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FINITE ELEMENT QUASI-INTERPOLATION AND BEST
APPROXIMATION*

ALEXANDRE ERN' AND JEAN-LUC GUERMOND/

Abstract. This paper introduces a quasi-interpolation operator for scalar- and vector-valued
finite element spaces constructed on affine, shape-regular meshes with some continuity across mesh
interfaces. This operator is stable in L!, is a projection, whether homogeneous boundary conditions
are imposed or not, and, assuming regularity in the fractional Sobolev spaces WP where p € [1, 00]
and s can be arbitrarily close to zero, gives optimal local approximation estimates in any LP-norm.
The theory is illustrated on H'-, H(curl)- and H (div)-conforming spaces.
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1. Introduction. Given a shape-regular sequence of affine meshes (73)r>0 ap-
proximating a bounded polyhedral domain D in R?, and given a sequence of finite
element spaces (P(7r))n>0 based on the mesh sequence (7r)n>0, either scalar- or
vector-valued, and conforming in some functional space W where some continuity
across mesh interfaces is enforced, the question addressed in this paper is that of
constructing a quasi-interpolation operator that is minimally stable, delivers the best
approximation error up to a uniform constant, is a projection, and satisfies homoge-
neous boundary conditions that are legitimate in W.

The above question has been solved in two space dimensions on triangular meshes
for H!-conforming scalar-valued finite elements in Clément [7]. The main ingredient
for the construction of the so-called Clément operator is a regularization based on
macroelements consisting of patches of elements. One difficulty with the Clément
interpolation operator is that it is not a projection and does not preserve homogeneous
boundary conditions. These two issues have been solved in a landmark paper by Scott
and Zhang [17], where an alternative quasi-interpolation operator is proposed. The
so-called Scott-Zhang operator uses averages on the interfaces and on the boundary
faces, which makes it a projection independently of the boundary conditions. One
small drawback of this approach though is that it is stable only in functional spaces
with integrable traces if one insists on preserving homogeneous boundary conditions;
the lower limit is W!(D) (or W*P(D) with sp > 1 and p > 1), see [17, p. 491]. The
Clément operator has been generalized to meshes composed of non-affine simplices
in arbitrary space dimensions by Bernardi [3]. The Clément construction has also
been revisited by Bernardi and Girault [4] to make it a projection in R? on triangular
meshes. The key difference between the construction in [4] and that in [7] is that the
local L?-projection on patches is piecewise polynomial in [4] instead of being globally
polynomial in [7]. The so-called Scott-Zhang interpolation operator has been revisited
in Girault and Lions [12] (following essentially the remark in [17, p. 491]) to make it
stable in L! with homogeneous boundary conditions.

In the present paper we restrict ourselves to affine meshes, but we construct a
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quasi-interpolation operator for scalar- and vector-valued finite element spaces that is
a projection, whether homogeneous boundary conditions are imposed or not, is stable
in L', and gives optimal local approximation estimates, up to a uniform constant, in
any LP-norm assuming regularity in the fractional Sobolev spaces W*P? (D), where s
can be arbitrarily close to zero. The key idea consists of constructing a discontinuous
approximation over each cell by using the dual basis technique of Scott and Zhang [17,
(2.9)-(2.13)] and to stich the local approximations across mesh interfaces by using an
averaging operator in the spirit of Oswald [16, Egs. (25)-(26)]. This technique works
irrespective of the nature of the degrees of freedom, i.e., whether they are nodal values
or are defined otherwise.

The paper is organized as follows. In §2, we introduce the notation and construct
a sequence of abstract finite element spaces conforming in some functional space
W. Key assumptions are identified and listed. The theory is illustrated on usual
H!'-, H(curl)- and H(div)-conforming finite element spaces. A local interpolation
operator stable in L! is constructed in §3. The key difference with all the previous
approaches [7, 3, 17, 4] is that no patch or interfacial patch is involved at this stage
since the operator in question is constructed on each element. An averaging operator
acting only on discrete functions is introduced and analyzed in §4. This operator,
loosely inspired from Oswald [16, Eqgs. (25)-(26)], consists of averaging the local
degrees of freedoms that are shared by two or more elements, see also [1, 14, 5]. The
final quasi-interpolation operator is constructed in §5 without enforcing any boundary
condition. The main result of this section is Theorem 5.5. The question of the
boundary conditions is addressed in §6. Homogeneous boundary conditions are simply
enforced by removing the degrees of freedom located at the boundary from the quasi-
interpolation operator constructed in §5. The resulting operator is still a projection
and still has optimal local approximation properties as stated in Theorem 7.1.

The results of the present paper may be useful whenever finite element best
approximation estimates are invoked. For instance, Theorem 5.5 and Theorem 7.1
complete the proof of Theorem 5.6 from Arnold et al. [2, p. 67] where a best ap-
proximation result is stated in the context of finite-element-based exterior calculus.
The argument therein is very elegant but somewhat incomplete since it invokes the
Clément interpolant, which is a two-dimensional construction for scalar-valued func-
tions.

2. Finite elements. In this section we introduce some notation and construct
a sequence of abstract finite element spaces, conforming in some functional space W.
In the entire paper the space dimension is denoted d and the domain D is a bounded
polyhedron in R?.

2.1. Meshes. Let (75,)n>0 be a mesh sequence that we assume to be affine and
shape-regular in the sense of Ciarlet. We also assume for the sake of simplicity that
the meshes cover D exactly and that they are matching, i.e., for all cells K, K’ € T},
such that K # K’ and KNK’ # (), the set KNK' is a common vertex, edge, or face of
both K and K’ (with obvious extensions in higher space dimensions). By convention,
given a mesh 7j,, the elements in K € 7j, are closed sets in R,

We assume that there is a reference element K such that for any mesh 75 and
any cell K € Tp, there is an bijective affine mapping between K and K, which we
henceforth denote T : K — K. Since Tk is affine and bijective, there is an
invertible matrix Jx € R%*? such that

Tx(@) - Tx(9) = Ix(@—§), V&,geKkK. (2.1)
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In what follows, we denote points in R and R%valued functions and mappings using
bold face, and we denote the Euclidean norm in R? by ||-[|s2(ga), or |||z when the
context is unambiguous. We abuse the notation by using the same symbol for the in-
duced matrix norm. Owing to the shape-regularity assumption of the mesh sequence,
there are uniform constants ¢, ¢” such that

[det(@r)| = [KIIK™ Wkllee < fhues 15l < Ry (2.2)

where hg is the diameter of K. Recall that ¢f = pT and ¢ = hK hA for meshes
composed of simplices, where pr is the diameter of the largest ball that can be
inscribed in K, hg is the diameter of K and pp is the diameter of the largest ball
that can be inscribed in K.

