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Abstract. Considering extreme quantiles is a popular way to understand the tail of a distribution.
While they have been extensively studied for univariate distributions, much less has been done for multi-
variate ones, primarily because there is no universally accepted definition of what a multivariate quantile
or a multivariate distribution tail should be. In this paper, we focus on extreme geometric quantiles.
In Girard and Stupfler (2014) Intriguing properties of extreme geometric quantiles, their asymptotics are
established, both in direction and magnitude, under suitable integrability conditions, when the norm of
the associated index vector tends to one. In this paper, we study extreme geometric quantiles when the

integrability conditions are not fulfilled, in a framework of regular variation.
AMS Subject Classifications: 62H05, 62G32.

Keywords: Extreme quantile, geometric quantile, asymptotic behavior, multivariate regular variation.

1 Introduction

Let X be a random vector in R%. Up to now, several definitions of multivariate quantiles of X have
been introduced in the statistical literature, see Serfling (2002) for a review of various possibilities for this
notion. Here, we focus on the notion of “spatial” or “geometric” quantiles, introduced by Chaudhuri (1996),
which generalizes the characterization of a univariate quantile shown in Koenker and Bassett (1978). For
a given vector v in the unit open ball B? of R¢, where d > 2, a geometric quantile related to v is a solution
of the optimization problem defined by

argmin E(||[ X — ¢|| — || X)) — (v, q), (1)
qERY



where (-, -) is the usual scalar product on R? and || - || is the associated Euclidean norm. Any solution q(v)
of the problem (1) is called a v—th quantile. A v—th quantile ¢(v) € R? thus possesses both a direction and
magnitude. It can be seen that geometric quantiles are actually special cases of M —quantiles introduced
by Breckling and Chambers (1988) which were further analyzed by Koltchinskii (1997). Such quantiles
have various appealing properties: for any v € B?, the v—th quantile is unique whenever the distribution
of X is not concentrated on a single straight line in R? (see Chaudhuri, 1996), geometric quantiles are
equivariant under any orthogonal transformation (Chaudhuri, 1996) and they characterize the associated
distribution, namely, if two random vectors X and Y yield the same quantile function ¢, then they have
the same distribution (Koltchinskii, 1997). Remark that on the one hand, for v = 0, the well-known
geometric median is obtained, which is the simplest example of a “central” quantile (see Small, 1990) and
can be computed in an efficient way, see Cardot et al. (2013). On the other hand, for v # 0, the norm
|v]] measures the deviation of the quantile ¢(v) from the geometric median of the distribution. Since v
has a direction in addition to its magnitude, this immediately leads to a notion of directional outlyingness
of a point (Chaouch and Goga, 2010). Figure 1 provides an illustration on a real data set from the Pima
Indians Diabetes Database! already considered by Cheng and De Gooijer (2007) and Chaouch and Goga
(2010), among others. It appears that geometric iso-quantile curves tend to give a fair idea of the shape

of the data cloud for moderate values of ||v]|.

These properties make geometric quantiles reasonable candidates when trying to define multivariate quan-
tiles, which is why their estimation has been studied in several papers. We refer for instance to Chakraborty
(2001) for the introduction of a transformation-retransformation procedure to obtain affine equivariant
estimates of multivariate quantiles. It is stressed that the shape of the transformed quantile contours
corresponds to that of the level sets of the probability distribution function when the underlying distribu-
tion is elliptically contoured, see also Cambanis et al. (1981). Chakraborty (2003) generalizes geometric
quantiles to a multiresponse linear model while Dhar et al. (2013) defines a multivariate quantile-quantile
plot using geometric quantiles. Conditional geometric quantiles can also be defined by substituting a
conditional expectation to the expectation in (1): we refer to Cadre and Gannoun (2000) for the esti-
mation of the conditional geometric median and to Cheng and de Gooijer (2007) for the estimation of
an arbitrary conditional geometric quantile. The estimation of a conditional median when there is an

infinite-dimensional covariate is considered in Chaouch and Laib (2013).

Our focus in this paper is on extreme geometric quantiles, that is, when |[v|| — 1. The estimation of
univariate extreme quantiles, which requires the estimation of the so-called extreme value index, has been
extensively studied, see for instance the monograph by de Haan and Ferreira (2006). In this case, there
is also a growing interest about linking the random variable of interest to a covariate in order to analyze
multidimensional datasets, see Gardes and Girard (2012), Daouia et al. (2013) or Stupfler (2013), among

others. Only a few papers however consider multivariate extreme quantiles. Most of them rely on the
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study of extreme level sets of the probability density function of X when it is absolutely continuous with
respect to the Lebesgue measure. See for instance Cai et al. (2011) for an application to the estimation of
extreme risk regions for financial data and Einmahl et al. (2013) who focus on bivariate distributions with
an application to insurance data. We also refer to Chernozhukov (2005) for extreme quantile estimation

in a linear quantile regression model.

Girard and Stupfler (2014) obtained the asymptotics, in direction and magnitude, of the geometric quantile
¢(Au) in the limit \ 1 1, for any u on the unit hypersphere S¢~! of R?. They proved that, if E||X||* < oo,
then the magnitude of this quantile always behaves asymptotically like (1 — X\)~'/2) and so does the
magnitude of the difference between u and the direction of ¢(Au). In particular, extreme geometric
quantiles from a vector of independent uniform random variables and from a multivariate Gaussian random
vector have asymptotically the same magnitude, although their probability density functions clearly do
not have the same behavior at infinity. Compared to the univariate theory of extreme quantiles, this is
somewhat surprising since one could expect the quantile to feature the asymptotic decay of the probability

density function of X.

In this study, we provide an equivalent of the direction and magnitude of an extreme geometric quantile
when the integrability condition is violated. To this end, it is assumed that X has a probability density
function f satisfying an hypothesis of multivariate regular variation. As a corollary of our results, it
appears that, in this context, the magnitude of an extreme geometric quantile depends on the index of
multivariate regular variation of f. In other words, when E||X||? = oo, the magnitude of an extreme
geometric quantile does indeed feature the asymptotic behavior of the probability density function of X,
similarly to the univariate case. Some statistical implications of this result are highlighted: in particular,

it is shown how to derive Weissman type estimators (Weissman, 1978) for extreme geometric quantiles.

The main results of our paper are stated in Section 2 and some numerical illustrations are given in

Section 3. Proofs are deferred to Section 4.

2 Main results

When X has a probability density function f on R%, d > 2, problem (1) can be rewritten as

argmin | (o = gl = ol f(@)do — (v.0).

q€Rd
Note that, as Chaudhuri (1996) points out, the integral above is always finite even though || X|| may
not have a finite expectation. In this context, since the distribution of X is not concentrated on a single
straight line, there is a unique solution g(v) of (1) for every v € B? (see Chaudhuri, 1996 and Theorem 2.17

in Kemperman, 1987): the vector ¢(v) is called the geometric quantile of X associated with v. Besides,



in this case, g(v) is the unique solution of the equation
r—q
v+/ ———f(x)dz =0 (2)
ra [|Z — 4|
with unknown ¢ (here, t/||¢t|| = 0 when ¢ = 0). Moreover, Girard and Stupfler (2014, Proposition 1) proved
that problem (1) has a solution if and only if v € B, A direct consequence of this result is that, if v — u

with v € B and u € S%~1, then

q(v) 3)

la(o)] "

see Theorem 1 in Girard and Stupfler (2014), where the convergence of vector functions is to be understood

llg(v)][ = oo and

elementwise. Their main result (Theorem 2 in Girard and Stupfler, 2014) is reported here for the sake of

self-containedness.

