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Phase segregation for binary mixtures of Bose-Einstein

Condensates
M. Goldman* B. Merlet!
Abstract

We study the strong segregation limit for mixtures of Bose-Einstein condensates modelled
by a Gross-Pitaievskii functional. Our first main result is that in presence of a trapping
potential, for different intracomponent strengths, the Thomas-Fermi limit is sufficient to
determine the shape of the minimizers. Our second main result is that for asymptotically
equal intracomponent strengths, one needs to go to the next order. The relevant limit is
a weighted isoperimetric problem. We then study the minimizers of this limit problem,
proving radial symmetry or symmetry breaking for different values of the parameters. We
finally show that in the absence of a confining potential, even for non-equal intracomponent
strengths, one needs to study a related isoperimetric problem to gain information about the
shape of the minimizers.

1 Introduction

In this paper, we investigate the asymptotic behavior as € goes to zero of the Gross-Pitaievskii
functional

1 1 g
F(n) = ¢ / U+ [Vl + / L St K v (o RV (1)
R?2 1 R?2 2 2

This functional arises in the study of two component Bose-Einstein condensates. It has been
widely studied, both in the physical and mathematical literature (see [24] and the references
therein or the book [2]). The potential V' is a trapping potential. In this paper, we will
consider for simplicity only the harmonic potential V' = |z|2. The constant g, measures the
asymmetry between the intracomponent repulsive strengths of each component and K represents
the intercomponent repulsive strength. Without loss of generality, we will take here g > 1. The
case K < /g, where mixing of the two condensates occurs has recently been well understood
in [3]. On the other hand, the case K > /g, where it is expected both experimentally [32, 38],
numerically [31, 37] and theoretically [27, 8, 40, 9, 41] that segregation occurs, is maybe not
yet so well understood. In the symmetric case g = 1, it has been proved in [4, 24| that, as
expected from the physics literature, the Thomas-Fermi limit i.e. the limit of eF. only imposes
segregation but does not give any information about the actual shape of the minimizers. To
gain such information, one has to go to the next order since F, — min,, F.(n) converges in the
sense of I'—convergence [13] to a weighted isoperimetric problem. In this paper, we focus on the
asymmetric case ¢ > 1 and show that the situation is radically different.
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Let us introduce the Thomas-Fermi energy:
_ Lo 929
E(p) = e |27 + 50+ Kpipa+ (pr+p2)V | 2)

Our first main theorem is the following:

Theorem 1.1. For every ay,as,g, K > 0, with K > /g > 1, there ewists a unique minimizer
0% = (p9,09) of (2) under the volume constraints

/ p1 =0 and / p2 = Q. (3)
R? R?

This minimizer p® is radially symmetric (see Lemma 2.1 for explicit formulas for p° and Ey =

E(p°)).
Moreover, we have the following stability result: there exists C' > 0 (which depends only on
a1,az and g) such that if p satisfies the constraints (3) then!

lp = P°lh < CVE(p) = Elpo)- (4)
As a consequence of this stability result, we prove that minimizers of F. converge to /pY.

Theorem 1.2. There exists C' > 0 such that for € € (0,1], any minimizer n° of F. under the

constraints
/ n = (5)
R2

" - WE ﬁ) H < Celt, (6)

This theorem establishes that in the non-symmetric case, the Thomas-Fermi limit already
provides full information on the limiting behavior of the minimizers of (1). It is quite surprising
that even without using isoperimetric effects, we are able to obtain strong convergence of the
minimizers in the form of (6). Let us point out that the idea of using stability inequalities such
as (4) to get (quantitative) convergence results is far from new (see for instance [14, 10]). One

satisfies

crucial point which explains the difference between the asymmetric case and the symmetric one
is that here, there is a gap between the two Thomas-Fermi profiles p! and pJ in the sense that

there exists ro > 0 such that supp p C B(0,79) and supp p3 C R?\ B(0,79) with

inf pi(r) > sup p3(r).
r<ro r>ro

We then study the crossover case where g = 1 + &£ for some £ > 0. Let 7. be the minimizer
of

1/ 1
G:(n) = 6/ IVnl* + —/ —nt + Vi
R?2 g R?2 2

/ =,
R2

where @ = aj + ag. It is well known [25, 26] that 72 converges when & goes to zero to the
Thomas-Fermi profile

under the mass constraint

p=(R"=V);

where R is chosen such that ng p = @. Building on results obtained in the case g = 1 [24, 4],
we get

!we denote by || - ||, the LP norm



Theorem 1.3. For K > 1, the functional (F. — G<(7.)) I'— converges as € goes to zero to

UK/ e | PP if u1 = pxE, uz = pxEe and / p=ai,
oF Ee B

~+00 otherwise,

Ge(u1,uz) =

where o is defined by the one dimensional optimal transition problem
. 1 2 . .
—_— 1nf{/ 1%+ Pl + 5 (3 = 1)+ (K = D+l = 0, Timoyy = 1}-
R —0o0 +o0o

We study the minimizers of the limiting functional G¢ and prove our second main result.
Theorem 1.4. The following holds:

o there exists ag € (0,@/2] such that for every ay € (ap, @ — ag) there ewists £, such that
the minimizer of Ge is not radially symmetric for £ < {él,

e for every ay € (0,@), there exists §§1 such that the minimizer of Ge is the centered ball for

The first part of the theorem is a consequence of a symmetry breaking result from [4]. The
second part follows from a combination of two results. The first is a stability result for the
functional [,.(p)?:

Proposition 1.5. For every o € (0, @), there exists C = C(«) > 0 such that for every measur-
able set E C R? with fEﬁ = «, we have,

2
/#—/ ﬁ220</ ﬁ)
e c E°AB¢

where 1 is such that [ b= a.

The second is an estimate on the potential instability of the ball for the weighted isoperimetric
problem.

Proposition 1.6. For every a € (0,@), there exists ¢ = c(a) > 0 such that for every set E C R?
with locally finite perimeter and with fEﬁ = «, there holds

2
/ ﬁ‘”’/?—/ 7% > —c(/ ﬁ) : (7)
OF OB, EAB,

where r is such that fBr P =a.

The rigidity result given by Theorem 1.4 is similar in spirit to several rigidity results obtained
for variants of isoperimetric problems (see [28, 20, 23] for instance). However, the peculiar aspect
here is that this rigidity does not come from the isoperimetric term but rather from the volume
term. Nevertheless, the proof of (7) bounding the instability of the ball follows the strategy of
[15] (see also [1, 20]) to prove quantitative stability estimates for isoperimetric problems. The
idea is to show first the desired inequality for nearly spherical sets following ideas of [21] and
then use the regularity theory for minimal surfaces to reduce oneself to this situation. To the
best of our knowledge, it is the first time that this strategy has been implemented to control
the instability of the ball. Let us also point out that one of the ingredients in our proof is the
following isoperimetric inequality:



Lemma 1.7. There exists a constant ¢ > 0 such that for every measurable set E C R? satisfying

[z P < a/2, there holds
5/6
/ ﬁ3/220</ﬁ> :
OF E

In recent years, there has been an increasing interest in studying isoperimetric problems with
densities (see [35, 20, 17] for instance). However, most of these authors consider either problems
where the same density is used for weighting the volume and the perimeter or weights which are
increasing at infinity.

In the last part of the paper we come back to the situation g > 1 but consider an infinitely
stiff trapping potential. That is, we assume that V is equal to zero inside some given open set
Q) and is infinite outside. This is somehow the setting which is considered in [41, 42, 36, 11].
In this case, it is easier to work with slightly different parameters. After a new rescaling and
some simple algebraic manipulations (see Section 4), the problem can be seen to be equivalent
to minimizing

1 1
s = [ [VmP+01m+ L [ 24— 02 4 (8 - g ®)

/ 77% = and / 77% = o,
Q Q

for some A\ < 1, K > 1 and a3, > 0 such that oy + ay = |Q]. The main difficulty in
studying the I'—convergence of (8) to a sharp limit model is to obtain strong compactness for
sequences of bounded energy. In the symmetric case A = 1, which corresponds to g = 1 in (1),
one can follow the strategy of [4, 24] and use a nonlinear sigma model representation [27] to
rewrite the problem in terms of an amplitude and a phase. In these unknowns, the functional
takes a form similar to the celebrated Ambrosio-Tortorelli functional [7] from which one can get
compactness. Inspired by recent work on type-I superconductors [16], we prove instead that
for every A < 1, the energy (8) directly controls a Modica-Mortola [33] type energy where 7y
and 79 are decoupled (see (68)). As a consequence, we recover the compactness of sequences of
bounded energy. Besides extending results of [4, 24] to the non-symmetric case, we believe that
this more direct approach also has an intrinsic interest. In fact, it seems more natural and gives
a better understanding of how the interaction between the two condensates via the term [, n?n3
gives to the energy a structure of a double well potential. Using then classical arguments from
I'—convergence such as the slicing method [12], we can prove our last main theorem:

with the volume constraint

Theorem 1.8. When € — 0, J. I'—converges for the strong L' topology to

oaxP(E,Q) ifm=xg=1—n and |E| =y

~+00 otherwise,

T (n1,m2) = {

where, for a set of finite perimeter E (see [6, 30]), P(E,Q) denotes the relative perimeter of E
inside §) and where oy i is defined by the one dimensional optimal transition problem

. 1 2 . .
OANK = mf{/ P+ N> + = (nf + 15 —1)7 + (K — L)nins : limnyy =0, limmy = 1}-
R 2 —00 +00

At last, in the spirit of what was done in [24] in the case A = 1, we study the asymptotic
behavior of o) i as K goes to one (mixing) or K goes to infinity (strong segregation) and recover

4



good parts of what is expected from the physics literature [9, 41, 8, 40], namely

0K 21— \3 210 L A2
im ——— = ———— O\ — O ORI A
K=1y/K—1 31-)\% MK T TX00 K14 K147
see Propositions 4.6 and 4.8.
Before closing this introduction, let us point out that most of the results, in particular The-
orem 1.1, Theorem 1.3 and Theorem 1.8 can be easily generalized to arbitrary dimension and

arbitrary radially symmetric strictly increasing confining potentials.

