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Abstract. A damage model is proposed based on a continuous transition from undamaged to dam-
aged material. The evolution of damage is associated with a moving layer of finite thickness lc, then
initiation and propagation of damage can be decribed in the same constitutive law. The driving force
associated to the layer motion is a generalized release rate of energy. Using a normality rule based on
this force the solution of the rate boundary value problem of propagation and displacement satisfies a
variational inequation. Applications of the model are analyzed.

Introduction

Severall approaches are proposed to damage modelization in order to describe the initiation of defect
and the gradual loss of local stiffness. For instance to avoid spurious mode of localization, constitutive
laws based on second gradient of damage ([2]) or phase field ([5, 6]) have been recently proposed.
Many others regularizations of damage constitutive laws have been also tempted to control the evo-
lution of damage ([9, 8]).

For brittle material, the evolution of the interface Γo separating the undamaged material d = 0 to
the damaged one d = 1 have been studied in a framework based on an energetical description ([4, 11]).
In total brittle damage, the damaged zone can not support any further tension after some critical pre-
scribed value in stress, strain, or free energy. With this property, at each point of the moving interface
the dissipation defines the driving force G(s) associated to the motion of the interface. When the
velocity of propagation (a(s)) is governed by a normality rule based on this driving force, many vari-
ational formulations of the rate boundary value problems have been established ([4, 10, 11]). The rate
boundary value problem for brittle material possesses generally many solutions when the propagation
law is governed by a generalized Griffith’s law:

a(s) ≥ 0, G(s) ≤ Gc, (G(s)−Gc)a(s) = 0.

This model has no characteristic length. Moreover the introduction of a surface energy along the in-
terface plays a role on the uniqueness of the velocity a(s). In this case the front is more stable [12]
because the new driving force depends now on the mean curvature κm of the moving front:

Gβ(s) = G(s)− κm(s)β ≤ Gc,

Using this framework, the propagation of an existing interface between a undamaged and a damaged
zone can be studied. The presence of surface energy density β stabilized the propagation of the inter-
face. This interface has no thickness and mechanical quantities present discontinuities [12].

Unless initiation of defects can be analysed as an equilibrium bifurcation based on evolution of
infinitesimal defect and imperfection analysis [13], this approach does not unify initiation and propa-
gation of defects using the same constitutive behaviour. In presence of a surface energy density β the
analysis implies that the critical loading for initiation of defect becomes infinite in the case of spherical
infinitesimal defect. Description of moving interface and layer is also usefull to study variations of
domain. Such description with thin or thick layers permits to describe complex process during contact
wear [14].
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Here, a new approach is proposed based on the propagation of a moving layer inside which the
damage is a continuous function of the position. The evolution of damage is then associated to the mo-
tion of a layer of finite thickness using of level-set approach [7]. The initial material and the damaged
material are separated by a surface Γo. This boundary is a moving interface, defined as an equipotential
or a level-set. Through the interface the properties of the material change in a continuous manner.

The model of damage

We consider a body Ω under tension T d over ∂ΩT and prescribed displacement ud on the complemen-
tary part of the boundary ∂Ωu. Under this loading, the body is deformed and a displacement field u

described the motion of all material points of the body. The material of the body has an elastic be-
haviour with moduli evolving with damage. The free energy of the body w(ε, d) is a function of the
strain ε = 1

2
(∇uT + ∇u) and of a scalar damage variable d, 0 ≤ d ≤ 1. The state equations are

defined classically as:

σ =
∂w

∂ε
, Y = −

∂w

∂d
, C(d) =

∂W 2

∂ε∂ε

where σ is the Cauchy stress. The elastic moduli C are known functions of d. The mechanism of
dissipation is only due to damage and the dissipation of the whole body is reduced to

Dm =

∫

Ω

Y ḋ dΩ ≥ 0.

When damage is established the whole body is decomposed in three parts, the undamaged bodyΩ1, the
transition zone Ωc (where 0 < d < 1) and the damaged material Ω2 where (d = 1). On the boundary
∂Ωc the free energy is continuous, there is no discontinuties of the stress vector and the moduli of
elasticity are continuous. Then when the layer Ωc is moving, there exists no dissipation along the
boundary of the layer. A more detail discussion is given in ([7]).

The level-set ϕ = 0 gives the position of Γo the part of boundary Ωc where d = 0. We assume
that the damage d is a continuous explicit function d(ϕ) of the distance ϕ to the surface Γo, [7]. In the
domain where the gradient of the level-set is continuous, the damage satisfies

d = 0, ϕ ≤ 0 ; d′(ϕ) ≥ 0, 0 ≤ ϕ < lc ; d(ϕ) = 1, ϕ ≥ lc.

