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Self-consistent approaches and i 
in two-phase elastoplastic materials 

Michel Bornert, Eveline Herve, Claude Stolz, and Andre Zaoui
Laboratoire de Mecanique des So/ides. CNRS URA 317. 
Ecole Polytechnique, 91128 Palaiseau Cedex, France 

The Generalized Self Consistent Scheme [GSCS] extended to the nonlinear case with 

help of a deformation theory of elastoplasticity is used to predict the strain 
heterogeneities that spread out in two phase elastoplastic materials submitted to a 
monotonic uniaxial load. Materials with different microstructural morphologies are 

considered. The single composite inclusion of the GSCS is an accurate representation of 

"matrix/inclusion" microstructures but it does not give a sufficient representation of the 
considered morphologies. That's why this model is extended to more general cases by 

using two or even more different spherical composite inclusions: local concentration 

fluctuations and local morphological inversions can then be modeled. The nonlinear 

extension is also modified: the composite inclusions are discretized into several 

concentric layers in order to take into better account the strain gradient along the radius 
and a new definition of the work-hardening parameter of each of these layers is proposed. 
The elastoplastic strain field in the single composite inclusion is also computed 

numerically by means of finite element methods and compared to the analytical result. 
Unfortunately, these modifications do not basically modify the strain heterogeneity 

?redictions of the GSCS, which w
.
idely underestimate the measured strain heterogeneities 

m most of the cases. In fact, the maccuracy of the GSCS in these cases is basically due 
to the appearance of long range shear bands that cannot be described by a local 
self-consistent approach. 

INTRODUCTION 

Recent work (Allais [1), Allais et al. [2]) has shown a severe
discrepancy between experimental measurements of strain 
heterogeneities which spread out in two-phase elastoplastic 
materials submitted to a monotonic uniaxial load and pre
dictions of the Generalized Self Consistent Scheme [GSCS](Christensen and Lo [3]), extended to the nonlinear case by 
means of the deformation theory for elastoplasticity (Herve 
and Zaoui [4]). This work was based on iron/silver blends, 
manufactured with powder metallurgy techniques. Several 
materials, with different iron volume fractions and different 
microstructural morphologies have been tested. 

These materials have basically been separated into 
two morphological classes: the materials with a "ma
trix/inclusion" microstructure, in the configuration "iron in 
silver", referred to as "MI materials" in the following, and 
the materials with bi-continuous phases, referred to as "BC 
materials". This classification was based on morphological 
analysis, informations related to the elaboration techniques 
and confrontation between measured elastic constants and 
computed ones. In particular, the shear moduli predicted 

by the GSCS in the "iron in silver" configuration were consis
tent with the measured values for the MI materials. The BC 
materials were perceptibly stiffer. 

It has been experimentally shown that the macroscopic 
elastoplastic tensile test curves were not very sensitive to the 
morphology. The curves computed with both configurations 
of the GSCS using the curves of the pure materials and the 
phase volume fraction are also very close and in good accor
dance with the experimental results. Figure 1 gives typical 
tensile test curves of such materials. 

The elastoplastic behavior of these materials has also been 
characterized at the micro-scale with help of a special device 
which allows to measure components of the local strain field 
over a domain representative of the microstructure. The com
ponent along the tensile axis of the strain tensor has especially 
been studied: its average value over both phases has been 
computed and its distribution in each phase has been charac
terized by means of bar graphs. These quantities have been 
compared to their corresponding value given by the GSCS: 
the local field computed in the composite inclusion may in
deed be compared to the local field in the material in a sense 
that will be stated more precisely later on. 

The experimental results show an effect of the morphology 
on the strain distribution: for the same iron volume frac-
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FIG 1. Macroscopic tensile tests 

tion, the strain distribution may be different in two samples 
which have different microstructural morphologies: the aver
age strains in both phases may be more or less close to each 
other and the strain distribution may be more or less wide. 
The results of the GSCS also show morphological effects: for 
identical local behaviors of the phases and the same volume 
fractions, the average strains in the phases are closer to each 
other in the configuration "silver in iron" than in the reverse 
one, and the strain distribution is wider in iron and narrower 
in silver. 

