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ABsTrACT. We consider the inverse problem of determining a time-dependent coefficient of order zero g,
appearing in a wave equation 6t2u — Au+q(t,x)u =01in Q = (0,T) x Q with Q a C? bounded domain of
R™, n > 2, from partial observations of the solutions on Q. Using suitable geometric optics solutions and
Carleman estimates, we prove global unique determination of a coefficient ¢ € L°°(Q) from these observa-
tions.

Keywords: Inverse problems, wave equation, scalar time-dependent potential, Carleman estimates, partial
data.

Mathematics subject classification 2010 : 35R30, 35L05.

1. INTRODUCTION

1.1. Statement of the problem. We fix  a C2 bounded domain of R, n > 2, and we set ¥ = (0, T') x 99,
Q=1(0,T) x Q with 0 < T < oco. We consider the wave equation
02— Ayu+q(t,r)u =0, (t,x)€Q, (1.1)
where the potential ¢ € L>°(Q) is assumed to be real valued. We study the inverse problem of determining
q from observations of the solutions of (1.1) on 9Q.
It is well known that the data
Ay = {(Um, 3uu\z) PuE LQ(Q)) Uu + qu = 0, Ujt=0 = atU|t:0 =0} (1.2)

determines uniquely a time-independent potential ¢ € L>°(£2) (e.g. [24]). Here v denotes the outward unit
normal vector to Q and from now on O denotes the differential operator 97 — A. In fact, it has been proved
that even partial knowledge of A, is enough for the determination of time-independent potential g (e.g. [7]).
In contrast to time-independent potentials, due to domain of dependence arguments, there is no hope to
recover general time dependent potential ¢ from the data .4, on the sets

Do ={(t,z) € @: 0 <t < Diam()/2, dist(z,00) < t},
Dpr ={(t,z) € Q: T —Diam(Q)/2 <t < T, dist(x,00) < T —t}.
Indeed, assume that Q@ = {zx € R": |z| < R}, T > R > 0. Now let u solves
Ou=0, us =f, U= = sujy—o = 0.
Since uj—g = Osuji—o = 0, the finite speed of propagation implies that wp, = 0. Therefore, for any
q € C§°(Dy), we have qu = 0 and u solves

Uu + qu = 0, U = fs Ult=0 = atu|t:0 =0.
1
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This last result means that for any ¢ € C3°(Dy) we have A, = Ay where Ay stands for A, when ¢ = 0.
Facing this obstruction to uniqueness, it appears that four different approaches have been considered so

far to solve this problem:

1) Considering the equation (1.1) for any time ¢ € R instead of 0 < ¢t < T (e.g. [25], [26]).

2) Recovering a time-dependent potential ¢ on a subset of @) from the data A, (e.g. [23]).

3) Recovering a time-dependent potential ¢ from the extended data C, (e.g. [11]) given by

Cq = {(u|27u\t:07atu|t:07 8u“\27“\t:T76tu|t:T) PuE L2(Q)7 (33 — A+ q)u = 0}.

4) Recovering time-dependent coefficients that are analytic with respect to the ¢ variable (e.g. [8]).

Therefore, it seems that the only unique global determinations of time-dependent potentials ¢ proved so
far at finite time involve strong smoothness assumptions such as analyticity with respect to the ¢ variable
or the important set of data C;. The goal of this paper is to prove unique global determination of general
time-dependent potentials ¢ with partial knowledge of the set Cj,.

1.2. Physical and mathematical interest. In contrast to time-independent potentials, the consideration
of time dependent coeflicients corresponds to more realistic models since it takes into account the evolution
in time of the perturbation. Practically, our inverse problem can be stated as the determination of physical
properties such as the time evolving density of an inhomogeneous medium by probing it with disturbances
generated on the boundary and at initial time. The data is the response of the medium to these disturbances,
measured on the boundary and at the end of the experiment, and the purpose is to recover the function
which measures the property of the medium.

Note also that the determination of time-dependent potentials can also be an important tool for the more
difficult problem of determining a non-linear term appearing in a nonlinear wave equation from observations
of the solution in Q. Indeed, in [13] Isakov applied such results for the determination of a semilinear term
appearing in a semilinear parabolic equation from observations of the solutions in JQ.