The surface d(X, t) = do is also a level-set. This representation of damage is illustrated Fig.1. The
minimum length separating the level-set d = 0 to the level-set d = 1 is lc. To simplify the expressions,

n(S)

Γ2

dS

dSm

Γ Γ1

−h

h

T

XS

Fig. 1: The local frame

the study is made for plane motion. With this definition, the dissipation is obtained as
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Dm =

∫

Γ

l
∫

o

Y d′(ϕ) (1− κϕ) ϕ̇ dϕ dS.

where κ is the local curvature of the curve Γo. The evolution of the level-set z is given by the evolution
of the moving surface ϕ(X, t) = z then

ϕ̇− a(s)∇ϕ.N = 0,

where the velocity a is the normal speed of the iso-ϕ and N = ∇ϕ/||∇ϕ|| is the normal vector to the
surface ϕ = z. The driving force G associated to the velocity a is given according to the dissipation

Dm =

∫

Γ

G(s)a(s) dS,where G(s) =

l
∫

o

Y∇d.N det(I − κϕ)dϕ.

The velocity a is determined with respect to a constitutive law based on the driving force G(s). The
integration of a local normality law based on Y

ḋ ≥ 0, Y ≤ Yc, (Y − Yc)ḋ = 0

suggests that the velocity a satisfies the generalized Griffith’s law for (l(s, t) ≤ lc)

a(s) ≥ 0, G(s) ≤ Ḡ(s) =

l
∫

o

Yc∇d.N (1− κϕ)dϕ, (G(s)− Ḡ(s))a(s) = 0,

which is an averaged yielding function on the layer. This definition ensures the positivity of the entropy
production.

On the motion of a layer

The curve Γo is the interface separating the undamaged material to the damaged one. A point Mt of
Γo is referred by its curvilinear coordinates s, its position is Xo(S). The local frame is defined by the

tangential vector T =
dX
dS

and the normal vector N . They satisfy the Fresnet relations

dT
dS

= κN,
dN
dS

= −κT

where κ is the curvature of the curve Γo. A point M of the layer has coordinates S, z in the frame
T ,N , X = Xo + zN then the local frame at point X is defined by

dX = dS τ + ν

it depends on the position inside the layer,

τ = (1− κz)T , ν = N

The level-set ϕ(Xo, t) = 0 is the curve Γo, during the motion defined by the normal velocity a(S) of

Γo, the local frame T ,N is changing. We know that N =
∂ϕ

∂X
/||

∂ϕ

∂X
||, and
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∂ϕ

∂X
.ϕ+

∂ϕ

∂t
= 0,

this defines ϕ = a(s)N , The same is true for all level set ϕ(X, t) = z = ϕ(Xo + zN, t).
Actual geometry and convected geometry. The actual position xo of a point of Γo satisfies the

equations of motion xo = Xo + ϕ(S)dt, the evolution of the local frame is then deduced. Introducing
the derivative following the motion of the surface Γo by

DφG = lim
dt→0

Gt+dt −Gt

dt
.

we obtain

DφT =
dϕ
dS

.N N, DφN = −
dϕ
dS

.N T , Dφκ = N.
d2ϕ

dS2
− 2κ

dϕ
dS

.T .

At a point X = Xo + zN of the layer the value of mechanical quantity f f(X, t) is following the
motion of the layer. At time t + dt, the actual position is x = xo + z N t+dt and the evolution is given
by

DφX = lim
dt→0

(x−X)

dt
= a(s)N − z

da
dS

T

At point X the variation of any mechanical quantities following the motion of the layer is then

Dφf = limη→0

f(X + ηDaX, t + η)− f(X, t)
η

=
∂f

∂t
+

∂f

∂X
.DφX

For the function ϕ(X, t) = z, we have ∇ϕ = N , ∆ϕ = −
Γ

1− zΓ
and Da dS = −κa dS.

Variations of averaged quantity on the layer. To study the evolution of the driving force we
must studied the evolution of quantities such as

F =

l
∫

o

f(1− zκ)dz dS DφF =

l
∫

o

Dφf (1− κz)dz −

l
∫

o

zfDφκdz

On the rate boundary value problem

At time t, the position of equilibrium is defined by the displacement u, the position of the layer is
known and the solution is inside the domain of reversibility, then the driving force satisfies:

F (S, t) =

l
∫

o

Y (ε(u), d)d′(ϕ)(1− κz)dz − Yc

l
∫

o

d′(ϕ)dz ≤ 0.