The comparison between experimental results for MI ma
terials and the values computed with the corresponding con
figuration of the GSCS leads to the following conclusions: 

e At low global strain values (less than 53), there is 
a satisfying accordance between experimental measure
ments and computed values of the average strain in both 
phases. 

• At higher global strain values, the computed values of the
average strains underestimate the observed interphase
heterogeneities.

• The GSCS gives a satisfying information on the strain
distribution in the silver phase (the matrix) for low
global strain values (53) and high iron phase concen
tration (753 and more). 

• The width of the strain distribution predicted by the
model in the silver phase is two to five times lower than
the measured one, in all other cases.

• The strain distribution in the iron (the inclusion phase)
is always underestimated by the model, whatever the
phase concentration and the global strain are; the ratio
between the width of the computed distribution and the
measured one goes from five to more than ten.

Figures 2 to 6 sum up these results. Figure 2 gives the average 
strain in each phase as a function of the global strain. Figures 
3 to 6 compare the experimental strain distribution functions 
to the computed ones, for both phases and at 53 and 153 
global strain. All these results correspond to an MI sample 
with 823 iron and the local phase behaviors given in figure 1. 

Even if the GSCS is not expected to represent correctly 
BC microstructures, one may also compare its predictions, in 
both configurations, to the experimental results obtained for 
BC materials. The above conclusions apply also to this case, 
except for the following points: 

• The experimental average strains per phase are bounded
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by the values given by both configurations of the GSCS 
for low global strain values (53). This is consistent with 
the elastic results: the shear moduli of the BC material 
lay somewhere between the predictions of both configu
rations of the GSCS. 

• For higher global strain values (103 and 153), both con
figurations underestimate the observed interphase het
erogeneity, but the predictions of the configuration "iron
in silver" is less bad for these materials than it was for
MI materials.

• The intraphase heterogeneity is never well modeled by
the GSCS, especially for high strain values and for the
iron phase. The configuration "silver in iron" gives al
ways worse predictions than the other one.

This paper is devoted to set out some developments of the 
GSCS which may improve these strain heterogeneity predic
tions, especially for MI materials. It gives also some condi
tions for the applicability of such a model. The final purpose 
of the study is the elaboration of a model capable of predicting 
the strain heterogeneities for different morphologies. 

EXTENSIONS TO THE GENERALIZED SELF 
CONSISTENT SCHEME 

Interpretation of the strain field in the 
composite inclusion 

The analysis of elastic heterogeneous materials proposed by 
Stolz and Zaoui [5] suggests that the medium should be de
scribed as a set of inhomogeneous domains, representative of 
the microstructure. If these domains are isotropically dis
tributed with respect to each other, the localization prob
lem reduces to the resolution of several auxiliary problems 
consisting of these "morphologically representative patterns" 
embedded in an infinite medium. When this medium is cho
sen as weaker or harder than all phases of the material, the 
localization problem allows to derive bounds for the elastic 
properties of such materials. When it has the properties of 
the equivalent homogeneous medium, this approach generates 
a large class of self-consistent models, which give the effective 
behavior of materials in which these patterns are distributed 
in a "perfectly disordered" manner. This concept of perfect 
disorder has to be understood in the sense given by Kroner 
for the classical self-consistent model [6], where it applies to 
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the distribution of the mechanical phases. The concept of 
"perfectly disordered distribution of patterns" is defined by 
analogy with the punctual case, but is doesn't have a clear 
mathematical definition yet. The analysis shows also that the 
local strain computed in a pattern is the average of the local 
strain values in such a heterogeneous material, taken at all 
homologous points of this pattern. 

Herve et al. [7J have shown that the GSCS may be con
sidered as a particular case of this general approach: there is 
only one pattern, the composite inclusion, defined as a spheri
cal core of "inclusion phase" surrounded by a shell of "matrix 
phase" and with a volume fraction equal to the concentra
tion of the material. Only one inclusion problem has then to 
be solved. This description of the material is appropriate for 
composites which clearly have a "matrix/inclusion" structure, 
with a perfectly disordered distribution of inclusions. 