1.3. Existing papers. In recent years the problem of recovering coefficients for hyperbolic equations from
boundary measurements has attracted many attention. Many authors have considered this problem with an
observation given by the set A, (see (1.2)). In [24], the authors proved that the data A, determines uniquely
a time-independent potential ¢ and in [12] Isakov considered the determination of a coefficient of order zero
and a damping coefficient. These results are concerned with measurements on the whole boundary. The
uniqueness by local boundary observations has been considered in [7]. For sake of completeness we also
mention that the stability issue related to this problem has been treated by [14, 2, 16, 21, 28, 29|. Note that
[16] extended the results of [24] to determine a large class of time-independent coefficients of order zero in
an unbounded cylindrical domain. It has been proved that only measurements on a bounded subset of the
infinite domain are required for the determination of some class of coefficients including periodic coefficients
and compactly supported coefficients.

All the above mentioned results are concerned only with time-independent coefficients. Several authors
considered the problem of determining time-dependent coefficients for hyperbolic equations. In [27], Stefanov
proved unique determination of a time-dependent potential for the wave equation from the knowledge of scat-
tering data. The result of [27] is equivalent to the consideration of the problem with boundary measurements.
In [25], Ramm and Sjostrand considered the problem of determining the time-dependent coefficient ¢ from
the data (urxaq, OvUrxaq) of forward solutions of (1.1) on the infinite time-space cylindrical domain R; x €2
instead of @ (¢ € R instead of 0 < ¢t < T < c0). In [23], Rakesh and Ramm considered the same problem
at finite time on @, with 7' > Diam(f2), and they proved a uniqueness result for the determination of ¢
restricted to the subset S of @, made of lines with angle 45° with the ¢-axis and which meet the planes ¢t = 0
and t = T outside @, from the data A,. In Theorem 4.2 of [11], Isakov established a result of uniqueness for a
time-dependent potential on the whole domain @ from observations of the solution on 9Q. Applying a result
of unique continuation borrowed from [30], Eskin [8] proved that the A, uniquely determines time-dependent
coeflicients that are analytic with respect to the time variable t. In some recent work, [26] extended the
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result of [25] to more general coefficients and proved a result of stability for compactly supported coeffi-
cients provided T is sufficiently large. Moreover, [31] proved stability in the recovery of X-ray transforms of
time-dependent potentials on a Riemannian manifold.

We also mention that [4], [5], [6] and [9] consider the problem of determining a time-dependent coefficient
for parabolic and Schrédinger equations and derive stability estimate for these problems.

1.4. Main result. In order to state our main result, we first introduce some intermediate tools and notations.
For allw € S 1 = {y € R": |y| = 1} we introduce the w-illuminated face

0N_, ={red: v(z) w<0}

and the w-shadowed face
0Ny ={red: v(z) w=0}
of Q. We associate to 0Qy4 , the part of the lateral boundary ¥ given by X4 ,, = (0,7) x 0Q4 . From
now on we fix wyg € S"~! and we consider F' = (0,T) x F’ (resp G = (0,T) x G’) with F’ (resp G’) a closed
neighborhood of 0y ,, (resp OQ_ ) in OQ.
The main purpose of this paper is to prove the unique global determination of the time-dependent
potential ¢ from the data

C(l] = {(U|Ea 8tu\t:07al/u|Gau|t:T) tucE LQ(Q)a Uu + qu = 07 Ujt=0 = Oa Suppu|s C F}
See also Section 2 for a rigorous definition of this set. Our main result can be stated as follows.

Theorem 1. Let g1, g2 € L®(Q) . Assume that
c,, =C.,. (1.3)
Then g1 = qo.

Let us observe that our uniqueness result is stated for bounded potentials with, roughly speaking, half
of the data C, considered in [11, Theorem 4.2] which seems to be the only unique global determination of
general time-dependent coefficients for the wave equation in the mathematical literature. More precisely,
we consider u € L?(Q) solutions of (9?2 — A + q)u = 0, on @, with initial condition uj¢—o = 0 and Dirichlet
boundary condition us; supported on F' (which, roughly speaking, corresponds to half of the boundary).
Moreover, we exclude the data J;u;—r and we consider the Neumann data d,u only on G (which, roughly
speaking, corresponds to the other half of the boundary). We also mention that in contrast to [8], we do
not use result of unique continuation where the analyticity of the coefficients with respect to t are required.
To our best knowledge condition (1.3) is the weakest condition that guaranty global uniqueness of general
time dependent potentials. Moreover, taking into account the obstruction to uniqueness given by domain of
dependence arguments (see Subsection 1.1), the restriction to solutions u of (1.1) satisfying uj;—o = 0 and
the restriction of observations at ¢ =T to u;—r seems close to the best condition that we can expect on the
initial and final data for the determination of time-dependent potentials.

