[ )5 ( )

n=0 j€Z
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where (py ;)jn computed by (6.1).
Then, we have

PaAz — Po weakly in Mp([0,T] xR) as Az —0,

ini

where po, s the duality unique solution of Theorem [2.0 with initial data pi*.

Proof of Theorem [6.3. For the initial data, it is clear that when Az — 0, we have py ax(t =
0) — pi™ weakly. From Lemma [6.2] we get that for all j € Z,n € N, values of Pa,; are positive.

Step 1: Extraction of a convergent subsequence
Equation (6:2) implies that the total variation of p, Ay is fixed and independant of Ax.

|pa,az| ([0,T] x R) szzm
JEZ

Therefore, there exists a subsequence of p, A, that converges weakly to p, € My([0,7] x R).

Step 2: Modified equation satisfied by pa, Az
Let be ¢ € C°((0,T) x R). From the definition of py A, in (6.6]), we have

Ni¢—1 tnt1

PopaOrd = — Z > Fhj / ep(xj, t)dt

< atpa,Axa¢ >= _/
[0

Here and below we use < -, - > to denote the dual product in the sense of distributions. Discrete
integration by parts yields

Ni—1
< atpa,A:m¢ >= — Z Zpg,j(¢?+l - ¢] ZZ pa,] pOlJ ¢J7
n=0 jEZ n=1j€Z

where we use the notation gb? = ¢(x;,t"). Using (G.0]) and applying transformations to indices
yields

Nt 1 Nt 1
n+1 n—l—l n+1 n+1
< 8tpa,A:E7¢ >= Z Z pa] 41 j Z Z Ioa,] ¢ - ¢j—1)‘
n=0 jE€Z n=0 jE€Z

Taylor expansions gives the existence of ¢/ in (zj,zj41) and (7 in (j—1,2;) such that

n n n Az § ) 4n
Gt = o+ Aaoert + B0 (0 e,
n n n Az 2 25 n
ot = ot = B + SR 00(@. ),
Putting together, one obtains
Ni—1
< Oipapas @ >= At > arph .07 + RL(Ax, At),
n=0 je€Z

where R.(Ax, At) is given by

At = Az)? .
R.(Az, At) ::A—; >N @hton, <( ;”) amqs(c%t"“))

n=0 j€Z

A Ni—1 A 9 N
_A_i Z Z(&?)_Pg,j (%%M(C%t“l)) :

n=0 j€Z
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From (6.6]) and the definition of & in (2.6]), we have

Ne—1
&(01p17Aw + 02p2,Agc) = Z Z &;Lﬂ[tn’tn+1[(t)5mj (l‘)
n=0 jez.
where a} are defined in (G.I). We get that
N¢—1 t7l+1
< a(01p1,80 + 02P2,00) Pa,ac, Ond >=— > > _alpl; / Opp(;, t)dt.
n=0 je€Z

From the Taylor expansion of 0,¢(z;,t):

Oup(wj,t) = Oup(j, t" 1) + (t = ") D (s, 7).

with 7% € (t, "), one sees that

Ne—1
< a(011,80 + 02p2,00) Pa,Ar, Opd >= —At > > alpl 0,07 + R2(Ax, At),
n=0 jEZ
where R2(Ax, At) is defined as follows:
Ne—1 tnt1
R2(Ax, At) == > > alpp; / (t — t" YDz, T )dt.
n=0 j€Z

The modified equation satisfied by p, Az in the distributional sense writes:

T T
/ / pa,Axat¢(t7 LZ') + / / d(elpl,Ax + 92p2,Az)pa,Axax¢ - R(ly(Axa At) + R?X(A.Z', At)
0 R 0 R

From Lemma [6.2, we deduce that the terms R, and R? satisfy the estimates:
|RL| < CTAZ|| 052 10w, |RZ| < CTAZ||0400| Lo,

where C' stands for a nonnegative constant. Passing to the limit and using the technical Lemma
B2 we conclude that the limit p, satisfies (23] in the distributional sense with the expression
(Z4) for the velocity. By uniqueness result in Theorem 25, we deduce that p, is the unique
duality solution of (I.TJ). O

6.3. Dynamics of aggregates and numerical simulations. In this part, we carry out sim-
ulations of Equation (23] obtained thanks to scheme (G.I]). Before numerically simulating the
hydrodynamic behavior of the chemotaxis model, we first clarify the aggregate dynamics of this
model, especially on the synchronising dynamics between aggregates of different species.
1
For the sake of simplicity, we choose 81 =, = 1 and K = 56_‘”6‘ in (Z.5)), which corresponds to

the particular case of bacterial chemotaxis (see (7). To illustrate the synchronising dynamics
of the aggregates for (2.5]), we consider the initial data given by sums of aggregates