2.2. Finite element generation. We are going to consider various approxima-
tion spaces based on the mesh sequence (7;)n>0. Again for the sake of simplicity,
we assume that each approximation space is constructed from a fixed reference fi-
nite element (K, P, Y). The reference degrees of freedom are denoted {71, ...,0,,,}
and the associated reference shape functions are denoted {51, . An . 15 by definition
01(9 ) =0dij, Vi,j € {1:ng}. We denote N := {1:ng,} to alleviate the notation. The
shape functions are R?-valued for some integer ¢ > 1. We henceforth assume that
P C Wh(K;R?) (recall that P is a space of polynomial functions in general).

We assume that there exists a Banach space V(K) C L'(K;RY) such that the
linear forms {71,...,0,_, } can be extended to L(V(EK);R), ie., V(K) is the domain
of the degrees of freedom; see [11, p. 39]. Then, we define Zp : V(K) — P, the

interpolation operator associated with the reference finite element (IA( , ]3, X)), by
IR(0)(@) =Y G:i()e:i(z), VEeK, VieV(K). (2.3)
ieN
By construction, Zp € E(V(I?); ﬁ), and P is point-wise invariant under Z.
We now address the question of constructing finite elements for any mesh cell

K € T,. We assume that there exists a Banach space V(K) C L'(K;R?) and a
bounded, bijective, linear mapping between V(K) and V(K):

Vi V(K) 3 v — g (v) € V(E). (2.4)
We then set

Pg={p=1vx' () |pe P}, (2.5a)

EK = {UK,i}ieN s.t. OK,i = 82 o 1/}[(. (25b)

ProPOSITION 2.1 (Finite element). The triple (K, Px,YX k) is a finite element.

Proof. Note first that dim(Pk) = dim(ﬁ) = ngp, since Y is bijective. Moreover, a
function p € Pk such that ok ;(p) = 0 for all i € N is such that ¢k (p) = 0 by the uni-
solvence property of the reference finite element; hence, p = 0. Finally, the linear forms
o are in L(V(K)R) since [osi(0)] < 1 oy 1k ey o 7o 1olv ) for
allv e V(K). O

The above definitions lead us to consider the canonical interpolation operator
associated with the finite element (K, Px,Xk):

=Y oki(v)bki(®), VeeK, WweV(K), (2.6)
ieN
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where we have set 6 ; := 1 (6;). Note that Tx € L(V(K); Px) and that P is
point-wise invariant under Zg.

Since the mesh is affine, we assume that ¥ i has a simple structure; more precisely,
we assume that there is a gx ¢ invertible matrix A such that

Vi (v) = Ag(voTk), (2.7)

so that we can extend ¥ to L'(K;RY). The following classical result shows that 15
maps WHP(K;RY) to Wl’p(IA(;Rq) for all I € N and all p € [1,00]. In particular, this
implies that Px C W1>°(K;RY).

LEMMA 2.2 (Bound in Sobolev norms). Let ! € N. There is a uniform constant
¢ depending on the shape-regularity of the mesh sequence (Tp)n>o and on 1 such that
the following holds:

1

W’K‘L(wl,p(K;Rq);Wl,p(f(;Rq)) <c ||AK||Z2 ||JK||l£2 ‘det(JK)r ) (2-83)

_ - - 1
|wK1‘L(WLP(I?;RQ);WLP(K;]RQ)) < C”AKl”é2 HJKl”lZ? |det(Jx )7, (2.8b)

]

for all K € Ty, and all p € [1,00] (with A = 1,V2>04ifp=o0).
Proof. For any multilinear map A € M;(R¢,... R% R?), let us set

Ay, ...
Ay (R etz = sup | A(y1 Yl
()R x.. xrd [Ytllez - [[Yi]lez

Then, denoting by D' (v) the l-order Frechet derivative of 15 at v, the assump-
tion (2.7) implies that || D' (v)[| pg, e, rerey < |AK (o2 D (v o Ti) ||y (e, m R
for all [ € N. Then, standard results about the transformation of seminorms in
the Sobolev space WP using the pullback by Ty lead to (2.8), see e.g., Ciarlet [6,
Thm. 3.1.2] or Ern and Guermond [11, Lemma 1.101]. O

COROLLARY 2.3 (Bound on Ag). Assume that there is a uniform constant ¢ so
that

1Akl AR e < clTxlle T e (2.9)

Then, for all s,m € N, the following holds:

1 _
Vi L eqwom o @ywmswen VK ewes gowen @y < ¢hic™ (2.10)

for all K € Ty, and all p € [1,00].
Proof. Combine (2.8) with (2.2) and (2.9). O

2.3. Abstract finite element spaces. Let {(K, Px,¥k)}xeT, be a Tp-based
family of finite elements constructed as in Proposition 2.1. We introduce the broken
finite element space

P>(T;) = {vn € LY(D;RY) | ¢ (vnjx) € P, VK € Tr}. (2.11)

Note that the statement ¢x (v k) € Pin (2.11) is equivalent to v x € Pg. Recall
that Px C LY(K;RY) for all K € Ty, so that P°(T},) is indeed a subspace of L (D;RY).
Actually, since Px C WH(K;RY), we infer that PP(7,) € WYP(T,;R?) = {v €
LP(D;RY) | vjx € WHP(K;RY), VK € T} with p = oo.
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We further asume to have at hand a Banach space W < L!(D;RY) (the symbol
— means that the embedding is continuous) and we define

P(Ty) := P*(Ty) N W. (2.12)

To better formalize this definition, we introduce the notion of interfaces and jump
across interfaces. We say that a subset F' C D is an interface if it has positive
(d—1)-dimensional measure and if there are distinct mesh cells K, K. € Ty, such that
F = 0K;NOK,. The numbering of the two mesh cells is arbitrary, but kept fixed once
and for all, and we let np be the unit normal vector to F' pointing from K; to K,.. We
denote by ng, and nk, the outward unit normal of K; and K,. We say that a subset
F C D is a boundary face if it has positive (d—1)-dimensional measure and if there is
a mesh cell K € Ty, such that F' = 0K NJD, and we let ng be the unit normal vector
to F' pointing outward D. Interfaces are collected in the set F;, boundary faces in
the set 77, and we let 73, = Ff UFY. Let F' € F? be a mesh interface, and let K;, K,
be the two cells such that F' = 0K; N OK,; the jump of v € WH1(T,;R?) across F is
defined to be

[v]r(x) = vk, (2) — vk, (x) a.ec. x € F, (2.13)

and we recall that functions in W!(D;R?) are such that [v]r = 0 for all F' € F}, see,
e.g., Di Pietro and Ern [9, Lemma 1.23]. We next define the notion of -jump across
interfaces by means of a (bounded) linear operator vx : WHi(K;R?) — LY(0K;R?),
for some t > 1, as follows:

1} (2) = v, () (@) — 1, (e, (@) ae. @ € . (2.14)
We assume that |[v] - (x)| < |[[v]r(x)], a.e. © € F, for all v € WHI(Ty,), so that
ve WHH(D;RY) = [v]} =0, VF € Fy. (2.15)
The notion of y-jump is related to the space W by the assumption that
veWNWH (T, RY) = [v]} =0, VF € Fy, (2.16)

and conversely that a function in W (Ty,;RY) with zero y-jumps across interfaces
is in W. With this setting, definition (2.12) becomes