Proposition 1. Let u € S ! and let 1L, : y — y — (y, u)u denote the orthogonal projection onto the
hyperplane of R® having normal vector .

(i) If E||X]|| < oo, then

lg(Au)]| <%u) — E(I1, (X)) as X1 1.

(ii) If E|X||? < oo and M denotes the covariance matriz of X, then

lg(Au)||?(1 = X\) — % (tr M —u'Mu) as A1,

where u' denotes the transpose of the vector u.

The goal of this paper is to obtain results analogue to those of Proposition 1 in the more general setting
where the integrability assumptions are not fulfilled. To this end, we work in a framework of multivariate
regular variation introduced in Cai et al. (2011). Surveys on multivariate regular variation include Jessen
and Mikosch (2006) and the monograph by Resnick (2006). More precisely, the following condition is

considered:

(M,) The probability density function f of X is a continuous function on a neighborhood of infinity,
such that the function y + ||y||?f(y) is bounded in any compact neighborhood of 0 and there exist a
positive function @ on R? and a function V which is regularly varying at infinity with index —a < 0, such

that
f(ty)
AV (1)

—Qw)| =0 as t— 0.

Yy # 0, ‘ - Q(y)‘ — 0 and  sup f(tw)

wesd—1 tidV(t)

Remark first that in condition (M,), the function V' is determined only up to asymptotic equivalence.
Since V' converges to 0 at infinity, we may and will assume in what follows that V' is bounded on [0, c0)
and, by Theorem 1.3.3 p.14 in Bingham et al. (1987), continuous on a neighborhood of infinity. Moreover,
if condition (M,) holds, then @ is a homogeneous continuous function of degree —d — a on R%\ {0} and
) = lyll=VUlyIHQw/llyl)(1 + o(1)) as |ly|| — oo, see Lemma 3 in Section 4. Since V is regularly

varying with index —a, the function f is then roughly of order ||y|| =¥~ as ||y|| — oo and therefore the



parameter « controls the asymptotic decay of f at infinity. In particular, switching to polar coordinates,

it is easily seen that E|| X || is then finite if 3 < a.

We are now in position to compute the asymptotic direction and magnitude of g(Au) as A 1 1 under the
assumption (M, ). Let us highlight that, when o > 1, E||X]|| is finite and the asymptotic direction is
provided by Proposition 1(i). Similarly, when o > 2, E||X||? is finite and the asymptotic magnitude is
provided by Proposition 1(ii).

Theorem 1. Let u € S41.

(1) If (M) holds with o € (0,1), then

1 Q()\u) . Hu(y) N
V(lla(Aw)ll) (||q()\u)|| ) - /Rd HyquQ(y)dy AT

(i) If (M) holds with o € (0,2), then

A y—u, u) »
V([lg(hu)]) %/Rd (” Iy — ] )Q(y)dy AL

Since V is regularly varying with index —a, it follows from Theorem 1(ii) that, in model (M), when

a € (0,2), the norm ||g(Au)|| of the extreme quantile behaves roughly like (1 — X)~'/® as A 1 1. In this
case, we thus see that the magnitude of an extreme geometric quantile does indeed feature the behavior

of X far from the origin.

However, this result excludes the limit cases o = 1 for the asymptotic direction and o = 2 for the
asymptotic magnitude. The method we use to handle these cases is somewhat different; in particular, we

shall work with the functions L : ¢t — t*V (¢) and
t
d
E:tr—>/ L)< (4)
1 r

(this notation will be retained throughout the paper). Since L is slowly varying as infinity, so is £ and
L(r)/L(r) — oo as r — o0, see Proposition 1.5.9a p.26 in Bingham et al. (1987). Furthermore, we define,
if & is a positive definite d x d symmetric matrix, the ellipsoid E4 ! = {z € RY|2/S~ 'z = 1} and its
related surface measure puy given by ux(C) = (det E)l/ ’ (£71/20) for every Borel measurable subset C
of Eg_l, where ¢ is the standard surface measure on S?~!. Then, for every integrable function h on R?
and every a < b € [0, 00], we have

h(z) g 4 ((I'E_lx)1/2> dx = /b/ h(rw)rt=tdr ps(dw). (5)

R4 a JBEI?

Our second main result is the following:

Theorem 2. Let u € S%' and ¥ be an arbitrary positive definite d x d symmetric matriz.

(i) If (My) holds and L(t) — oo as t — oo then

lg(Au)] <Q(/\U)
L(llaAw)ll) \llg(Au)

|| u) — /Edilﬂu(w)Q(w)ug(dw) as AT 1.



(i) If (Ms) holds and L(t) — oo as t — oo then
7||q()\u)||2 — L w), w)Q(w w) as

Ed71
P
Let us remark that both limits are independent of the arbitrary matrix . A convenient choice is to take
3 as the identity matrix and thus to integrate on the unit sphere, but it may be interesting to consider

other, nontrivial cases, see the discussion about elliptically contoured distributions in Corollary 2.

It may be seen from this result that, in the particular class (Ms) and when L£(t) — oo as ¢ — oo (which
ensures that E|| X ||? = o), the magnitude of an extreme geometric quantile does again feature the behavior

of X far from the origin, through the function L. The influence of L is illustrated in the following example:

Example If L(t) = cs(logt)?1(1,00)(t), where 3 > —1 and cg > 0, then

el (log g )~ (1= %) = [ (L (). w) Qo) as A1

where cj; > 0. Lemma 2 (see Section 4) entails

(B+1)/2
JoOu)l = Cot =272 o (25 )| (o) as At

where Cg(u) > 0. Consequently, in this case, the larger is 5 (and thus, the slower f converges to 0 at

infinity), the larger is the order of the extreme geometric quantile.

Collecting the results from Proposition 1, Theorem 1 and Theorem 2, we obtain the following, somehow

unified result:
Corollary 1. Let u € S¢4-1.