= Z 11100 Py = Z VEOy0
k k

and look for a solution in the form

p1(t, x) Zﬂk%k pa(t, ) Zykéyk

We denote by u; and uy antiderivatives of p; and pa, respectively. Then the equation (2.5]) reads
(6.7) O, + Xalpa = 0, a=1,2,



18 C. EMAKO-KAZIANOU, J.LIAO, AND N. VAUCHELET

in the sense of distributions. Direct computation shows that

apy = Z 1 (1e0n K (g — ) + 10, K (2 — Ye))0zy,

Tl
apy = Z Vk(,ue@((yk —xp) + Vz@((yk —Y0))dy, -
Tt

Injecting these expressions into equation (6.7]), the positions x; and yj satisfy the system of
ODEs

ri(t) = x1 Z(Ma/x?((mk —xg) + Vza/x?((xk —ye)),
¢

Y(t) = x2 Z(Ma/x?((yk — 2¢) + v, K (yx — ye)).
¢

We recover the same system for particle solutions as in DiFrancesco and Fagioli [11] for two
species. See also similar aggregate dynamics for single species in [5, [I8]. In the case of one
single species, the system of ODEs is determinant before any collision of aggregates, and after
each collision, one can always ‘restart’ the particle system till final collapse of all aggregates.
However, the case of collisions between particles of different species is more complex, since it
does not necessarily imply whether the particles of different species will synchronise or not
after colliding. In fact, as observed in the following simulations, both ‘synchronising’(colliding
particles of different species staying together) and ‘non-synchronising’ cases can occur, and the
transitions between the synchronising types may happen, depending on the weighted attraction
of other aggregates acting on them.

For illustration, we assume that two points of different species collide at a time 3. For
instance, take xy(tg) = yr(to) for some k, then at this time to we have

(6.8) xi(to) = xaw(to),  wk(to) = xaw(to), W = Z(N[@{(xk_xf)‘i‘VZa/x?{(mk_yZ))-
ok

Note that v, characterises external weighted attraction on v, and ui, depending on chemo-
sensitivities, distances to other aggregates and the masses of all other aggregates.

Thus if y1 # x2 the velocity of species 1 and 2 is not the same at this time ¢ty. However,
with the special case at hand, K(z) = %e“x‘, we have 0, K (zx — yx) — % when zj, = yi; and
0. K (xp — yi) — —% when zy, T yr. We deduce that when z; < ¥ and xp — y, we have

(ye — xr)'(t) = _%(Xll/k + xapx) + (x2 — x1) (1)

Obviously, in this case, particles puy and vy stay together if (yx —x)'(¢) < 0. On the other hand,
when y; < xp and yr — x5 we have

(zp —uyr)'(t) = _%(Xll/k + xapx) + (X1 — x2)(t)

In this case, particles uy and vy stay together when (zy — yx)'(t) < 0. Finally, to keep zy(t) =
yi(t) for t > ty, we need the condition

(6.9) [(x1 = x2) ()] < %(Xle + X2hk),

where ~(t) is defined in (6.8). This relation characterises the weighted attraction of other
aggregates acting on them. If the external weighted attraction on vy and py (the left hand side
of ([@3) is small, they will stay together. When the external weighted attraction is big, the
attraction between v and pyj is relatively weak and they will move separately, the one with
bigger motility will move faster than the other.
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We call ([6.9]) the synchronising condition for u and vg. Similarly, we can get the synchronising
condition for any p; and v;, Vi,j. If more than two aggregates collide simultaneously, we can
simply replace them by two aggregates of each species, each aggregate accumulating the total
mass of each species.

In conclusion, according to the dynamics defined above, we can see that the initial aggregates
will collapse such that they eventually form a single aggregate of the two species. The final
aggregate can not separate, which is similar but illustrate more complex behaviour as one
species case discussed in [I8]. Now we give some numerical examples showing “synchronising”,
“non-synchronising”, transitions between “synchronising” and “non-synchronising” dynamical
behaviours for the hydrodynamic model (2Z.3]).