The structure of the paper is the following. In Section 2, we study the case of different
intracomponent strengths in the presence of a confining potential. We then study in Section 3
the crossover case and finally in Section 4, we investigate the case of non-equal intracomponent
strengths in the absence of confining potential and in a bounded domain.

Notation

For € R? and r > 0, we denote by B,(x) the ball of radius r centered at x and simply write B,
when = = 0. Given a set £ C R?, we let xg be the characteristic function of E. For any integer
k, we denote by H* the k—dimensional Hausdorff measure The letters, ¢,C' denote universal
constants which can vary from line to line. We also make use of the usual o and O notation.
The symbols ~, 2, < indicate estimates that hold up to a positive constant. For instance, f < g
denotes the existence of a constant C' > 0 such that f < Cg. Throughout the paper, with a
small abuse of language, we call sequence a family (u.) of functions labeled by a continuous
parameter € € (0,1]. A subsequence of (u.) is any sequence (u, ) such that e, — 0 as k — +o0.
For 1 < p < 400 and a function f, we denote the LP norm of f by || f||,. In the sequel, when it is
clear from the context, we omit to indicate the integrating measure. In particular, all integrals
involving boundaries are with respect to H! and all integrals involving sets are with respect to
the Lebesgue measure.

2 The case of different intracomponent strengths

2.1 The Thomas-Fermi profile

Let us consider the Thomas-Fermi approximation and prove Theorem 1.1. Let a = (a1, ag) €
(0,+00)?. We denote by X the set of pairs of measurable functions (p1,p2) : R* — R2 and
by X, the subset of pairs p € X satisfying

/Rij :Oéj fOI‘j:LQ.

For p € X we define the energy

1 g
E(p) = / 5P+ 505+ Kpipa +V{p).
R2
where we write (p) = p1 + p2. As stated in Theorem 1.1, we study the minimization of E in the
class X,: we prove the existence of a unique minimizer for this problem and a stability result.
We start by studying the minimization problem in the following subsets : given r > 0, let

Xo" = {p€ Xa : supp(p1) C By, supp(pz) C R*\ B, }.
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xg = U ©
r>0
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Figure 1: Minimizer of the Thomas-Fermi energy.

Lemma 2.1. For K > /g > 1 and r > 0, E admits a unique minimizer p°" = (p(l]’r,pg’r) in

XS;”. Let us set

20 1/4 72 rt 2gas 1/2
7 =min(r,ry) withr; =|— and then R? = — + le, R3 = r? + .
T 2 2r ™

The unique minimizer is given by

07 — {(R%—|x|2>+ iflal<r. o, 0 if la <,
Or(z) —

0o iflalsrn 20T {;mz—mm g

Moreover, forr >0 and p € XS/", there holds

E(p) — E(p"") > %/T(m — p)")? +g/B (p2 — py")? +/ (Iz[* = R3)pe.  (11)

(& c
T BR2

Optimizing in v > 0, the minimum of E in X° is reached at p® = p*™ (see Figure 1) with

1/2
_ [14 %2 _ |92
rg = 11 < 1+ o Oél> S (O,’I“l). (12)

In particular, there is a positive gap between p§ and pY at the frontier OB,,:

o = infpl = gsupph > suppy = o (13)

0

Let us denote E" = min{E : Xa"} and Ey = E™ = min{E : X°}. The minimal energy is

2 /2
Ey = E(po) = g\/; <(041 + )+ (g —1) 043/2) : (14)
FEventually, there exist c1,co > 0, depending on g and o such that
Vr>0,  E —Ey > alr—rf, (15)
vr>0,  fr—rl > e (0" =l + 1" = 0"13) - (16)



Proof.
Let » > 0. The optimization of E in x2or splits into two independent optimization problems.
Namely, we set

1 g
) =5 [ i+ [ Vom Bl =5 [ A+ [ vom

We optimize Fy in Y{, = {p1 € L}(RLR,) : fBT p1 = a1, suppp; C B,} and Ey in Yy, =
{p2 € LY(R?\ Br, [0, 4+00)) : fRQ\BT p2 = a}. From the associated Euler-Lagrange equations,
we see that the minimizers have the form given by (10) with R;, Ry fixed by the conditions
Jre pj = aj for j =1,2. In fact, for p%" given by (10) and p € X", the energy Fi(p1) rewrites

as
1

Ei(p1) = El(P?’T) + 5/ (p1 — /7(1]’7’)2 +/B \B,(MQ — R})p1.

For » < ry, we have T = r so that the last term vanishes and for r > r{, we have 7 = R; = r;
and the last term is non-negative. Similarly,

b g b
Bap) = b))+ 5 [ (oa= b+ [ (ol - R)pn
™ R2

Summing these relations, we deduce (11).

Let us now study the variation of 7 — E" = minyor E = E1(p)") + Ea(p3"). Using the

X9
notation ¢ = (r/ry)?, we obtain by direct computation,

. 2 (2g03\"*
- p0+3(22)

with 3
T
247«? (675 + i t3> +agr?t  fort <1,
ft) =

gr? + agr?t for ¢t > 1.

We have f € CY1(0,4+00) with f” > 0 in (0,1), f(t) — +oc ast | 0 and f' = /(1) > 0 on
(1,400). Therefore, f admits a unique minimiser ¢y = (ro/r1)? € (0,1) and (15) holds true.

After some algebraic computations, we get that ¢ is given by (12), we also obtain (13) and (14).
Eventually, we easily obtain inequality (16) from the explicit formula (10). O

eg seg _

Now, let p € X,. We start by building a segregated state p*, i.e p* satisfies p]“ps™ =
with E(p*®9) < E(p). For this we add an extra space dimension and consider the set

Xi = {p+=(p1+,p2+) € L'(R* x [0,1],R%) /

p; = aj for j:1,2}.
R2x[0,1]

We consider X, as a subset of X by using the injection j* defined as j*(p)(z,t) = p(z) for
p € X,. For pt € X, we define the energy
1 g
BeY = [ 6P+ eht + [ Kefeb+ [ V@)t dedt
R2x[0,1] R2x[0,1] R2x[0,1]

This extends the former definition of E in the sense that E(j1(p)) = E(p) for p € X, (in the
sequel we identify j*(p) and p). We also define a left inverse I of 5 by II(p*)(z) = fol pt(z,t)dt.
Now let p € X, we define p*¢Y as

p*9 € argmin {E(p") : pT € XI, I(p*) = p}.



Lemma 2.2. The state p*® is well defined and satisfies p;”?p5Y =0 and
E(p*9) < E(p) with equality if and only if p1p2 = 0. (17)

Moreover, there holds,
seg

o= pollt < 11p°Y = poll L1 ®2x[0,1))- (18)

Proof. We look for p*9 € X1 such that II(p*®9) = p with minimal energy. We can write

pieg(xvt) = <p>(.%')(p1(.%’,t), p;eg(x’t) = <p>(1‘)(p2(1',t).

where @1, o satisfy

1 1
110 >0, /O or(et)dt = () /O oo, 1) dt = P2 (). (19)

)
Under these constraints, for almost every x € supp p, the pair (¢1(z, ), p2(z,-)) minimizes the
local energy

1
() = [ {5002 + Joat? + Kr0pato)} o

Let us now write,
1 1 1
o0 = 5 [ (et vie + (K=o [ e

0

Since K > /g, we see that the minimizers of e under (19) are the pairs of measurable functions
(1, p2) satisfying (19) and such that for almost every (z,t) € R? x [0, 1],

Pl ea(at) =0 and pi(wt) + VBpa(rt) = () V5 (a) = h)
h

To fix ideas, we can choose 1, 2 of the form 1 (z,t) = h(z) X(0,0(2)) (1), p2(2,t) = % X[6(2),1]>
with 6(x) = p1(x)/[p1(x) + \/gp2(x)]. By construction, we have

[

(o1, ) oo, ) < e (%@),%(m))

with equality if and only if p1(z)p2(z) = 0. Multiplying by (p)?(x) and integrating, this yields

1 g 1 g
/ (1) + S (p59)? + Kpi“ps™ < / —(m)* + 5(p2)* + K p1po.
R2x[0,1] 2 2 R2 2 2

The remaining term of the energy does not change. Indeed, since II(p*®9) = p, we have

/RQ><[0,1] Vi(z){(p*)(z,t) dz dt = /R2 V(z) [/01<p569>(x,t) dt] dr = /R2 V(z)(p)(x) de.

This establishes (17). Eventually, inequality (18) follows from the triangular inequality:

o = pollr = /R2 '/Olpseg(w,é’) = po(x) ds

This ends the proof of the lemma. O

dz < [p° = poll1-




Next, we build successively from p*®9 two segregated states p~, p*¥™ such that p~ € X[,
¥ € X0 (see (9)) and E(p*¥9) > E(p~) > E(p*¥™). More precisely, we will have

pipy =0, (p7) = (p°9), inf py > suppy, (20)
{p17 >0}
P e XY, VA>0, §=1,2, {pi'" > A} = [{p; > A}|.