These analyses have only been established in the case of 
elasticity. We will nevertheless use their results in the elasto
plastic case, which can be dealt with by such models when 
their elastic formulation is extended to nonlinear cases with 
use of secant moduli and ari average strain-based condition of 
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self-consistency, as shown by Herve and Zaoui (4). 

Modeling concentration fluctuations 

Even if the "matrix/inclusion" pattern is an accurate repre
sentation of the MI materials in the elastic case, it might be 
too rough in the elastoplastic case, and this may explain the 
observed discrepancies between model and measurements. 

The first extension proposed in the present work suggests 
that local concentration fluctuations could be responsible for 
the wider strain distribution. They may be modeled by two 
or even more different composite inclusions, with different 
volume fractions. The concentration of these "morphologi
cal phases" are chosen such that the global concentrations of 
the "mechanical phases" equal the global concentrations in 
the material. The localization problem reduces then to sev
eral composite inclusion problems, one for each local phase 
concentration, as shown in figure 7. 

Modeling "morphological inversions" 

It is also possible to model the microstructure as a mixture 
of both configurations of the composite inclusion, "iron in sil-
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FIG 7 .  Modeling concentration fluctuations 

ver" and "silver in iron", with identical or different volume 
fractions. This may describe local "morphological inversions": 
the matrix phase in a given composite material may locally be 
surrounded by the inclusion phase, and therefore behave as an 
inclusion. When the volume fractions of both configurations 
are close, this approach could also be a rough description of 
composite materials which have bi-continuous phases, in the 
sense that in this case both mechanical phases are partially 
surrounded by- and surrounding- the other phase. The local
ization problem leads then also to the resolution of several 
composite inclusion problems (see figure 8). 

Improvement of the nonlinear extension 

The results of Christensen and Lo [3], available for isotropic 
elasticity, have been extended to the nonlinear case by Herve 
<Lnd Zaoui (4]. They used a deformation theory of plasticity, 
based on secant shear moduli. In this approach, the local 
stress is related to the local strain by the relations: 

{ � (1) 

where 71"1 and §.. are the isotropic and deviatoric parts of the 
stress, a;d e 131 and tI: are the isotropic and deviatoric parts
of the strain. µ'"( feq) is the secant shear modulus, function
of the equivalent strain feq defined as: 

feq= � (2)
The function µ•c characterizes the plastic behavior of the ma
terial and can be identified in a uniaxial tensile test. These 
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FIG 8. Modeling morphological inversions 

relations derive from a Hencky-Mises flow rule when the load
ing is proportional and monotonic. But since the local stress 
path in the composite inclusion is not proportional in the non
linear case, they give only an approximate way to extend the 
elastic results to plasticity. 

The second approximation made in [4] is that the shear 
modulus is supposed to be uniform in the kernel as well as 
in the shell, even if the strain field is not. The used shear 
modulus is the one associated with the equivalent mean strain 
of the shell or the kernel, for instance: 

(3)
where < . >shell means averaging over the shell. The ob
tained strain field, which is used to compute the strain distri
bution, is therefore the elastic strain field which corresponds 
to these moduli and may be different from the actual elasto
plastic field generated in the composite material. 

Radial discretization of the composite inclusion
To get a better approximation of this field, the composite 
sphere can be discretized into several concentric layers, each 
of them having its own secant modulus, associated with its 
equivalent average strain. This is possible thanks to the ana
lytical solution of the multi-layered inclusion embedded in an 
infinite medium given by Herve and Zaoui (8]. This allows to 
take into better account the strain gradient along the radius 
of the inclusion but still smoothes out the heterogeneity along 
the orthoradial directions. 