The quantity F is defined on the moving curve Γo For an increasing of the loading, the evolution of
the position of Γo is governed by the normality rule

a(S) ≥ 0, F (S, t) ≤ 0, a(S)F (S, t) = 0

It is obvious that a(S) is positive if F = 0. At this state F satisfies Ḟ ≤ 0. The derivation of the
consistency condition aF = 0 implies that a(S) > 0 if DφF = 0. Then the set of admissible field
a(S) satifies
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∫

Γ

(a(s)− a∗(s))DφF ds ≤ 0

this is a variational inequation to solve on the set of admissible fields (a∗(s) ≥ 0) along Γ+
o = {S ∈

Γo/F (S, t) = 0}.
We must now write the consistency conditionDφF = 0 , we have the property (f(ε, ϕ) = Y d′(ϕ)):

Dφf(ε, ϕ) =
∂f

∂ε
Dφε ==

∂f

∂ε
: (ε̇+∇ε.Dφε = ḟ + a

∂f

∂z
−

z

1− zκ

da
ds

∂f

∂S

Taking account of Dφϕ = 0 and ϕ(Xo + zN, t) = z, the inequation is rewritten as

0 ≥

∫

Γ

(a− a∗)
(

∫

l

ḟ(1− κz)dz + a(
∂f

∂z
(1− κz)− zfκ2)dz

)

ds

−

∫

Γ

(a− a∗)
(

∫

l

zf(
d2a

ds2
+

da
ds

df
ds

)dz
)

ds

and by integration by parts

0 ≥

∫

Γ

(a− a∗)
(

∫

l

ḟ(1− κz)dz +

∫

l

a(
∂f

∂z
(1− κz)− zfκ2)dz

)

ds−
∫

Γ

∫

l

fzdz
da
ds

d
ds

(a− a∗) ds

As ḟ =
∂f

∂ε
ε̇− a

∂f

∂ϕ
, the inequation becomes

0 ≥

∫

Γ

(a− a∗)

∫

l

∂f

∂ε
: ε̇(1− κ z)dz ds+

∫

Γ

(a(s)− a∗(s))La(s) +

∫

Γ

da
ds

M
d
ds

(a(s)− a∗(s)) ds

where L,M are functions of the actual state

L =

∫

l

(∂f

∂ε
:
∂ε

∂z
(1− κz) + zfκ2

)

dz, M =

∫

l

fzdz

Property of the solution. The solution of the rate boundary value problem satisfies the variational
inequation

∂F

∂v
.(v − v∗) +

∂F

∂a
(a− a∗) ≤ 0

amoung the set of admissible fields K

K = {(v, a)/v = vd over ∂Ωu, a(S) ≥ 0 along Γ+
o , a(s) = 0 otherwise }

where

F(v, a) =

∫

Ω

1

2
ε(v) : C(d) : ε(v) dΩ +

∫

Γ

a

∫

l

∂f

∂ε
: ε(v)(1− zκ)dz ds+

∫

Γ

1

2
(a2L+M

da
ds

2

) ds

The proof is easy to obtain. Studying the properties of F gives the conditions on the stabil-
ity and uniqeness of the velocity a in the form proposed in [10, 12] When a is given, the solution
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v(vd, Ṫ
d
, a(S)) is a classical problem of elasticity with a particular distribution of volumic forces due

to a(S) at each point of the layer:

σ̇ = C(d) : ε(v) +
∂C

∂d
: ε(u)∇d.Na(S)

The solution v depends on the field a(S), defining W(a, vd, Ṫ
d
) = F(v(vd, Ṫ

d
, a), a), we have the

following properties
The solution a is unique if ∀β

∫

Γ

∫

Γ

∂2W

∂a∂a
β(S)β(S ′) ds ds′ ≥ 0

The solution is stable if ∀β ≥ 0 over Γ+
o

∫

Γ

∫

Γ

∂2W

∂a∂a
β(S)β(S ′) ds ds′ ≥ 0

Typical examples and applications

Sharp interfaces - brittle damage. When the thickness lc tends to 0, the functional F tends to the
primal functional obtained with sharp interface as proposed in [10]. In this case the fields are discon-
tinuous along the curve Γo and the driving force is the jump of Eshelby tensor through this curve.

A model of bar with a moving layer. The free energy w for unixial response is

w(ε, d) =
1

2
E(d)ε2, Y = −

∂w

∂d
,

where d varies from 0 to 1, the Young modulus E(d) is a continuous fonction of d, then there is no
discontinuity at d = 0. For comparison with a sharp interface we consider the matching conditions
E(0) = E1 and E(1) = E2. On the layer the value of the damage parameter is given by (ϕ(X, t) =
Γ(t) − X). The damage parameter d is an increasing function of the distance ϕ to the boundary Γ
separating the sound material to the damaged one. The function d(ϕ) is a given continuous function
D of ϕ

Initially Γ(t) = 0 and the propagation of the layer begins at the origin of the bar, so the thickness
Γ(t) = l(t) is smaller than lc. The thickness increases to lc and after this step of initialization, the
thickness is kept constant.