Together with Lemma 2.1 and Lemma 2.2 this will establish that p minimizes E in X,.
Eventually, we will take into account the energy loss at each step of the construction in order
to establish the stability result (4) (proving in particular the uniqueness of the minimizer).

First, since (p*9) > 0 and fRQX[O 1 (p°9) = a1 + ag, there exists a measurable subset
A C R? x [0,1] such that

/<Pseg> = ai, / (p*Y) = ag and inf(p*?) > sup(p®¥).
A e A A

Lemma 2.3. Let us define p> € XJ as p” = (p7,p5) = (p°9) (xa(1,0) + xa(0,1)). By

construction, p~ € X and (20) holds true. Moreover we have the following identities.

1p™9 — p” |l = V2 (™) + V2 (p”) = 2v2 (7). (1)
A(pi2>0) A\ (pi9=0) AVpir7>0)

-1
E(p*9) - B(p”) = £5= / (p”)? —/ (p”)?| = 0. (22)
2 [Japiersoy Ae\{p}*9=0}

Proof. The properties of p~ follow from that of p*¢9. By definition, we have

pseg - p> = XA\{pieg>0} <p>>(_17 1) + XAC\{pieQZO} <p>>(17 _1)7

from which we deduce the first equality of (21). Now notice that by construction, there holds

[ = (23
A\{p9>0) A\{p*7=0}

This implies the second equality of (21). The identity (22) also directly follows from the definition
of p~. Eventually, since (p”)(z,t) > (p”)(y,s) for every (x,t),(y,s) € A x A°, we deduce
from (23) that E(p*®9) — E(p~) > 0. O

Now we define p*¥™ as the non-increasing rearrangement of p~. More precisely, for = € R2,
we set

psym(x) — {ILL(,%') if ’1" < Ty sym(x) _ { 0 if ‘x’ < Ti

! 0 if || > 7, 2 w(x) if x| > 7y,

where p : R? — [0, 400) is the unique radial non-increasing function such that for every A > 0,
|{z € R? : pu(z) > M o= H(,t) € R? x [0,1] : (p”)(x,t) > M

and 7, > 0 is fixed by the condition p®¥™ € X,.

Lemma 2.4. We have p € X2 and

E(p™) = E(p™™) = /RQx[o ; jz* (07 ), t) — (p*™)(x)) dadt > 0. (24)



Proof. By construction p®¥™ € X2, The identity for the energy follows from the fact that

S fp> for j = 1,2. Si symy -i i f
p;" is a rearrangement of p7 for j = 1,2. Since (p*¥"™) is a non-increasing rearrangement o
(p~), we have E(p~) > E(p*¥™). O

At this point, we have that for every p € X,, E(p) > E(p*¥™) and since p*¥™ € X2, we
deduce from Lemma 2.1 that p° minimizes F in X,.

We now come back to the above constructions in reverse order to establish the stability
result (4).
First, let us notice that for every p € X,, we have ||p|l1 = a1 + a2, so that it is enough to
establish (4) for p € X, satisfying

Let p € X, such that (25) holds. We estimate ||p — p°||; by estimating successively ||p*¥™ —

Pl llp™ = p*™ 1, 1p%°9 = p7 |1 and [[p — p**]|1.

Step 1. Estimating ||p*Y™ — p°||1.
First, from (15),(16) of Lemma 2.1, we get,

sym

re —rol S VOE  and  [|p%" = POl + (107 = P03 S G (26)

~

Next, from (25) and using the notation of Lemma 2.1 with r = r,, there exists R > 0 only
depending on o and ¢ such that R > 2Rs. By the Cauchy-Schwarz inequality and the inequality
|z|?> — R2 > 3R?/4 in B, we get

4

sz [ (e =R

c
R

1pV™ = p" " ||y = /B |Psym—p°’”|+/Bc p™ < TR pH" = p" " ||a+
R

R

Using (11), this leads to ||p¥™ — p%||; < VOE + 0E < V/0E and with (26), we get
ViE. (27)

%™ — POl <

~

Step 2. Estimating ||p~ — p*¥™ 1.
Starting from (24) and using Fubini formula, we obtain

+00
E(p”) = E(p™™) = / [/ ydemdt—/ \x!dedt] d\ (28)
0 {(p>)>A} Gt (o) >}

By definition, {(p*¥™) > A} has the form B X [0,1] where B is the ball of volume [{(p”) > A}|.
We make use of the following result.

Lemma 2.5. There exists ¢ > 0 such that for every r > 0 and every measurable set & C
R? x [0,1] with |E| = |B,| we have

/ |z|2dxdt — / |z|?dzdt > ¢|EA(B, x [0,1])[%. (29)
E B, x[0,1]

Proof. By rescaling it is enough proving (29) for » = 1. Notice first that

J R A e N (e VR A B 1)}
E Bx[0,1] E\(Bx[0,1]) (Bx[0,1])\E

Letting m = |E\(B x [0,1])| = [(B x [0,1])\ E|, we have

/ (o -z min [ (aP-p= | (o2 = 1) > om?
E\(Bx[0,1]) FCBex[01]|F|=m Jp (B 11/2\B)x[0,1])

10



where we used that for 0 <m <,

2 3/2
/ (z)* =1) == = (E—i-l)/—l ~ ) s em?
B(m+1)1/2\B 3 ™ ™

since 2 [(t +1)32 1] — ¢ is strictly convex on [0,1]. Using the analogous estimate on (B X

[0,1]))\E, we obtain (29). O
Plugging now (29) into (28), we obtain
+oo

E(p™) - E(p5"™) > ¢ /0 {(07) > AL (™) > A2 dA. (30)

Notice that if u,v > 0 with [{u > A}| = [{v > A}| for every A > 0,

fu=vli=2 [ -0 =2 [ @ @)dade
{u>v} R2xRt

+o0

_ 2/0+°° u > AN\ fo < A}dA = /0 {u > AJA{w > A

By setting T := max(p®) = p(0), this yields,

T
[min(T, {p~)) — min(T, {p*™))[l, = /0 {(p7) > AFA{{p™™) > A} dA.

Using the Cauchy-Schwarz inequality, we deduce form (30),

| min(T, (o)) — min(T, (o™)]|; < gmf (31)

Recall now that o = supp), oy = inf By, pY, and that from (13), we have o, = V9o > o_.
For p € X, or p € X let us define Pp = (Pp1, Pp2) (see Figure 2) as

P2 +-

Ppo

Figure 2: Pp.
in(T, , ,t if ,t) >0, .
Pouayt) = | max(ee (e b)) b1 Ppa(a,1) = min(o—, pa(a,1)),
0 lfpl(x7t) :Oa

so that o < (Pp); < T in {(Pp)1 > 0} and (Pp)2 < o_ in {(Pp)1 = 0}. Since p*¥™ is a
rearrangement of p~, we have [[p> — Pp~|l1 = [|p*™ — Pp*¥™||1. On the other hand, we have
for x in B,,, 0. < pl(x) < T so that

oy (@) = Ppi"" ()] < |py"" (x) — pR(2)]  Va € By,

11



and pJ < o_ on R?, hence
057" (@) — Pp™ ()| < [p5"™ (x) — p3(x)]  Va € R®

Therefore, if 7, < 7o,

™ = Pp™™ |1 :/ 1" = (Pp™™ )1 |+/ 93" = (Pp™™)a]
B¢

Tx T%

< / ™ 9+ / ™~ 3] < o™ — O,

* BT‘*
whereas for r, > rg,

”psym _ Ppsym”l :/B piym _ (P[)Sym)l‘ +L ; piym o (P sym) ’+/c pgym _ (P[)Sym)g‘
Tx 0 Tk

0

< / S ) 4 / 53| 4 04| B \Bro| + / ™ — o))

Br, By, \Brg B,

< |p¥™ = p°ll1 + Clro — 74.

From (27), we get

lp™ = Pp~l = [p™™ = Pp™™ 1 S VOE. (32)
Now, for (z,t) € R*x[0,1], if p7 (2, t)p5"™ (z) > 0 or p1¥"(z,t)p5 (z) > 0, we have |(Pp~)(x,t)—
(Pp*¥™)(z)| > o4+ — o_, hence,
2T
P00~ P @) < 27 < 2Py ) — (P

In the other cases, we have |Pp~ (x,t) — Pp*¥™(z)| = |(Pp~)(z,t) — (Pp*¥™)(x)|. Consequently,
there holds
1P~ = Pp™™ [y S (Pp7) = (Pp™ ™)1

Using (31) and (32) to estimate the right-hand side, we obtain,
1Pp™ = Pp™ ™[ < [[min(T, (p~)) — min(T, (p**™) |1 + [[min(T, (p~)) = (Pp”)x
+ [ min(T, (p™™)) = (Pp*™) |l
S min(T, (p7)) — min(T, (o™ )l + [{p™™) = (Pp™™)|lx
< VIOE.