New work-hardening parameter of a layer
An other possible modification of the nonlinear extension is 
to replace the definition (3) of the secant shear modulus of 
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the shell, the kernel or any layer l in case of a discretization, 
by the following one: 

(4)
This has been proposed first by Thebaud et al. [9] and mod
ifies the work-hardening behavior of the layers since it takes 
into better account local heterogeneities which are smoothed 
out in the first definition. The problem in this approach is 
that there is no closed form expression for < feq >1 and
its calculation needs a time consuming numeri<;:al integration. 
Other definitions of µ1 are possible. We can suggest the fol
lowing one: 

( < µ/c(feq(.))f;(.) >1)eq = µ1( < f,(.) >1)eq (5)
or its dual expression: 

(< g,(.)/µ/c(<Yeq(.)) >1)eq = (< g,(.) >1)eq/µ1 (6)
These expressions define µ1 as a homogenized secant modulus
over a layer, in a particular stress or strain approach, but they 
have not been tested. 

Note that these remarks apply only for the layers in the 
composite inclusions. The behavior of the infinite medium 
in which they are embedded, has to be homogeneous in the 
sense of Hill's self-consistent approach for elastoplastic ma
terials (Hill [10]). The secant shear modulus for the infi
nite medium is homogeneous and is the one associated to the 
equivalent strain at infinity according to the behavior of the 
infinite medium. 

MATHEMATICAL FORMULATION AND 
RESOLUTION 

This part will be devoted to the mathematical formulation 
and resolution of the problem of a micro-structure described 
as an assemblage of several morphologically representative 
patterns, each of them having the structure of a multi-layered 
inclusion. 

Description of the assemblage 

Consider (see figure 9) an assemblage of P patterns p E (1, PJ, each having Lp layers l E (1, Lp]· The pure mate
rial in the layer l of the pattern p is mp1 E (1, M). In each
composite inclusion, layer 1 is the central core and layer Lp is
the external layer, surrounded by the infinite medium, which 
will be denoted by the subscript 00 and is made of material
m00 • The following notations will be used for the concentra
tions: 

e Gp : concentration of the pattern p in the material; 
• �l : concentration of the layer (p, l) in the pattern p;
e Cp/ : concentration of the layer (p, /) in the material;
o Im : concentration of pure material m in the composite

material;
The following relations are satisfied: { Cpl 

Im 
Gp·�1 
L::p,llm,1=m Cpl (7)

The M physical phases and the infinite medium are char
acterized by their constant bulk modulus km and their secant
shear modulus function µ::_(. ). The materials in each layer
then obey the nonlinear elastic isotropic law: { � (8)

with 

(9)
where Ep1 characterizes the work-hardening state of the layer
and is defined by: 

Epl = (<�>pl )eq or Ep1 =< feq >pl (10)
Let f 1 and O' 1 denote the mean strain and mean stress ten-=p =p 
sors in the layer (p, l); f:oo and � are the homogeneous
strain and stress tensors applied at infinity. All of them may 
be decomposed into their isotropic and deviatoric parts, with 
the same notations than previously. The work-hardening pa
rameter of the infinite medium is E00 = (f:co)eq· We also
define the subscript 0 which denotes the mean value over all 
patterns for the stress or the strain tensors: { f = =o 

(]' = =o 

This allows to define the moduli k0 and µ0 such that:

{ �

(11)

(12)
as well as a mean work-hardening parameter E0 (f:a)eq· 
Note that the definition of µ0 assumes proportionality be
tween s and e which will be checked later on. =o =o 

Computation of the mechanical state of the 
assemblage 

Let us first suppose that the behavior of all pure materials and 
of the infinite medium are known. The problem is then to find 
the "state" of the assemblage, that means the local stress and 
strain states in all patterns, when a uniaxial tension is ap
plied at infinity, and when Epl for a given layer (p, l) or E00
or E0 is prescribed. When all secant moduli are known, the
displacement field in each composite inclusion can be com
puted as a function of the strain at infinity, thanks to the
relations given in [8]. Their derivation gives the local strain 
field and, after averaging, all the work-hardening parameters. 
These are positively homogeneous functions of degree one of 
the strain at infinity, so that the latter may be rescaled in 
order to obtain the imposed work-hardening value and all 
other corresponding work-hardening parameters. These al
low to recompute the secant moduli for all layers according 
to their known behavior. The solution is reached when the 
obtained moduli equal the initially used ones. The resolution 
of this nonlinear problem has been achieved thanks to an it
erative algorithm which is described in the appendix. Once 
the solution is reached, it is easy to compute the local stress 
values. 

