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LOCAL ENERGY DECAY AND SMOOTHING EFFECT FOR THE
DAMPED SCHRODINGER EQUATION

MOEZ KHENISSI AND JULIEN ROYER

ABsTrRACT. We prove the local energy decay and the smoothing effect for the damped Schrédinger
equation on R?. The self-adjoint part is a Laplacian associated to a long-range perturbation

of the flat metric. The proofs are based on uniform resolvent estimates obtained by the dis-
sipative Mourre method. All the results depend on the strength of the dissipation which we
consider.

1. INTRODUCTION

Let d > 3. Our purpose in this paper is to study on R? the local energy decay and the Kato
smoothing effect for the damped Schrédinger equation

{i@tu + Pu —ia(x) (D)* a(z)u = 0,

u(0) = up. (L)

The operator P is a Laplacian in divergence form (or a Laplace-Beltrami operator) associated
to a metric which is a long-range perturbation of the usual flat metric (see (1.2) below). For
the dissipative part we have denoted by (-) the function (1 + |-|*)2 and by D the square root of
the free Laplacian, so that (D)® stands for (1 — A)2. The parameter a belongs to [0,2[. The
non-negative valued function a will be assumed to be of short range (see (1.7)), so that in terms
of spacial decay, we have an absorption index a(x)? which decays at least like <z>7272’3 for some
p > 0.

It is known that the free Schrédinger equation ((1.1) with P = —A and a = 0) preserves the
L?-norm but satisfies the local energy decay: if ug is supported in the ball B(R) = {|z| < R} of
R for some R > 0 we have

_d
2|

HeitAUOHLQ(B(R)) < Cgr(t) |UOHL2(Rd) .

This means that the “mass” of the solution escapes at infinity. On the other hand, the Schrédinger
equation has a regularizing effect. The solution e®*ug belongs to C> for ¢ # 0 and

. 2
[lla- s
R

L2(B(R))

dt < Cg |[uol 72 ga -

There are many papers dealing with these properties for more and more general Schrédinger
equations. Concerning the local energy decay for a self-adjoint Schrédinger equation, we only
refer to [Rau78] for the Schréodinger operator with an exponentially decaying potential, to [Tsu84]
for the free Schrodinger equation on an exterior demain, and to [Boull, BH12| for a laplacian
associated to a long-range perturbation of the flat metric. For all these papers, the local energy
decays like t=% or like t~%%¢ under a non-trapping assumption. There is also a huge litterature
for the closely related problem of the local energy decay for the wave equation (see [LMPG63,
Ral69, MRS77, Bur98, Tat13, GHS13] and references therein).

Concerning the smoothing effect we mention [CS88, Sj687| for the laplacian on R?, [BK92] for
the Schréodinger operator with a potential and [BGT04] for the problem on an exterior domain.
We also refer to [Doi96, Doi00, Bur04] for the necessity of the non-trapping condition.

In the dissipative context, the local energy decay for the damped Schrédinger equation in an
exterior domain has been proved in [AK07]. In this context, the non-trapping condition can be
replaced by the geometric control condition (see [RT74, BLR92|): there can be bounded classical
trajectories but they have to go through the damping region. Then the local energy decays like
t*%, as in the self-adjoint case under the non-trapping condition. A similar result has been
obtained in [AK10] for the free Schrodinger equation on an exterior domain with dissipation at
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2 MOEZ KHENISSI AND JULIEN ROYER

the boundary, and in [Roy14] for the similar problem on a wave guide. In the latter case the global
energy decays exponentially and we have a smoothing effect in the unbounded directions. We
also mention [BC14], where an exponential decay for the global energy is proved for the solution
of the Schrodinger equation with a dissipation effective on a neighborhood of the infinity.

The dissipation by a potential (« = 0 in our setting) is not strong enough to recover under
the damping condition the same smoothing effect as under the non-trapping condition. However
it is known that this is the case for the so-called regularized Schrédinger equation (o = 1).
See [Alo08b, Alo08a] for the problem on a compact manifold and [AKR] for the problem on an
exterior domain. As in the self-adjoint case (see [Bur04]), we can recover a H2~¢ smoothing
effect if only a few classical trajectories fail to satisfy the assumption (see [AKV13]).

In these works, the problem is a compact perturbation of the free Schrodinger equation. Our
purpose in this paper is to prove the local energy decay and the Kato smoothing effect for an
asymptotically vanishing perturbation. In a similar context, the local energy decay has been
studied for the dissipative wave equation in [BR14].

We now describe more precisely the setting of our paper. We consider on R¢ a metric G(x)
which is a long range perturbation of the identity: for some p > 0 there exist constants Cjg for
B € N such that

07 (G(x) — 14)| < Cp (z) 7171 (1.2)
Let w € C*(R?) be such that
Cl'<wx) <C (1.3)
for some C' > 1. We consider by, ...,b5 € C§° (R9) such that the operator
d
P=—divG(@)V+W, where W= b;(z)D;, (1.4)
j=1

is self-adjoint and non-negative on L2, := L?(R% w(z) dz) (with domain H2 = H?(R¢ w(z) dz)).
Here and everywhere below, D; stands for —id,,. For a Laplacian in divergence form we only
have to set

w=1, by=---=b,=0. (1.5)
We now turn to the Laplace-Beltrami operator associated to a metric g. It is defined as
d
_1 0 1 0
=8y == 3 1o 5 lo@)l Gl

k=1

with [g(z)| = det(g;x(z)) and (G ) = (g;x)~'. If g is a long-range perturbation of the flat
metric, then so is G = g~!. We recall from [Boull] that we can assume without loss of generality
that |g(z)| = 1 outside a compact set of R?. Thus there exist by, ...bg € C5°(R?) such that —A,
is as in (1.4) with
w=lg(x)|? and G=g " (1.6)
Concerning the dissipative term, a is a smooth and non-negative valued function on R?. As
already mentioned, it is of short range:

10%a(z)| < Cs (z) 1P IAL (1.7)
We will use the following notation:
B, = a(x) (D) a(z) and H =P —iB,. (1.8)
We also set

(1.9)

%1 if d is odd.

d . .
s if d is even,
& =min(l,a) and k= {3
We will see that H is a maximal dissipative operator on L2 . In particular, for ug € D(H) =
H?2 the problem (1.1) has a unique solution ¢ + e~“H 4. The main purpose of this paper is to
prove that this solution satisfies the local energy decay and the Kato smoothing effect as stated

in the following two theorems:

Theorem 1.1 (Local energy decay). Let e > 0. Let § > K+ 1, N € N and o € [0,2]. Assume
that
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(i) there are no bounded geodesics (see the non-trapping condition (1.12) below)
(i) or the bounded geodesics go through the damping region (see (1.13)), Na + o > 2 and
§>N-—1.
Then there exists C' > 0 such that for ug € HS and t > 0 we have

—itH

lle™ ™ uo|| o, < Ct 2 [lug]| ro.s -

In this statement L>~° denotes the weighted space L?((z)”*° dx), while |[ug| 0. is the
L2-norm of (z)° (D) uo.

We remark that we have to take o = 2 in the second case if & = 0. This means that we have
a loss of two derivatives. If & > 0 we can take o = 0 (no loss of derivative) as long as we choose
9 large enough (if @ > 1 then we can take N = 2 and in this case the condition 6 > N — % is
weaker than § > k + %) Under the non-trapping condition we can always take o = 0.

Theorem 1.2 (Kato smoothing effect). There exists C > 0 such that for all ug € L* we have
e 1 a2 —ier, ||? 2
/0 ()7 (D) ettt < C ol

Notice that according to (1.3) we have L?° = L2% and HZ® = H with equivalent norms,
so we can state these estimates in L? and H?° even when w # 1.