For the given constitutive laws, the dissipation is local and only due to damage dm = Y ḋ. From
the integration over the layer we get the total dissipation due to damage inside the bar:

Dm =

l
∫

o

Y ḋ dϕ.

Assuming that d is a continuous function of ϕ, then the young modulus E becomes a continuous
function of ϕ. The prime denotes the derivative with respect to ϕ, d′(ϕ) =

dd
dϕ

and E ′(ϕ) =
dE
dϕ

. To

define the local force Y we need the derivative
∂E

∂d

∂E

∂d
=

∂E

∂ϕ

∂ϕ

∂d
. The fact that this derivative must

be finite implies properties on E ′(ϕ), d′(ϕ). Moreover, the local force Y is
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Y = −
E ′(ϕ)

2d′(ϕ)
ε
2 = −

E ′(ϕ)

2E2d′(ϕ)
Σ2.

As the velocity ϕ satisfies ϕ̇ = a(s), the total dissipation is finally expressed as

Dm =
a

2

l
∫

o

Σ2(−
E ′(ϕ)

E2(ϕ)
)dϕ = G(l,Σ)a, G(l,Σ) =

1

2
Σ2(

1

E(l/lc)
−

1

E(0)
).

When l = lc, we recover the expression obtained for a sharp interface.
For sharp interfaces, the strain ε and the moduli of elasticity are discontinuous. The total energy

and the dissipation are given by

W =
1

2
(
x

E1

+
1− x

E2

)Σ2 Dm = −
∂W

∂x
ẋ =

1

2
(
1

E2

−
1

E1

)Σ2

So when the layer is established, the dissipation described by a sharp interface and a moving layer is
the same.

If ϕ vanishes the limit value Y (0+,Σ) is

Y (0+,Σ) = −
1

2

Σ2

E2
1

lim
φ→0

E ′(ϕ)

d′(ϕ)
≤ −

1

2

Σ2
o

E2
1

lim
φ→0

E ′(ϕ)

d′(ϕ)
= Yc

When we adopt the local normality rule, the value of Y must be smaller than Yc. This defines the
critical value Σo for initiation of damage in a point of the bar. It can be noticed that the critical value
Σo depends of the damage law and is generally different from Σc. We assume that the dissipation of
the system is the same when the layer moves with the limit thickness lc this gives a relation between
the value Yc and Gc.

Dm = Gca = Ycd(lc)a

On complete study on such a system with different constitutive laws are studied in ([15]).
Case of a cylinder. We consider a cylinder with external radius Re in plane strain. The elasticity

is assumed isotropic with a constant and homogenous shear modulus µ. The damage governs only the
bulk modulus K. In this case the Lamé coefficient λ = K + 2µ/3 is a function of d. Under radial
loading u(Re) = ERe the solution is u = u(R)er and satisfies

R2u(R) = A

R
∫

o

rdr

L(r)
= A I(R), L = λ+ 2µ

The constant A is determined by the boundary condition ReE = AI(Re). Initially the body is homo-
geneous with characteristics λ1 = λo and A = (λo + 2µ)E. Behind a critical value Ec the damage
initiates and λ is no more uniform, we assume for example d(R) = ϕ/lc, ϕ = γ −R

(a)
1

L(ϕ)
=

1− d

L1

+
d

L2

, or (b)L(ϕ) = (1− d) L1 + d L2

where γ is the position of the level-set Γo. Then we obtain in case (a)

K(γ) = I(Re) =
R2

2L1

+
γ3

6lc

1

L2 − L1

, W = 2πR2
e(

Re

K(γ)
− 2µ)

and G =
∂W

∂γ
= πA2

γ2

lc
(
1

L2

−
1

L1

), For case (b), K is a logarithm function, depending strongly on

the curvature 1/γ. This shows the influence of the curvature on the answer of the system.
Numerical examples. Numerical simulation based on different algorithms have been proposed to

solve more complex geometry not only in 2D but also in 3D [7].

7



Conclusion

We have proposed a variational formulation for the description of damage with a continuous transition
to rupture on a layer of finite thichness. This provide a complete analysis of stability and uniqueness
of the damage propagation. The model proposes also a complete framework from initiation of damage
to propagation of rupture.
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