P(T) = {vn € P*(Ts) | [vn]% =0, VF € Fy}. (2.17)

2.4. Finite element examples. The present theory is quite general and covers
a large class of scalar- and vector-valued finite elements. For instance, it covers finite
elements of Lagrange, Nédélec, and Raviart-Thomas type. To remain general, we
denote the three reference elements corresponding to these three classes as follows:
(K, P&, %8), (K, P, 5 and (K, P, 2). We think of (K, P8, X#) as a scalar-valued
finite element (¢ = 1) that has some degrees of freedom which require point evaluation
(i.e., evaluations over zero-dimensional manifolds), for instance (I? , ﬁg, f‘g) could be
a Lagrange element. We assume that the finite element (I/(\' , 1/5°7 f’c) is vector-valued
(¢ = d) and some of its degrees of freedom require to evaluate integrals over edges (i.e.,
evaluations over one-dimensional manifolds). Typically, (I? , 1307 f’c) is a Nédélec-type
or edge element. Likewise, the finite element (I/(\' , 13d, fd) is assumed to be vector-
valued (¢ = d) and some of its degrees of freedom are assumed to require evaluation
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of integrals over (d — 1)-manifolds. Typically, (IA( , P, fd) is a Raviart-Thomas-type
element. It is not necessary to know the exact nature of the element that we are
handling at the moment. We denote by V&(K), V¢(K), VI(K) admissible domains
of the degrees of freedom in the three cases. Let p € [1,00]. The above assumptions
imply that we can choose V&(K) = W*P(K) with s > %, Ve(K) = W*P(K) with
5> %, and V4(K) = W*?(K) with s > Il] Actually, when p = 1 we can choose
VE(K) = WEH(K) (since WL (K) < CO(K)), V4(K) = WE(K) (since functions
in W“(I?) have a trace in L! (8.7/(\')), and VC(I/(\') = Wd’m(f?) (since functions in
Wdfl’l(l/(\') have traces in L' on the one-dimensional edges of I?)

Let 75, be a mesh in the sequence (75)n>0 and let K be a cell in 7. We denote
by ¥%, ¥, 1/)% the linear map introduced in (2.4) in each case. In practice 1%
is the pullback by Tk, and ¥% and ¢?< are the contravariant and covariant Piola
transformations, respectively, i.e.,

A% =1, Y5 (v) = vo Tk, (2.18a)
AS =T, ¥ (v) =T (voTk), (2.18D)
AY = det(Jr) I, P (v) = det(Jx) I (v o Tk). (2.18¢)

Note that ¢ =1 in (2.9) for the above examples.
The corresponding broken finite element spaces are:

PEY(Ty) = {w, € LM(D) | ¥ (vnix) € P2, VK € Tp}, (2.19a)
P°>(T;) = {vy, € L'(D) | ¥ (vnx) € P, VK € Tp}, (2.19b)
PY(T,) = {vy, € LY(D) | % (vp ) € P, VK € T} (2.19¢)

We introduce V& := {v € LY(D)|Vv € LY(D)}, V¢ := {v € LY(D)|Vxv €
LY(D)}, V4 :={v € LY (D) | V-v € L(D)}. This leads us to consider the following
y-traces:

i W) (@) = vy (), Vz € F, (2.20a)
7% (V) () = v (T)XNnEK, VX EF, (2.20D)
Vi (k) (@) = vk (@)K, VEEF, (2.20¢)

and the following conforming finite element spaces:
P&(Ty) := P*"(T;,) N VE = {v), € PE>(T,) | [wn]% = 0, VF € Fp}, (2.21a)
P(Th) i= P(T) NV = {u, € P*°(T;) | [only- = 0, VF € Fi},  (2.21b)
PYTy) =P (T,) NV = {v, € PY*(Tp,) | [vp]& =0, VF € Fr},  (2:21c)

where we slightly simplified the notation by using [vs]% instead of [v,]): , ete.

Let us introduce the canonical interpolation operators T, Td, Iy such that
() ik = T (vk), I (v) |k = Tk (vik), I (v)|x = T (vjx). The considerations
in §2.4 show that it is legitimate to take WSP(D), s > %, for the domain of I},
WsP(D), s > %, for the domain of Zj;, and W*?(D), s > , for the domain of Zj,
i.e., the canonical interpolation operators Z, Z5 and I,Cll are not stable in any L?(D)
(or LP(D)). The objective of this paper is to construct quasi-interpolation opera-
tors mapping onto the spaces P&(T), P(T;,) and P4(T,) that are stable in L'(D)
(or L'(D)) and have optimal approximation properties with and without boundary
conditions.
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2.5. Summary of the assumptions. Let us now summarize the assumptions
that will be used in the rest of the paper. Henceforth (73)n>0 is a shape-regular
sequence of affine, matching, simplicial meshes so that (2.1) and (2.2) hold. We also
assume that the map ¢ satisfies (2.7) and (2.9). {(K, Px,XK)}keT, is a Tp-based
sequence of finite elements constructed as in Proposition 2.1. In view of approxima-
tion, we let k be the largest natural number such that [Py 4]? C P, where Py 4 is
the real vector space of d-variate polynomials functions of degree at most k, and we
assume that P C Wk+Loo(K; R?).

We assume that we have at hand a Banach space W and a notion of vy-jump across
mesh interfaces as described in §2.3. The W-conforming finite element space P(7p,) is
the subspace of the broken finite element space PP(7},) characterized by zero y-jumps
across interfaces, see (2.17). Finally, two important assumptions relating the degrees
of freedom to the y-jump and 7-trace are the estimates (4.2) and (6.5) below.

In what follows, ¢ denotes a generic positive constant whose value may depend on
the shape-regularity of the mesh sequence (73)r~0 and on the reference finite element
([A( , ﬁ7 b5 ). The value of this constant may vary from one occurrence to the other.

3. L'-stable local interpolation. In this section we extend the degrees of
freedom in order to be able to approximate functions that are only integrable.

3.1. Extension of degrees of freedom. Let us consider p; € 13, i €N, be
such that

1 P o~
I/(\'|/A pi-pdz = o;(p), Vpe P. (3.1)
R

Note that p; is well defined since it is the Riesz representative of &; in P when P is
equipped with the L2-scalar product weighted by 1/|K|. This leads us to define

1 ~
'(9) :=T/ pivdE, Vo e LY(K;RY). (3.2)
K| /&

Note that the assumption P C L°°(K;R9) implies that p; € L°°(K;R9), which in
turn implies that all the extended degrees of freedom {3? }ienr are indeed bounded
over L*(K;R?) since H35||L(L1(1?;Rq);n§) < \K|_1||ﬁi||Loo(f<;Rq). In passing we have also
proved that HE?HL(L},(IA{;RQ);R) < |K\_1||ﬁi||Lp,(f<;Rq) for allp € [1, 00|, where %—!—ﬁ =1.
We then define
T8 (D) = Y G (D)6;, VD e L'(K;RY). (3.3)
ieN

P is point-wise invariant under Iﬁ? since 57 (p) = ;(p) for all p € Pand all i € NV.