The proofs of Theorems 1.1 and 1.2 are based on uniform resolvent estimates. According to
Proposition 2.2 below, the operator H is maximal dissipative, so for all z in

Ci:={2€C :Imz >0}
we can consider the resolvent
R(z) = (H—2)"" € L(L2) = L(L?). (1.10)

Here we have denoted by £(L?) the space of bounded operators on L?. After a Fourier transform,
the solution u of (1.1) can be written as the integral over frequencies Re(z) of this resolvent when
Im(z) goes to 0 (see Section 6). Thus the problem will be reduced to proving uniform estimates
for R(z) and its derivatives for Im(z) small, and then to control the dependance of these estimates
with respect to Re(z). Since the self-adjoint part P of H is a non-negative operator, the estimates
for Re(z) < 0 are easy: for n € N and z € C, with Re(z) < —¢p < 0 we have

Cw
[Re(2)["""
Thus we will focus on z € C; with Re(z) > —c¢p where 0 < ¢y < 1. As usual, the difficulties

will arise for low frequencies (Re(z) close to 0) and high frequencies (Re(z) > 1). We first state
the uniform resolvent estimates for intermediate frequencies:

HRHH(Z)Hz:(Lz) < (1.11)

Theorem 1.3 (Intermediate frequency estimates). Let K be a compact subset of C\ {0}. Let
neNandd>n+ % Then there exists C' > 0 such that for all z € K NCy we have

(@)™ R (z) <$>_6HL(L2> <C

We remark that compared to the resolvent for the dissipative wave equation (see [BR14]), the
derivatives of the resolvent correspond to its powers:

R™(z) = n! R"*1(2).
This will significantly simplify the discussion.
It is known that even for the free Laplacian the estimates of Theorem 1.3 fail to hold uniformly

when z goes to 0 if n is too large. This explains the restriction in the rate of decay in Theorem
1.1. For low frequencies we prove the following result:

Theorem 1.4 (Low frequency estimates). Let € > 0. Let n € N and let § be such that

n+3 if2n+1>d,
n+1l if2n+1<d.
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Then there exist C > 0 and a neighborhood U of 0 in C such that for all z € U N C, we have
RnJrl —5H (1 2—8—1—71) )
¢ @) @7, <O(1+1

In the self-adjoint case we can improve the estimate for a single resolvent. More precisely we
can replace the weight (z)° for § > 1 by (z)~'. See [BR|. This is particularly interesting for
Theorem 1.2 which does not require estimates for the derivatives of the resolvent. This sharp
resolvent estimates is also valid in our dissipative context:

Theorem 1.5 (Sharp low frequency estimate). There exist C' = 0 and a neighborhood U of 0 in
C such that for all z € U N C4 we have

7 70 07,0y <€

The high frequency properties of the problem are closely related to the corresponding classical
problem. Here the classical flow is the geodesic flow on R?? ~ T*R? for the metric G(z)~! (that
is the geodesic flow of the metric ¢ when P = —A,). It is the Hamiltonian flow corresponding
to the symbol

p(z, &) = (G()¢, ) -
We denote by ¢' = (X (t),=(t)) this flow. Let

Qp = {w cep ({1} : ilellg | X (t,w)| < Jroo} .

We say that the classical flow is non-trapping if there is no bounded geodesic:
O = 0. (1.12)
We say that the damping condition on bounded geodesics (or Geometric Control Condition) is
satisfied if every bounded geodesic goes through the damping region {a(z) > 0}:
Vw e U, 3T € R,  a(X(T,w)) > 0. (1.13)

Theorem 1.6 (High frequency estimates). Letn € N and § > n + 1.
(i) Assume that the non-trapping assumption (1.12) holds. Then there exists C > 0 such that

for z € C4 with Re(z) > C we have
()™ B (2) ()

0

L(L?)

(i) Assume that the damping condition (1.13) holds. Then there exists C' > 0 such that for
z € C4 with Re(z) = C we have

|@ B @7 L < Clel

L(L?)

(n+hHa
2

In order to prove the uniform estimates of Theorems 1.3, 1.4 and 1.6 we use the commutators
method of Mourre (see [Mou81], see also [ABG96| and references therein for an overview of the
subject). The method has been generalized to the dissipative setting in [Roy10], then in [BR14]
for the estimates of the derivatives of the resolvent and finally in [Roy| for a dissipative pertur-
bation in the sense of forms. Here the dissipative perturbation B, is well defined as an operator
on L? relatively bounded with respect to the self-adjoint part P. However, for d € {3,4} the
rescaled version of the dissipative part which we are going to use for low frequencies will be
uniformly bounded as an operator in £L(H!, H~!) but not in £(H?, L?), so we will have to see
H as a dissipative perturbation of P in the sense of forms. See Remark 4.7.

Let us come back to the statement of Theorem 1.2. To prove this theorem we will use in
particular the resolvent estimates of Theorem 1.6, which in turn rely on the damping assumption
(1.13). These estimates and hence the smoothing effect we obtain are optimal (in the sense that
they are as good as in the self-adjoint case with the non-trapping condition) when o > 1. However
with a weaker dissipation (« < 1) we can obtain (weaker) resolvent estimates and a (weaker)
smoothing effect. Similarly, it is possible to prove high frequency resolvent estimates weaker than
those of Theorem 1.6 without the damping condition. We have already mentioned [Bur04] in the
self-adjoint case and [AKV13] in the dissipative setting, where only a few hyperbolic classical
trajectories deny the assumption (in these cases the high-frequency resolvent estimates are of



LOCAL ENERGY DECAY AND SMOOTHING EFFECT FOR THE DAMPED SCHRODINGER EQUATION 5

size In|z| /1/]z], which gives a gain of 1 — & derivative). We do not prove resolvent estimates
without damping condition in this paper, but we emphasize this fact with a more general version
of Theorem 1.2 (for self-adjoint operators, we mention the result of [Thol0] which give a relation
between the smoothing effect and the decay of the spectral projections).

Theorem 1.7. Let v € [0,2]. Assume that there exists C = 0 such that for all z € C1 we have
@ Be) @)

Then for all ug € L* we have

< 1.14
) (1.14)

oo —1 X i 2 2
/ (@)~ D) F et | at < C ol
0

It is classical in the self-adjoint setting to prove the smoothing effect from resolvent estimates
by means of the theory of relatively smooth operators in the sense of Kato (see [Kat66, RS79]).
Other ideas have been used for dissipative operators (see [AKV13] and [AKR]). However the
theory of Kato can also be used in this context (see [Roy10] and [Royl14]). We will follow this
idea to prove Theorem 1.7 and hence Theorem 1.2.

This paper is organized as follows. In Section 2 we recall all the abstract properties we need
concerning dissipative operators (including the statement of the Mourre method). In Section 3
we prove Theorem 1.3. In Section 4 we deal with low frequencies. We first prove Theorem 1.4 for
a small perturbation of the free laplacian in Section 4.1 and then in the general setting in Section
4.2. Theorem 1.5 is proved in Section 4.3. In Section 5 we prove Theorem 1.6 concerning the
high-frequency resolvent estimates. Finally we turn to the time dependant problem: we prove
Theorem 1.1 in Section 6 and Theorems 1.7 and 1.2 in Section 7.

2. ABSTRACT PROPERTIES FOR DISSIPATIVE OPERATORS

In this section we recall some general properties about dissipative operators. In particular we
give the version of the Mourre’s method which we use in this paper.

Let H be a Hilbert space. An operator H with domain D(H) on H is said to be dissipative
(respectively accretive) if

Vo € D(H), Im(Hep, @), <0 (respectively Re (Hp, ), > 0).

Moreover H is said to be maximal dissipative (respectively maximal accretive) if it has no other
dissipative (respectively accretive) extension than itself. Notice that H is (maximal) dissipative
if and only if ¢H is (maximal) accretive. We recall that a dissipative operator H is maximal
dissipative if and only if there exists z € C, such that the operator (H — z) has a bounded
inverse on H. In this case any z € C, belongs to the resolvent set of H and

1

-1
L A O

(2.1)

According to the Hille-Yosida theorem this implies in particular that —iH generates a con-
tractions semi-group, and then for all ug € D(H) the function u : t + e~ “Hug belongs to
C°(Ry,D(H)) N CY (R, H) and is the unique solution for the problem

*Zat’uﬂ’HU:O, vt > 0,
u(0) = ug.