The main tools in our analysis are suitable geometric optics (GO in short) solutions and Carleman
estimates. More precisely, following an approach used for elliptic equations (e.g. [3], [15], [22]) and for
determination of time-independent potentials by [2], we construct two kind of geometric optics solutions
growing exponentially: solutions lying in H'(Q) without condition on dQ (see Section 3) and GO solutions
associated to (1.1) that vanish on parts of 9Q (see Section 5). With this solutions and a Carleman estimate
with linear weight (see Section 4), we prove Theorem 1.

1.5. Outline. This paper is organized as follows. In Section 2 we treat the direct problem. We give a
suitable definition of the set of data C’,’I and we define the associated boundary operator. In Section 3, using
some results of [4] and [10], we build suitable GO solutions associated to (1.1) without condition on 9Q).
In Section 4, we establish a Carleman estimate for the wave equation with linear weight. In Section 5, we
use the Carleman estimate introduced in Section 4 to build GO solutions associated to (1.1) that vanish on
parts of Q. More precisely, we build GO u which are solutions of (1.1) with uy—o = 0 and suppujx, C F.
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In Section 6 we combine all the results of the previous sections in order to prove Theorem 1. We prove also
some auxiliary results in the appendix.

Acknowledgements. The author would like to thank Mourad Bellassoued, Mourad Choulli and Eric
Soccorsi for their remarks and suggestions.

2. FUNCTIONAL SPACES

The goal of this section is to give a suitable definition to the set of data C’(’I for any ¢ € L*°(Q) real
valued. We first introduce the space

J={ucL*Q): (0? — A)u =0}
and topologize it as a closed subset of L?(Q). We work with the space
Hp(Q) = {u e L*(Q) : Du= (9} — A)ue L*(Q)},
with the norm
il ) = lellZeg) + 197 = A)ull7a(q -
Repeating some arguments of Theorem 6.4 in chapter 2 of [19] we prove in the appendix (see Theorem 4)

that H5(Q) embedded continuously into the closure of C*°(Q) in the space
Ko(Q) = {we H-'(0,T; 13(@) : Ou= (7 — A)u € L*(Q)}
topologized by the norm

2 2 2
HUHKD(Q) = HU”H—l(o,T;L?(Q)) + ||(at2 B A)UHL2(Q) :

Then, following Theorem 6.5 in chapter 2 of [19], we prove in the appendix that the maps

Tow = (Wjs, W=, OsWit—o), T1W = (Qpws, W=7, W), W € C*(Q),
can be extended continuously to 7o : Ho(Q) — H3(0,T; H=2(89Q)) x H™2(Q) x H4(Q), 71 : Ho(Q) —
H=3(0,T; H=3(09)) x H=2(2) x H=*() (see Proposition 4). Here for all w € C>®(Q) we set

Tow = (TO,lwa T0,2w7 T0,3w)7 nw = (T1,1w7 TI,Qwa T1,3w)7
where
T0,1W = W|g, Tp,2W = W|t=0, 70,3W = atw\t:m T11W = auw|23 T1,2W = W=7, T1,3W = 8tw|t:T-

Therefore, we can introduce

H(OQ) = {rou: ue Ho(Q)} C H3(0,T; H™2(0Q)) x H~2(Q) x H*(Q).
Following [3] and [22], in order to define an appropriate topology on H(9Q) we consider the restriction of
to the space J.

Proposition 1. The restriction of 79 to J is one to one and onto.

Proof. Let u,v € J with Tgou = 79v. Then w = u — v solves
Rw—Aw = 0, (t,x)€Q,
Wi=0 = O4W|i—0 0,
’LU|Z = 0

and the uniqueness of solutions of this initial boundary value problem implies that w = 0. Thus, the
restriction of 7y to J is one to one. Now let (g,vp,v1) € H(OQ). There exists F' € H(Q) such that
70F = (g,v0,v1). Consider the initial boundary value problem
Pv—Av = —(F-A)F, (t2)€Q,
U\t:OZatU|t:0 = 0,
U|Z = 0.
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Since —(8? — A)F € L*(Q), from the theory introduced in Section 8 of Chapter 3 of [19] we deduce that this
IBVP admits a unique solution v € C1([0, T]; L*(Q)) N C([0, T]; H3(Q)). Then, u = v + F € L*(Q) satisfies
(0? — A)u = 0 and Tou = 19v + 70 F = (g,v0,v1). Thus 79 is onto. a

From now on, we set Py the inverse of 79 : J — H(9Q) and define the norm of H(9Q) by
19, vo; v1) a0y = 1Po(gs vo, v1)ll L2 -

Now let us consider the initial boundary value problem (IBVP in short)

O?u — Au+ q(t,r)u =0, in Q,
uw(0,:) =wvg, Owu(0,-) = vy, in Q, (2.1)
u =g, on .