Example 1: Synchronising dynamics. Take the chemosensitivity constants x; = 10,
X2 = 1 in (2.1, and consider initial data

—5000(z+0.5)2 + 26—5000(:0—0.5)2 0 _ 26—5000(96-‘,—0.15)2

p(l):4e P2

It corresponds to small bumps located at position z1(0) = —0.5, y1(0) = —0.15, 22(0) = 0.5,
with mass p1 = 4mg, pz = 2mg, v = 2mg, where mg = [p e~50002% g5 Figure .11 displays

. t=0 . t= 5.2]11184e-01 . t=9.474879e-01
5 5 l 5

4 4 { 4

3 3 ‘ 3

2 . 2 = 2

1 i‘ A 1 5 1

i i

0 1 0.5 ‘ 0 0.5 1 0 1 0.5 0 0.5 1 0 1 0.5 0 0.5 1
. t= 1.089611e+00 . t= 1.231734e+00 . t= 1.373857e+00

5 5 5

4 4 4

3 3 3

2 2 2

1 1 1

0 1 0.5 0 0.5 1 O-1 0.5 0 0.5 1 0 1 0.5 0 0.5 1

FIGURE 6.1. Example 1. Snapshots of p; (red solid line) and ps (blue dashdot).
The evolution shows the synchronising dynamics after first collision.

numerical results obtained thanks to the scheme (6.II) defined above. We first observe the fast
blow-up with the formation of Dirac deltas. Then, the numerical simulation shows that p; and
v1 collapse for the first time at ¢; ~ 0.947, with x1(¢1) = y1(t1) = —0.18, and z2(t1) ~ 0.12. We
check the “synchronising condition” (6.9)):

1
LHS = |(x1 — x2)71(t1)] = (10 = 1) x 2 x §e—<x2—x1> =09e~®2771) < 9 Vg, 1o,
1
2

Thus the “synchronising condition” (6.9)) is always satisfied, then they will move together af-
terwards till final collapse with ps. This evolutionary dynamics is shown in Figure The
numerical result confirms the synchronising dynamics of the aggregates.

1
RHS = Z(x1v1 + Xx2p1) = 5(10 x2+1x4)=12.
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Example 2: Non-synchronising dynamics. Take the chemosensitivity constants y; = 10,
x2 = 1 in (2.1, and consider initial data

—5000(x+4-0.5)2 +4e—5000(m—0.5)2 —5000(x+0.15)2

P =2e . P =2e
It corresponds to small bumps located at position z1(0) = —0.5, y1(0) = —0.15, 22(0) = 0.5,

with mass p1 = 2myg, pe = 4mg, v1 = 2myg, where mg = fR ¢~50002 1o - The numerical simulation
in Figure[6.21shows that p1 and vy collapse for the first time at ¢; ~ 0.9, z1(t1) = y1(t1) = —0.15,
and x2(t1) ~ 0.25. Direct computation shows that

1
LHS = |(X1 — X2)71(t1)| = (10 — 1) X 4 X 56—@2—321) ~ 18 0 &~ 12.066,
1
2
thus the “synchronising condition” (6.9)) is not satisfied, then they will change their order after
intersection and travel separately. The simulation shows p; will collapse with po at time to ~

1.61, and finally collapse with v at time t3 ~ 1.85. This dynamics is shown in Figure The
numerical result confirms the non-synchronising dynamics of the aggregates.

1
RHS = -(xav1 + x2m1) = 5(10 X2+4+1x2)=11,

t=0 t=4.263696e-01 t=9.001135e-01

T
i

o B N W A O O
o B N W A O O

o B N W A O O

b
A

-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

t= 1.468606e+00 t= 1.610729e+00 t= 1.847601e+00

[
l l

l l
l i
l l
| l
! i
! !

ri )i
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B I )

O B N W s O O

FIGURE 6.2. Example 2. Snapshots of p; (red solid line) and pa (blue dashdot).
The evolution shows the non-synchronising dynamics after first collision.

Example 3: Transition from synchronising to non-synchronising dynamics. Take
the chemosensitivity constants y; = 10, x2 = 1 in (2.35]), and slightly modify the initial data of
Example 2 to

—5000(x40.5)2 —5000(z—0.5)2 —5000(x40.3)2
(z )+4e (z )7 (z )*

Pl =2e ph = 2e

It corresponds to small bumps located at position z1(0) = —0.5, y1(0) = —0.3, 22(0) = 0.5,
with mass p1 = 2mg, ps = 4mg, v1 = 2mg. The numerical simulation displayed in Figure
shows that pq and 14 collapse for the first time at t1 ~ 0.47 with z1(¢1) = y1(t1) = —0.29, and
x2(t1) =~ 0.39. Direct computation shows that

1
LHS = |(x1 — x2)7(t1)] = (10 — 1) x 4 x 56_(5”2_501) ~ 187098 ~ 9.1191,

1 1
RHS = §(X1V1 +X2N1) = 5(10 X2+1X 2) =11,

thus the “synchronising condition” (6.9)) is satisfied, then they will move together toward po.
The interesting phenomenon is that, as their distance to po is decreasing, the LHS of the
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“synchronising condition” (6.9)) is increasing and finally greater than the RHS. The simulation
shows that, at to ~ 1.04, z1(t2) = y1(t2) =~ —0.26, and x3(t2) =~ 0.23, then