Moreover we have
VE20, [lu®)lly < lluolly -

Remark 2.1. Assume that H is both dissipative and accretive. Then it is maximal dissipative
if and only if it is maximal accretive. Indeed both properties are equivalent to the fact that
(H — (=14 1)) has a bounded inverse on H. Moreover in this case for z € C with Im(z) > 0 or
Re(z) < 0 we have

1

z)7! ||L(H) S max (Im(z), — Re(z))

I(# =
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Proposition 2.2. The operator H defined by (1.8) is mazximal dissipative and mazimal accretive
on L2

Proof. The operator P and B, are self-adjoint and non-negative, so that H = P — iB, is
dissipative and accretive. Let ¢ € H2 = D(P). By interpolation there exists C' > 0 (which only
depends on a and «) such that for any ¢ > 0

o 1—2 aeC (0% _ o
1Ballzs < Cliellag < Clields lellz® < S loll +C (1-5) e gl -

With € > 0 small enough we obtain that the dissipative operator —iB, is relatively bounded
with respect to P with relative bound less that 1. According to [Roy10, Lemma 2.1] this proves
that H is maximal dissipative in L2. By Remark 2.1, H is also maximal accretive. (]

According to Proposition 2.2 the estimate of Remark 2.1 holds for H in £(L?), and hence in
L(L?) up to a multiplicative constant. As already mentioned, the difficulties in Theorems 1.3,
1.4 and 1.6 come from the behavior of the resolvent R(z) when the spectral parameter z € C
approaches the non-negative real axis. For this we are going to use a dissipative version of the
Mourre method, which we recall now.

Let go be a quadratic form closed, densely defined, symmetric and bounded from below. We
set K = D(qo). Let go be another symmetric form on H, non-negative and gp-bounded. Let
g = qo — iqe and let H be the corresponding maximal dissipative operator (see Proposition 2.2

in [Roy|). We denote by H : K — K* the operator which satisfies (i, ¥) = <}~I<p, 1/1>’C . for all
¢, 1 € K. Similarly we denote by Hy and © the operators in L(K, K*) which correspond to the

forms go and ge, respectively. By the Lax-Milgram Theorem, the operator (H —z) has a bounded
inverse in £(K*, K) for all z € C,. Moreover for ¢ € H we have (H — 2)"to = (H — 2) L.

Definition 2.3. Let A be a self-adjoint operator on H and N € N*. We say that A is a
conjugate operator (in the sense of forms) to H on the interval J, up to order N, and with
bounds «g €]0,1], # > 0 and Ty > 0 if the following conditions are satisfied:

(i) The form domain K is left invariant by e~#4 for all t € R. We denote by £ the domain of
the generator of e~"4| o
(i) The commutators B® = [f[g, iA]land By = [f[, iA], a priori defined as operators in £L(&,E*),
extend to operators in L(IC,*). Then for all n € [1, N] the operator [B,,iA] defined
(inductively) in £(&,E*) extends to an operator in L(K, £*), which we denote by Bj,11.
(iii) We have

1Bl < VagTn, [IB+BO||Boll < a0oTwn, (B, A + B0, Alll < a0 Y

and
N+1

Z HBan(ic,;c*) <apTh,
n=2

where all the norms are in L(/C, *).
(iv) We have

]l.](Ho)(BO =+ ﬂ@)]l](Ho) 2 Oé()ILJ(Ho). (22)

Theorem 5.5 of [Roy]| in the particular case where all the inserted factors are equal to Idy
gives the following abstract resolvent estimates:

Theorem 2.4. Suppose that the self-adjoint operator A is conjugate to the maximal dissipative

operator H on J up to order N > 2 with bounds (a, 8, Tn). Let n € [1,N]. Let I C J be a

compact interval. Let § > n — % Then there exists ¢ > 0 which only depends on J, I, §, 5 and

Y n and such that for all z € Cr 4 we have

A=A <=
R I

We finish this general section with the so-called quadratic estimates. The following result is
a consequence of Proposition 4.4 in [Roy]:
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Proposition 2.5. Let T € L(K,H) be such that T*T < qo in the sense of forms on K. Let
Q € L(H,K*). Then for all z € C4 we have

it -4, <[leri -2,

L(H) LH)
Applied with @Q = T, this proposition gives the following particular case:

Corollary 2.6. Let T be as in Proposition 2.5. Then for all z € C4 we have

HT(H _ )i

< 1.
L(H)

We are going to use all these results with the forms gy : ¢ — (P, ¢) and go : ¢ — (Bap, @)
defined on K = H'(R%).

3. INTERMEDIATE FREQUENCY ESTIMATES

In this section we prove Theorem 1.3. For this we will apply Theorem 2.4 with the generator
of dilations as the conjugate operator. Let

A:f%(z~v+v~x):7i(z~V)f%d.
We recall in the following proposition the main properties of A we are going to use in this paper:
Proposition 3.1. (i) For 0 € R, u € S and z € R? we have
() (z) = e? u(elx).
(ii) For j € [1,d] and v € C*°(R?) we have on S:
[0;,iA] =0; and [y,iA] = —(x-V)y.
(it1) Forp € [1,+00], 0 € R and u € S we have

e4al,, = G5 |Jull,,

Now we give a proof of Theorem 1.3:

Proof of Theorem 1.3. Let & > 0. We check that the generator of dilations A is a conjugate
operator for H on a neighborhood J of F in the sense of Definition 2.3. The form domain of H
is the Sobolev space H!(R?). According to Proposition 3.1, it is left invariant by the dilation
e~ for any t € R. By pseudo-differential calculus we can see that the commutators [P,iA],
[[P,iA],iA], [Ba,iA] and [[Ba,iA],iA] define operators in £L(H?, L?), hence in £(L?, H~?) by
duality, and in £(H', H~') by interpolation’. Since we need estimates for a single operator,
we do not have to worry about the estimates of the third assumption. We only have to choose
Ty large enough. Finally we use the usual trick for the main assumption. For o > 0 we set

J, = [E — 0, E + o]. We have
1y, (P)[P,iA]l,,(P) = 1,,(P)2P1,,(P) + W1,,(P)
>2(E — o)1, (P) + W1,,(P)

where
d

d
W=1,,(P)|div (- NV = (x-V)bD; — > b;D;
j=1 j=1
is a compact operator. Since E > 0 is not an eigenvalue of P (see [KTO06]) the operator 1;_ (P)
goes strongly to 0 when o goes to 0. Then for ¢ small enough we have
1, (P)[P,iAll, (P) = E1;,(P).

Thus we can apply Theorem 2.4, which gives Theorem 1.3 for Re(z) € J, and with weights
<A>_6. By compactness of K C C* and the easy estimate of Remark 2.1, we have a uniform

L In fact we can also compute these commutators explicitely with Proposition 3.1, except for the commutators
of (D)® with A: for this we can write (D)* = (1—A)2 x (1 — A)~2(—A) 2 and use the Helffer-Sjostrand formula
for the second factor (see [DS99, Dav95]).
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estimate for all z € C4 N K. It remains to replace (A)ﬂs by <z>75. For this we use the resolvent
identity

R(z) = R(i)+ (2 —i)R(i)R(z) = R(i) + (2 — i) R(z) R(7)
to prove by induction on m € N* that R"T!(2) can be written as a sum of terms of the form
(z — )P R"1+P (i) with 8 € N or

(Z _ i)2mfn71+VRm(i)Ru(Z)Rm(,L-)

with max(1,n + 1 —2m) < v < n+ 1. On the one hand R"**7(i) is uniformly bounded in
L(L?) and on the other hand

()™ R (@) R () R () ) |

< [[@ 7 Ry | | By (7| | R @)

The first and third factors are bounded by pseudo-differential calculus if m is large enough and
the second has been estimated uniformly by the Mourre method. This concludes the proof of
Theorem 1.3. (]

4. LOW FREQUENCY ESTIMATES

In this section we prove Theorems 1.4 and 1.5. As in [Boull, BR14], the proof of Theorem 1.4
is based on a scaling argument for a small perturbation of the free Laplacian (see Section 4.1),
and then on a perturbation argument to deal with the general case (see Section 4.2). Theorem
1.5 is proved in Section 4.3.

Let x € C§°(RY) be equal to 1 on a neighborhood of 0. For 7 €]0, 1] we set x,, :  — x(nz).
Then for m; €]0,1] we set Gy, () = xn, ()1 + (1 — xn, (2))G(x),
Py, =—divG,, (#)V and P, .=P— P, =—div(xy, (2)(G(z) — 14))V. (4.1)
For the dissipative part we set
By, = a(l = xy,) (D)* a + axn, (D) a(l — Xn,) (4.2)
and
B%,c = Bo — Bf;; = AXne <D>a A Xnsy s
where 79 €]0,1]. Finally, for the full operator we define

Hy =P, —iBy, and Ry(z)=(Hy—z)"",

where 7 = (11, 72) €]0,1]%.
4.1. Low frequency estimates for a small perturbation of the Laplacian. In this para-

graph we prove Theorem 1.4 with R(z) replaced by Rz(z). Then in Section 4.2 we will add the
contributions of P, ., W and By

n2,¢"

The proof relies on a scaling argument. To this purpose we use for z € C* the operator

O, =exp (MHTMA) .