We are now in position to state existence and uniqueness of solutions for the IBVP (2.1) for (g,vo,v1) €
H(0Q).
Proposition 2. Let (g,vo,v1) € H(OQ) and q¢ € L>(Q). Then the IBVP (2.1) admits a unique weak
solution u € L?(Q) satisfying

||UHL2(Q) <C ||(9,’U07U1)||7-[(6Q) (2.2)
and the boundary operator By : (g,vo,v1) — T1u is a bounded operator from H(OQ) to H3(0,T; H~ 2 (0Q)) x
H=2(Q) x H=4(Q).

Proof. We split u into two terms u = v + Py(g, vo, v1) where v solves

Hv—Av+qu = —qPo(g,v0,v1), (t,x)€Q,
Vjt=0 = 815”\15:0 = 0, (2'3)
U\Z = O

Since Po(g,vo,v1) € L*(Q), the IBVP (2.3) admits a unique solution v € C*([0, T; L*(Q)) N C([0, T]; HL(2))
(e.g. Section 8 of Chapter 3 of [19]) satisfying

||U||c1([o,T];L2(Q)) + HUHC([O,T];H(}(Q)) <C ||_qP0(gaUOaU1)HL2(Q) <C HCIHLoo(Q) ”PO(ngOavl)HL?(Q) - (249)
Therefore, u = v 4+ Py(g, vo,v1) is the unique solution of (2.1) and estimate (2.4) implies (2.2). Now let
us show the last part of the proposition. For this purpose fix (g,vp,v1) € H(OQ) and consider u the
solution of (2.1). Note first that u € L*(Q) and (87 — A)u = —qu € L*(Q). Thus, u € Hp(Q) and
miu € H3(0,T; H-2(0Q)) x H2(Q) x H~4(Q) with

2 2 2 2 2 2
Irvull” < C* lully ) = C*lullza(q) + laullzaig)) < C* A+ llallz= ) l1ullze(g) -
Combining this with (2.2) we deduce that B, is a bounded operator from H(9Q) to H (0, T H~3(09)) x
H72(Q) x H=4(Q). O
From the definition of the boundary operator B, one can deduce the set C’(’I which corresponds (in some

suitable sense) to a subspace of the graph of B,.

3. GEOMETRIC OPTICS SOLUTIONS WITHOUT BOUNDARY CONDITIONS
The goal of this section is to build geometric optics solutions u € H'(Q) associated to the equation
O*u— Au+q(t,x)u=0 on Q. (3.1)

More precisely, for A > 1, w € S" 1 = {y € R" : |y| = 1} and £ € R satisfying £ (1, —w) = 0, we consider
solutions of the form

u(t, ) = e AT (80D Loyt x)),  (tz) € Q. (3.2)
Here w is the remainder term in the asymptotic expansion of v with respect to A and we have
C

Hw||L2(Q) < Iy
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with C' > 0 independent of \. For this purpose, for all s € R and all w € S*™!, we consider the operators
P, defined by P, = e~ *(t+=@)0es(t+2w)  One can check that

Ps,w = ps,w(Dt»Daz) =0+ 23(81& —Ww- vx)

with Dy = —id;, D, = —iV, and ps (1, n) = —p® + |77|2 + 2si(p —w-1n), p € R, n € R™. Applying some
results of [4] and [10] about solutions of PDEs with constant coefficients we obtain the following.

Lemma 1. For every A\ > 1 and w € S"™! there exists a bounded operator Ey ., : L*(Q) — L*(Q) such
that:

P—)\,wE)\,wf = fa f € Lz(Q)a (33)
1Br ooy <CANL e I2(Q), (3.4
Exw € B(LY(Q); HY(Q)) and ||E>\,w||B(L2(Q);H1(Q)) <C (3.5)

with C' > depending only on T and €.