~

Together, with (32), we get,
lp” = p™" [l S VOE. (33)

Step 3. Estimating ||p*9 — p~ 1.
Using the notation of Lemma 2.3, we obtain from (22)

-1
B -B7) = S| [ e [ )
2 Ao A\{p}*7=0}
-1
= [o+ / ) o | <p>>]
A\{p17>0} A\{p;“¢=0}

_9-1 SV e
2 [/A\{piegw}(p Yo —(p >)++/Ac\{pieg:0}<p Y({(p7) — o)+

12
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Using (21), we obtain the estimate

\/§<2

lp™ = p7 1 <
o4 — g—1

i+ [ p)os =+ | <p>><<p>>—o>+). (34)

c

Next, using the fact that p> = ({(p~),0) in A, that p{"" is a rearrangement of p; and that
o) > oy in B,,, we have,

[ =ne <o [ @i= i = o [ ton—ps

By,
o o (27)
S e = pilli+lro =] < VOE. (35)

Similarly,

@7)
S sP™ = ool + 1157 = p9l5 < VOE. (36)

~

We deduce from estimates (34)(35)(36),

P70 = p” 1 < VE. (37)

Step 4: Conclusion.
Eventually, using (18) of Lemma 2.2 and (27)(33)(37), we get

lp = pollv < 11p° = polly < [0°9 = p~ [l + 107 = ™™ [l + 0™ = poll1 S VE.
This establishes (4) and ends the proof of Theorem 1.1.
Remark 2.6. One cannot hope for a stronger inequality of the form
lo=lh 6B or  lp—p°lI3 < OE.
since one can easily get a contradiction by exchanging pJ and p on small balls close to OB,,.
2.2 Approximation of the Thomas-Fermi limit by the Gross-Pitaievskii func-
tional
We prove that minimizers of F. converge to y/p° as stated in Theorem 1.2.

Proof of Theorem 1.2. Let n° be minimizers of F. for € € (0,1). Regularizing (v/p?, v/p9), one
can easily construct a competitor 7. with F.(7.) — Ep/e < C. In particular, for minimizers 7°®,
Ep

there holds 9 o
E — E
((771) ’(22) ) 0 S Fe(ne) _ ? S C

so that (4) implies

- (V)

15 & 1/4
< C(B((nD)% 5)?) — Eo)/* < eV,
2

13



3 The crossover case

We now study what happens when g = 1 4 £e for some £ > 0. For 7 satisfying (5), the energy
then reads

1 1 1 ¢
Fe(n17772):€/ IV + |Vip)* + = / —nt 4 =03 + Knins + V(i +n3) +—/ n3.
R?2 1S R?2 2 2 2 R?2

Let us first rewrite the energy in a more convenient way. For this, let 77, be the minimizer of

1 1
Gty =< [ vap+2 | [—n4 +Vn2]
R?2 g R?2 2
/n2=5,
R2

where @ = aj + ag. It is well known [25, 26] that 5> converges to
p=(R*=V(x))+

where R is such that [z, 7 = 1. We denote by D the support of p (which is Bg when V = |z]?).
We first rewrite the energy in a more convenient form.

under the constraint

Proposition 3.1. For u = (u1,u2) a pair of non-negative functions, let

. 1 1_ 2 —
Pt =c [ r(9mP 1Py + 2 [ (G0 )+ - Dntad)
R2 g R2 2
then if n = n.u, there holds
~ 3

Fe(n) = Ge(0) + Fe(w) + | 572w}

Proof. The proof follows as in [4]. We use the Lassoued-Mironescu trick [29] and write n; = 7.uy,
N2 = M. uz to get

Vi 2+ [Vip]? = (uf +u3) |V + 7.V - V(uf + ud) + 72(| V| + [Vual?)  (38)
The function 7, solves the Euler-Lagrange equation
_ 1 _ _
—EA% + 2(772 + V(x)ne) - )‘6775 (39)

where ). is some constant. Multiplying the equation (39) by 7. (u? + u3), integrating and using
integration by parts we get

e/m(u%+u§)lvml2+mvm-wu1+u2 a——/ e (uf + u3) + VIZ (uf + u3).

On the other hand, multiplying (39) by 7. and integrating, we find

_ _ 1 _
A= G+ o [t

so that (38) leads to
1 1 _ _
TPV = [ VT (570 - 208 + ) - ViRl + ) ) +Gulr)

14



and therefore

_ &_ _
Fu(mm) = G- () + /R Pt + (V2 + [Vual?)

22
1 1—4 2 2 2.2 4 4 -4 2 2
+ AUE (1 —2(uf 4 u3) + 2ufuz + (uj + ug)") + (K — 1) uius
= G:(7.) +/ gﬁéu‘% +e/ TV |* + V)
R?2 R2

1 1_ 2 —
w2 [ (G0 ) O - Dntidad)
€ JRr2 2

_ ~ §_
—Ge) + Felurun) + [ St
R2

which completes the proof. O

For E a set of locally finite perimeter in D (see [6, 30]), let
F(E) = / 7?2 and  V(E) = / p.
OE E

It is proved in [24] (see also [4]) that for all p < co, Fz LP — I' converges to the functional

Go(u) = {JK]:(E) if u; = xg,up = xge and V(E) = ay,

+o00 otherwise.

where o is defined by the one dimensional optimal transition problem
. 1 2 . .
ok = inf {/ 1%+ Dol + 5 (o 05 = 1)7 + (K — D3« Timopy = 0, Timpy = 1} :
R —00 “+oo

Since % / T2ui is a continuous perturbation of ﬁ;(ul,u2), we immediately obtain the following
result.

Theorem 3.2. For every p < oo, the functional ﬁg(ul,m) + % fﬁgu‘f, LP — T converges to

UK]:(E)—i—é/ 7 if u1 = xg,us = xge and V(E) = ay,
e (u) = 2 /e

400 otherwise.

Up to dividing G¢ by o and modifying &, we can assume that o = 1. If u1 = xg, u2 = Xge,
we will, by a slight abuse of notation denote G¢(u) by G¢(E). We now want to study the
minimizers of G¢ (whose existence follows from the Direct Method). As in [20], by making a
spherical symmetrization, we can restrict the analysis to spherically symmetric sets.

Proposition 3.3. For every minimizer E¢ of Ge, there exists an half line £ starting from zero
such that for every r > 0, B, N E¢ is an arc of circle centered in £. Moreover, 0E¢ N'D is a
C* hypersurface.

Proof. Let E¢ be a minimizer of G¢. The symmetry follows as in [20, Th. 3.2] since spherical
symmetrization reduces F and leaves [ B p? invariant. The regularity of OF¢ is a consequence
of the regularity theory for minimal surfaces. Indeed, since p is locally bounded away from zero
in D, any minimizer of G is locally a quasi-minimizer of the perimeter (see [20, Th. 3.2] again
or [30, 18] for instance). From this, one can infer C regularity of E¢. Since p is smooth in D
further regularity follows. O

15



When ¢ is small, the perimeter term is dominant. In this case, we are in a situation similar
to the one studied in [4, 24].

Proposition 3.4. There exists o € [0,1/2) such that for every ay € (ap, @ — ap], there exists
&o(on) such that for every & < & (o), the minimizer of Ge is not radially symmetric.

Proof. 1t is proved in [4] that for every such aq, the minimizer of F under volume constraint is
not radially symmetric and thus there exists F,, with

F(Ey,) < V(}?f {F(F) : F radially symmetric }.
=

but since

Ge(Eay) = F(Ba) +€ | 7°

it is clear that

Ge(Eq,) < . llvr)lf {F(F) : F radially symmetric } < inf{G¢(F') : F radially symmetric }
e

for £ small enough. U

We now study the situation of large £&. Our main result is a rigidity result stating that for
large (but not infinite) &, the unique minimizer is the centered ball.

Theorem 3.5. For every a; € (0,@), there exists §i(a) such that for every & > & (a), the
unique minimizer of Ge is the centered ball B such that V(B) = aj.

In the rest of the section, o is fixed. In order to ease notation, we assume that the unit
ball is such that V(B) = a; (the general cas follows by dilation). Theorem 3.5 follows from a
combination of two results. The first one is a stability result for the volume term | Be &

Proposition 3.6. There exists ¢ > 0 such that for every set E with V(E) = V(B),

L= f7 =) “

Proof. The proof resembles the proof of (29). Let E be such that V(E) = V(B) then

/H#i/ﬁz/ ﬁu—m%ﬁ/ Al — 1)
c c FEcNnB BeNnE
V= / I
EeNnB
o
B\Bi_s

Letting F5 = B\Bj_g, as in Lemma (2.5), we have

(1 — |z|? —/ (1— |z inf 1—x2—sup 1—|z|? / p>0
ng<r\> B O S R A o)

and therefore, Fy minimizes [, p(1 — |#|*) among sets G C B with [,p =V so that

[Py = [ -l = o (41)
E¢NB Fs

16
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Similarly, letting Fj5 = B1+S_ﬂ B¢ with ngﬁ =V = [gep Ps then F5 minimizes [, p(|z|* — 1)
among G C B¢ with fGﬁ =V and thus

[ wal =1z [ paf - 1)z o7
BeNE Fx

5
Together with (41), this gives (40). O
The second is an estimate on the possible instability of the ball for F.

Proposition 3.7. There exist ¢ > 0 and C > 0 such that for every set E with V(E) = V(B)
and [papP <€

2
F(E) - F(B) > —C < / ﬁ) . (42)
EAB
Since the proof of Proposition 3.7 is long and involved, we postpone it. Let us show first
how Proposition 3.6 and Proposition 3.7 yield together Theorem 3.5. Let E¢ be a minimizer of
Ge then using B as competitor, we obtain thanks to (40) and (42),

(/EgAB> —1</ 7 52> = ¢ (66(Ee) — F(E)) - [6:(B) ~ F(B))

1 C _ ’
< S (FB)-FE)) < ( / EAB’J>

2
This implies <fE§AB ﬁ) = 0 for £ > C/c and concludes the proof of Theorem 3.5.

Before going into the proof of Proposition 3.7, let us comment a bit on the statement and
give the strategy for proving it. As explained below, in general, we do not expect the ball to be
a local minimizer of F (and in particular, we cannot expect (42) to be true with a plus sign on
the right-hand side). However, (42) shows that in some sense, the Hessian of F at the ball is
bounded from below. The proof of (42) follows the strategy of [15] for proving the quantitative
isoperimetric inequality (see also [1, 20]). Inequality (42) is first shown for nearly spherical sets,
borrowing ideas from [21]. The proof is then finished by arguing by contradiction, construct-
ing a sequence (E,) converging to the ball and contradicting the inequality. Using a Selection
Principle and regularity theory for minimal surfaces, it is possible to replace (E,) by a better
sequence (F,), still contradicting (42) but converging in a much stronger way to the ball. Since
for n large enough F;, are nearly spherical, we reach a contradiction and Proposition 3.7 is proved.