For u € S and = € RY we have (©,u)(x) = |z|d/4u( |z|1/2 z). According to Proposition 3.1 we
have for p € [1, +o0]

d_d
H@z“g(m) =zt 7. (4.3)

For a function u on R? and z € C* we denote by u, the function

Compared to the scaling for the wave equation we are using the parameter /|z| instead of |z|.

Now we introduce the rescaled versions of our operators:

1 —1 s YeY
H- O©;'HzO, = P,, . —iB

Mz H 2,2
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where P, , = —divG,, .(z)V and

o 1 8 1 3
B, = m((l —Xno)a), (1= [2[A)%a. + H(Xma)z(l —[2[A)* (1 = xpo)a) -
Then for ¢ € C1 we set Ry.(¢) = (Hy,. — g“)_l, so that with the notation Z = z/|z| we have
for z € C4
1

Ry(z) = B

0.R;.(2)6".

Our analysis of the rescaled operators is based on the fact that if a function ¢ decays like
(m>_”_% (recall that p > 0 is fixed by (1.2) and (1.7)) then the multiplication by the rescaled
function ¢, behaves like an differential operator of order v for low frequencies, in the sense that
it is of size A as an operator from H® to H*™". Since this observation relies on the Sobolev
embeddings, there is however a restriction in the choice of v and s. For o € R, let S~ (R?) be
the set of functions ¢ € C°°(R%) such that

|076()] < ()77
For v >0, N € Nand ¢ € S~ (R%) we set

lél,y= s 3 sup
BISA+1 o me v TER?

<x>v+§+\5\ ((9'6(:6 . V)m¢) (:C)‘ )

We recall that the integer x was defined in (1.9). The following result is Proposition 7.2 in
[BR14]:

Proposition 4.1. Let v € [0, %[ and s € } - %, %[ be such that s — v € } - %, % [ Then there
exists C' > 0 such that for ¢ € ST*~5(RY), u € H* and X\ > 0 we have

[orull gre-v < CN @], 0 lull g
and
[oaull o < CX|B]],, ¢ el e -

The interest of replacing G(z) by Gy, () and a by a(l — xy,) in the definition of Hz is that
for all N € N we have

d
N o= 3 G @) = Skl x + 10 = xenJally (lall,y + nsally )
jok=1 (4.4)

Thus this quantity is as small as we wish if we choose 71 and 72 small enough.
Given two operators T and S we set adh(S) = S, adr(S) = ady(S) = [S,T] and then for
m > 2: ad7(S) = [ad1(S), S]. For u = (pu1,...,pa) € N we set
adj = ad’ ... adl?.

At the beginning of the section we said that Hz has to be close to the free Laplacian. What
we need precisely is the following result:

Proposition 4.2. Let 4 € N, m € N, g9 > 0 and s € R. There emists g €]0,1] such that for
7= (n1,m2) €]0,m0)? the following statements hold:

(i) If s €| — 4, 4] then for z € Cy with |z| < 1 we have
[adfad’y (P, 2 + A)|| £ goi1 o1y < 0.
(i) If s€ ] — 4+ 1,4 — 1] then we also have
||adgadle32azHL(HSH,HS*I) < €o-

(iii) For w € H* we have

1
5 el < NBaullpe <2Zluflge -
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Proof. The first statement is the same as for the wave equation. See Proposition 7.6 in [BR14].

In particular with s = 1, [2| = 1 and €9 = 5 we obtain the last statement. It remains to prove

(ii). Let D, = \/MD. We write ’
(1= Xaa)a)s (D)™ @z = (1= xpp)a)s(= |2 A+ 1) (D2)* 2 a.

Then ad?ad’y (((1 — Xnp)a)z (D) az) can be written as a sum of terms of the form

adftad’y (((1 — xn.)a)-) adh?ad’y? ( — 2| A + 1) adt®ad’y® ( (D,)*? ) aditad’y (a.),
where i1, pi2, 3, s € N4 and my, ma, mg, my € [0, m] are such that g + p2 + ps + pa = p and
my + ma + mgz + mg = m. Let v € [0,1]. According to Proposition 4.1 we have for z € C

ET B (4.5)

Hadgladzu ((1 - X’r]z)a)zHC(Hsfprw’Hsfl) ~ 12

and
2
o ad 3 ozl g s grovs oy S 1417 (1.6)

To estimate ad®ad’y ( (DZ>O‘_2) we use the Helffer-Sjostrand formula (see [DS99, Dav95]). We
can check that for ¢ € C\ R we have

(¢)lsltms

A

d"sad™s (— [2| A — ’1H —
Ha z ady ( |Z| C) L(Hs+1=v) ™ |Im(<)|‘ﬂs|+m3+1

Let f:7— (T+ 1)%2. Let ¢ € C§°(R,[0,1]) be supported in [-2,2] and equal to 1 on [—1,1].
For m > |us| +ms + 1 and ( = = + iy we set

- ks y)*
@ =0 (L)X 102

k=0
We have
Ofm —l4agE m =m0 g
a—Z(C) < Lyaygly<e@y (€) () + gy <23 () 1y (@) :
SO we can write
a2 1 O fm o
(-lavy =2 f ™ (¢)(= 2] A — )~ dudy.
T Je=atiyec 07
Then we can check that
Hadgzadzz;z <Dz>“—2H <1. (4.7)

L(H=+1=7) ™
It remains to estimate
adi?ad’y? ( (DZ)Q) = —|z|ad}?ad’}? A + adi?ad’y?(1). (4.8)
We have |||z]ad¥?ad’{?A|| < |z| in L(H*T!, H*™1) so with (4.5), (4.6) and (4.7) applied with
v = 0 we obtain in L(H*T! H5™1)

Hadgladg“ (1 = xp)a)=) ad?ad}? ( — || A) adad s ( (D)%) ad™ad}* (a.)

1+4
NREE

If |12] = m2 = 0 we also have to consider the second term in (4.8). For this we apply (4.5), (4.6)
and (4.7) with v = 1, which gives

(4.9)

m m a—2 m %
Hadglad,ql(((l - an)a)z angadAS ( <DZ> )adg4ad‘44(az>)HL(HSJrl,Hsfl) S |z| ns -

Thus we have proved that ad”ad’y (((1 —Xn)a)z (D) az) is of size O(|z| 772%) in L(HHL, Hs=1).
We proceed similarly for ad’ad’y (()(,72 a), (D) ((1— xm)a)z), and the statement follows. [

Remark 4.3. If d > 5 we can replace P, by Hy in the last statement of Proposition 4.2. This is
not the case for d € {3,4}. This is due to the fact that s = 1 does not belong to ] — g +1, % — 1[

and hence B, _ is not small in £(H?, L?) in these cases.
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Proposition 4.4. Let p € NY, m € N and s € } — % +1, % — 1[. There exists ny €]0,1] such
that the operator

adtad’y Ry .(—1)
is bounded as an operator from H*™' to H*TY wuniformly in z € Cy with 2] < 1 and 7 =
(771; 772) 6]07 770]2

Proof. The idea of the proof is the same as the proof of Proposition 7.9 in [BR14]. We only
have to be careful with the fact that the dissipative term has to be seen as an operator of order
2. However, with the smallness assumption on a(1 — xy, ), it is still a small perturbation of —A,
and we can proceed as for the wave resolvent. We also have to be careful with the restriction on
s which is stronger than for the wave equation. This is due to the analogous restriction in the
second statement of Proposition 4.2. We omit the details. ]

Proposition 4.5. (i) Let s € [0,4[, 6 > s and m € N be such that m > s. Then there exist
1o €]0,1] and C > 0 such that for z € Cy with |z| <1 and 17 €]0,1n0]* we have

-6 -1 -6 s
0.RI.(-1)© |, <clr.
|@ " eurp. ez n) 7 L <Cle
(i) Let s € [0,2], 6 > s, and m € N large enough (say m > § + £ +1). Then there exist
1o €]0,1] and C > 0 such that for z € C4 with |z| < 1 and 77 €]0,10]? we have

‘ ()" ©:Ry.(-1) <A>‘5HL(L2) <C |2
and
H<A>6R%7z(*1)921 <$>_5HL(L2) <CO)E.