Self-consistent approach 

In a generalized self-consistent approach, the infinite medium 
has the characteristics of the equivalent homogeneous me
dium. The condition of self-consistency which has been used 
is based on the mean strain condition: 

( = f =o =cc (13)
In the case of the classical elastic GSCS, this condition is 
equivalent to the energy based condition used by Christensen 
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and Lo [3J as shown by Herve and Zaoui [4J. It is also equiv
alent to the condition (see [41) 

(14)
which has been used in this work. When this condition is 
satisfied, k0 and µ0 are equal to the bulk and shear moduli of 
the equivalent homogeneous medium k* andµ* corresponding 
to the work-hardening parameter E0, which then equals E00• 

The solution of the n-layered inclusion given in [8] shows 
that the deviatoric part of the mean strain in a layer is pro
portional to the deviatoric part of the strain at infinity: 

(15) 
The scalar apl has a closed form which is given in [8] :

The deviatoric part of the mean stress in a layer is given by: 

(17)
The mean deviatoric strain and stresses are thus: 

{ :=o 
(18)

They are proportional as previously mentioned. This finally 
gives: Lp,I cp1ap1µp1 

µo = '\'"' L..,p,I Cplapl 
The same relation can be derived for the isotropic part: 

with (see [81): 

bpi bpi ( { c;;k' µpk, kpk,

1 � k � Lp},µ00,koo) 

Lp,I Cp1bp1kp1 
Lp,I Cp1bp1 

(19) 

(20)

(21)
(22)

The computation ofµ* and k* for a given value of E00 uses 
the non-linear iterative procedure described in the appendix; 

the state of the assemblage has to be computed in each iter
ation, so that this algorithm has two levels of iteration. The
complete µ�c function may be computed piecewise when this 
procedure is reproduced for several values of E00• 

Note that in this approach, k* is not constant: the plastic 
flow of the equivalent homogeneous medium is not incom
pressible; nevertheless, the dependence remains very weak in 
the tested cases and can be neglected. 

This algorithm may be generalized: it is possible, with the 
same formulation, to compute the behavior of the material 
in a given layer when the behavior of the equivalent homoge
neous medium and the behavior of the pure materials in all 
the other layers are known. That's what has in fact been done 
in the case of the materials considered here. For metallurgical 
reasons, the local behavior of iron in the two-phase materials 
was not identical to the behavior in the pure iron samples, as 
shown by micro-hardness tests (see [l]). The actual behavior 
of the iron in each blend has thus been computed according 
to the classical GSCS, with help of the macroscopic tensile 
test curve of the blend and the pure silver phase (whose be
havior does not vary from one sample to the other). Since the 
macroscopic behavior is not very sensitive to the configura
tion of the GSCS, this procedure gives the tensile test curve of 
the iron phase in the two-phase material accurately enough. 
The obtained curve can then be used for the computation 
of strain heterogeneities according to the same configuration 
of the GSCS or to any other "multi-patterned" and "multi
layered" configuration of the above described extension. 

Computation of strain distribution functions 

In order to obtain the strain distribution function in each 
phase according to a given configuration of the extended 
GSCS and at a given macroscopic strain, one has to compute 
firstly the macroscopic behavior of the sample, then to com
pute the state of the assemblage which corresponds to the pre
scribed macroscopic strain. The composite inclusions of the 
assemblage are then discretized along their radius and their 
polar angle. The considered strain component, usually the 
component along the tensile axis, is computed at the center 
of the obtained elements. The extremal values for each phase 
are determined and the obtained intervals are discretized into 
several classes of the same width. These are weighted by the 
global volume fraction of the elements whose strain value be
longs to them (the global volume fraction is obtained as the 
product of the local volume fraction of the element in the pat
tern by the global volume fraction of the pattern). The value 
of the strain distribution function at the center of each class 
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is then defined as the weight of this class, after normaliza
tion. Since analytical expressions of the strain field are used, 
it is possible to use very fine discretizations: each compos
ite inclusion may be cut into 10000 or even more elements.
About 50 classes are used for the piecewise construction of 
the distribution function. 