We thus start by proving (42) for nearly spherical sets (in the sense of Fuglede [21]).

Proposition 3.8. There existcy > and Cy > 0 such that ife < g¢, every set OF = {(14u(x))z
x € OB} with ||u||rip < € and V(E) = V(B) satisfies

F(B) - F(B) > —Cy (/EABp>2.

Proof. Recall that p(z) = (R? — |z|*)4 with R > 1. The condition [,,7 = [;7 can be written
as

/BB%RQ((1+u)2—1)—%((1+u)4—1):0

17



which leads to

13— R?
/aBu: 2R2 -1 /QBU2+0<HUH%2(83))' (43)
We can now compute the energy
1 2u + u?\*? |Vul? 1/2
——— (F(F) - F(B)) = 11— ——+ 1 1 -1
T -7 = [ (1) e (141

3 3 4—3R? 1
= [ (o) st a3 + o (o)

Using (43), this turns into

1 1 R?*(2+ R?
(= 1) =) = 5 [ = b+ IVl + ol

1
> SIVula0m) — Cllull3on): (44)

We now claim that for every § > 0, there exists Ay > 0 such that

/aBuzSé/aB\VuP—i-Aa(/aB]u\)Q. (45)

Indeed, denoting by u = % faBu and using Sobolev embedding and Young inequality, we
compute

| o= [ - 2m@? < -l lullon + @0l on)
0B 0B

S IVull2omylullzros) + lwli o)
< 8|Vl o + Asllull2s o)

This proves (45). Using (45) in (44), we obtain,

F(BE) - F(B) > —C (/aB |u|>2.

Now, since for nearly spherical sets, there holds

| p=ipani= [
EAB 0B

we can finally conclude the proof. O

Remark 3.9. In the proof of Proposition 3.8, if we assume that F is centered, that is

[ #are =0,

we could do as in [21, 15] and decompose u in Fourier series on B to get
k

with Yy = 1 and Y7 = = - v for an appropriately chosen v € 9B. So that

[ (oot (8- Y)ie e (%-2) [

18



We find thanks to (43)

Uy = w=0 (||ul? u:/uY:O ul|? .
. /aB (Ileom) — m= | wvi=0(lulfom)

From this, letting p, = k? being the k—th eigenvalue of the Laplacian on 9B,

R2(2 4+ RQ) B R2(2 + RQ)
/aB _WU2 + |Vu|2 = éui(uk — W) +o (HUH%) .

Since pg > 4 for k > 2, and since

_ R*(2+RY

R72+ /) L5 i3 1 1/2
(R2_1)2>0 — [R< (5 —V13) orR>\/§(5+\/ﬁ) :

V3
we expect the ball to be unstable for R € ((5— v/13)/2/V/3, (5 + v/13)Y/2/y/3) and unstable

otherwise.

In order to go further, we need an isoperimetric inequality which is, we believe, of independent
interest.

Lemma 3.10. There exists ¢ = c(a) > 0 such that for every set E with V(E) < a/2, we have
F(E) > ¢V(E)*S. (46)

Proof. Up to a dilation, we assume here that R = 1 that is p(z) = (1—|z|?),. Since the estimate
is sublinear, it is moreover enough to prove it for connected sets. Let us first show that we can
assume that £ C By /o Indeed, if this is not the case then there exists z € OF N Byp. Then,
there are two possibilities. Either £ C By and the classical isoperimetric inequality already
gives (46) or there is y € OE N Bj /1 Since OF is connected it contains a path from z € By

to y € By, and F(E) is bounded from below by ff’/;‘(l — 5%) =29/192. Again, this gives (46).
As in Proposition 3.3, we can make a spherical rearrangement and assume further that E is
spherically symmetric.

We now transform our problem in order to work on a periodic strip. Let S be the unit torus
and consider the diffeomorphism ¢ : B\ B/, — St % (0,1/2) given by

6(0,7) = (%,1—7“).

For FF C St x (0,1/2), we let

1 1/2
_ _ 3/2
Vi (F) /0 /0 xr(z,y)y dydzx and Fi(F) /E)Fy
then, since for £ C B1\Bj s,
V(E) ~Vi(¢(E)  and  F(E) ~ Fi(d(E)),

we are left to prove

VI(F) < Fi(F)5/° VF c S' % (0,1/2). (47)

Notice also that since the sets £ C B1\B; /2 we started with were spherically symmetric, we can
further assume that for every 7 € (0,1/2), F N {y = 7y} is a segment centered in 0 x {y} for
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—1/2 1/2 x

Figure 3: Convexification step in the y-direction.

instance. We then make a convexification step. We define F as the smallest set which contains
F and which is y-convex, that is for very z € S the set {y > 0 : (x,y) € F} is a segment (see
Figure 3). We have N N

Vl(F) Zvl(F) and fl(F) S]rl(F)

Indeed, the first inequality comes from F' C F and the second from the fact that for every x € St
the shortest (weighted) path between the points (z,y1) and (z,y2) is the straight segment. It
is therefore enough to prove (47) for the sets F. After these two symmetrizations, the set F
is contained between two graphs y; : (=T,7] — (0,1/2) and yo : (=7,T] — (0,1/2) for some
0<T<1/2ie. N

F={(ay) : -T<a<T, y(@) <y < p)

Moreover, y; and ys are even, y; is non-decreasing and y9 is non-increasing in [0, 7). Using this
parameterization, we have

~ 17 ~ T 3 T 3

WE) =3 [ -kl ad AE = [ PVIEDRE [ VI DRE
-T -T -T

where for a function y of locally bounded variation,

T T
Ry = [ o VIEIDGE = [ IR Y el [ ey

TEJy

see [6, Th. 5.54]. Notice that we can assume that y1(£7") = y2(+7'). Indeed, if T'= 1/2, then
Fi(F) = y(1/2)3/2. In this case, we can add a vertical cut between y(1/2) and y;(1/2). The
additional contribution to the weighted perimeter is of order of y(1/2)%? —11(1/2)%/? which is
controlled by Fi(F). Eventually, since F] is the relaxed functional of its restriction to C' paths
with respect to L' convergence [6, Th. 5.54], we can further assume that y; and y are smooth.
After, these symmetrisation and regularisation steps, we can write,

" T T
AE)~ [+ [ 0 -0 (48)

We then consider two cases. First, if y;(0) < y2(0), then (48) yields

Pz [ 0
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from which we deduce

VI(F) < / 12 < ya(0)/2 / W2 < FUF)SF(F) < F(F)P,
T

Then, in the case y1(0) ~ y2(0), by convexity y2(0)>2 — y1(0)%/2 > 3y1(0)*%(y2(0) — 51(0)) so
that (48) becomes

Fi(F) 2 Ty (0) + y2(0)¥% (y2(0) — 11(0)).
We infer that

_ T
Vi(F) = / (=)o) < AT(0)(02(0) — 1 0)

< ATy O)(0)(120) 12 (0) Y = ATy (1(0)*(a(0) 1 (0)))
S Fu(F)FU(F)YP S F(F)S,

which concludes the proof of (47).
U

Remark 3.11. The exponent 5/6 in (46) can be easily seen to be optimal by considering as
competitor a small ball touching the boundary of B.

We can now prove the following e-regularity result:

Proposition 3.12. Let A > 0. Then, there exists €1 > 0 such that if E is a A-minimizer of F,
i.e. for every G,

F(E) < F(@) + A/Emp

and if [papP < €1 then E is nearly spherical i.e. OE = {(1 4 u(z))z : x € OB} and
llul|cr.a < eo (where gg is the one defined in Proposition 3.8).

Proof. Fix 6 > 0 then inside Bj4s by classical e-regularity results for quasi-minimizers of the
perimeter (see [18, Th. 6.1] or [30, Th. IL.6.3] for instance as well as [15, Lem. 3.6]), if

f(EmBH(;)AB 7 < &1 then OEN By, is a small C1® perturbation of OB in particular, if fEAB p<

€1, OE N Byys C B1+§ and E can be written as F = F; U Ey where E; is nearly spherical,
2
E> C Bf 5. By testing the A—minimality of E against £y, we find by (46)

V(E)Y® < F(Ey) < AV(E»)
and thus if V(Ey) # 0,
c\b6
(5) =V <=
which is absurd for £; small enough. O

We will also need the following simple lemma which is a weak version of (42).