Let K € Ty, and let (K, Pk, Y k) be a finite element constructed as in (2.5). Note
that the assumption (2.7) implies that ¢y (L'(K;R?)) = L'(K;R?). We then extend
the degrees of freedom in Y over L(K;R?) by setting

0ici(v) =5} (Vi (v). (3-4)

The Riesz representative of 0'2(’2- in Py equipped with the L2-scalar product weighted
by 1/|K| is AL (pi o Tic"). The above definition leads us to define

T (v) =Y of,(0)0ks, Vv L'(K;RY). (3.5)
1EN
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PROPOSITION 3.1 (Stability, commutation, invariance). (i) There exists a uni-
form constant ¢ such that ||I§{||L(LP(K;Rq);Lp(K;Rq)) < ¢ for all p € [1,00] and all
K eTy; (ii) I§< commutes with Yy ; (1) Py is point-wise invariant under Ig(.

Proof. Using (2.8) with [ = 0 and recalling that ff ; := 1" (51) by definition and
using the assumption (2.9), we infer that

HIg(||£(LP(K;RQ);LP(K;RQ)) < ||AK||Z2||A}_<1||Z2‘ Z Ha\gng(m(}?;Rq);R)||9i||Lp(f(;]Rq)
ieN
< erlle Bz el KT Y Pl o (7
ieEN

The conclusion readily follows from the shape-regularity assumptions. To prove the
second statement, we use again that O ; = wf_(l (0;) to infer that

Ui (The(v) =i <Z oi,iw)w;(é})) = 3 W ()0 = T (e (v)),

ieN ieN

for all v € L*(K;RY). To prove the third statement, let us consider any p € Pg; then
using the above definitions we have

ot i(p) = 5 (W (p) = |Kl| /K Pitb (p) 4B = 3:(yxc (0)) = ok (p).

This proves that Ig{ (p) = Ik (p), so that Ig( (p)=p. 0O

Remark 3.1. The construction of I§< is similar to that used in Girault and Lions
[12, Appendix] to extend the Scott-Zhang quasi-interpolation operator and make it
stable in L!(D) for scalar-valued functions.

3.2. Error estimates for Ig(. We establish in this section error estimates for
the operator I§<.

THEOREM 3.2 (Local interpolation). There exists a uniform constant ¢ such that
the following local error estimate holds:

v = Zhevlwomr (xire) < Chlg™ [0lwrn (e (3.6)

for allm € {0:k+ 1}, alll € {m:k+ 1}, all p € [1,00], all v € WHP(K;RY), and all
KeT,.
Proof. Let m € {0:k + 1} and I € {m:k + 1}.

(1) Let us set G(w) := @ — Ig?(@) for all w € Wl’p(f?; RY). The operator G is well-
defined since Wl’p(f(; R?) — Ll(I?;Rq). Since all the norms are equivalent in P
and P C Wk“vp(IA(;Rq) — Wmvp([A(;Rq), there exists ¢ depending only on ng, and
K such that |25 (@)|lyymp ey < ClIZ% (@) 11 (7 me)» Which in turns implies that
HIﬁ? (w) ||Wm,p(f<;Rq) < c||@|\L1([?;Rq), since we have already established that I}{ is uni-
formly bounded over Ll(I?;Rq); hence, G € £(W“’(I?;Rq);WW?’(I?;RQ)). Assume
first that [ > 1, then [P;_1]9 is point-wise invariant under I% since [ —1 < k and

[P,_1]9 C [P)¢ C P; this in turn implies that the operator G vanishes on [Pi_1]9. As
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a consequence, we infer that

@ = T Blms (i = 19D hwmsieme = i0E 1@+ Dlyms iz

< ”g”L(Wl,p(f(;Rq);Wm,p(f(;Rq)) ;Ee[}P’Izlfl]q H{U\ +1/7\HWl,p(f(;]Rq)

S c ﬁG&P’rz,lfﬂq ||U) +p||Wl,p(}?;Rq) S c |w‘Wl,p([?;Rq)’
for all @ € Whe (I? ;R?), where the last estimate is a consequence of the Bramble—
Hilbert/Deny-Lions Lemma. Finally, the above inequality is trivial if I = m = 0.
(2) Now let v € WHP(K;RY). Using the above argument together with the fact that
I§< commutes with ¥ i (see Proposition 3.1), we have

v — Ig(U|Wm*”(K;RQ) < |wi_(1|L(WmvP(I?;]RQ);Wm’P(K;Rq)) Y (v) = wK(Ig(U)lwm,P(I?;Rq)
< |1/)1_<1|£(Wm,p(E;Rq);wm,p(K;Rq)) WK(U) - I%(T/’K(U))‘Wm,p(f(;u{q)
<c W;(l|g(wm‘p(Q;Rq);wm,p(K;Rq)) |7/)K(”)|Wl,p(f<;]gq)
¢ W’I_(l|L(va(z?;Rq);va(K;Rq)) [k cowr (gemay e (&imay [Vl wir (Ro)-
The estimate (3.6) follows by using (2.10). O

4. Averaging operator. In this section, we introduce a bounded linear operator
ging op ) P
T 2 PP(Ty) — P(T) based on averaging.

4.1. Connectivity array. Let {¢,}qca, be a basis of P(73); the functions ¢,
are called global shape functions. We assume that this basis is constructed so that
for any K € T, there a unique ¢ € N such that ¢, x = 0k ;. (Recall that this is the
usual way of constructing finite element bases.) We denote by a : T, xN — Ay, the
mapping such that ¢,k i)k = 0k; this mapping is henceforth called connectivity
array. This leads us to introduce the connectivity set C, C T, xN for any a € A,
such that

Co =2 Ya) = {(K,i) € ThxN | a = a(K,i)}. (4.1)

We denote {, }ac, the global degrees of freedom associated with the basis {@q4 }ac A, ;
i.e., §3(K’i)(’v> = O'K’i(’v‘K).

Remark 4.1. (Particular case card(C,) = 1) Assume that card(C,) =1, i.e., C, =
{(Ko,i0)}, then @qx = 0 for any K # Ky, since it is not possible to find an index
i € N such that a = a(K,4). This means that ¢, is supported on one element only,
i.e., pq is the zero extension of 0k, ;,. Given the characterization of P(7}) assumed
in (2.17), this means that the y-trace ¢, on the interior faces of K is zero.