Proof. According to Proposition 4.4 the operator R%’fz(—l) is bounded in £(H %, H*) uniformly
in z € Cq with |z] < 1 and ﬁ close to (0,0). On the other hand, according to the Sobolev
embedding H* C LP for p = 24 the fact that (z)~ ~ belongs to £(LP, L?) and (4.3) we have

(30

Jo:"

“lNeas,2) S1:llgny S 1217 -

We similarly have
| SEES
L£(L2,H-*)
and the first statement follows. For the second statement we use the same idea as in the proof
of Proposition 7.11 in [BR14]. We only prove the first estimate. For this we first remark that

[@ 0.1+ 1) N +||[@e. 1ol

<| .
L(H*=,L2)

<o el e
S10:l ggimy + 1212 [[() 7 2l ©.

HL(HS,L2) L£(L?)

£(L?)
Sl

where, again, p stands for dz—dQS' Then it remains to prove that for all § > 0 (we no longer need

the assumption that 6 > s), m > d+ 5 + 1 and p € N? the operator

(@)~ adt (R, (-1) (4)°)

is bounded in £(L?, H*) uniformly in z € C,. With x4 = 0 this will conclude the proof. By
interpolation it is enough to consider the case where § is an integer and m > § 4 5 (we do not
mean to be sharp with this assumption). We proceed by induction. The statement for § = 0 is
given by Proposition 4.4. Now let 6 € N*. We have

R ( Z CyR2- (1) A Fad (R .(—1)).

When k # 0 we can apply the inductive assumption to R%’?;l(fl)A‘s_k. With Proposition 4.4

we obtain that the contributions of the corresponding terms are uniformly bounded in £(L?, H*)
as expected. It remains to consider the term corresponding to k = 0. It is enough to consider

RIH=1)A°""2; D Ry .(—1)
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for some j € [1,d]. The operator D;R5 .(—1) and its commutators with powers of = are
uniformly bounded operators on L?, and

RPN =1)A = oy RPN (-1) A +ad,, (RPN (=1 A,
We conclude with the inductive assumption. ]

Proposition 4.6. Let k € N and § > k+ % Then there exist ng €]0,1] and C = 0 such that for
z € Cq with |2| <1 and = (m1,m2) €]0,m0]* we have
RkJrl A *SH g

e B e, .

Proof. The estimate is clear when 2 is outside some neighborhood of 1. For Z close to 1 we apply
Theorem 2.4 uniformly in z with A as a conjugate operator. We have already said that e~*4
leaves H' invariant for all ¢ € R. The assumptions (ii) and (iii) of Definition 2.3 with ag = 1/2
and 5 = 0 are consequences of Proposition 4.2 applied with s = 0, 4 = 0 and m € N*. For
m € {0,1}, z € C; and u € S we have

‘<ad ( N1, Z) >L2 —2m <7AU7U>L2‘

Z | —z-V) (Gm,z,jyk - 5j7k)DjU7DkU>L2}
7,k=1

2
SO ||Vull3a

and hence
[Pn,erid] > (2= 0(0) ) (=8) > (2= 0("%) ) P, -

Let J = } 35 [ After conjugation by 1;(P,, .) we obtain that if 7o is small enough then for all
m €]0,n0] and z € C; we have

1
Ly (P ,2) [Py 20 1AL (P 2) 2 §1J(P7717Z)'
Then Proposition 4.6 follows from Theorem 2.4. ]

Remark 4.7. Tt is important to notice that we have estimated [By ,iA] and [[By,,iA],iA] in
L(H', H=') and not in £(H?, L?). By pseudo-differential calculus, these two commutators define
operators in £(H?, L?). But in low dimensions (d € {3.4}) they can be estimated uniformly by
Proposition 4.2 only in the sense of forms. This is why we need a form version of the dissipative
Mourre method here.

Proposition 4.8. Let € > 0 and n € N. Let § be as in the statement of Theorem 1.4. Then
there exist ng €]0,1], C > 0 and a neighborhood U of 0 in C such that for 7 = (n1,m2) €]0,10]?
and B, Br € Ry with B; + B, < 2 we have

H(m>—5 (D) RI4(2) (D) <x>—5H <o (14 fEem).

Remark 4.9. Compared to the analogous result for the wave equation (see Theorem 1.3 in
[BR14]) there is no gain when we add a derivative. This is a consequence of the restriction on
the Sobolev index s in Proposition 4.4, which is stronger than in Proposition 7.9 in [BR14].

L(L?)

Proof of Proposition 4.8. First assume that n > 1. By the resolvent identity we have

()" (DY REF(2) (D)™ (2)™° = (@) ~° (D) Ry(~1) ()’
x (2)7 (Ra7H(2) + 201+ 2)Ri(2) + (1+ 22R™(2)) () ~°
x (z)° Ry(—=1) (D)’ ()™

The first and last factors are bounded on L? uniformly in 7 €]0,1]? by pseudo-differential cal-
culus, so it is enough to prove the statement without additionnal derivatives if n > 1. Since
081 + Br < 2 we have a similar argument for n = 0.

We have

()" Rt (2) (2) ™0 = o7 (@) @Rt ()07 ()

z
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As in the proof of Theorem 1.3 in Section 3 we can prove by induction on m € N* that R%”gl(é)
can be written as a sum of terms of the form

1+ 2R (=1) or (14 2)*™ " RI(—1)RY (2)RY.(-1), (4.10)

where max(1,n+1—2m) <v<n+1land B €N. Let s=min(n+1,% —¢). For 8 € N we
have s € [0, 5 [, n+1+4+ 06> sand § > s so according to the first statement of Proposition 4.5
we have

Bl (n+1) H n+1+ﬁ( 1) (2)”

—(n+1 d_cp—1
g rUE RS T P A

Hc(m) ~
Now we consider the contributions of terms of the second kind in (4.10). We can assume that
m is large enough to apply the second statement of Proposition 4.5. We have § > v — % so with
proposition 4.6 we get

2|~ (D) H(@‘%z}wz(_nm (2)RL. (—1)9—1 (m>_6

z

<7 [~ @R (1) (4| () Ry L) (07 [y’ R (et (@)
<| | n+1)<14>|z|2 e—n— 1
This concludes the proof. ]

4.2. Low frequency estimates for a general perturbation of the Laplacian. In this
paragraph we use the estimates on Ry(z) to prove the same estimates for R(z). To this purpose
we have to add the contributions of P, . and W in the self-adjoint part, and the contribution
of B _ in the dissipative part.

n2,c

For 19,12 €]0,1] and 77 = (1o, n2) we set Ky, = Py, .+ W and, for ¢ € C5°(R),
Sym(2) = Ky, R(2)1(P).
From Proposition 4.8 we obtain the following result:

Proposition 4.10. Lete >0, n € N and M € R. Let ¢ € C§°(R). Let § be as in the statement
of Theorem 1.4. Let ny €]0,1] be given by Proposition 4.8. Then there exists C > 0 and a
neighborhood U of 0 in C such that for na €]0,m0] and z € U N C4 we have

R N e G )

where 7 = (No, N2).

Proof. The Proposition is a consequence of Proposition 4.8, the boundedness of (P) in L9
and the boundedness of ()™ K, (1 — A)~! (z)°. O

Remark 4.11. Until now we had not used the distinction between 7; and 7. However the size of
<x>M K, depends on 11, so 11 has to be fixed in order to obtain uniform estimates in Proposition
4.10 and in Proposition 4.12 below. On the other hand we have to keep the possibility to take
72 small. More precisely the choice of the cut-off function ¢ in Proposition 4.12 (and hence in
the proof of Proposition 4.13) will depend on 7y, and then the choice of 1y will in turn depend
on . This is why we could not simply take 71 = 72 in the definition of Hy.