Lemma 3.13. There exists Ay > 0 such that for every set E,

FE)-FB)z-h [ 7 (19)
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Proof. Let v be a vector field with suppv C Bg, |[v]| <1, v = 2 on 9B and ||divv|s < C and
let

3
w = iﬁfl/QVﬁ -v+ ﬁl/Qdivv,

so that div (ﬁ?’/ 2y) = pw. Then, for every set E, denoting by v the outward normal to E,

F(E) - F(B) > / 52y E / 52y P

 JoE oB
o~ [puz-jule [ &
E B EAB

We can finally prove (42).

Proof. We argue by contradiction. Assume that there exists a sequence of measurable sets (F,)
with fEnABp — 0 and

F(E,) +2C, ( /E " ﬁ)Q < F(B), (50)

where Cj is the constant given by Proposition 3.8. Let &, = [ p,ap P and for Ay > 0 given by
Lemma 3.13 and Ay > 0, let F,, be a minimizer of

1/2

2
F(F) + 2 ([en—/FABﬁ} +en> + A V(F) - V(B)|. (51)

Step 1. We claim that if Ay is large enough, V(F),) = V(B) for all n.
To prove this, we follow the approach of [19] (see also [22] for another approach). Assume
by contradiction that the claim does not hold, then there exist sequences of positive numbers
g, = 0 and Ay — 400, and a sequence of measurable sets Gj, C R? such that G} minimizes

1/2

2
f<G>+2A1<[e;— /G ABﬁ} +e;> + Ay 1| V(G) — V(B) (52)

and for instance V(Gj) < V(B) (the other case is similar). In order to get a contradiction, we

build a new sequence Gy, such that V(Gj) = V(B) and

1/2

2
F(Gy) +2M ([52 - /~ AB?} +52> S V(Gy) = V(B)|.

G

The construction is a bit delicate since we want all the constants to be uniform in ). If this
were not the case, one could have simply used Almgren’s construction (see [30]).
First, testing the energy (52) with B, we find that F(G) < C and therefore, up to extraction,
Gy, converges in Lj (D) to some Goo. Moreover, since |V(Gy) — V(B)| < &, G satisfies
V(Gx) = V(B). The set G, minimizes 7

F(G) + 20, / 7
GAB

under the constraint V(G) = V(B) (this can be seen for instance by a I'—convergence argument).
Therefore, by (49), Goo = B. Notice that arguing as in Proposition 3.3, we get that the sets Gy,
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are C®, Now, let us fix § > 0 and 7 < 1, let us choose Zo € OB and let us set zq = (1 + 5)To
and C' = (1/2 ) P~ Then since B, j2(z0) N B = &, there hold

/ p<o and / p>C (53)
kaBr/2($0) GrNBr(z0)

for k large enough. Let 0 < o < 1/2 be a sequence to be fixed later and consider the bilipschitz

) fBﬂBT(Z'O

maps:

(1 —30p)x if |z < 3,
Op(zo+ ) =1 x4+ ox(1 — %)x if § <|z| <,
x if x| >,
and let ék = Ok (Ey).
Step 1.1. We first prove that
F(Gx) — F(Gy) > —Co,F(Gy). (54)

Following the notation of [19], we let for « € 0G}, T}, (1) = V®p(x) o 7 for 7 € 7y, , (where
T« is the tangent space to 0G|}, at ) and

STy = det(’l—}jg3 o Tk7$)
be the one Jacobian of T}, ,, so that

f@mzj 22 (@ (2)) 1 T o dH
Flen

In particular, it is proved in [19] that J1T} . < 1 in B, j5(7o) and
JlTk,m <14 50y

in Cy(z0) = By (20)\B,/2(x0). We can now decompose,

f@w—f@wz/

7]

=/ ﬁw—/ /2 (@3, () 1 Ty o0
8Gkﬂcr(:vo) aGkﬂCr(:Bo)

+/ ﬁ3/2 - / ﬁ3/2(q)k($))J1Tk7$d/H1.
aGkﬂBr/g(JBo) 8GkﬂBr/2(mo)

But since in B,(zg), [p%/%(x) — 552 (®p(z))| < CP*/*(x)oy,

/ P = (W) BT = | (1 = AT
8GLNCyr(x0) 8GLNCy (20)

+ N T (07 () = 5°%(@p () dH!

> —Coy, / 72,
8G,NCh (z0)

ﬁ”—/ P2 (®p (1)) Ty dH)
GkﬂBr(Io) aGkﬂBr({ro)

Similarly,

/ P2~ 2 @ula)) N TaH! = | (1 - W)
0GNBy 2(z0) 0GNBy 2(z0)

+ I T 1 (552 (2) — 72 (®p(2)) ) dH®
> —CUk/ Y2
BkaBr/Q(mo)
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Hence, (54) follows.

Step 1.2. We now prove that for some x > 0,
V(Gr) — V(Gy) > Koy (55)
If J®;, denotes the Jacobian of @y, it is shown in [19] that
J®p < 1+ 8oy, (56)

and that in C,(x¢),
JPr > 1+ coy, (57)

for some ¢ > 0. We can decompose

Lo L7
e Gy,

/ P(P1 ()T (z) — ()
GrNBr(z0)

/ (L) I () ~ (o) + [ 5(04(2)) Tk (x) — ().
GNCr(xo)

GxNB,./2(z0)

Thanks to (56) and (57), there holds

Lo peensene) —ple) = [ (@)~ ple)) () + (T2~ 1)p
GrNCr(z0) GrNCr(z0)

> oo / 52 / (@4 () — 7))
GkﬂCr(:vo) kacr(mo)

- ﬁ<mk_2 P@u(@)) = 7(a) )
GrNCr(z0)

p(x)
Since p(x) = (R? — |z|?)4, we see from the definition of ®; that in C,.(x),

‘ﬁ@k(x)) ~ pla)
()

< CO’kT

hence we can choose r small enough so that 2Coyr < co/2. So that

/ P(®4(2))T Bk (z) — P(x) > Ry / 7 (58)
GNCr(x0)

Gkﬂcr(:vo)

for some k1 > 0. Similarly, thanks to (57),

/ (1) T (0) — o) = [ (P(@4(x)) — P(2))JPx(x) + (JB — 1)
GrNB,./2(z0) GrNB,./2(z0)

> —HzUk/ 12
GkﬂBT/g

for some ko > 0. Combining this with (58) and (53) gives

V(Gr) — V(Gy) > o (Iﬂ/ p— %2/ ﬁ) > (k1C — K200y,
GrNBy(z0) GrNB;./2(70)

so that (55) holds if ¢ is small enough.
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Step 1.3. Since V(Gy) < V(B) and V(Gy) — V(B), (55) and the continuity of the map
or — V(Gg), show that we can find o — 0 such that V(Gg) = V(B). From this we get a
contradiction. Indeed, by minimality of G,

) 1/2
F(Gr) +2M <[/ p— 82] + 52) + Ao [V(Gr) — V(B)
GLAB

) 1/2
gf(Gk)+2A1<|:/~ ﬁ—sq —i-a;c)
GLAB

) 1/2
Sf(Gk)+CJk+2A1<[/~ ﬁ—eﬁc} +6;€> ;

GrAB

where in the last line we used (54). Since the function  — ((z — &,)? + £2)1/2 is 1—Lipschitz,
we obtain, recalling (55),
Lol
GLAB GLAB
Arguing as for (55), we can prove that

/~ ﬁ—/ ﬁ‘ S ok,
GrAB GrAB

A27k0'k S Of.

Appor S op +

from which we obtain

This is not possible since Agj — 400.
Step 2. Going back to F,, minimizers of (51), we have that F,, converge to some Fj
minimizing

F(F)+2M /FABﬁ+A2|V(F) —V(B)|

that is by (49), Fx, = B. The F,, are A-minimizers of F. Indeed, for every E,

Jess® sl 7 )7
EAB F,AB n E

Therefore, by Proposition 3.12 and Proposition 3.8, for n large enough,

< F(B) + (2A; + M) / p-
EAF,

F(r) - F5) = -G [ 5)2. (59)

nAB

Step 3. Let v, = [ F.AB P- Then, by minimality of F},, there holds (using F,, as a competitor
and recalling (50)),

F(Fa) + 281 (3 — €n)? +€n) "> < F(Eo) + 2Mel/? < F(B) + 20iel/? — 200e2

which combined with (59) gives

1/2

201 (1 —€n)? +en) '~ — Con2 < —200e2 + 2M16)/2. (60)
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From this we obtain s
2A4 (('Yn - En)Q + 571) < Co’)’,% + 2/\1871/2.

Dividing by 2A; and taking the square of both sides, we get

( _ 2 < 002 4 @ 2.1/2
Tn €n) +€n — 4A27n+ Allynen +€n
1

subtracting &, and dividing by 72 we deduce

2 2
En Cy 2 Co 1/2
1-) <=0 P
( fyn) RETCELRY Ve

hence 1 — =2 — 0. Going back to (60), we obtain
9 1/2
2A L/ [an (7—" - 1) 1

€n

from which we get a contradiction since for n large enough the left-hand side is positive while
the right-hand side is negative. This ends the proof of Proposition 3.7. O

4 The case without confining potential

4.1 The functional

We finally go back to the situation where g > 1 but where there is no trapping potential. We
thus consider for a fixed bounded open set  C R?