(i) If (M) holds with o € (0,1), then

1 q(Au) . I (y)
oz e et Bl A e

and oA — <1+ﬂ) Qy)dy as X7 1.
R lly — ull

Vllg(u)ll)

(ii) If (My) holds and L(t) — oo as t — oo, then for any arbitrary positive definite d x d symmetric

matriz X,

la(w)] ( a(w) _.u) - /;d,lfhxu»axuOME(dw>

L(l[gAw)[) \ la(Au)]
an _1-A {y —u, u) y
! V(llg(Aw)ll) - /Rd <1Jr ly — ull ) Q(y)dy AT L

(iii) If (My) holds with o € (1,2), then

ol (g =) = [ w5

IL,,(
1—-A Y — U, U
and — / (1—|— )dey as AT 1.
EE R T S PE ) A

(=]



(iv) If (Ms3) holds and L(t) — oo as t — oo, then for any arbitrary positive definite d x d symmetric

matriz 2,
gQu)
e ) N
la(w)]? 1

It therefore appears that the norm of an extreme quantile can be asymptotically expanded as
lgOu)|| = [Az,a(w)]/ ™) By o (1= X)) when u € S~ and A 1 1, (6)

for all & > 0, where depending on whether o < 2, & = 2 or o > 2, Ay o(u) is the limiting term in
Proposition 1(ii), Theorem 1(ii) or Theorem 2(ii), and Bs, is a regularly varying function with index

1/ min(2, ). The asymptotic direction of an extreme quantile can then be expanded as

M =u+ ALa(u)[Ag,a(u)rmin(l’a)/min(la)Bl,a((l — )\)71) when v € S9! and X 11, (7)

llau)]

for all a > 0, where depending on whether & < 1, @ = 1 or a > 1, Ay (u) is the limiting term in
Proposition 1(i), Theorem 1(i) or Theorem 2(i), and B, is a regularly varying function with index
—min(1l, )/ min(2,«). These expansions emphasize again the particular role of the values @ = 1 and

a = 2.

Besides, it is possible to link the expressions of A; ,(u) obtained in the situations o > 1 and o = 1. To

this end, we introduce a particular subclass of (M,):

(M) For all x # 0, f(x) = Q(z)L((x’S " x)/?) where X is a positive definite d x d symmetric matrix,
Q is a homogeneous continuous function of degree —d —a on R?\ {0} and L is a slowly varying function

at infinity which is continuous in a neighborhood of infinity and is such that

fos toL(t) s bomnded, | L) < oo and [ L™ - -
1S bounded, A T 7"1“1’0‘ oo an . T r oo as 0.

Noting that, for every positive definite d x d symmetric matrix ¥, the continuous map w — w'X 1w is
positive and bounded on S?!, the uniform convergence theorem for slowly varying functions (see e.g.
Theorem 1.5.2 p.22 in Bingham et al., 1987) entails that the class of probability density functions (M)
satisfies the hypotheses of the original model (M), with V(t) = ¢~“L(t). Using (5), it is straightforward
that in this particular model, the hypothesis on L entails that E|| X ||? is finite if and only if 8 < a.

Remark now that, in the class (M), a > 1, equation (5) entails:

dr

BLOO) = [ 205 [ L()Quus(i).

Thus, the limiting terms A ,(u) of Proposition 1(i) and Theorem 2(i) are similar. To link the expressions
of Ay o(u) obtained in the situations a > 2 and a = 2, we work in the subclass of elliptically contoured

distributions:



Corollary 2. Let u € S4=1. If (M) holds and Q is constant equal to 1 on the ellipsoid ngl, then

lgAu)|®
L(llg(Aw)l)

where agq = 21%?/T(d/2) is the surface area of S* and T is Euler’s Gamma function.

(1—-X) — %(detE)l/2 (trX —u'Su) as A11

This result shows that, when the distribution is elliptically contoured, the limiting terms Aj o (u) of
Proposition 1(ii) and Theorem 2(ii) are similar. In particular, the matrices ¥ and M play the same role:
it is indeed well-known that these matrices are closely related when the covariance matrix M is finite, by

the identity

M = (/OOO L(r) frl) (det )/ %12. 8)

r
Finally, (3) and (6) open the door to Weissman type estimators (Weissman, 1978) for extreme geometric

quantiles. Indeed, let A 1+ 1 and X 1 1 such that (1 —X)/(1 — X) — ¢ with 0 < ¢ < 1. Then, (6) entails

that L/ minz,)
laOwll (1= w\ Y mincee
lava)] ~ \T—A (o))

and consequently, from (3), the following asymptotic expansion holds:

1- N 1/ min(2,)
> g(N'u)(1+4 o(1)).

q(Au) = (1 —
As in the univariate case, extreme geometric quantiles of large orders can therefore be deduced from
extreme quantiles of smaller orders using an extrapolation factor. The estimation of an extreme geometric
quantile g(Au), for A arbitrarily close to 1, could thus be based on the estimation of an “intermediate”
geometric quantile g(A'u) for which X' 1 1 slowly enough, and on the estimation of the index of regular
variation «. This is the principle of the Weissman estimator. A possible estimate of an intermediate
quantile g(\,u), with X/, + 1 and v € S9!, is obtained by considering the sample counterpart, of the

minimization problem that defines q(A, u),

q(Nyu) = argmin E([|X — qf| — [|X[]) — X, (u, ),

qER?
namely
1 n
Gn(Nyu) = argmin — (Y [1X; — g = X | = X, (u, q),
geR? T\ {57
where (X71,...,X,,) is a sample of independent and identically distributed random vectors. This is a well-

defined problem which almost surely admits a unique solution in our framework, see Chaudhuri (1996).
Besides, the objective (random) function is almost surely finite, convex and continuous. A possible idea to
study the asymptotic distribution of g, (\,,u) is to use convex stochastic optimization techniques such as
the results of Geyer (1996) and Knight (1999). Of course, we should expect that this estimate of g(\/, u)
will only be consistent provided A, 1 1 slowly enough. A detailed study of the properties of such an
estimator is beyond the scope of this paper. Similarly, the estimation of a could be addressed in future

research.



3 Numerical illustrations

For the sake of illustration, we focus on the bidimensional case d = 2: it is assumed that X follows
a bivariate elliptically-contoured Pareto(«,X) distribution, with probability density function f(z) =
Co(a/2712) (727921, \(2'S"12), where C, > 0 is an appropriate normalizing constant. It is then
straightforward to show that f belongs to model (M), with Q(z) = (/X '2)(=27%/2 and V(t) =
Cot ™My o) (1)

Let u € S'. Following the results of Section 2, one can obtain asymptotic expansions of the extreme
quantile g(Au) as A T 1. In the case a < 2, Theorem 1 yields

o) = (1225 [ (10 ) Q(y)dy)l/amwo(l)) as AT1L )

lly — ull
When o = 2, let h be the inverse of the function ¢ — t2/log(t) on [\/e,00). Corollary 2 then entails

7 (de V2 (tr 2 — /' Su
q(Au)zh( (th)Q(l(ff) > )>u(1—|—0(1)) as A1 1. (10)

In particular, from Lemma 2, |[g(Au)]|| is of asymptotic order (1 — \)~/2(—1log(1 — A))*/2. Finally, in the
case « > 2, Proposition 1 yields

p 1/2
q(M) = <%) w(l+o(1)) as A11, with M =nx Ca (det £)/? 3. (11)

oa—2
Letting ug = (cosf,sinf) € S1, our goal is to compare the iso-quantile curves Cy = {q(A\uy),0 € [0,27)}
computed by minimizing (1) numerically to the asymptotic ones, i.e. approximated using equations (9),
(10) and (11). Results are displayed on Figures 2-6, for o € {1.3,1.5,1.7,1.9,2,2.1,2.3,2.5,3,4} and
A = 0.995 in the particular case where ¥ = diag(c?,03) with o3 = 2 and o3 = 1/2. These choices yield
Cyo = a/(20109m) = o/ 2.