Proposition 4.12. Let ny €]0,1] be given by Proposition 4.8. Let e1 > 0, 0 > 2 and M > 0.
Then there exist a bounded neighborhood U of 0 in C, ¢ € C§°(R) equal to 1 on a neighborhood
of 0 and 1) €]0,m0] such that for ns €]0,7] and z € U N C4 we have

M —0
Sy 7 < ey,
|@" Suaz) @7 . <o
where 7 = (No, N2).
Proof. According to the Hardy inequality we have for u € S
M p
TET D ] IENTYSROR TN B o) (AR PR R

S IIUHm
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and

forwal,

= Z @™ b Dsu| , S e
According to the third statement of Proposmon 4.2 we obtain for y > 0
| @)™ Koy Reimye(P) @)~ || | < | Ratimye(p) @)~ o

S || P Btirw Py ()| |
S e @ *"uH + 1| BaGnye(P) @)~ || |+ || Bo, Batinw(P) (@)

< ey @ ul , + 06 ) @7 (~A+ DRy (i)w(P) (@) ul

H2

L2’
The term with the factor p is estimated by the analog of (2.1) for Hy. For the term involving
By, we have used the fact that

a —1 1+ 1+
|Brcas v @] L= o )
Let 11 € C§°(R) be equal to 1 on [-1,1]. For ¢ € C§°(R) supported in | — 1,1] we have
(P) (x)~7 = P(P)1(P)(x) 7. The operator 1 (P) {x) ° is compact. On the other hand,
since 0 is not an eigenvalue of P the operator (P) goes weakly to 0 when the support of 1
shrinks to {0}. Thus we can find 9 equal to 1 on a neighborhood of 0 such that for g > 0 and
12 small enough we have

|@" Suatim @), . <5
Now let 7 € R and p > 0. We have
()™ Ko (Ron(r + i) = Ro(ip)(P) ()~
<[ Ko (-a 1) / ()~ (-2 + 0B + i) (2) | ab.

The first factor is bounded by pseudo-differential calculus, and the second factor is of size O(|7])
according to Proposition 4.8. Thus this norm is not greater that < if 7 is small enough, and
the proposition is proved. O

For z € C4 and 1, €]0, 1] we set
(4.11)

and
Ry,(2) = (P—iB2 —2) .

In the following proposition we prove the resolvent estimates for an (z). Then we will add the
contribution of By, . in the dissipative part to conclude the proof of Theorem 1.4.

Proposition 4.13. Let € > 0 and n € N. Let § be as in the statement of Theorem 1.4. Then
there exist na, C' > 0 and a neighborhood U of 0 in C such that for z e UNCy and By, Br € Ry
with B; + Br < 2 we have

@ o)™ Ay ) (o) )| <o (1 i)

Proof. As for Proposition 4.8 we see that it is enough to consider the case 5; = 3, = 0. Let
o =max(6,3). Let £1 € |0, 1] and consider ¢ € C§°(R) as given by Proposition 4.12 for M = o.
We set By, (z) = Ro(z)(1 —1)(P). For any v € R, this operator and its derivatives are uniformly
bounded on L?7 for z € C close to 0. Let 1 be given by proposition 4.8. For 12 €]0,n0] we
write 7] for (ng,n2). We have

Ry (2) = By(2)e(P) = Ry, (2)Sy () + By (2) + iRy, (2) By, By(2),
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and hence for n € N

B = B CP) + D) (= Sua2)+57,84() + 872

o . (4.12)
+’LZC"R<J) Si(p,ﬁ])( )—I—ZBa B( J)( ))
We prove by induction on n € N that
()~ B2 (2) (@)~ jFmen (4.13)

According to Propositions 4.8, 4.10 and 4.12, the fact that (P) is uniformly bounded on L?°
and the inductive induction for the sum in (4.12) (it vanishes if n = 0), there exists C' > 0 such
that for z € C4 close to 0 we have

) <o (1r et

()~ B ) (@) || (1= 22 = ||(@)” By, Bu(2) ()7

By pseudo-differential calculus we see that the norm of (x)” By, By(2) ()7 goes to 0 when 7,
goes to 0. Thus if 72 is small enough we have
> =

1= = @7 ByBu:) @) 2 5

which concludes the proof of (4.13). In order to replace o by 6 we use (4.12) again and, estimating
the second term with (4.13) and Proposition 4.10 instead of Proposition 4.12 we obtain

@7 2@ @7 (1= @ B 7] < € (11,

and we conclude similarly. O

In order to prove Theorem 1.4 it remains to add the dissipative part with compactly supported
absorption index. We begin with a lemma:

Lemma 4.14. Let H be a Hilbert space. Let Ro, R1 € L(H) and let B be such that
Ri=TRo—RoBR1 =TRo— RiBRo.

Then for all m € N we can write RmH as a linear combination of terms of the form
RyUTIBRITB. BRI BRE ! (4.14)

where k € N*, j1,...,jk—1 € {0,1} and my,...,my € N are such that
Zmlgm and m;=0 if j=1.

Proof. Using both of the identities between R and Ry we obtain
Ri1(z) = Ro(z) — Ro(2)BRo(2) + Ro(2)BR1(2)BRo(2).
Then the result is proved by induction on m. O
Now we can finish the proof of Theorem 1.4:
Proof of Theorem 1.4. Let 1o be given by Proposition 4.13. Let T = <D>% a€ L(HY L?). We
have T*T = B, so according to Corollary 2.6 we have
IR (g2 < 1

Let M > 0 and Ty = (z) (D). We can write BS, , = T3, BT = T*BToy = T, B3 s
where Bi, By and Bs are bounded on L?. According to Lemma 4.14 applied with

Ro = Ry,(2), Ri=R(z) and B=DB

we can write R™T1(z) as a sum of terms of the form

T =Ry (2)BRIT (2)B. . BRI (2)BRE™ T (2), (4.15)

Jk—1
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where k € N*, j1,...,jk—1 € {0,1} and mq,...,mi € N are such that Zle m; <m and m; =0
if j; = 1. If M is large enough we obtain for such a term

@ T @) s () Rt )T

~

A e

JzO

k—1

x TTITRET | x |[Tas it (2) ()|
J'lL::Ql
(1 + |z|%—1—"”—8)

1

14|22 *’H).

This concludes the proof of Theorem 1.4. O

o b

S

~

/N

4.3. Sharp low frequency resolvent estimate. We finish this section with the proof of
Theorem 1.5. The result follows from the self-adjoint analog by a simple perturbation argument,
using the quadratic estimates and the spatial decay of the dissipative term:

Proof of Theorem 1.5. According to the resolvent identity, Proposition 2.5 and Theorem 1.1 in
[BR| we have

@)™ B @7 | = @) Roz) (@) + (@)

S1+ @7

1
2

2) (@)~

Moreover,

(@) Ro(=)v/Ba

1z = il || @) Ro(z) (@) || ) Roti)

< ||t@) ™ Roli)
<

For the norms involving Ry(i) we have used the fact that (x)” Ro(i)v/ Ba extends to a bounded
operator since for 0 < 1 and u € § we have by pseudo-differential calculus

|VBaRo(i) ()7 |, < ()" Ro(=) Bao(6) )" w0} < )2

This gives
3

@ By @) 7| s 1+ @) R @

from which the conclusion follows. O

5. HIGH FREQUENCY ESTIMATES
In this section we prove Theorem 1.6. To this purpose we use semiclassical analysis (see for
instance [Zwo12|). For h > 0 and ¢ € C; we set Hy, = h?H, P, = h?>P and Ry (¢) = (Hy, —¢)~ L.
1
Then for n € N, z € C; and h = |z| 2 we have

1
| |n+1

R(z)"" = RiH(2) = R RIHL(2) (5.1)

(we recall that Z2 = z/ |z]).

In order to prove uniform estimates for the resolvent R, (z) we use again the Mourre method.
For high frequencies and in a dissipative context we follow [Roy10, BR14]. Here we have to be
careful with the form of the dissipative part h2B

Let xa € C§°(R) be positive in a neighborhood of 1 and such that 0 < xo(r) < r2 for all
r € Ry. For h €]0,1] we set

By = a(z)xa(— h*A)a(z).
Then we have
0<h* 9By <h?7 2B < h*(-A)% < h®B,, (5.2)
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in the sense that for all ¢ € H*/2(R?) we have
0 < h*7 By, @) paray < h° (Ba, @) p2(gay - (5.3)
The operator B is a bounded pseudo-differential operator on L?. Its principal symbol is
b(x,€) = a(x) xa (|-
The damping assumption (1.13) on bounded trajectories is satisfied with b instead of a:
Vw e U, IT €R,  b(¢" (w)) > 0.
Set
fo(z,§) =z - & i
As in [BR14] (see Proposition 8.1), we can prove that there exist an open neighborhood J of 1,
fe € C5°(R?™,R), B> 0 and ¢ > 0 such that on p~1(.J) we have