1 1 g
Fe(n):&“/ \Vn1\2+!Vnz!2+—/ —nt + 203 + Kning
Q g Q2 2

[ =a (61)

7= (a1 + azg'’?),

with the constraints

Letting

it can be easily seen that minimizers of the Thomas-Fermi energy

_ 1 o5, 9 _
E(p)z/ 5P+ 575+ Kpips
Q

/ﬁi:az‘
Q

_ __7

under the mass constraint

are given by

for any set £ C Q with |E| = % The minimal energy is then

2

Ey=E(p) = 20
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This motivates the change of variables

B o —1/2 B v —1/2 B v 1/2 B I8 o
m = <@> M, 2 = (W) 2, T = <@> €T, Je () = TFS(U)_%

yielding

- _ ~ 1 1, ~ 2 ~ 9~
L) = ¢ [ 9P+ PRE + 1[5 - 1) (R - D

where 1 < K = 91%7 under the mass constraint

Q

where &; = a; and a3 = ¢*/2ay so that &1 + a3 = v = |§| Forgetting the tildas and letting
1 > A\ = g~ /2 we finally obtain that the original minimization problem is equivalent to
minimizing

1 1 2
&W=€AW%V+VWWV+;L§W%W?J)+WFUﬁﬁ

under the volume constraint (61).

4.2 The one dimensional transition problem

Let us introduce, the following energy defined for n = (1,72) € W-2(R, R?),

oc

Brx(n) = /R A2 + N2II2 + Wik, m2),

where for s, > 0, we introduced the potential
Wk (s, t) = %(1 — s —12)? + (K —1)s%t2.
We consider the minimization problem,
UXK::iﬁ{EkKW)2n::Whm)GmﬁfﬁhRi%Egﬁlzoaﬁgnlzl}- (62)
Let us show that problem (62) admits a minimizer. The result also follows from [5, Th. 2.1]

with a different proof.

Proposition 4.1. There exist minimizing pairs to oy g. Every such minimizing pair is smooth.
Moreover, the following equipartition of energy holds:

1?4+ N[ |* = Wi (1, m2).

Proof. We establish the existence of a minimizing pair = (11,72) by the Direct Method of
the calculus of variations. The required compactness and semi-continuity result is stated in
Lemma 4.2. The smoothness of 7 is the consequence of the Euler-Lagrange equations

—2n{ .
_2)\2775/ +VWK(7717772) = O, in R.

For the equipartition of energy, we take the dot product of the Euler-Lagrange equations with
(ny,m5)T. Integrating, we see that the quantity —|n}|?> — A2|n5|2 + Wi (n1,72) does not depend
on . Using the conditions at infinity, we conclude that |}|? + A|n}|> = Wi (91,72) on R. O
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Lemma 4.2. Let (7%)1>0 C VVZIO’f(R, R2) be such that there exists Cy > 0 such that for k > 0,

lim inf ¥ < 1/4, limsup 7} > 3/4 and Exx(n*) < Cy.
T—=—00 T—>+00

Then, there exist n = (n1,m2) € WL2(R,R?), a subsequence (still denoted by (n*)) and a

sequence (z) C R such that

" (-—z) = 7 uniformly on any bounded subset of R.

Moreover,
lim n=(0,1), lim 7= (1,0), (63)

T——00 T—r400

and
Exx(n) < liminf By g (n").

k—+o00

To prepare for the proof, we start by noticing that (similarly to the Ginzburg-Landau func-
tional for Type-I superconductors [16]) the Gross-Pitaievskii energy controls a classical double
well potential. This is the key ingredient in order to get compactness for sequences of bounded
energy. Let us introduce the relaxed potential,

1 1
—(1—-5s%)?2— (1= Ks?)? if0<s< K12

2
wi(s) = tinf Wik (s, t) = (64)
€R 1
5(1—52)2 if s> K~1/2,

The function wg is a standard double-well potential (see Figure 4). In particular, since there

1720

«y

0 K-1/2 1

Figure 4: Relaxed potential wg (s) and limit potential w(s) = (1 — s?)? (dashed line).

holds wg (s) = wi (t) < Wgk(s,t), we have for n = (n1,m2) € VVZIO’Cz(R, R?)
/ i f? +wic(m) < Exw(n)  and / N mol* + wic(n2) < Exw(n)-  (65)
R R

Proof of Lemma 4.2. Let us consider a sequence n* = (n,75) and Cy > 0 satisfying the hy-
potheses of the lemma. Let us fix k¥ > 0 and let us consider y < z such that either, n¥(y) = 1/4,
n¥(z) = 3/4 or n¥(y) = 3/4, n¥(z) = 1/4. Using the Modica-Mortola trick, we see that

3/4
/ [(n ’2+WK771 > 2/ \/U)Km‘?h > 2 » Vwg(s)ds =

Since 6 > 0, taking into account (65) and the bound Ej x(n*) < Cp, we deduce that there exist
an odd integer ny € [1,Cy/d] and sequence of intervals

Ig_( S xl) Il _( If’xg)’ : Ikk 1 — (xfzk 1 nk) Ik (:Unk,—i—oo),
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such that n’f(:ﬂ?) =1/2 for j = 1,--- ,n and there exists y5, - - - ,yflk with y; € IJ]-€ such that

Ulf(yf) =1/4 and 7n¥ <3/4in I]]? if 7 is even,
ni(y¥) =3/4 and nf >1/4inIF if j is odd,

See the example of Figure 5. Now, up to extraction, we assume that n; = n does not depend

% % ‘ % % % T
Yo ‘A 0 Y1 Ty Ya T3 Ys T

Figure 5: Example of construction of the intervals I Jk .
on k. Now, if the sequence (3:”2C — ﬂ:lf) & is not bounded, we can extract a subsequence such that
(.%'g — x’f) — 0. Repeating the process, we can assume that the following property holds true:
there exist R > 0 and a partition of {1,..,n} = {aog,...,bo} U{ar,...,bi} U---U{am,...,bn}
with ag =1, b, =n and a1 = b; + 1 for j =0,...,m — 1, such that,

Vie{0,---,m} O<xl,fl —xl;l < R, vie{0,---,m—1} x’élﬂ —x’él Y .
Since ag = 1 and b, = n are odd there exists I, € {0, -+ ,m} such that q;, and b, are odd.

We set z, = x’jl* and 7} = nf(- — zz). By construction, there exists a sequence (Ry) C [R, +00)

with Ry — oo such that for £ > 0,
it <3/4 in[-Ri,0], 7¥0)=1/2 and  7f >1/4 in[R,Ry]. (66)

Now, from the energy bound E) r(n*) < Cp, we see that (7}) is bounded in Wr3HR). Up

loc

to extraction, there exists 7 € VVliCZ(R) such that n¥(- — z) = ¥ — m locally uniformly.
Moreover, from (66), we have
limsupn; < 3/4, n(0) =1/2 and lir_rFl infn > 1/4. (67)
—oo 00

Similarly, up to extraction, there exists 7y € W/llg’f(R) such that 1% (-—2z) — 12 locally uniformly.
By lower semi-continuity of the Dirichlet energy, we have

By (m,n2) < liminf Ex g (n1,75).
k—+o00
To end the proof of Lemma 4.2, we have to establish that n = (1, 72) satisfies the conditions at
infinity (63). Since [g |1;[? is finite 5 admits limits n* at +co. From the bound [ Wk (n1,72) <
C, we get n=,nt € {(0,1),(1,0)}. Eventually (67) implies n~ = (0,1), n© = (1,0), that
is (63). O

4.3 The I'-convergence result

In this section we study the I'—convergence of J. as ¢ goes to zero.
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Theorem 4.3. When € — 0, J. I'—converges for the strong L' topology to

oy P(E,Q) ifm=xp=1—mn and |E| =y

400 otherwise.

J(m1,m2) :{

Proof. Since J(min(n;,1 4+ J),min(n2,1 4+ §)) < Je(n) for all § > 0 and since the bound
Jo 2(5)* + (n5)* — 1)2 < C implies that if min(n$, 1+ ) (strongly) converges to some 7 then
also 7. converges to the same 7, we can always assume that sequences which are bounded in
energy are bounded in L.

Now, we use again that the Gross-Pitaievskii potential controls the double well-potential wg
(see (64)). We have,

/QwK(m)Jr/QwK(UQ) < Q/QWK(m,??Q)- (68)

Thanks to (68) and the usual Modica-Mortola argument, we then have that from every
sequence (15,7n5) of bounded energy, we can extract a subsequence converging strongly in L! to
some pair (11, 72). Moreover, from the bound on the energy, we get that n(x), n2(x) € {0,1} and
m (z)n2(xz) = 0 for almost every 2 € R. From the volume constraint and the strong convergence,
we also deduce that fQ n? = a;. The lower bound inequality is then a standard application of
the slicing technique (see [12, 4, 24] for instance). The upper bound is also standard. By
approximation it is enough doing the construction for a smooth set FE. Let § > 0 be fixed then
we can find T > 0 and (12, 73) with 5{(=T) = n3(T) = 0 and n}(T) = n3(~T) = 1 with

T
[ VY P+ R P + Wil 1) < o+

Let dp be the signed distance to OF.

We then let I ()
T
0 (@) =7’ <—E€ >

Using the coarea formula it can be seen that n® converges strongly to (xg,1 — xg) and that

limsup J. () < (o5 + 0) P(E, Q).

e—0

Letting finally

. <\/O‘_15\/a_25>’

= UIe U
lillz ™ linll2

we have that by definition 7° satisfies the mass constraint. Moreover, using that |75 |2 = a;+O(e)
(and therefore, 77 = n;(1 4+ O(¢))) we have

limsup J.(7°) < (o x + 6)P(E,Q). (69)

e—0

Indeed, this follows from
Vil [+ AVis|2 = (14 0(e)(|Vni|* + A [Vins )

(77)*(75)* = (1 + O(e)) (17)*(n3)?
and

/ ()2 + (75)? — 1)* = / (05)? + ()2 — 1)* + O(e2).
Q Q
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This last inequality comes from the fact that A. = {|dg| < Te} satisfies |A-| = O(e), and that
outside A., we have ((nf)* + (n5)* — 1)2 =0 and 7 € {0,1}. From this we have

| e+ -1 = [

Ae

(@02 + G =1+ [ (02 + 52 1)

A

c
€

< / (1) + (15)> = 1)° + |A10(e) + O(2)
Ae

< / (05)? + (5)2 — 1)* + O(2).