Proof. In light of [4, Thorem 2.3] (see also [10, Thorem 10.3.7]), there exists a bounded operator Ej,, :
L*(Q) — L?(Q), defined from a fundamental solution associated to P_ , (see Section 10.3 of [10]), such
that (3.3) is fulfilled. In addition, for all differential operator Q(D;, D) such that M

) is bounded, we
have Q(Dy, D,)Ey ., € B(L*(Q)) and

Q)|
Q(Dy, Dy)Ey <C  sup 3.6
1@@De De)Brellsraa (umertin D-xw(in) (36)

where p_» ., is given by

(TR (ZZIOkf)np Mun)l> :

keN aeN™
Note that p_x (@, 1n) = [IJ0up—xw(p,1m)| = 2X. Therefore, (3.6) implies
1
<C sup ——— <COXT?

(R D—xw (i 1M)

and (3.4) is fulfilled. In a same way, we have p_x ., (1,n) = [ROup—rw(i,n)| = 2|p| and p_x o (p,n) =
RO, P—rw(tt, )] =2|m:], 4 =1,...,nand n = (n,...,m,). Therefore, in view of [4, Thorem 2.3|, we have
Exw € B(L*(Q); H(Q)) with

| + [l + -+ [0l
Ey . - <C  sup —
H HB(LQ(Q)’H (@) (p,m)ERI+R p—)\,w(,u'a 77)

and (3.5) is proved. O

<C(n+1)

Armed with this result, we are now in position to build geometric optics solutions of the form (3.2).

Proposition 3. Let ¢ € L>®(Q), w € S"~, X\ > 1. Then, there exists \g > 1 such that for X > \g the
equation (3.1) admits a solution u € H'(Q) of the form (3.2) with

[wll gy < CA*H, k=0,1, (3.7)
where C' and Ao depend on Q, &, T, M > Hq||Loo(Q).
Proof. We start by recalling that
e~ Mt+a-w) ,—i&-(ta) _ ,—A(t+a-w) (Defig»(t,a:) T 2ine - (1, _w)efiﬁ-(t,w))
e Mtz w)me—it () (t,z) € Q.
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Thus, w should be a solution of
OPw — Aw —2X\(0; —w - Vy)w = — ((D +q)e D) 4 qw) . (3.8)
Therefore, according to Lemma 1, we can define w as a solution of the equation
w=—E, ((D +q)e 6 ta) ¢ qw) . we L*Q)

with Ey, € B(L?(Q)) given by Lemma 1. For this purpose, we will use a standard fixed point argument
associated to the map

G: L*Q) — L*Q)

F = =By, [(O+4qe 0t 4 qF].

Indeed, in view of (3.4), fixing M; > 0, there exists Ag > 1 such that for A > A\g the map G admits a unique
fixed point w in {u € L?(Q) : [ull 12(g) < Mi}. In addition, condition (3.4)-(3.5) imply that w € HY(Q)
fulfills (3.7). This completes the proof. O

4. CARLEMAN ESTIMATES

This section is devoted to the proof of Carleman estimates similar to [2] and [3]. More precisely, we
consider the following estimates.

Theorem 2. Let g € L>®(Q) and u € C*(Q). If u satisfies the condition
Ulz = 0, ’Ul‘t:O = atU|t:0 =0 (41)

then there exists A1 > 0 depending only on Q, T and M > ||q||Loo(Q) such that the estimate

A Jo e P Ttee) latu|t:T|2 dz + A f2+ ) e~ 224w ) |9y |w - v(z)| do(z)dt + N\ Jo e 2w ) |y |2 dydt
<C (fQ e~2Mt+w2) (92 — A 4 q)u’Q dadt + N3 [, eI +ew) ‘u|t:T|2 dz + X [, e THera) Wmu‘t:T’Q dx)
+ON [y, emPAFwa) 0, u)” |w - v(z)| do(x)dt
' (4.2)

holds true for A > Ay > 1 with C and Ay depending only on Q, T and M > ||qHLOO(Q). If u satisfies the
condition

’LL‘E = 07 u|t:T = atU|t:T =0 (43)
then the estimate
A f e |3tu‘t:0|2 dr + A fz,,w 2 04w2) |9 u)? w - v(z)| do(z)dt 4+ N2 fQ e2MFwa) |y | dadt
- 2 w-x 2 w-x 2
<C (fQ M) (92 — A+ q)u|” dadt + N [, 27 Juy—o|” da + A [, €2 | Voo dx) (4.4)
+OA Jy, | D |9,uf |- v(x)| do(e)dt
holds true for A = Ay > 0.