{p, fo+ fe} + Bb = 3co, (5.4)

where {p, ¢} is the Poisson bracket Vep - Vyq — Vap - Veg. The fact that the symbol of the
dissipative part depends on ¢ does not change anything in the proof of this statement. We set

Fy = Opy (fo + fe),
where Op;, is the Weyl quantization:

Onf(@)ute) = g [ [ R (TE )t ayde

Let J be a neighborhood of 1 and a compact subset of J. Let x € C§°(J,[0,1]) be equal
to 1 on a neighborhood of J. After multiplication by (x o p)?, the (easy) Garding inequality
(Theorem 4.26 in [Zwol2]) gives for h > 0 small enough

Opy (0 PP fo + Fo} + Bb(x 0 p)? +3c0 (1 = (x 0 p)?) ) > 3eo = O(h) > 20,
After multiplication by h2~% we obtain
X(Pn) ([Pry ih' =% F,] + BR* By ) x(Pn) + 3co(1 — X*)(Pr) = 2coh®™% — O(h*~%).
After conjugation by 1 ;(P,) we obtain for h small enough
Ly (Py) ([P, ih' = Fp] + BR*T By )15(Py) = coh® 1 4(F).
According to (5.2) this finally gives
17(Py) ([P, ih' = *Fy] + Bh?Bo)1(Py) = coh® 1 5(P), (5.5)

which is the main assumption of Definition 2.3 with Sh? instead of 5 and o = ¢oh?~¢.

It remains to check the other assumptions of Definition 2.3. The first is proved as in [BR14]
(except that we look at the norm in the form domain H' instead of the domain H?), and the
commutator properties are proved using (standard) pseudo-differential calculus, considering h
as a parameter (for the dissipative part we cannot use hQ_O‘B,O; as above, so we have to control
directly the commutators of h? B, with h'=%F},) .

Thus we have proved that for h €]0, ho] the operator h!~%F}, is a conjugate operator to Hy,
on a neighborhood J of 1 with lower bounds h?~%¢j for some c¢g > 0. According to Theorem 2.4
we have proved the following result with (F,)~° instead of ()’

Proposition 5.1. Let n € N and § > n + % There exists a neighborhood J of 1, hg > 0 and
C > 0 such that for all ¢ € C1 with Re({) € J we have
-8 pntl _5 < C
H@ B0 () Hg(m) S pE—a)m

In order to have the estimate with (m>75 we proceed as usual (see the end of Section 3 for
intermediate frequencies or [Roy10] in the semi-classical context). With (5.1) and Proposition
5.1 we obtain the second statement of Theorem 1.6. For the first statement, we observe that
under the non-trapping condition we can proceed as above with § = 0 and with & replaced by
1in (5.5).
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6. LOCAL ENERGY DECAY

In this section we use Theorems 1.3, 1.4 and 1.6 to prove Theorem 1.1. Let ug € S. We
denote by u the solution of (1.1). Let p > 0. For ¢t € R we set

u,(t) = Lr, ()u(t)e .
Then for 7 € R we set

(1) = /R e, (t) dt = / - eIy (t) dt, (6.1)
0
so that for all n € N and 7 € R we have
il (r) = /R (it)" e, () dt. (6.2)
We multiply (1.1) by e**("+##) and integrate over R, . This yields
(H — (74 ip)) (1) = —iug

and hence, for all n € N:
™M () = —in! "N (1 + ip)uo. (6.3)

Lemma 6.1. For alln € N* and p > 0 the map 7 — R (7 +ip)ug belongs to L*(R, L?(R%)).

Proof. Let xo € C§°(R, [0, 1]) be equal to 1 on a neighborhood of 0. According to (1.11) the map
7 R (7 +iu)ug is bounded, so it is enough to prove that 7+ (1 — x0)(7)R" (7 + ip)ug
belongs to L!(R). Let z € C;. Using twice the identity

R(z)(H+1)—-1

R(z) = o
we get
R(=)uo = ———— R(=)(H + 1)2u0 — ———(H + 1)uo — ——uo,
(z+1)2 (z+1)2 z+1
The result follows after at least one differentiation with respect to z. O

This lemma does not provide any uniform estimate, but now we can take the Fourier transform
of (6.2). With (6.3) this gives for all ¢ > 0:

in) .
(it)"e~tHu(t) = —== [ =T RO (- 4 ip)ug dr. (6.4)
2m TER
We consider x_, xo, x € C®(R, [0, 1]) such that x_ is supported in | — 00, 0[, xo is compactly
supported and equal to 1 on a neighborhood of 0, x is compactly supported in |0, +oo[ and

X—+XO+ZXj:1 on R,
jEN*

where for j € N* and 7 € R we have set x;(7) = x(7/2771). We set x4+ = > jen- Xj- Starting
from (6.4) applied with n =k — 1 (x was defined in (1.9)) we can write

n(t) = gy (0= () % w0(t) + 04.(0) (65)
where for * € {—,0,+} we have set
v (t) = /e]R X (T)e T R¥(1 + ip)ug dr. (6.6)

To simplify the notation we forget the dependance in u. From now on, all the quantities
depend on g > 0 but the estimates are uniform in pu.

Proposition 6.2. Let k € N. There exists C > 0 which does not depend on ug € S such that
for all p >0 andt > 0 we have

lo-(®)ll 2 < C (O Jluol 2

This implies that the corresponding contribution for u(t) decays like any power of ¢ in L?.
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Proof. After k partial integrations in (6.6) we get

o dF

(it)*v_(t) = / eﬂ”—k (x=(T)R(T + ip)")ug dr.
R dr

According to Remark 2.1 we have

d* _

|4 < (r) 7

dr £(L2)

and the result follows. O

(x=(T)R(T +ip)")

3

We now deal with vg. The following result is (a slightly modified version of) Lemma 4.3 in
[BR14]:

Lemma 6.3. Let H be a Hilbert space. Let f € CH(R*,H) be equal to 0 outside a compact subset
of R. Assume that for some v €]0,1[ and My > 0 we have

VT ERY, ([f(D)lly < Mslr|™" and  [|f(7)llp < Myl T
Let 8 € [0,1]. Then there exists C = 0 which does not depend on [ and such that for all t € R

we have

|fw|, <ony@?oh.
Proof. Following the proof of [BR14] we set f:(7 f f(r = %) ds where ¢ € C§°(] — 1,1, R)
satisfies [, ¢ = 1 and we write for [t| >

fol< [ il / 1£7) = fi(@)] dr +

[7|>t=

/ e T (1) dr

|T|>t=#

/ e T fl(T)dr
|| >t=#

We omit the details. O

_ _ 1
< |t|B(1 ) + |t|vﬂ 1 + 7 (Hft(tﬁ)H + Hft(,t*ﬁ)H +

< |t|5(1—w).

Proposition 6.4. Let e € } [ and 6 > K+ —. Then there exists C' > 0 which does not depend
on ug € S and such that for all w>0andt> 0 we have

—1—-4
oo (D)l 2.5 < (B2 o]l 2.5 -

Proof. According to Theorem 1.4 applied with /2 instead of ¢ and Theorem 1.3 there exists
C' > 0 (which does not depend on ug) such that for u > 0, 7 € R and z = 7 + ix we have

X0 ()R (2ol 2.5 < C 12127 % [Juo]| .

and

d K d_ . _1—&

L (oM @uo| <O fugll o

T L2,—6
Then the statement follows from Lemma 6.3 applied with 8 €]0, 1] so close to 1 that

d d
—=-1 —==-1 O
B(rk 5~ 1+ 2) r-g—l+e

To finish the proof of Theorem 1.1 we have to estimate vy (t). As for v_(t) above, k partial
integrations yield

(’it)k _/ —ZtTZC] (]) Rn-ﬁ-k J(T-i—’L/L)tde

+ / eiith_k(T)R“Jrk(T + ip)ug dr
R

=: U?ﬁk(t) + wi(¢)
The following proposition proves that the contribution of v (¢) in (6.5) decays like any power
of t. However there may be a loss of two derivatives when o = 0 if the non-trapping assumption
does not hold.
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Proposition 6.5. Let k € N* and § > k+k — 3. Let o € [0,2].
(i) There exists C' > 0 which does not depend on uy and such that for all >0 and t = 1 we

have
-4
@)% 4 0], < Clluoll

(i) Assume that the non-trapping assumption (1.12) holds or that we have the damping condi-
tion (1.13) together with (k+k)a+ o > 2. Then there exists C > 0 which does not depend
on uy such that for all p >0 and t > 1 we have