One can see that the asymptotic approximation works best when |a — 2| is large, e.g. greater than 0.5.
When a < 2, a possible explanation for this phenomenon lies in the proof of Theorem 1. Equations (46)
and (49) imply that the error terms in the asymptotic equivalent of V(|l¢(Au)||) are actually of order
[lgA) |12V (lg(Mu)]))] 7! when 1 < @ < 2. Moreover, from Theorem 1, the norm of the extreme quantile
llg(Au)|| behaves roughly like (1—X)~*/® as A 1 1, so that the error term behaves roughly like (1—\)~1*2/e

whose convergence to 0 becomes slower as « approaches 2.

Let us also remark that, for o = 2, the overall shape of the iso-quantile curve obtained by (10) is very
similar to that of the curve obtained with (11) when o > 2. This may be seen as a consequence of

Corollary 2 and of the link (8) between the matrices ¥ and M.

4 Proofs

This section is organized as follows. Paragraph 4.1 provides two preliminary analytical lemmas. Para-

graph 4.2 establishes some properties of multivariate regularly varying functions. Paragraphs 4.3, 4.4



and 4.5 are dedicated to the proofs of the main results: respectively Theorem 1, Theorem 2 and Corol-

lary 2.

4.1 Preliminary results
The first lemma, is an analytical result which will reveal useful in the proof of Theorem 2.

Lemma 1. Let hy, ho : (1,00) — R be two nonnegative functions such that hq(t) — oo and ha(t) — oo
as t — oco. Then, for any 5 > 0, there exists a real function € : (1,00) — [0,00) such that (t) — 0,
te(t) — oo,

ho(te(t))
P (t)hi(te(t)) — oo and Toz=(0)] — 00 ast— o0.

Proof of Lemma 1. Let us define the function ¢ as

£(t) = max (% <u1§52 hl(u)) _1/26, exp ( ng hg(u)] 1/2)) .

Then, clearly, e(t) — 0, te(t) > v/t — oo and
—-1/2 1/2
eP(t)hy (te(t)) > (ugle/zhl(u)) X uzl?ef(t) hi(u) > (ugle/zhl(u)) — 00 as t — oo.
Similarly, since the logarithm function is increasing, one has for ¢ large enough

1 1 1/
= > | inf ho(u
|loge(t)]  —loge(t) — <uz\/f 2 )>

and therefore
h(te(t) ( )‘”2 . ( )”2
inf A x inf ho(uw) > | Inf ho(u — 00 as t— 0o
Toge @) > \ubz"2() il Pl 2 o hale)

which proves the result. [ |

Lemma 2 is an analytical result needed to illustrate Theorem 2. It is well-known that the inverse of a
regularly varying function with index a > 0 is regularly varying with index 1/a (see e.g. Theorem 1.5.12
p.28 in Bingham et al., 1987). Lemma 2 provides an asymptotic equivalent of the inverse for a particular

class of functions.

Lemma 2. Let a > 0, b € R and define gop : t — t*(logt)® on (1,00). Then g, has an inverse hyp on
a neighborhood of infinity which is such that
tl/a

W(l +o(l)) as t— oo.

hap(t) = a/®

Proof of Lemma 2. Let us remark that g, is continuously differentiable on (1,00) with derivative
9o (t) =t *(log t)>~talogt + b] for all ¢ > 1. Clearly, gu,5(t) is positive for ¢ > e/% and thus g, has

an inverse on a neighborhood of infinity denoted by h, . For all ¢ large enough, one has
t = [hap(8)]*l0g(ha,b(t)]” = ha,(t) =t/ [log(ha,s(t))] ="/, (12)

10



and an iterated use of (12) entails

a a b/a—b/a .t loglog ha (t)\ ~"/*
Paslt) = £/ log(t1/* gl D]V = ap(t) = o (1 b ReslD) L g

Since g, is increasing on a neighborhood of infinity and tends to infinity at infinity, so does hq . Taking

logarithms in (12) entails logt = alog hq ,(t) + bloglog h, () and consequently
1
log ha p(t) = - logt(1+o0(1)) as t — occ.

This yields

loglog ha u(t
Lgloahas®) g 4 ¢ ox. (14
logt
Plugging (14) in (13) completes the proof. [ |

4.2 Auxiliary results on multivariate regular variation
Let us start with some useful consequences of condition (M,,).
Lemma 3. Assume that (M) holds for some o > 0. Then,

(i) Q is a homogeneous continuous function of degree —d — o on R®\ {0};

(ii) One has f(y) = [yl =V (IlyIDQ/Iyl)(1 + 6(y)) where 6(y) — 0 as ||y]| — oo.

Proof of Lemma 3. To prove (i), it is enough to note that @ is continuous on S9! as a direct

consequence of (M), while the homogeneity follows from the convergences

f(t(ay)) f(tlay)) _ _qV(at) [f((at)y) da
V) — Q(ay) and V) =qa ¢ V@) (at) -2V (al) —a " 97Q(y) as t — oo,

valid for every a > 0 and y # 0. To obtain (ii), observe that

fly) <i>‘
evaen ~ i) = 2,

Therefore, condition (M,) entails

fAlyllw)
lyl=4V (llyll)

Qw)|.

F@) =y~ VUyID@Q/llyll) + 6% (y)) with 6*(y) =0 as [ly| — oc.

Since @ is positive and continuous on the compact set S%~!, it is bounded from below by a positive

constant on S% ! and thus

= ||ly||~¢ wi _ ) 0
F@) =1yl VylDQ/llyl(1+0(y)) with O(y) : Q(y/HyH)_)O as |[lyl| — oo.

The result follows. n
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The second lemma is a slightly stronger version of some uniform convergence results proved in Lemma 1

of Cai et al. (2011).

Lemma 4. Assume that (My) holds for some o > 0. Then for every §, € > 0, we have that

f(ty)
=4V (t)

sup [y[|*"°
Iyl >

f( ) _ ‘ d d+a+d
AV () Q(y)| =0 an 0<S|§ﬁ§€||y”

-Qy )‘ as t— 0.

Proof of Lemma 4. To prove the first convergence, use the triangle inequality and the homogeneity of

Q@ to obtain for every y # 0

dra—s| fty) ‘ —s | FClyllCy/llyl)) ( )‘
W vy — QW) = W G- -
fmwnwﬂwm>‘mwma6vumm> y
T | v W 9)
For every y such that ||y|| > & > 0, we have on the one hand
|y (1Y 100 g
b |- avienony ~ @\l )| =€ 22 5 |7=dvery ~ Q)| 70 as troe 16)

On the other hand, for ¢ large enough, using Lemma 3(ii) and the boundedness of the continuous function
Q on the compact set S%~1 entails:
Syl C/llyl)) ‘(tllyll)“‘sV(tllyll) e

(tllylD =4V (llyll) =0V (t) -0 (igr; > '

Remarking that ¢t + t*~°V(t) is regularly varying at infinity with index —§ < 0, a uniform convergence

(at)*=°V (at) e
a0V (¢)

property (see e.g. Theorem 1.5.2 p.22 in Bingham et al., 1987) yields

sup L II/lly1)) ‘(tlyl)a‘sv(tlyl) Al
Iyli>e (YD =V (ElylD) ta=3V (t)

Combining (15), (16) and (17) yields the first part of the result.