In order to prove these estimates, we fix u € C?(Q) satisfying (4.1) (resp (4.3)) and we set v = e~ ANEFwz)y
(resp v = e*M+9 ®)y) in such a way that

/ e M) Oy dpdt = / Py vdtdz, (resp / AT Oy drdt = / P_Mﬂ)dtdx). (4.5)
Q Q Q Q

In order to prove these Carleman estimates we consider first the estimate associated to the weighted
operators P4 ., introduced in the previous section.
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Lemma 2. Let v € C?(Q) and \ > 1. If v satisfies the condition
Ulz = 0, ”U|t=0 = atv‘tzo = O (46)
then the estimate

2
Mo |Ovop=r| de +2X 5 0 0[* w - v(@)do(x)dt + cX? [ |v]* dzdt

< Jo IPrwvl? dadt + 62X [, Vovpr|” dx + 2 Js . 18,0 |w - v(a)| do(z)dt (4.7
holds true for ¢ > 0 depending only on Q2 and T. If v satisfies the condition
vy =0, V=1 = V=7 =0 (4.8)
then the estimate
A fo [0ve—o” dz +2X [, |0u0) |w - ()| do(@)dt + cX? [, [v]® dadt “9)

< fQ |P_y | dadt + 62X Jo |va‘t:0|2 dx + 2\ f2+,w 10,v]* w - v(x)do(z)dt
holds true.

Proof. We start with (4.7). For this purpose we fix v € C?(Q) satisfying (4.6) and we consider
I)\M :/ |P,\7wv|2dtdx.
Q

Without lost of generality we assume that v is real valued. Repeating some arguments of [2] (see the formula
2 line before (2.4) in page 1225 of [2] and formula (2.5) in page 1226 of [2]) we obtain the following

I o 2/ \Dv|2dtda:+c)\2/ v|? dxdt+2/\/ 10,0 w - v(z)do(x)dt
Q Q z

+2)\/ |8tv‘t:T]2dx+2>\/ |Vzv|t:T|2dx—4)\/(8tv‘t:T)(w-Vzv‘t:T)d:v
Q Q Q

On the other hand, an application of the Cauchy-Schwarz inequality yields

4\ ‘/ (Opvpp=r) (W - Vavpp=r)dz
Q

< 5/ |8tv‘t:T|2dz+64/\/ |Vavpr| da
2 Ja )

and we deduce that

Inw + 62X [, ’V$U|t:T|2 dx

> Jo |Ov|?dtdx + cA? Jo [v]? dzdt + 2 Js 10,0 w - v(z)do(z)dt + A Jo |8tv|t:T|2 de.
From this last estimate we deduce easily (4.7). Now let us consider (4.9). For this purpose note that for v
satisfying (4.8), w defined by w(t,z) = v(T — ¢, z) satisfies (4.6). Thus, applying (4.7) to w with w replaced
by —w we obtain (4.9). O

In light of Lemma 2, we are now in position to prove Theorem 2.
Proof of Theorem 2. Let us first consider the case ¢ = 0. Note that for u satisfying (4.1), v = e~ AtFw @)y,

satisfies (4.6). Moreover, we have (4.5) and (4.1) implies ,v)s = e 2@ g u 5. Finally, using the fact
that

O = 0y (N D) = M4 AUy, Vv = e AT (T oy — huw),
we obtain

/ e MIw) |3tu|t:T|2 dr < 2/ |3tv|t:T|2 dx + 2/\2/ e AT Hwa) |u\t:T|2 dz,
Q Q Q

/ ’Vv‘t:T‘Qda: < 2)\2/ e~ MTHwz) ’u‘t:T‘gdm + 2/ e~ MT+wz) ‘Vu‘t:TF dx.
Q Q Q
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Thus, applying the Carleman estimate (4.7) to v, we deduce (4.2). For ¢ # 0, we have
lafu - Au‘2 = |8t2u — Au+ qu — qu’2 <2 ‘(83 — A+ q)u|2 +2 Hq||2Loo(Q) Jul®
and hence if we choose \; > 2C HqH%OO(Q), replacing C' by
C)?
X =20 lallz~(q)

we deduce (4.2) from the same estimate when ¢ = 0. Using similar arguments, we prove (4.4). O

C =

Remark 1. Note that, by density, estimate (4.2) can be extended to function u € C([0,T]; L?(2)) N
C([0,T); HY(2)) satisfying (4.6), (02 — A)u € L*(Q) and d,u € L*(X).