S

Since ¢ is arbitrary in (69), this concludes the proof of the upper bound. O

Remark 4.4. With a minor adaptation of this proof (see [34, 39]), one could also deal with
Dirichlet boundary conditions (that is impose 7 = 0 on 09). Letting

. e 1 2 .
%= mf{/ 1% 4 Nl 5 (3 = 1)7 + (K = D 2 i (0) = 12(0) = 0, lim; = 1},
0

we would obtain as I'—limit (at least for 9 of class C?).

oxxP(E,Q) + nHY O NOE) +HY OO NIES) ifm=xp=1—1
Ipir(m1,m2) = and |E| = o

+00 otherwise.

Notice that in this case, by definition, v; < o) kg + ;. Hence, on the macroscopic level, there is
always a contact angle. Complete wetting is still possible in the form of an infinitely thin layer
of one of the phases (this would show up in the 7;). The behavior of ; has been recently studied
in the physics literature [42].

Remark 4.5. When K — +00 as ¢ — 0 a refinement of the argument giving (68) gives also

the optimal prefactor (see [16, Prop. 6.2]).

4.4 Study of the surface tension

We study the asymptotics of the surface tension o i in the limit regimes K — 1 and K — +4o0.
We first consider the case K — 1 (weak segregation).

Proposition 4.6. There holds:

. OAK 21—\
lim = — .
Ko1K —1 31—=)\2

Proof. Letting x = (K — 1)*1/2y in the definition of oy g, we have

ONK . 712 21 712 2 2
———— =inf + A + +
K —1 {/R\m\ ‘772‘ Uip

Hence, using similar I'—convergence arguments as above, we get that,

1 2 2 2 . .
m(nl +772—1) .llgnl—O, Egﬁl—l}.

. ONK . . .
S = mf{/R!ni!Q + Nl 4 ning < limy =0, limny = 1,75 = (1 —nf)}-
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Letting 71 = cos ¢ for lim_, ¢ = 5 and lim . ¢ = 0, and using that a® + b > 2ab, we find

fim = | 7 101(1 = (cos )*(1 — A2)/2|cos psin g

1 3
_ 9 20 \\2 2 1)3/2
[3(1 _)\2)(008 ()A\* —cos”(z) + 1) .
21N
31—\

In order to reach equality it is enough to consider the unique solution of

¢ (1 — (cos ¢)2(1 — )\2))1/2 = —Cos ¢ sin ¢,

with ¢(0) = Z. The solution is indeed unique and defined on R since i (COCSO;?ZM;Q)P 5 s

Lipschitz continuous. Moreover, it is decreasing and has the right values at +oc.

Remark 4.7. Notice that the value of limg_s; % exactly coincides with the one found in

[9] (see also [41]). Using (68), it is moreover not hard to prove that there exists C' > 0 (not
depending on \), such that

Cil\/K—l SU)\,K S C\/K—l
when K — 1.

Eventually, we consider the strong segregation asymptotics, K — 400 (notice that we recover
the same scaling as the one predicted in the physics literature [41]).

Proposition 4.8. There exist 0 < ¢ < C such that for K > 1 and X\ > 0, there holds

A\1/2 1 1 /2
Oroo —C (K—1)1/4+K1/2 < OAK S Oxeo —C W+W ) (70)

with
_ 2 22 4+ : " _ _
Oroo = lnf{/ M|+ N ms|” + (771 +n5 — 1) dlimm =0, limy =1, mn = 0} ;
—00 +oo

— a4 a2

. ()

Proof. Let us establish the identity (71). Since any admissible pair (11, 72) with finite energy is
continuous and satisfies 71(z) — 1 as © — +oo and ny(z) — 1 as z — —oo, there exists x € R
such that (n1,72)(z) = 0. Using translation and symmetry, we see that

O)oco = Y1+ Vs
with
. oo 202, Lo 2 1,2 .
= inf /0 NI+ 5 (7 =1)" € Wi ([0,400)), n(0) =0, limy =1

The classical Modica-Mortola procedure applies to this minimization problem. For A > 0 we
have (see e.g. Chapter 6 in [13]),

1 1 —52)2
= 2)\? (761 _ Ve
A /0 N2 S
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Moreover, the minimizer is given by the formula

x
x) = tanh | ——— for x > 0. 72
n(@) < \/5)\> > (72)
Let us now establish the upper bound in (70) (right inequality). If A > K~2 (that is

A/2 1
K1/4 Z K1/2

), inspired by (72), we consider the profile

0 if z <0, 6d—x )
tanh | ——— if x <46,
m(z) = AN m(r) = V2\

tanh | — if z >0,
V2

0 if >0,
The parameter § > 0 tunes the width of the overlap between the two species (see Figure 6).

Uy m

=Y

Figure 6: Profile of the competitor for the upper bound

The energy f(9) of this competitor is an upper bound for o . We compute
1 2
£6) = Bawln) = [ 1P+ X + 5 (o + 0 = 1) + (K = 1)t}

112 1 \2) 2 611_22 +0011_22 6K22_1
71 |% 4 A%[ma|* + 2( n3)" + 2( m)”+ [ (Knin; 2)
R 0 0

— 00

0 0
1 1
= n+nt / (Kn%n%—5> = Orco t / (Kn%n%—§>-
0 0

Using the expressions of 7; and 7, and the concavity of ¢t € R + tanh(t), we get

b, K&
2 120A%°

5§ K&

oNKE < f(9) §+W

IN

1
TXoo — / s2(1—s)%ds = TXoo —
0
Optimizing in §, we obtain with § = (12A%/K)/4,

4 <12)\2>1/4 4(12)V4 /X
= Ozoo ~™ — = 7171

ONK S Oroo — =

5 K 5 K4
. o . . 4(12)'/
This yields the right inequality of (70) with ¢ = —
If on the contrary A < K~1/2 we keep ny(z) = [tamh(av/\/ﬁ)]Jr as above and let
1 <0
m(z) =1 - K'Yz zel0, K 1/?
0 x> K12
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The energy can then be estimated by

K_1/2
1
Exsc(m,me) <71+ A K2 +/0 [5(1 —m5)° + (K = )nin; — >

Notice now that A2K1/2 < K~/2 and that since tanh(z/v2) < 2/v/2,

K—1/2 K—1/2
/O (1 —m)? +2(K — V)nind — 1] < /0 (1 - K2%)* + K*2* — 1],

which implies,

K—1/2 K-1/2 2
1 1 K 7
2122 (K — D22 — = </ B g2 L2
[ ga-area-vig-g)< [0 Gt ke

Putting all these estimates together gives the upper bound

oAk < Orneo — KTV

We now turn to the proof of the lower bound (left inequality of (70)).

Let us consider an admissible pair n = (n1,72) € VVZIO’f(R, R?) with finite energy. Without
loss of generality, we may assume 0 < n1(z),n2(x) < 1 for x € R. By continuity of  and from
the conditions at infinity, there exists o € R such that 11 (z¢) = Ana(zp) = m and a maximal
interval Iy = [zg—0_, xo+0d4] such that m/2 < ny, e < 2m in Iy. We define I = (—o0,29—0_)
and I, = (xg + d4,+00) and split the integration in three parts: Ey x(n) = E_ + Ey+ Ey,
with

1 2 .
Bi = [ IREXUE g (03— 1)+ (K e, fori € {=,0.4),

Using the Modica-Mortola trick, we have

1

+00
By > / m* +wi (m) > 2/ Vwg (s) ds.

0+04 m(wo+04)

Using (2o 4 64) < 2m and 2/wgx > V2(1 — s?) — ﬂX[O,K71/2}’ we obtain,

1
E, > \/5/ (1—s*)ds —V2K~Y2 > %5 —2v2m — V2K V2, (73)
2m
Similarly,
E_ > @ —2v2m — V2K 12, (74)

Now we consider the middle part. Since min <f10 AR flo )\|77§|> > m/2, we have by Cauchy-

Schwarz inequality,
2

12 2 712 m
+ A >
I || |72 46, — o)
On the other hand, since 1y, Ane > m/2 in Iy, we have
Lo 2 2 2.2 (04 — 6 )(K — )m*
5 mi+mn—1)" + (K -Lniny >
/,02( 1) 1z 162
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Optimizing with respect to (4 — d_), we obtain,

1 2
Bo = [ 1P+ ¥R+ [ 5 0f =17+ (K - g 2 Y (1)
0 0

Gathering together (73),(74),(75), we get

Exk(m) > —— 1 +X)

2v/2 VK —1m?
\?{— —4\/§m+Tm —2\/§K_1/2.

Minimizing with respect to m, the minimum is reached for m = [16v/2)/(3v/K — 1)]'/2, which
yields,

2V/2 32254 \1/2 2v/2
oAK > i(lw)— _ 22
3 33/2 (K _ 1)1/4 K1/2
This establishes the left inequality of (70) and ends the proof of Proposition 4.8. O
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