—0 as t— oo. (17)

We now prove the second convergence. Pick an arbitrary n > 0 and let ¢ty > 0 be such that

[ (tw)

Vt > tp, sup AV (D)

weSd—1

—Q(w)‘ < L. (18)

Define a function V by V(t) = 1if 0 < t < to and V(t) = V (t) otherwise. For all £ > to, we have that

drars| Flty) s| Fellyl/lvl) (v
W™ | = Q@ﬁ = W v <W|M
I/ Iy) | eyl yl) )
Eyl) -V Elyll) | o7 ()
Inequality (18) entails
S|/ D) (v Ny 2
1 |-ty ~@ ()| < 0

Moreover,

ly11°

FClyllCy/lyl) (L)
(tlly D=V (llyll) 1

d
Lo<iiyli<to /ey = (t_o) ( sup Iz]°7(=) H f(z) + sup Q(w)>.
t) \zl<eo V(|2l) — wesi—

12



Since y — ||y||f(y) is bounded on any compact neighborhood of 0 and V is equal to 1 on [0,t0] and Q is
bounded on S?~!, the right-hand side above is finite. One thus obtains for ¢ large enough

FylC/lylD) (Y
(ly D=2V (Elyl) Q<||y||)

Combining (20) and (21), it becomes clear that

S/ sl (v N
(tlly) =V (tlyl) Q(m)‘” ot (22)

Finally, let us remark that (18) entails

Fellie/ol) - o LG L
s ) S 1% T ik, QU g <0

3

lyll° Ljo<pyli<tosy < 5- (21)

Iy1°

0<|lyli<e

and therefore, since t + t*t9V/(¢) is regularly varying at infinity with index § > 0 and bounded on any
neighborhood of 0, a uniform convergence result (see e.g. Theorem 1.5.2 p.22 in Bingham et al., 1987)

yields, as t — oo,

a+6 a+877
£/l | )T @ lsl) ( o @@ ) Lo e
o<lvli<= (tlly )=V (tllyll) £V (t) 0<ase| V()
Combining (19), (22) and (23) completes the proof. [ |

4.3 Proof of Theorem 1

Lemma 5 is the essential tool to prove Theorem 1(i).
Lemma 5. Let u € S 1.

(i) Assume that (M,) holds for some o € (0,1). Let v € R? and define

rwo = [ (820 ) ) Qi

lly — ull
Then I(u,v) is well-defined, finite and

1 " q(Au) ; ) as
T M Togug 7} T a8 A1

(i) Assume that (M) holds. Then, for any e > 0,

T U_M v)=0 uw)||?) as
P N Ty ) = o) w AT

Proof of Lemma 5. (i) The Cauchy-Schwarz inequality entails, for all y € R? and w € S91,

+

\—@“” v ol

er‘
ly — wl|

Hlly

- <1+<|IZ_Z|’ “’>) - 2“"”“,’,';%” v 1))

13
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so that
H W = 20y —wl® =~ Gy —w, w)?)
lly — wH ly = wl(lly = wl =y — w, w))’
The numerator of the right-hand side can be bounded from above as follows:

ly = wl* = {y —w, w)* = ylI* — (y, w)* < y|>
If moreover ||y|| < ||w| = 1, then the denominator can be controlled by applying both the Cauchy-Schwarz
and reverse triangle inequalities:

|yw||<||yw|<yw,w>>|yw||2<1+||yw|| <j’y“’|y>> 21— yl)®.

As a consequence, if B is the ball centered at the origin having radius 1/2, then

<y — w, U>
Yy € B, ‘74—(111,1) < 2||lv||lyll, (24)
ly — w ) < 2lulllly]
and the homogeneity property of @ yields
w, v (d—14a
B o 0] QUBs() < 2ol =0 () 1) (29)

The right-hand side of this inequality defines an integrable function in a neighborhood of 0 because

€ (0,1). Besides, the Cauchy-Schwarz inequality entails for all y € R? and w € S9!

< 2ol (26)

<y—w,’u>
‘ —w] TV

Consequently, denoting by B¢ the complement of B, it follows that

(y —w, v)

c v (d+a) c
o=l Qe () < 2ol +Q (2 ) 10 (27)

+ (w, v)

where the right-hand side defines an integrable function in a neighborhood of infinity since o > 0. Combin-
ing (25) and (27) with w = u shows that I(u,v) is finite. The characterization of the geometric quantile (2)
yields

x — q(Au) B

or equivalently

LY+ LY = 4(A) > (28)

1
“V{Owl) <A“ O]’
| i 0w ) 0w\ abw) £l 1)
with T1(3) L(Hy ||q<Au>||‘ <y faCr)[l >+<|q<m>||’ >) TaOu) -2V (o)

N ) 0w [/ aw N/ aw A\ fleOwlw)
a6 = [ (Hy v IR e BOAR  ret >> a4V (a3 ™

Let us also introduce
I (Hy_ %‘ (- % o+ (T v>> Qv)dy

B<H T < et “>+<%’“>>Q(y)d@

14
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To obtain the asymptotic behavior of I (\), we first deduce from (24) that:

flaly) oo N dy
ol fatwas ~ )|} e

where 6 = (1 —«)/2 > 0 is such that a +§ < 1. Let us note that since y — ||y[|~(*~*+2+9) is an integrable

) - ] <20l | {nynd*a*é

function in a neighborhood of 0, Lemma 4 entails that I; (A) — I1(A\) — 0 as A 1 1. Recalling (25) with w
replaced by g(Au)/|lg(Au)|| and applying (3) together with the dominated convergence theorem, we obtain:

<y_u7 U> U, v
a0 > [ (M o) @y as At (29)

Let us now focus on I3(\): from (26), it follows that

B) = BV < 200l [ {1l

flgAu)lly) B Ay
T aa ~ ) | petar

Since o > 0, the function y + [|y||**®/? is integrable in a neighborhood of infinity. Lemma 4 thus entails
that Io(\) — I5(A\) — 0 as A T 1. Recalling (27) with w replaced by g(Au)/|l¢(Au)|| and applying (3)

together with the dominated convergence theorem, we get

(y —u, v)

The result follows by combining (28), (29) and (30).