5. GEOMETRIC OPTICS SOLUTIONS VANISHING ON PARTS OF THE BOUNDARY

In this section we fix ¢ € L>°(Q). The goal of this section is to use the Carleman estimate (4.4) in order
to build solutions u € Hx(Q) to

(02 — A+ q(t,z))u=0 inQ,
Up=0 = 0, (5.1)
u=0, on some neighborhood of ¥\ F,

of the form
u(t,x) = MNFUD (14 2(t,2)), (t2) €Q, (5:2)
where z € e+ 2) (@) fulfills: 2(0,2) = —1, z € Q, z = —1 on some neighborhood of ¥\ F and

2]l 22 (@) < CA™2. (5.3)

The main result of this section can be stated as follows.

Theorem 3. Let ¢ € L*>®(Q). For all X > A1, with A1 the constant of Theorem 2. Then, there exists a
solution w € HO(Q) of (5.1) of the form (5.2) with z satisfying (5.3).

In order to prove existence of such solutions of (5.1) we need some preliminary tools and an intermediate
result.

5.1. Weighted spaces. In this subsection we give the definition of some weighted spaces. We set s € R
and denote by v the function defined on 02 by
v(@) = |w-v(z)], =€ .

We introduce the spaces Ls(Q), Ls(€2), and for all non negative measurable function h on 92 the spaces
L 1 + defined respectively by

Lo(Q) = et L2(Q), Ly(Q) = e L2(Q), Lops={f: ST Dn(a)f € (D)}

with the associated norm

||u||s=( [ e |u|2dxdt) L we L),
Q

1
2
el 0 = ( / |u2dx> we L),
Q

1
2

ullype = </ 2w D) p () uf? do(m)dt) , UV E Lgp t.
St+w
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5.2. Intermediate result. We set the space
D={veC*Q): vz =0, v = Ovj—1 = vjy—o = 0}
and, in view of Theorem 2, applying the Carleman estimate (4.4) to any f € D we obtain
1 1
Ml + Az Hatf\t:OH)\ﬁ + Az HanH)\;y,f < C(H(Bf - A+ Q)fHA + ||6Vf||)\,)\'y,+)7 AZ AL (5.4)
We introduce also the space
M= {((5’t2 —A+q)v, 0z, ) veD}
and think of M as a subspace of Ly(Q) x Ly xy,o. We consider the following intermediate result.
Lemma 3. Given A > A1, with A1 the constant of Theorem 2, and
v e L_)\(Q), v_ € L,)\’,Y—I’,7 Vo € L_)\(Q),

there exists u € L_»(Q) such that:
1) (0} — A+ qu=n,
2)u|271w = V-, U;t=0 = Yo,

Iul|_, <C ()\_1 [oll_y + A~2 ol _y -1 - + A2 Hv0||7k’0) with C depending on Q, T,
M 2 lgll o (g)-
Proof. In view of (5.4), we can define the linear function S on M by
SI(O+ 010 Fis, ) = (0 gy — Oufov ) + (Oediuco00) o+ S €D
Then, using (5.4), for all f € D, we obtain

SO+ a)f. 0 fiz, L]
AN Mol=x + 100 Fllx = o=l =5 =1 — + 10 fie=oll 5 o v0ll 5.0

_ 1 1 1 1
<Ay I + A% o=y (A 190 F =) + A% ol o (A% 1|00 fie=oll o)
<C (A lly + A E ol g yoa -+ AR ol o) (1O + @) f 1l + 100 Sl st )

<20 (Aol + A E ooy -+ A ol o) 1@ + @) f 00 fis. Dl )

with C the constant of (5.4). Applying the Hahn Banach theorem we deduce that S can be extended to a
continuous linear form, also denoted by S, on Ly(Q) X Lx x4 satisfying

_ _1 _1
11 < € (A ol oy + A7 H oy A ol ) (55)