There is no theoretical limitation to the number of patterns 
or layers. Since these computations are based on analytical 
relations, they are not very power consuming when the first 
definition of the work-hardening parameters is used. Models
with about 50 internal parameters (i.e. 50 layers spread out
over several patterns) can be computed on a personal com
puter. The second definition needs a numerical integration, 
which is usually performed with about 100 integration points
in each layer. This computation can easily be achieved on a 
workstation. 

RESULTS 

Effect of concentration fluctuations 

When several patterns are used, the local concentration of 
each pattern can be chosen arbitrarily. Figure 10 and 11 
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show the strain distribution obtained with two patterns of 
type "iron in silver"; the first one has 67% iron and its volume 
fraction is 40%; the second one has 92% iron and its volume 
fraction is 60%, so as to respect the global iron concentration 
of 82%. One can observe that the strain distribution is al
most unchanged in iron. It looks somewhat different in the 
silver phase but its width is also quite the same. Other com
binations of patterns have also been tested, but none of them 
gives larger heterogeneities. It is possible to compute large 
strain values when patterns with a very thin silver shell are 
used. But since the volume of such shells may be neglected in 
comparison to the global volume of the phase, the resulting 
strain distribution is narrower than the one shown here. The 
interphase heterogeneity is slightly reduced in comparison to 
the results of the GSCS. 

Effect of morphological inversions 

Figure 12 and 13 give the strain distribution obtained with 
two patterns which have the same local concentration (82% 
iron) and are present in the same proportions, but with oppo
site morphologies. The strain distribution in iron is slightly 
enlarged, as a result of the peripheral position of half of the 
iron content. The extremal strain values computed in the 
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silver phase are unchanged, but the distribution width is re
duced since silver in the core is quite homogeneously strained. 
The resulting average strains per phases lay between the val
ues obtained with the opposite configurations of the GSCS. 

Effect of the improvement of the nonlinear 
extension 

The improvement of the nonlinear extension has been exper
imented on the single pattern "iron in silver": both the core 
and the shell have been discretized into ten layers of the same 
volume and relation 4 has been used for the characterization 
of the work-hardening state of a layer. < feq >layer has been 
integrated numerically with 2 integration points along the ra
dius and 30 along the polar angle in each layer. One can 
observe that this modification has only a tiny effect on the 
strain distribution in the shell. It enlarges the heterogeneity 
in the core, but the resulting heterogeneity is still too narrow 
in comparison to the experimental one. The interphase het
erogeneity is slightly enlarged but much too slightly to fit the 
experimental results. 

It is possible to combine all these modifications in a unique 
computation; this improves slightly the strain heterogeneity 
predictions of the GSCS, but not enough to be really repre
sentative of the experimental results. 

It is also possible to test these modifications on BC ma
terials, but the conclusions are almost the same. The elastic 
constants that are obtained with two patterns of same lo
cal concentration but with opposite configurations, designed 
to simulate roughly structures with bi-continuous phases, are 
consistent with the experimental measures: the obtained val
ues are intermediate between these obtained with the two 
opposite configurations of the GSCS. But in the elastoplastic 
case, the computed strain distributions are similar to those 
obtained for MI materials, and very different from the exper
imental results. 

NUMERICAL MODELING 

Since no basic difference was found between the computation 
of the elastoplastic strain field in the classical GSCS and in the 
layer-discretized inclusion, one can suppose that the hetero
geneity is due to strain gradients along orthoradial directions, 
which cannot be computed correctly in an analytical form. 
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That's why the elastoplastic composite inclusion problem has 
been solved numerically with help of classical finite elements 
techniques. Figure 18 shows the mesh: an axisymmetric four
noded bilinear element with four integration points has been 
used within a small deformation formulation. The extension 
of the infinite medium has been limited to three times the 
radius of the inclusion and tractions have been applied to the 
boundary of the mesh, in order to simulate a macroscopic ho
mogeneous uniaxial tensile stress state. This extension of the 
infinite medium seems to be sufficient since an almost homo
geneous strain state has been obtained at the boundary. A 
von Mises elastoplastic criterion has been combined to normal 
flow rule and isotropic work-hardening. The work-hardening 
curve of the infinite medium is the one computed with the 
classical GSCS. Note that this problem does not conform ex
actly to the self-consistent formulation, but should neverthe
less give a satisfying approximation of the strain field in the 
inclusion. 