(ii) Since B? is a relatively compact neighborhood of 0, inequality (24) entails for n large enough

{z — q(), v) qQu) ol [[o]
Jo— O] " <|q(M)II’ >‘ = Hq0l = gl

Vz € BY,

and therefore

/Bd (<Tx_q é?ifbﬁ) ’ <|Zmn’ >) )iz =0 (laCeill ™)

Let further A(A) be the annulus {y € R?|1/||g(Au)|| < |ly|| < 1/2} C B. Similarly to what was done in

the proof of (i), equation (2) and a change of variables entail

TGl \ ™~ Tl
wi - C Q) [T/ aQw) N/ aw) f(llgOw)lly)
b= [ (Hy v I rer RO RE (e >> TGl ey ™

where I5()) is defined in the proof of (i). Since ¢ — [tV (t)]! is slowly varying, Proposition 1.3.6(v) p.16

BO)+ BO) =~ s (= e o) + 0 (e V(a0 ™)

in Bingham et al. (1987) gives [tV (t)]™! = o(t%) as t — oo for any £ > 0. Recall further that (30) was

actually also true for a = 1, so that

e “_M v)=— 0 NI
V(llg(Au)ll) <)\ IO’ > I3(A) + o(llg(Au) %) (31)

Let us now turn to the control of I3(\) and introduce

B0 [, (Hy el (o ) + ey >> s

15




IN

From (24), it follows that as A 11,
f A d
(lg(w)[ly) Q(y)‘} Y

2 v d+1+€
Il /M{'y' Taoa) =2V (gl Tyl

~ o Cdy N (A e
N </A(/\) |y|d+6> (/1/|q()\u)| r1+€) (gl (32)

in view of Lemma 4 and after switching to polar coordinates. Finally, I}()) is controlled using (25):

L) < 2| / Iy~ dQ(| |)

We can thus use the boundedness of @ on S¢~! and polar coordinates to obtain

[I3(A) = I (M)

! dr
53 =0 ( [ ) = oog laOuw)l) = offlaa)[F) as AT 1. 3
llaGall ™
Combining (31), (32) and (33) completes the proof. [ |

Lemma 6 below is the key to the proof of Theorem 1(ii).

Lemma 6. Assume that (M,) holds for some a € (0,2). Let u € S~ and set

st = [ (1+ 8 gy

Then J(u) is well-defined, positive and finite, and

vy abe) o g(w) e
V(lq(Au>||><A ||q<Au>||’|q<Au>||>% ) as AT

Proof of Lemma 6. The Cauchy-Schwarz inequality yields for every y € R?

<y — U, u)

1+
lly —ull

1= Jlull = 0

with equality if and only if y and w are linearly dependent. As a consequence, J(u) > 0. Let ¢ :
R? x [0,00) x S~ — R be the nonnegative function defined by
@(m,r,w) = r2 <]_ + w) ,
[l — ruw]|

and recall that, from Girard and Stupfler (2014, inequality (16)):

(@, rw) <y < [21* g <ry- (34)

Thus, using the homogeneity of @ and applying (34) with » = 1 yield for every y € R? and w € S9!

<y —w, U}>

i
v = wl

‘Q(y)ﬂm(y) < lyl-4-2+Q (%) () (35)

with the right-hand side of this inequality being an integrable function in a neighborhood of 0. Besides,
the Cauchy-Schwarz inequality and the homogeneity of @ entail for all y € R? and w € S¢~!

<y7waw

i
v = vl

}Q Vg pa(y) < 2l d*“>Q<| |)ﬂRd\Bd<y> (36)
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so that the integrand in J(u) is also integrable in a neighborhood of infinity. J(u) is thus positive and
finite. The remainder of the proof follows the lines of the proof of Lemma 5: taking account of (2) and

using a change of variables, we get

T + L) = 2 — 1AW ‘I(A“)> (37)

gl TaOa)|
o <y g(hu)  _g(Au) > flaAwlly) y
la)ll” laa)ll /) llaCu) 1=V (llg(Au)])

1<y q(hu)  q(Au) > flgAw)lly) "
lgu)ll” gl /) llau) 1=V ([lg(Au)l])

1
V(llaQw)]) <

with Ji(}) = /Bd <1+Hy%‘

Let us consider
J = /Bd (H Hy_ %‘ _1<y q(M; T >> o
-1 <y q(\u) q(M)II>> Q(y)dy.

4y _ 4w _
SR /Rd\m (“Hy |q<Au>|‘ lgO)]” Tlg(vu)

The asymptotic behavior of J;(A) is then deduced from (34) with r = 1:

o ves| FlaOwly) ay
00 =)< [l | e (y)‘}w—ﬂm

where § = (2 — «)/2 > 0 is such that a + ¢ < 2. Remarking that y + |ly[|~(¢=2+2%9) is an integrable

function in a neighborhood of 0, Lemma 4 entails J;(\) — J{(A) — 0 as A 1T 1. In view of (35), the
dominated convergence theorem leads to

<y*u7 U>

Ji(\) = 1+
1) Bd< Tyl

) Q(y)dy as A1 1. (38)

Let us now focus on J3(A). The Cauchy-Schwarz inequality yields

fUlgQwlly) dy
lg(Aw) || =2V ([lg(Au)]]) (y)‘} [y[|d+er2’

7200 - B0l <2 [ {nynd*m
R\ Bd

Since y — ||y||*t®/? is an integrable function in a neighborhood of infinity, applying Lemma 4 shows that

J2(A) — J5(A) — 0 as A 1 1. Therefore, recalling (36) and applying the dominated convergence theorem,

we get
Jo(\) — (1 + w) Qy)dy as A1 1. (39)
R\ Bd ly — ull
The result follows from (37), (38) and (39). [ |
Proof of Theorem 1. (i) Let (u,v1,...,v4_1) be an orthonormal basis of R?. We may then write
d—1
q(Au)
——— —u=(b(A) — Du-+ Br(MNv 40
where b(\) € R and, for all k € {1,...,d — 1},
q(Au) q(Au)
ﬂk(A) = <7, ’Uk> = — <)\u — , Uk ). (41)
la(Aw)]| lg(Au)|
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Lemma 5 entails that, for all k € {1,...,d— 1},

BN . a0u) (s o)
V(e ~  V{laGa)l) <A TaOw)] > - / Ty —uf <Y (42)
as A 1 1. Besides, since g(Au)/|[¢(Au)| € S?71, it is clear that
d—1
N+ Y BN =1 (43)
k=1
In view of (3), b(A) — 1 as A 1 1: it is thus easily seen from (42) that
1 1 , )
Vo PNV Y = —apaoep T DA +e)
1 d—1
= V(llg(Au)l]) (5 ];1 Hq E ) (I+o0(1))—0 (44)

as A 1 1. Combining (40), (42), (44) and remarking that
d—1
M (y) = > _(y, vk)ox
k=1
completes the first part of the proof.

(ii) Let us recall that, if o € (1,2), then E|X|| < co. In this case, Lemma 1 in Girard and Stupfler (2014)
shows that, for all v € RY,

q(Au)
Thus, Lemma 5 and (45) in the case a < 1 and « € (1, 2) respectively show that for all k € {1,...,d—1}:
20 OV (llg(Au)l1)) ifa<1
Filatean = 1 NP2V laa)l) it a=1 — o(1). (46)

O((llau) [PV ([lau) )] il <a<2
as A T 1. Now, equation (43) and Lemma 6 yield

1
W(Ab@) 1) = —J(u) as A1 1, (47)
and combining (43), (46) and (47) leads to
1 1 )
v (10— 3 (=500 ) = 7 a5 At (48)
Finally, use once again either Lemma 5 if o <1 or equation (45) if « € (1,2) to get
) O(V(llg(ru)ll)) if 0 <1
e U= M uj)l =9 o w)l|t U if o = =0
el \<A O > a2V (lgOw)))  ifa =1 (1) (49)
o([laM)IIPV (law) D] ™) if 1 <a <2

as A T 1 which implies
1

V(llg(uw)lh)
Using (48) together with (50) and the straightforward identity

1 —Ab(\) — % (1—b%(N) = % (A= +X)+ A =bN)?)