For any a € Ap, we set Fo = ) if card(C,) = 1. If card(C,) > 2 we define
Fo C Fy to be the set of the interfaces F' such that there are (K, i), (K’,i') € C,
so that FF = K N K’'. We henceforth denote Fj, := Uz‘eN}—:(K,i)- We now relate the
~-traces to the degrees of freedom by making the following assumption: there exists
a uniform constant c such that the following holds for all v in P*(7) and all a € Ay,
such that card(C,) > 2:

ok (v) — ok i (V)] < cmax([| Ak ||, | Ak ) [[0] Bl Lo (pime) (4.2)

for all F € F¢ and all pairs (K,1), (K',7) € C, such that FF = K N K’. Owing to

a
(2.17), this assumption immediately implies that

|0’K’¢(’U) — 0K’ i (ﬂ)l =0, Yv € P(IEL% (43)
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Note that estimate (4.2) holds true for all the finite elements considered in §2.4.

2. Averaging operator. We now define the operator J2' : P*(T,) — P(Tp)
such that the following holds for all v € P"(7;,) and all a € Ap:

ca(va(v))Zﬁ(c) Z oK,i(VK)- (4.4)

(K ,i)ECq

Note that this definition is sufficient to define J2V(v) € PP(T}) since the property

Sa($ar) = Oaa implies that T2 (v) = Y oc 4, (T (V) @a-
LEMMA 4.1 (Bound on L®-norm). There exists a uniform constant ¢ such that

lwl| oo iRy < € ||A;(1||g2 Z lok,i(w)], Yw € Pi, VK € Tp,. (4.5)
iEN

Proof. Recall first that the degrees of freedom of the finite element (K, Px, X k)
are defined by ok,i(w) := 0;(Yr (w)) for all w € Pk, and the local shape functions are

Ok,i= wK (0 1) This implies that wix = >,y Oxi(W)0K: =D e n UK,i(w)w;(l(@-),
for all w € Pg. Then,

Hw||L°°(K;R4) < Z |UK,i(w)‘le_(lHL(Loo(f(;Rq);Loo(K;]Rq))||0iHLoo(f(;Rq)~
1EN

The quantity c¢g := max;en ||9 I Loo(R:R9) is a uniform constant that depends only on
the reference element (K, P, X). Usmg (2.8b) with I = 0 and p = oo, we infer that
H'(/Jl;lHL(LOO(I?;]R‘Z);LOO(K;RQ)) < ||A%"||¢2. The conclusion follows readily. O

LEMMA 4.2 (Approximation by averaging). There exists a uniform constant c
such that the following holds:

av d(; r —-m
lw = T () lwm.r(rray < chye > el il e (4.6)
FeFe

for all m € {0:k + 1}, all p,r € [1,00], all w € P*(Ty), and all K € Ty,.

Proof. We only prove the bound for m = 0 and p = r = oo, the other cases follow
by invoking standard inverse inequalities. Let w € PP(Ty,), set e = w — J*¥(w) and
observe that e € PP(Ty). Let K € Tp,. Then, using the result of Lemma 4.1, we infer
that

lell Lo (rcmey < cllAit e D lox.ilex)l-
iEN
Owing to definition (4.4), we first observe that

1

m (ok,i(wk) — oxr i (wk)) -

(K',i")E€C, (k1)

orilex) =

Note that o i(ejx) = 0 if card(Ca(k,s)) = 1 (see Remark 4.1). Let us now consider the
degrees of freedom such that card(Cy( ;y) > 2. Let Fok,i) be the set of internal faces

in Cy(x ). For all K € Cy(k ), there is a path of mesh cells in C,(x ;) linking K to K’
so that any two consecutive mesh cells in the path share a common face F' € F; a(K i)
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and each face is crossed only once. Furthermore, if (Kj,14;), (K, i) € Cyk,q) are such
that K;NK, = F € F? a(K i) then (4.2) implies that there exists a umform constant ¢
such that

lok, i (Wk,) = 0k, i, (WK, )| < cmax(||[Ak, e, |Ak, [|2) I[w] 5l Los (7ire)-

As a result,
lell L (kre) < ¢ max  max (||A;_<1Hz2|\AK'H22) > Mwll e rimey
1EN (K',i")eCyk FeFs
a(K,i)

whence the estimate (4.6) readily follows since Fg := UjenFa(k i), card(N) is uni-
formly bounded, and the mesh sequence (7)p>0 is shape-regular. O

5. Quasi-interpolation operator. Let I,ﬁl : LY(D;R?) — P®(T3,) be such that

I,g(v)u( = Ig{(vu() for all K € T;. We now construct the global quasi-interpolation
operator IV : L'(D;RY) — P(T}) by setting

Y= T o IE. (5.1)

For any K € Ty, we introduce the notation
Tk = UieN{K/ e Th | 3i' e N, (K’,i/) IS Ca(K,i)}a (5.2)
D :=int{x € D | 3K’ € Tx, x € K'}. (5.3)

The set Tk is the union of all the cells that share global shape functions with K and
Dy is the interior of the collection of the points composing the cells in 7.
LEMMA 5.1 (LP-stability). There exists a uniform constant ¢ such that

I Z5Y (V)| e (5 ray < €]l Lo (Deira)s (5.4)

forallp € [1,00], all v € LP(D;RY), and all K € Ty,.
Proof. Using the triangle inequality and the shape-regularity of the mesh sequence
(Th)r>0, we infer that (recall that the value of ¢ can change at each occurrence)

105 ill Lo (xR
HIh ( )”LP (K;Re) > Z # Z ‘O'KI)Z‘I(Z?{,(U))‘

card(Ca(x ) (K',i")E€Cq(k,5)

1ia-1
< CZ K7 [|AK [le Z ’JK/J(I?(,(U))’
ic

~ card(Cy(k.,i)) (K s

1 1
<Y T | 1A
<Y oy o | @)K IA e
iEN (K',i")€C (k1)
1 _
<e Y |owa @ )| IK17 14 e
K'eTk V€N

The conclusion follows by invoking the LP-stability of Z%, (see Proposition 3.1) and
by observing that the equivalence of norms in P implies that

> ‘UK' (T ( ‘ WK |7 1R e < el Tk ()l (rmey < cllvllzn (-
i'eN
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This completes the proof. O
THEOREM 5.2 (Approximation). There exists a uniform constant ¢ such that

|U - IZ‘V(’U”Wm,p(K;Rq) < Chl[;ml’l}|wl,p(DK;]Rq)7 (55)

for all m € {0:k + 1}, all 1 € {m:k+ 1}, all p € [1,+00], all v € WIP(Dg;RY),
and oll K € Ty,. Consequently, denoting h = maxgkeT, hi, the following holds for all
v e WhP(D;RY):

o = T3 (@) wmn () < ™ol iz, (5.6)

Proof. Let K € T, and v € W'P(Dg;R?). The triangle inequality implies that

|v — I35 (v) [wmor (K Ra) < |U— i (V) |wm.p (k0 jRa) +|I (v) — jf?V(Ig((v))|W"'L’P(K;]R<1)~

Let ¥; and %7 be the two terms on the right-hand side of the above inequality. %
is estimated using Theorem 3.2, |v — Ig(v|wm,p(K;Rq) < chi "Mvlwer(rire). To is
estimated using Lemma 4.2 and the fact that v € WIP(Dg;R?) € Wh(Dg;R?) has
zero y-jumps across interfaces (see (2.15)):