Figures 19, 16 and 17 compare the numerical results to the 
analytical ones obtained with the classical GSCS. Both ap
proaches differ slightly: in particular the strain distribution 
function obtained numerically fits better the experimental dis
tribution in silver for low strain values. But the distribution 
still remains too narrow in companson to the experimental 
results in all other cases. 

These numerical results prove that the discrepancy be
tween experimental results and computations with the GSCS 
are not due to the approximate nonlinear extension of the 
elastic GSCS. In fact the deformation theory for elastoplas
ticity as presented in [4) gives satisfying informations with 
only short computations: the strain distribution function is 
obtained within a few seconds with the GSCS whereas several 
hours are needed on the same computer with the numerical 
approach. 

ACTUAL STRAIN LOCALIZATION MODES 

The device that has been used to measure experimentally the 
strain heterogeneity gives the local strain on points on a regu
lar grid that covers a domain representative of the microstruc
ture. This information allows to plot a strain map over this 
domain, which gives the actual localization of the strain (see 
[11]). Figure 20 gives the map that corresponds to an MI ma-
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FIG 18. Mesh (2275 elements) 

terial, with approximately 70% iron, at a macroscopic strain 
close to 10%. One can see that the strain basically localizes 
into long range shear bands that go through the weak silver 
phase, and sometimes "cut" locally the other phase. Such 
features certainly cannot be modeled by a self-consistent ap
proach, which only takes into account local interactions and 
replaces all long range effects by their average. They could 
possibly be modeled if the sizes of the used patterns were 
larger than the characteristic length of such shear bands, pro
vided that such a length exists. But such an approach cannot 
be achieved for practical reasons: at this time nobody is able 
to compute this kind of three-dimensional structures. These 
shear bands tend to enlarge the strain heterogeneity, espe
cially in the weak phase where they appear and this may 
explain why the GSCS fails to predict the actual strain het
erogeneity. 

The heterogeneity in the harder phase may be explained 
by the local crossing of the shear bands mentioned above, but 
also by a shape effect that has not been taken into account 
in the GS

.
CS: the spherical core of the composite inclusion is 

loaded almost like Eshelby's inclusion and thus quite homoge
neously strained, especially when its volume fraction is small. 
The iron inclusions in the MI structures have much more corn-

§ ·..::(.) c -8 
c:: 0 ·..:: ::I .J::J "fj<ll cs

c:: 0 

100.0 

75.0 

50.0 

25.0 

0.0 
-0.05 0.00 

� \  I\\ 1,: II:\J I\ I :11 1 Iii \ ii\ I Ii\:ii! tI/ I I i : \ � /1 \ I  11 \ I  :1 : I i : \ � / I  \1 ; I \I I I i I / I 

-- Exper. 
---- GSCS 
-------- FEM 

0.05 

Strain 
0.10 0.15 

FIG 17. FEM results (iron at 5% global strain) 

12.0 -----�----�----�---� 

-- Ex.per. 
---- GSCS ] 8.0 ------- FEM 

§·.;:i2·.; <ll 4.0 cs 
I\ \\ I \ 
I •, 

0.0 LL::___,!L__�_....J.l�'...__�-�-===::;::::::::::::====.J 
0.0 0.2 0.4 

Strain 
0.6 

FIG 19. FEM results (silver at 15% global strain) 

0.8 

plex shapes; to replace them by spheres leads certainly to ne
glect much of their morphological particularities. These 
parameters have probably only local effects which could 
estimated by a self-consistent approach. But this requires 
design patterns representative of these morphological param
eters and to compute them, which has not yet been solved. 