(A=b(A)> =0 as At1. (50)

yields the desired result. [ |
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4.4 Proof of Theorem 2

Lemma 7 is the analogue of Lemma 5 when (M7) holds. It is the cornerstone to prove Theorem 2(i).

Lemma 7. Letu € S4~1. If (My) holds with L(t) — oo ast — oo then, for all v € R and any symmetric

positive definite d x d matriz X,

laa)| /. aw)
oy (~ Tat )

Proof of Lemma 7. The proof starts as the beginning of the proof of Lemma 5(ii). Let £& = {z €

_/Edilﬂ_lu(w), V)Q(w)ps(dw) as A1 1.

R?|2'Y "t < 1}. Since £Z is a compact neighborhood of 0, (24) entails, for n large enough,

(= q(Au), v) ga) [[of[ ]|
[z = g(Au) +<|Q(/\U)II’ >‘SQIIQ(M)II

/gg (Tt ey ©)) F et =0 e

where the boundedness of the function y — ||y on the compact subset £& of R? was used. It thus follows

Ve € £2,

and therefore

from (2) that

/Rd\gg <<gﬁx—q mjﬁf i <HZE§Z§”, >) fle)ds + <M - % > =0 (lgCuan) ™).

Let us consider the Karamata representation (see Theorem 1.3.1 p.12 in Bingham et al., 1987) of the

slowly varying function £ defined in (4):

L(t) = c(t) exp < /1 TAk) dz> (51)

z
where c is a positive Borel measurable function converging to some positive constant, and A is a Borel
measurable auxiliary function which converges to 0 at infinity. Lemma 1 then shows that there exists a
function e; : (1,00) — [0, 00) such that e1(r) — 0, req(r) — oo,

L(rei(r))
—— — 00 and |logei(r su A(z)] — 0 asr — oo.
S logea(r)|_swp 1AG)

El(T)
Let m1(A) = e1([l¢(Au)[|) for the sake of simplicity. Write further f(y) = [ly/|=*V (|ly[)Q(y/lly[D (L + 6(y))
where 6(y) — 0 as ||y|| — oo by Lemma 3. Denote by Cy _ (resp. C1 ) the positive and finite infimum
(resp. supremum) of the positive and continuous map y ~ |y| on the compact subset F& ' of R%

Since V' can be taken continuous on (Ch,_/2,00), we may assume that 6 is bounded on any annulus

{y e RYC, — <|ly| < C}, C > Cy1—. In view of L(n1(N\)]g(Au)||) — oo and (5), one has the expansion:

M u — q()\u) v :—M o
i <A ’ > ( (LN + B(V) +o(1) (52)

Lm0 TG Con MO
with
B m (A)lla(Au) |l (rw — q(\u), v) q(\u) Ly
noy = f /E ( Trw— aOw)] +<|q<m>||’“>)r LrQuw)(d +8(rw))dr s {duw),

= rwfq)\u) > (u) r2L(r w rw)) dr w
B0 = [ o Joes (Tromatl * CTacua 7)) 7™ HodQ1 4+ 0 s
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Let us start by controlling I;(\). To this end, a Taylor expansion yields

1<<pwz,v>

llpw — 2|

sup sup
’erE)d:71 2€8d—1 | P

+5 ) = (M), v

—0 as p—0,

and therefore, in view of (3), we obtain

o g0 (e =g a0 Ny

<r e oMl wemet | T (et * (o))~ w0 a5 A1
leading to

L Ol »
W = 1 / (D), ) LR+ ) i o)
) m Ol »
+ O(ml /E%1<Hu(w), )T L(T)Q(w)(lJr|9(rw)|)drug(dw)>.

Besides,

; . 1 (M) [lg(Au)]| L(r) ol
LonNaO0) et </ 1 >|d>%0 (53)

as A T 1. Indeed, for any Cy > 1, by separating the cases r € [1,C5) and r > Cy, it appears that the
left-hand side is less than

L(Cy)
—— sup 0(y)l + sup  [0(y)]
LM lgOW)) ¢y _<yli<c s cs llyll>Ci,+Co

which can be made arbitrarily small as A 1 1 by a suitable choice of the constant C5 > 1. Hence the

equality
Lm Mllgw)]) /
LH(\D) = ——F—"—7-—"= I, (w), v)Q(w)pus (dw) +0o(1) | . 54
1(A) O] ng1< (w), v)Q(w)ps (dw) + o(1) (54)
Let us turn to the term I5(\), which, recalling (26), can be bounded as follows:
o0
[L(M)] < 2||’U||/ r 2 L(r)dr Q(w)pz (dw).
m Vg By

The change of variables r = 11 (\)||g(Au)||p yields

. < o LmW)llg(Au) ||P
[2(A)] < 2[Jv[[(n (M) [g(Aw)]]) L(m(A)Hq(M)II)/1 p? Lm0 / Q(w) ps:(dw).

Let us introduce the function h; defined on (0, 00) by hi(p) = p~'/2L(p). Clearly, h; is regularly varying
with index —1/2 and therefore by a uniform convergence result (see e.g. Theorem 1.5.2 p.22 in Bingham

et al., 1987):

wup| LN AOW)
220 [ m O la G}
—3/2

—0 as AT 1.

Since the function p — p is integrable over [1, 00), it follows that

(M) = O (M)l )T Lt (MllaO) D) = o(llga)l| L (V) lg(w)])). (55)

in view of the properties of 11 (). Combining (52), (54

) and
M U — q()\u) v — w), v w w) as
LN aGu)]) <A g >% /Egﬁﬂu( h Q) as AT

(55) then implies that

20



Finally,

< |logmi(N)] sup [A(z)] =0 as AT1
zzm (Nlg(Au)l

laOawl A
/ Ak,
n

LN laa)] 2

and therefore

LlgO) —ellgul) (O ae) YL
Lm0l ~ ) [aCa]) p(/wqw : d)“ A
which completes the proof. [ |

Lemma 8 is the analogue of Lemma 6 when (M3) holds. It will reveal useful to prove Theorem 2(ii).