1

1
WR|To| < chl > ([ Zk )7

vrrmey = bl Y v = T Il (pime
FEFY FeFy
< Chp Y. D =Tk lirrrn < chic D folwingeza,
K'€Tk FCOK'NFy, K'eTk

where we have used the triangle inequality to bound the jump by the values over the
two adjacent mesh cells, the multiplicative trace inequality from Lemma 5.3 below,
the approximation result of Theorem 3.2, and the mesh regularity. Combining the
bounds on T, and T3 gives (5.5). Finally, (5.6) results from (5.5) and mesh regularity
since card(7Tx) is uniformly bounded with respect to h. O

LEMMA 5.3 (Multiplicative trace inequality). Let (Tp)p>0 be a shape-regular
sequence of affine meshes in RY. Consider a cell K € Tp, and let F be a face of K.
Then, there is ¢, uniform with respect to K, F', and h, such that the following holds:

—1

p—1 _1 1 1
lolzscey < ellolFory (i o + 190l ) (5.7)

for all p € [1,00] and all v € WP (K).

Proof. See [9, Lemma 1.49]. O

We are now in a position to establish error estimates in fractional Sobolev spaces;
recall that assuming that r =m+ s, m € N, s € (0,1), we have

0av(@) — 000 ()]
HUHW’ ?(D;R2) — ”vHWm P (D;RY) + Z sp+d dz dy

la|= |1’_yng (R9)
(5.8)
COROLLARY 5.4 (Global approximation in fractional Sobolev spaces). There
exists a uniform constant c such that

v = Z3Y ()| Le(Diray < h"|v|wrr(DiRa), (5.9)
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for any real number r € [0,k + 1], all p € [1,00], and all v € W"P(D;RY).

Proof. Apply the generalized Riesz—Thorin Theorem between [ = [r] and | = [r]+1
to (5.6) with m =0.0

The above result can be localized by using the definition of the W#*P-norm.

THEOREM 5.5 (Local approximation in fractional Sobolev spaces). There exists
a uniform constant ¢ such that

||'U — I}aiv(v)”Lp(K;]Rq) é Chg(|v‘W7'=P(DK;R‘1)~ (510)

forallr € [0,k +1], allp € [1,00], allv € W"P(Dg;RY), and all K € Ty,

Proof. The result has already been proved when r is an integer. Let us assume
for the time being that r = s € (0,1). Let Up, be the average of v over Dk, i.e.,
Up, = ﬁ fDK v(x) dz, then using that Z}V(vp,) = Tp, together with the LP-
stability of Z}" (see Lemma 5.1), we have

lv = 5" (V) |lr(xire) = [V = Upg — I3 (v — Uy )| Lo (kiRa)
<|lv =0y lle(x:re) + 1257 (v = Upy )| e (K iRa)

<cllv—TUpg ”L”(DK;R“)'
Using Lemma 5.6 below component-wise, we infer that

d

h P
[|v _IZN(U)”LP(K;]R’I) < ChSDK (ﬁ;) |U\W«W(DK;Rq)-

We conclude by using the shape-regularity of the mesh sequence.

We bootstrap the above argument when r > 1. For instance assume that r € (1, 2)
and k > 1. Let &g be the barycenter of D, and let Up,. and Dvp, be the averages
of v and Dv over D, respectively. By proceeding as above, we have

v =Z3Y (0) ||l Lo (eiray < €llv = Tpgx — Dupy (€ — 26| Lo (D r)-

Upon observing that v — Dvp,. (x — ¢g) = Up,., we infer that
[o = I3 ()| Lo (i:ray < chicl|Dv — Dopye|| Lo (D i)

Using again Lemma 5.6 component-wise in R?¥? with » — 1 = s € (0,1), we deduce
that

v — T (0) | Lo (rcira)y < chid ™ Holwes (Dyera)-

The argument is now clear for any non-integer value of r. O

LEMMA 5.6 (Poincaré inequality in fractional Sobolev spaces). Let O be an
open set in R? and let To be the average of v over O, for any v € L'(O). Let
ho = diam(O). Then, for all v € W*P(O) with s € (0,1) and p € [1,00], the
following holds:

_ . (SN
v —TollLr0) < hd (|OO> V] (0)- (5.11)

Proof. This result is essentially Proposition 6.1 from Dupont and Scott [10]. We
nevertheless give a proof since the computation gives us the constant in the right-hand
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side of (5.11), and this in turn allow us to apply the result locally on shape-regular
meshes.
Using the definitions, we have

P
(/‘h%w)—-ﬁovkhr=t/‘Kﬂ‘p o(@) — v(y)) dy| de
O 0]
P
< [ror | [ M=yt ay ) o
0 Onw—m

_ |11( ) — (/ )’ i
<[ lo]”* |z —y dy | du,
/O‘ ||ﬂ?*yH5p+d | H

where p’ := ~E5. Then using that ||z — yl|e < ho for all @,y € O, we infer that

P
7

- z) —v(y)? ( / (s+2)p' . \ 7
—0ol|7» P 7d dz | max T — Pd
o =70l < [ 10 e v (s [ = w2 ay

_ (st |\
< ol )OI (/o o dy>

P +d
< [0l [OI 71017 alelied

< MW& »(0)
PNt
Hence [[v —To||rr0) < hd (‘%) " Jolwer(oy. O
Remark 5.1. (Best approzimation) Theorem 5.5 immediately implies the follow-
ing bound for the best approximation in P(7p):

inf - ray < R0 wre (D RS 5.12
whér}’(Th) Hv whHLP(K’RQ) = |U‘W 7(DxiRe) ( )

for all r € [0,k + 1], all p € [1,0¢], all v € WP (D ; R?), and all K € 7.
Remark 5.2. (Approximation for Iﬁ() Note in passing that Theorem 5.5 can be
re-written with the operator Iﬂ, i.e., the following also holds:

v = Zh (0) | o(icmay < el [vlwro (ko) (5.13)
for all r € [0,k + 1], all p € [1, 0], all v € WP (K;R?), and all K € Tp,.

6. Quasi-interpolation with boundary prescription. Our goal in this sec-
tion is to construct a variant of the quasi-interpolation operator Z;" that prescribes
homogeneous boundary values.