@) )], < € luoll s

Proof. e Statement (i) follows from Theorem 1.3 and the fact that ng)
in ]0, +-o0[ for all j > 1.

e Assume that @ > 1 (and hence & = 1) or that the non-trapping condition holds. Then
according to Theorem 1.6 we have for 7 € supp(x4)

is compactly supported

=0 prtk - —6” < ||
()™ Rt r i) @7 ST

Since k + k > 3 this gives the second statement with ¢ = 0.
e Now assume that a € [0, 1[. For j € N* we set

w5 (t) = / . X (T)e” T REYR (1 4 ip)ug dr.
TE

Let x € Cg° (Ri}, [0,1]) be equal to 1 on a neighborhood of supp x. For 7 € R and j € N* we set
X (7) = x(7/2771). Let

Ts®) = [ e ) B i @) ar e £22),

We have
<9U>_6 wg,;(t) = wli,j (t) + wl%,j (t) + wi,j (t)
where
w} () = X5 (P) I ; (£)%;(P) (x)° o,
wi (1) = (1= X;)(P) I ; ()X (P) ()’ ug
and

- 5
wi ;(0) = I () (1 = %) (P) ()" wo.
e By almost orthogonality, Theorem 1.6 and almost orthogonality again we have

S w0 3 [k, 0

JEN* JEN*
2 2
-5 pr . -5 - 5
S ([ wo@ mrte i @ ar) xS [ @
JEN=* T7€R JEN*
< 2i9-i(r+R)ag—io || (pyE (298 uell’
< sup 272 2 (P)2 (x)" ug
JEN*
2
S llwollzges -
It remains to prove that
([wi ;O] + Jwi ;O] S 277 luoll 2.s - (6.7)

e For the contribution of wj ;(t) we prove that there exists C' > 0 such that for j € N* and
7 € supp(y;) we have

|a-x)®) @7 Bt i )< 027, (6.8)
Let ¢ € Cg°(R%,[0,1]) be equal to 1 on a neighborhood of supp x and such that Y = 1 on a
neighborhood of supp ¢. For j € N* and 7 € R we set ;(7) = ¢(7/2771). According to Theorem
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8.7 in [DSQQ] about functions of a self-adjoint semiclassical pseudo-differential operator (with
h =2~ ) we see that for any M > 0 we have

la- @ @ g @], | <

£(L?)
Since (1 — x;)(P) is uniformly bounded, it is remains to prove

| =PI R i) @) s 27

~

|
L(L?)
We recall that for 2 € C, we have set Ro(z) = (P — 2)~!. By the resolvent identity we have
R*F(2) = Ro(2)R*TF71(2) 4+ iRo(2) Bo R* ¥ (2)
= Ro(2)?R"™72(2) 4 iR2(2) BoR**71(2) + iRo(2) Bo R* % (2).

For Re(z) € supp(x;) we have
- <j><P>R2(z>R”+k-2<z> (@)

<@ 1 - PIRSE @) [ 26 @7
<272,

We have used the Spectral Theorem and pseudo-differential calculus to estimate the first factor,
and Theorem 1.6 for the second. Similarly

@~ (1 - m(P)R?(z)BaR(zw*k*l <x>*‘5H
<[~ - P B. ] |07 A
< 9i(=2458) =% (nHh-1) < 9=2j,
For the last term we have to prove
(@) 77 (1= ) (PYRo() Ba B 4(2) (@) || S 272 (6.9)

We proceed as above. We consider ¢ € C§°(R, [0, 1]) equal to 1 on a neighborhood of supp(x)
and such that ¢ = 1 on a neighborhood of supp(¢), and then we set ¢; = ¢(-/2771) for j € N*.
We write

H<x>76 (1= ) (P)Ro(2) BaRF T (z) <$>75H

<H<x>*5<1—<j><P> 0(2)Bat(P) (@) || |[ ()™ B=(2) (@) ™|
+[@ 7 a-oe) H |@" (=P G) @)
st H "= 0 (PRHG) ()77,

for any M > 0. Then we use again the resolvent identity

-5 5 -5 -5 fitk— -5
(@) (1= @) (P)R™(2) ()" = ()" (1 = ¢;)(P)Ro(2) R (2) (z)
+ ()" (1= 65)(P)Ro(2) Ba R (2) ()™
and we conclude as above. We obtain (6.9), then (6.8), and ﬁnally the contribution of wj ; in
(6.7) after integration over supp(x;). The contribution of wk - is estimated similarly. Then it

remains to sum over j € N* to conclude the proof of the proposwlon and hence the proof of
Theorem 1.1. O

7. SMOOTHING EFFECT

In this section we prove Theorem 1.7. With Theorems 1.3, 1.5 and 1.6 it implies Theorem 1.2.
For this we use a dissipative version of the theory of relatively smooth operators in the sense of
Kato.
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Proposition 7.1. Under the assumption of Theorem 1.7 there exists C' = 0 such that for all
z € C4 we have

@7 (P)F Rz (P ()7
Proof. e Let K be a compact subset of C. Using the resolvent identity
R(z) = R(i) + (z — i)R(i)* + (= — i)’ R(i) R(2) R(i),
we obtain for z € C;L N K
@ (P)F R(z) (P ()7

RG) (@) || Be) @) 7| | @) BG) (PYE @7

By pseudo-differential calculus the operators (P) i R(i) and R(7) (P) 7 are bounded on L2~! and
L2, respectively. For the second factor in the right-hand side we use (1.14), and the conclusion
follows for z € C; N K.

e It remains to prove the result for |z| > 1. Let x € C§°(R,[0,1]) be supported on [-3,3] and
equal to 1 on [-2,2]. For z € C we define . : A — x(\/ |z|). The operator £% (P)% <EP>7% is a
pseudo-differential operator whose symbol has bounded derivatives uniformly in e €]0, 1], so the
operator

<
L£(L?)

S8

S1+ @~ (P

al
4

AT (D) @ (r.1)

[E]
extends to a bounded operator on L? uniformly in z with |z| > 1. The operator

() <ﬁ> () w (72)

is also bounded on L? uniformly in z with |z| > 1, and we have similar estimates for the adjoint
operators of (7.1) and (7.2). Thus

H<z>—1 (P)T v.(P)R(2)x.(P) (P)* <x>_1H

S @7 (127 P e (PRE(P) (117 PY )
S L2l @) 7 R @7
< 1.

e With Ry(z) = (P — 2z)~! we have the resolvent identity
R(z) = Ro(z) + iR(2)BoRo(2).
We have
(@)™ (P)F X (P)Ro(2)(1 = x:)(P) (P ()|

-1 2 2 -1
<[ @ )| [Ro)1 = )Py (P )7
SR
We have estimated the first factor as above and the second by the Spectral Theorem. On the
1
other hand, since the operator v/B, (P)~ 2 is bounded we also have by Proposition 2.5

)7 PV e (P)R() BaRo(2)(1 = x2)(P) (P ()|
< |[@ PV Py @) | @) RE)VBL| ||(P)F Ro()(1 - x:)(P) ()

ST T g

~

w2

This proves that
[@) P PIREM -x)P) (P @) S 1.
e The operator

(@)"(P)
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is estimated similarly. Finally for

(@) (P)T (L= x)(PIR(G)1L = x:)(P)(P)F (@)
we only have to use twice the resolvent identity:
R(z) = Ro(2) + iRo(2)BoRo(2) — Ro(2)BaR(2)BoRo(2).
Then we apply the same idea as above, using Corollary 2.6 to estimate /By R(2)v/Ba. This

concludes the proof. O

Taking the adjoint in the estimate of proposition 7.1 we obtain the same estimate with R(z)
replaced by R(z)* = (P +iB, —Z)~! (the same is true for the estimates of Theorems 1.3, 1.5
and 1.6). In particular we obtain the following result:

Corollary 7.2. Then there exists C' = 0 such that for all z € C and p € S we have
(=27 = =27 (P)F @7 e (P @7 ) [ <Cllvls.

It is known that such an estimate on the resolvent implies Theorem 1.7. This comes from the
dissipative version of the theory of relatively smooth operators. The self-adjoint theory can be
found in [RS79, §XIIL.7]. The dissipative version uses the theory of self-adjoint dilations for a
dissipative operator described in [NF10]. All this has been combined in Proposition 6.2 in [Roy],
according to which Theorem 1.7 follows.

a2
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