Lemma 8. Let u € S 1. If (Ms) holds with L(t) — oo as t — oo then, for any symmetric positive
definite d x d matriz X,

O (u— ) s
L))\ TaOa)]” TlaOvw)

1
”>H5 /E L), w)QUu)us(du) as ATL

Proof of Lemma 8. Let us start as in the proof of Lemma 7, whose notation we retain. From (34), one

has
r—q(lu)  q(lu) [El
‘1 +< >‘ T4

=gl lg(Au)l| (Au)[[?’

for n large enough and uniformly in z € £Z, leading to

/sg (1+ (T Tocnay ) 1) = 0 (ot

In view of (2), it follows that

r—qQu)  qQu) \\ oo/ a0w)  gQw) \ i
Joee (SR i Tooa ) 7+ (o= Gy Tacuy) = © el

Besides, Lemma 1 shows that there exists a function €5 : (1, 00) — [0, 00) such that e2(r) — 0, rez(r) — oo,

sg(r)ﬁ(TEQ(T)) — o0 and |logea(r)] sup |A(z)] =0 asr — oo.

L(TEQ (T)) z>rea(r)

Let us introduce n2(A) = e2(|lg(Au)|]). From (5), and since L£(n2(\)||g(Au)||) — oo, it follows that

[l /g g0\ aOw? )
LMD <A ||q<Au>||’|q<Au>|> LW gOay T+ 2ol (56)

with

B n2(M)lla(Au) | rw — q(Au) q(\w) 4
no = o (1 (Tt Taua ) 7 HOQI0+ B st

= h rw—q()\u) q()\u) r3L(r w rw))dr w
500 = [ v S (1 (st Tag)) QI + e i)

Let us start by controlling J; (). A Taylor expansion leads to

sup  sup
weE)d:’l z€Sd-1

1 (pw—z,z>) 1 ‘
—(14+5——) — I (w), w)| >0 as p—0,
p2( Tpw—a) ) ~ 3w
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and thus, in view of (3):

sup sup
1<r<ma(MllgAw)ll we gt

MR (o (st o)) ~ 3o |

as A T 1. This entails

1 e (M)llg(a)| 1 B
KO = s [ / {00, w0 L@+ ) d ()

2(A) lg(Au)]|
+ oo <W / n ) wpr Q) + o)) dr #z(dw)> .

Using (53) yields, as a preliminary conclusion:

LmzMlg(u)l)) (1 /
JN)=—"—"—"" = 1L, (w), w)Q(w dw) +o(1) ] . 57
Let us turn to the term J2(\), which can be bounded using the Cauchy-Schwarz inequality:
<2 [ P Le)r [ Qs (dw).
12 (M) la(xw)| By

The change of variables r = na(\)||g(Au)||p yields

s LW lgOw)lp)
LiMaOa)) ¥ Jpas

[ T2(N)] < 22 (V) llg(w) )72 L (M) la(M)) /100 p (w) s (dw).

Let us consider the function hy defined on (0,00) by ha(p) = p~tL(p). Clearly, hy is regularly varying
with index —1 and therefore by a uniform convergence result (see e.g. Theorem 1.5.2 p.22 in Bingham et

al., 1987):

o |2 laOll)
ooh | TV laOa)) 7

is integrable over [1, 00), it follows that

—0 as AT1.

Since the function p — p—2

[ 2(N)] = O ((2(Mllaa) )2 L(n2 (V) lg(w)[1)) = o (la(Au) |72 L(n2(N)[la(Au) ) (58)

in view of the properties of 72(A). Combining (56), (57) and (58) entails

la0w)]? (u- 7, s
LpWaOal \™ ~ TaOa)l” Taw)]

Finally, since

> -1 /E L), ) Qs (dw).

< |logna2(N)] sup [A(z)] =0 as A11
zzn2 (M) lg(Au) |

laOw)ll A
/ AlD) .
n

2(VllgQw)l| - #

it is thus clear that

LllaOl) gl 1O AR
LnzNllgOa)l) — eln2(N)lla(u)]) p</m<x>|q<xu>| ol ) —1as ATl

and the conclusion follows. [ |
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Proof of Theorem 2. (i) We follow the lines of the proof of Theorem 1. Recalling the notation introduced
in (40), Lemma 7 yields for all k € {1,...,d —1}:

gl el [/, g
20D Y = T2 (lgGa) <A

as A T 1. The first statement is then proven by mimicking the proof of Theorem 1(i).

_ m; Uk> — /]3d71<w, Uk>Q(w)Mz:(dw)

(ii) From Lemma 7, and in view of equations (41), (45), it follows that

Bi(N) = o(llau) [ T2Lla(Mw)l])) (59)

as A1 1 and for all k € {1,...,d — 1}. Lemma 8 and equation (43) then yield

laOw)l? L
——— (AN = 1) = —= I, (w), w)Q(w) us (dw 60
L‘(HQ()\U)H)( ( ) ) 2 Eg*1< ( ) > ( ) Z( ) ( )
as A T 1. Using once more equation (43), together with (59) and (60) entails
llg(\u)|* ( 1 5 ) 1 /
2 — 1=\ — = (1 =b2(\ — = I, (w), w)Q(w) s (dw 61
2oty (17200 =5 =200 5 [ (ufw), w)@uins(an) (61)
as A T 1. One can thus use (61) to argue along the same lines as in the proof of Theorem 1(ii). [ |

4.5 Proof of Corollary 2

Corollary 2 is a direct consequence of Theorem 2(ii) and of the following result:

Lemma 9. For all u € S, one has
/ L (M (w), w)ps(dw) = %1 (det )2 (tr S — u/Su).
ELT
Proof of Lemma 9. The definition of uy entails

[ L), ) = @) [ (520, 5 2o,

Recalling that 11, (y) = y — (y, u)u for any y € R%, this yields

/Egl<Hu(w)7 w)py (dw) = (det 2)1/2/ <H21/2w||2 (Y2, u>2) o (dw).

gd—1
Let us denote by m;; the entry in the i—th row and j—th column of $V2 If w = (wy,...,wg)" and
u=(uy,...,uq), one has
d d d
[0 = 3 S ey and (5w = 3 S om0
ij=1k=1 ij=1k,l=1
Isotropy and symmetry arguments entail, for all ¢,j € {1,...,d} with i # j:
/ w?o(dw) = / wf-a(dw) and w;w;o(dw) = 0. (63)
Sd—1 Sd—1 Sd—1
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Especially, since w} + --- + w2 = 1 for all w € S, it follows that, for all i € {1,...,d}:

/ w?o(dw) = . (64)
i d
Combining (62), (63) and (64) yields
a d d [ d 2
/ o (w), w)ps (dw) = = (det 2)*/ mi; =y l mmukl . (65)
By i k=1 i=1 Lk=1

Let us finally remark that, since £/ is a symmetric matrix, it holds that

d d d
try = Z mi; and u'Su = Z ( mkiuk>
k=1

ik=1 i=1

2

Plugging these two equalities into (65) concludes the proof. [ |
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Figure 1: Three geometric iso-quantile curves {¢(v), ||v|| € {0.5,0.65,0.8}} computed on a two-dimensional
dataset extracted from the Pima Indians Diabetes Database. The data set consists of n = 392 pairs
(X, Y;), where X; is the body mass index of the ith individual and Y; is its diastolic blood pressure. Both

variables are centered and standardized.
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Figure 2: Extreme geometric quantiles from the Pareto model, top: o = 1.3, bottom: « = 1.5, dashed

line: asymptotic equivalent, X: numerical computation.
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line: asymptotic equivalent, X: numerical computation.
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