6.1. Trace operator. Let F € .7-",‘? be a boundary face. We denote by Kp
the unique cell such that F € 0Kp. We consider the global trace operator v :
WhH1(D;R?) —s LY(dD;R?) such that

Y()p = vEr (VK ) VF € f;?. (6.1)

We assume that v can be extended to W into a bounded linear operator v : W — W?
where W7 is an appropriate Banach space. (The knowledge of the exact structure
of W9 is not important for our purpose.) We define Wy = ker(y), i.e., Wy = {v €
W | v(v) = 0}. Let us introduce Py(Tr) = P(Tp) N Wy:

Po(Th) == {vn € P(Ty) | v(vn) = 0}. (6.2)
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The typical examples we have in mind are

P§(Tn) == P&(Tn) N Wo = {vn € P5(Th) | vpjop = 0}, (6.3a)
P§(Tr) :== P(Th) NVy = {vy € P(Th) | vn Xnjpp = 0}, (6.3b)
P(Tw) == PY(Th) N V! = {v, € PYTh) | vhmyap = 0}, (6.3c)

with ‘/Og = {’U e Ve | ’U‘aD = 0}, ‘/OC = {’U e Ve | ’U><n|aD = 0}, ‘/Od = {’U €
V4| vngp =0}

We say that a global degree of freedom ¢, a € Ay, is a boundary degree of freedom
if ¢o(v) = 0 for all v € Wy. The collection of all the boundary degrees of freedom
is denoted A?; the degrees of freedom in A5 = Aj,\A{ are called interior degrees of
freedom. For all a € AZ, we define F2 to be the collection of all the boundary faces
F such that there is (K,i) € C, and F C K N F?; we set FO = () if a € AS. We
henceforth denote F& = Uiex\/ff(x,i)- We abuse the notation by setting

W]} (2) = vip (VK )(x), and [v]r(z) =vk(z), ae x€F, VFeF., (6.4)

and assume that |[[v]L(z)| < |[v]r(z)|, a.e. x € F, for all F € F2. In coherence
with assumption (4.2), we assume that there is a uniform constant ¢ such that the
following holds for all the boundary degrees of freedom a € Ag:

lok i (V)] < cllAklle vk (vir) | o (Fire (6.5)

for all F € F2, all (K,i) € C, such that F C 9K, and all v € P®(7},). Note that this
assumption is satisfied by all the finite elements considered in §2.4.

6.2. Averaging operator revisited. We are going to modify the averaging op-
erator 72 to prescribe homogeneous boundary conditions. We define 7% : P®(T;,) —
Py(Tp) by setting

> enee Oki(vK) ifa€ A
S jav v)) = card(Cq) (K,i)eC, iU ho 6.6
) {0 i

ie, Jiy(v) = ZaeA; Sa (T (v))pq for all v € PP(Th).
LEMMA 6.1 (Approximation by averaging). There exists a uniform constant c
such that the following holds:

av A(3=¢) g~ .
lw — Tio (W) lwmp (xra) < chy > Mwl ez, (6.7)
FeFRUFE

for all m € {0:k + 1}, all p,q € [1,00], all w € P*(Ty), and all K € Ty,.

Proof. This is a straightforward adaptation of the proof of Lemma 4.2 based on
the assumption (6.5) and the observation that o ;(w — J7y (w)) = o i(w) if a(kK, 1)
is a boundary degree of freedom. O

6.3. Quasi-interpolation operator revisited. A global Wy-conforming quasi-
interpolation operator Z3§ : L'(D;R?) — Py(Ty) is defined by setting

a T o T (6.8)
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Note that Py(7y) is point-wise invariant under Z2 since (6.7) implies that Py(75) is
point-wise invariant under J;y. Hence, I} is a projection, i.e., (12‘6)2 =1In.
LEMMA 6.2 (LP-stability of Z2Y). There is a uniform constant ¢ such that

1256 ()| o (scray < €llvll Lo (D), (6.9)

for allp € [1,00], all v € LP(D;RY), and all K € Tp,.
Proof. Proceed as for the proof of Lemma 5.1. O
THEOREM 6.3 (Approximation). There exists a uniform constant ¢ such that

v = Z55 (V) lwmer (5 ey < Chl;?m|v|ww(DK;Rq)a (6.10)

for allm € {0:k+ 1}, alll € {m:k + 1}, all p € [1,0], and all v €€ WHP(Dg; RY)
with ¥(v)|apnap = 0. Consequently the following holds for all v € Whp(D; R NWy

[0 = T3 (0w (i) < B ol oy (6.11)

Proof. This is an adaptation of the proof of Theorem 5.2. The only difference is
in the handling of the term Ts; in the present case, (6.7) implies that

1 1

WRITe| < ehfe Y Ik ) kller ey + B D IV Tk @) llr(rme-
FeFe FEFY

The sum over F§ is handled as in the proof of Theorem 5.2. For the sum over Fo,
we use that 7(12(1))) = ’y(I,ﬁL(v) —v) and conclude as in the proof of Theorem 5.2. 0

7. Boundary conditions in fractional Sobolev spaces. The purpose of this
section is to establish error estimates for the quasi-interpolation operator Z}{ in the
fractional W"P-norm for any real number r € [0,k + 1].

7.1. Overview of the difficulty. Given Fj, Fj, two normed spaces continu-
ously embedded into a topological vector space £, and given t € [1,00], s € (0,1),
we denote by [Fy, Fils, the interpolation space obtained by the real interpolation
method (i.e., the K-method), see e.g., Tartar [18, Chap. 22]. Recall that W*?(D) =
[LP (D), W'P(D)]; ,, since D is Lipschitz, see Tartar [18, Lem. 36.1]. Let us define

Wodt, (D RY) = [LP(D; RY), Wy 3/ (D; RY) s p, (7.1)

with WO{’WP(D; R?) := W1P(D;R?) NWy. Then, using Theorem 6.3 with [ € {0,1} and
m = 0, the interpolation theorem implies that

v = Zio (V) || e (Diray < ChS””HW&f’V(D;R‘I)a (7.2)

for all p € [1,00] and all v € W” (D;RY). This estimate is not fully satisfactory for

l.
two reasons. First it is not local. Second it is not really clear what WO%;Z(D; RY) is.
For instance, let us define

Wy ?(D) := {v e W"P(D) | vjap = 0}, (7.3a)
W,P(D) := {v € W"P(D) | vxnsp = 0}, (7.3b)
WP (D) := {v € W"P(D) | v-njgp = 0}. (7.3¢)
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One then realizes that characterizing [LP(D), W (D)]s, and [LP(D), Wx?(D)]s,
in terms of Sobolev regularity is (possible but) not straightforward, and to the best
of our knowledge, a full characterization of these spaces is not yet available. To
better appreciate the difficulty, let us consider the more traditional spaces Wi’ (D) :=
s,p
[Lp(D),VVol”’(D)]SJ,7 s € (0,1), and W;*(D) := Cg"(D)W . Let Ey : W*P(D) —
L' (R%) be the zero-extension operator outside D, i.e., Eou|p = u and (Egu)|ga\p = 0,
and let us define the space W*?(D) = {u € W*?(D) | Egu € W*?(R%)}. It is known
that W*P(D) = W5P(D) for sp # 1, and W*?(D) = W*?(D) = W{*(D) for sp < 1,
see Grisvard [13, Cor. 1.4.4.5] (see also Lions and Magenes [15, Thm 11.1] and Tartar
[18, Chap. 33]). It is also known for p = 2 (and probably true in general) that
1

WsP(D) = Woil (D) but WOE’ (D) #W, ’”’p( D), see Tartar [18, p. 160].