1
LHS = |(x1 — x2)mn(t1)| = (10— 1) x 4 x 56_(“_“) ~18¢ 91 ~ 11 = RHS,

then after this time ¢, the interaction type has been changed: the “synchronising condition”
([69) is no longer satisfied, then they will travel separately. Further simulation shows that p;
collapses with ps at time t3 ~ 2.037, and finally collapse with vy at time t4 ~ 2.32. The full
dynamics is shown in Figure The numerical result shows the transition from synchronising
to non-synchronising dynamics of the aggregates.

. t=0 . t= 2.842464e-01 . t= 4.737440e-01
5 5 | 5
|
4 4 ! 4
3 3 | 3
2 2 ! 2
{ !
1 b 1 I !
It i
0 0 0
1 05 0 05 1 -1 05 0 05 1 1 05 0 05 1
. t= 8.053647e-01 o t= 1.042237e+00 o t= 1.610729e+00
5 5 5
4 4 4
3 3 3
2 2 2
1 1 1
0 0 0
1 0.5 0 05 1 -1 05 0 05 1 1 05 0 05 1
o t= 1.847601+00 o t= 2.037099e+00 5 t= 2.321345e+00
l l
5 | 5 | 5
! = ! = )
3 | 3 | 3
2 { 2 = 2
1 I 1 i 1
0 i 0 i 0
1 05 0 05 1 1 0.5 0 05 1 1 05 0 05 1

FIGURE 6.3. Example 3. Snapshots of p; (red solid line) and ps (blue dashdot).
From time ty = 0 to t; ~ 0.47, pu; moves toward ;. From time t; ~ 0.47 to
to =~ 1.04, py and vy travel together. The synchronising type changed at ts.
After time t9, 1 overtakes vy and collapse with po at t3 &~ 2.037, and finally all
the aggregates collapse at t4 ~ 2.32. The evolution shows the transition from
synchronising to non-synchronising dynamics.

Example 4: More complex transition. Take the chemosensitivity constants y; = 10,
x2 = 1 in (2.5), and consider initial data

p(l) _ 36—5000(:c+0,8)2 + 1.56—5000(”0.02)2

It corresponds to small bumps located at position z1(0) = —0.8, z2(0) = —0.02, y1(0) = 0.02,
y2(0) = 0.5, with mass p; = 3mg, us = 1.5mg, v1 = 3.5mg, vo = 8.5mg. The snapshots

pg _ 3'56—5000@—0.02)2 + 8.56_5000(:0_0'5)2.

)



22 C. EMAKO-KAZIANOU, J.LIAO, AND N. VAUCHELET

of p; and py are shown in Figure We observe that po and v; meet for the first time at

=0 t= 4.593881e-02
10 ; ; ; 10 ; ; |'|
] N
h I
51 l'l 5t _ || A
/\ 1 ¥ J\ I
0 05 /é\ (/)5 0 05 o\ c;\s
“t= 4.2876226-01 ' t= 9.4940206-01 '
10 - - - 10
! i i
! | |
5 [ |q St i
| ip | i
O N . jl. O N L 1
~05- 1.0412808+00 0.5 ~05_ 1 2556618+00 0.5
10 ; ; — 10 ; o
| : I
i! ’l i!
° i! ° |
i ! i
: Il :
0 L L |- 0 L L - (-
~05_ 1 6844233400 0.5 05 0 0.5
10 , , t= 2.756328e+00
| 10 T T
5 " 5t |
Il |
. [
I :
O X X . X O X X | X
-0.5 0 0.5 -0.5 0 0.5

FIGURE 6.4. Example 4. Snapshots of p; (red solid line) and ps (blue dashdot).

t1 =~ 0.0459 and satisfy non-synchronising condition so they separate after £1. See the snapshot
at to =~ 0.4288 for evidence. They meet for the second time at t3 ~ 0.9494 but the synchronising
type has been changed: now they satisfy synchronising condition thus they travel together
afterwards. At time t4 ~ 1.04, pq catches ps and v1. Now we treat them as (u; + p2) and v:
they satisfy non-synchronising condition and separate, see snapshot at t5 ~ 1.256 for evidence.
At time tg ~ 1.684, (u1 + p2) collapse with vy, satisfying synchronising condition and staying
together till final collapse with v at t7 =~ 2.756. The illustration shows the complex changing
of interaction types for the aggregate dynamics of two species chemotaxis model.
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