These long range shear bands have not been observed 
BC materials, or their characteristic length was much smaller. 
This is probably due to the fact that in these materials such 
bands would have to shear much more harder phase to cros� 
continuously the microstructure than in MI materials, 
thus are at a disadvantage on an energetical point of view. 
The strain localization mode remains local. This explains 
why the strain field is less heterogeneous in these material.; 
and why the predictions of the GSCS are better for them 
even if this model is not designed for BC microstructures. 

CONCLUSIONS 

The aim of this paper was to suggest some extensions to 
Generalized Self Consistent Scheme in order to use the 
cal fields computed in the composite inclusion as predictions 
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FIG 20. Strain map over a representative domain of an MI microstructure (the interface is bold and the tensile axis is vertical) 

of the strain distribution in two-phase elastoplastic materi
als. It has been shown how it is possible to model morphological situations which are more general than the classical 
"perfectly disordered" matrix/inclusion structure: in partic
ular local concentration fluctuations and local morphological 
inversions have been described. These approaches are based 
on a rigorous theoretical analysis of elastic heterogeneous ma
terials and are extended to elastop1asticity by means of the 
deformation theory and the use of secant moduli. 

Unfortunately these extensions are not sufficient to model 
the elastoplastic strain heterogeneities measured experimen
tally on iron/silver blends, whose microstructures are close 
to a matrix/inclusion microstructure. The discrepancy is 
Hot due to the approximate computation of the elastoplas
tic strain field in the composite inclusion, since several ex
tensions, including discretization of the composite inclusion, 
modification of the work-hardening parameters of the phases 
or numerical computation based on finite element techniques 
give quite the same result. In fact the approximate deforma
tion theory of elastoplasticity gives almost the same informa
l ions than more elaborated techniques, but with much shorter 
computations. 

The discrepancy between the measured distribution of 
strain in the weak matrix phase and computation results is 
rdated to the localization of the strain into long range shear 
o;wds. These bands cannot be modeled by self-consistent ap
proaches which basically take only into account local and av
erage interactions. The width of the strain distribution in the 
h;nder inclusion phase is also strongly underestimated. This is probably due to the inability of a spherical inclusion to 
represent the true morphology of the inclusions in the mate-

rial. The definition of more representative patterns combined 
to a self-consistent approach should allow to get a better es
timation of these strain heterogeneities. But how to define 
these "morphologically representative patterns" and how to 
compute them are still open questions. 
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solution is such that N(U) = 0. The iterative procedure 
begins with any value of U. Un+l is computed from Un 
according to following relations: 

nonlinear behavior of composites with imperfect interfaces, in Pro- Un+l = Un + An ( F(Un, P) -Un) 
ceedings of the 13th Ris¢ International Symposium on Materials 
Science, SI Andersen (ed), 1992, 467-472. with An chosen such that: 

10. Hill R, Continuum micro-mechanics of elastoplastic polycrys-

tals, Journal of the Mechanics and Physics of Solids, 13, 89-101 N( Un) + AnPn = 0
(1965). 

11. Allais A, Bornert M, Caldemaison D, and Bretheau T, to be pub- with
lished (1993). dN 

Pn = 
dU

(Un).(F(Un,P)-Un) 

ALGORITHM FOR NONLINEAR 
EQUATIONS 

The nonlinear problems to be solved in this work can all be 
written in a same symbolic form: 

U = F(U,P) 

where U are the unknowns and P the parameters of the prob
lem. F is nonlinear in U. In case of the computation of the 
state of the assemblage, U is the set of work-hardening pa
rameters (or secant moduli) of the layers. U is the couple (k*, µ*) in the case of the self-consistent computation of the
equivalent homogeneous medium. 

The fixed-point algorithm is most of the time unstable. 
The following more elaborated algorithm has been used. Let 
N(U) characterize the distance to the solution: 

N(U) =II u - F(U, P) II 

Pn is computed numerically by 

where/ is a coefficient close to zero (usually 13). The iter
ation is stopped when N(U)/ � U II is less than the desired
precision (10-7 is a usual value) . This algorithm is a mix
ture of the fixed-point algorithm and a gradient algorithm. It 
proves stable and easy to implement. 
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