Hence, the interpolation theory shows that, in addition to the problem of the
characterization of the interpolation spaces, there is a key difficulty when sp = 1.
The purpose of this section is to go around the first problem and to establish a
counterpart of Theorem 6.3 for rp # 1 when r € [0,k + 1].

7.2. Error estimates. Let r € [0,k+1] and p € [1,00]. If r > %7 then functions
in W™P(D) have traces on 0D, and therefore it makes sense to define

Wel(DsRY) = {v € W' (D;R%) | (v) = 0}, (7.4)

Let us denote by Ly, the layer of cells that touch the boundary of D, i.e., K € Ly, if
KNoD # (). We also introduce LZ the layer of cells with at least one face on 0D, i.e.,

K e L[;L if there if F' € Fy, such that K N F C 0D. Finally, we define LEL =Uker Tk
THEOREM 7.1 (Approximation). Let r € [0,k + 1] and p € [1,00]. There exists

a uniform constant ¢ such that

HU — IZB(D)HLP(K;RQ) < Ch;(|U|WT,p(DK;Rq), Yv € Wr’p(D; Rq),VK € 771\Lh (75&)
You € Wo’p(D R?),VK € Ly,
ifrp>1,
|r(Lra) < ch|Jvllwre(pray, Vv € WHP(D;RY), if rp < 1. (7.5¢)

v *I%(U)HLP(K;RQ) < Ch;(|v|WTvP(DK;R‘1)a { (7.5b)

lv = Zi5 (v)

Proof. Let K be a cell in T, and let v € W"P(D;R?). Then the triangle inequality
implies that

1Z50(v) = vlle (e ray < NZRY (V) — vl Lo (rira) + (1 Z50 (V) — Z5Y () || Lo (R4 -

Since we have already established that ||Z8V(v) — || Lr(iire) < R ||vllwre (D ey in
Theorem 5.5, we just need to estimate || Zj¥(v) — Zp¥ (v) | e (i;re)- By proceedlng as
in the proof of Lemma 4.2, we have

1
IZ55(0) = 5 ()l o resmay < chfe Y 7T ()] Lo(pime)-

FeFy,

Note that the right-hand side is zero when K does not touch the boundary (K NoD =

(). This proves (7.5a). The rest of the proof consists of evaluating ||'}/(I§((U))||LP(F;Rt)
when K touches the boundary (K NdD # (), i.e., when K € Lj,.
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Case 1, rp > 1: Let us assume that rp > 1 and assume in addition that v €
Wy P(D;RY). The boundary condition v(v) = 0 implies that

1
IZ55(0) = T2 (0) 2o sy < chle > V(T (v) = 0)llzorim)
FeF?

1
< h Y () = vlleran
FeFg

The conclusion follows readily by invoking Lemma 7.3 below with s = r — [r] and the
approximation properties of Iﬁ( stated in Remark 5.2.

Case 2, rp < 1: Assume now that rp < 1, i.e,, 7 € [0,1). An inverse inequality
implies that

IZ850) = T8 Oy < € S0 ITE O sy = € ITEODIL, s g
KeL[;l

Let p be the distance to 9D; then there is ¢ uniform with respect to the mesh sequence
such that [|p]l e (zs) < ch and

IZ55(0) = T (o) 2oy < €l ZE(0) = 0ll ozt sy + [0l o s o)
< ¢ (W10l zt oy + 167070l Locasy )
< ¢ (W7 0llyrn (22 oy + Dol 107 0l g ey ) -

Observing that W"?(D) = W"?(D) since rp < 1 (see Grisvard [13, Cor. 1.4.4.5]), we
infer that

107" 0l Lo (g ey < I 0l Le(DiRe) < cllvllwrr(Dire)-

It seems that it is the best that can be done, i.e., ||p*Tv||Lp(Lz;Rq) cannot be controlled
locally. In conclusion, ||Z;§(v) — Z3 (V)| e (Lnsre) < ch||v|lwrr(Dray- O

Note that the estimate ||v — Zp¥(v)||Lr (L, re) < P ||v|lwrr(Direy for rp < 1 in
Theorem 7.1 just says that the difference v —Z}¥ (v) does not blow up too fast close to
the boundary. A better result is not expected since Zj(v) is forced to be zero at 0D
whereas v can blow up like p~®*w where w € LP(D;R?). In conclusion, Theorem 7.1
implies the following best approximation result.

COROLLARY 7.2 (Global best approximation). There exists a uniform constant
¢, additionally depending on |rp — 1|, such that

ch” vl wro(Dray, Vv € WoP(D;R?) if rp > 1

' : . (7.6)
ch” |[v|lwre(Diray, Vv € WHP(D;R?) if rp < 1.

inf v —w ray <
whEPO(Th)H h”Lp(D’RQ) - {

LEMMA 7.3 (Trace inequality in fractional Sobolev spaces). Assume s € (0,1]
and sp > 1. Then there exists a uniform constant ¢, additionally depending on |sp—1|,
such that the following holds for allv € W*P(K) and all K € Ty,:

_1 o1
lvlle(ry < c(hg|vllery + Ry 7 J0lwer k) (7.7)
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Proof. We prove the statement in F'x(0,a) C R? where a > 0 and F is considered
as a subset of R?~!; the extension to K is done by invoking appropriate mappings.
The details are omitted for brevity. We also restrict ourselves to s € (0,1) since the
statment is a consequence of Lemma 5.3 when s = 1.

Let first v € W*P(0,a) and following Grisvard [13, pp. 29-30], consider

w(x) := 1 /OI(U(t) —ov(z))dt.

T

Then the following “strange” identity holds:

v(0) = v(z) + w(z) + /096 w;y) dy

:v(x)—ké/o(()—v dt+/ / ) dt dy.

Using Holder’s inequality repeatedly, we infer that

1 a
f/ o(@)dz < a0l ro),
0

1 1
/ E/ ) dtdz < ei(s,p) a® 7 [v|wsn(0,0)s

a rz g 1
/ / 72/ ))dtdydz < co(s, p)a® p|U|WS-P(O,a)7

p—1 -
1 1 P —1 —1 P
where ca(s, p) = (p<s+1>p<£71>) cea(sp) = () e Henee,

using that v(0) = 1 fo 0) dz, we infer that

IS

_1 o1
[v(0)] < a”?|[v|lLr(0,q) + (c1(s,p) + ca(s,p))a’ 7 [v|wer(0,q)-

Let now v € W*P(Fx (0, a)) Applying the above inequality to v(Oga-1,-) and using
the inequality (o + 8)P < 2% (|a|p + |8|P), we infer that

1 1
[ollLe(ry < (a7 [vllLo(,a) +a™ 7 I(v))

where

a _ p
p_// / |U Tq— 1,$d U(Scd 17yd)| dxl...dxd_1d$dd?}d-

[Ta — yalP*!

The rest of the proof consists of proving that there is a constant ¢ such that I(v) <
c|vlwer(px(0,a))- This is actually (a slightly modified version of) Lemma 4.33 in
Demengel and Demengel [8, p. 200]. O
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