XLy, +

Thus, there exists
(u,uy) € Lox(Q) X Loy ()1 ,+
such that for all f € D we have

SO+ 01,0 fis. ) = (O @) fs ) oy — (O s o, -
Therefore, for all f € D we have
(O+a)f w2 — Ovfus) 2, )
= <f7 U>L2(Q) - <avf7 /U7>L2(2_1w) + <atf\t:07 'UO>L2(Q) .
Note first that, since L4 (Q) embedded continuously into L?(Q), we have u € L?(Q). Therefore, taking
f € C5°(Q) shows 1). For condition 2), using the fact that Liy(Q) embedded continuously into L?(Q) we

deduce that u € Ho(Q) and define the trace u|s; and u—q. Thus, allowing f € D to be arbitrary shows that
U, = V-, Uy=o = vo and ux, = —uy. Finally, condition 3) follows from the fact that

(5.6)

_ _1 _1
lull_x < 181 < € (A oll_y +A7F oy yos =+ A7 ol o)



DETERMINATION OF A TIME-DEPENDENT COEFFICIENT FOR WAVE EQUATIONS 11

Armed with this lemma we are now in position to prove Theorem 3.

5.3. Proof of Theorem 3. Note first that z must satisfy

z € L*(Q)

(8t2 A4+ q)(e)\(t—o—wm)z) _ _qe)\(t-;-w.z) in Q
2(0,z) = -1, z€Q,

z=—1 on some neighborhood of ¥\ F'.

(5.7)

Let F’ be an open neighborhood of 004 o, In 0 whose closure (with respect to 0€) is contained into
interior of F’ (with respect to dQ) and let ¢ € C5°(R™) be such that suppy) N IQ € dQ\ F’ and ¢ = 1
on a neighborhood of 9Q \ F’. Choose v_(t,x) = —e*tFw2)(z), (t,x) € _ . Since v_(t,z) = 0 for
(t,x) € (0,T) x F' we have v_ € Ly, . Fix also v(t,z) = —geM**®) and vy(z) = —e**, (t,2) € Q.
From Lemma 3, we deduce that there exists w € Hg(Q) such that

(07 — A+ q)w = v(t, ) = —qe T2 in Q,
w(0,z) = vo(z) = —eA¥, x e,
w(t,r) =v_(t,2) = - Dp(z) (tz) € X,

Then, for z = e~ 4@ @)y condition (5.7) will be fulfilled. Moreover, condition 3) of Lemma 3 implies
- 1 1
lellzay = el oy < € (A oll_y + A7 oy a - + A oy o)
_ _1 _ _1 _1
< ()‘ ! HQHL?(Q) +A72 HX’Y 1HL2(E_,M) + ATz ||1HL2(Q)) < CA™>2

with C depending only on €, T and ||q||Loo(Q). Therefore, estimate (5.3) holds. Using the fact that
eMtten) y — 4 € Hy(Q), we deduce that u defined by (5.2) is lying in H5(Q) and is a solution of (5.1) with

suppTo1u C F, To2u = 0 (recall that for v € C*°(Q), T0,1v = V|5, T0,20 = V}¢=0)-

6. UNIQUENESS RESULT

This section is devoted to the proof of Theorem 1. From now on we set ¢ = g2 — ¢1 on Q and we assume
that ¢ = 0 on R1™"\ Q. Moreover, for all y € S""! = {y € R" : |y| =1} and all 7 > 0, we set

Oy ry={2€0Q: v(x)- y>r}, 00 ,,={xecd: viz)-y<r}

and X4, = (0,7)x0Q4 . Here and in the remaining of this text we always assume, without mentioning it,
that y and r are chosen in such way that d€)4 , 1+, contain a non-empty relatively open subset of 9Q2. Without
lost of generality we can assume that there exists 0 < & < 1 such that for all w € {y € S"™1 : |y — wp| < &}
we have 0Q_ ., C G'.

Let A > max(\y, Ag) and fix w € {y € S"~! : |y —wo| < €}. According to Proposition 3, we can introduce

ui(t,x) = e AtFwz) (e‘ig'(t’r) + w(t,x)) , (t,z) € Q,

where u; € H'(Q) satisfies 92u; — Aug + qrug = 0, € - (1, —w) = 0 and w satisfies (3.7). Moreover, in view
of Theorem 3, we consider uz € Hg(Q) solution of (5.1) with ¢ = g2 of the form

us(t,x) = MU (1 4+ 2(t2), (t2)€Q

with z satisfying (5.3), such that supprp1us C F and 192us = 0 (we recall that 7o, j = 1,2, are the

extensions on Hp(Q) of the operators defined by 791v = vjx and 79,20 = vj;—g, v € C>(Q)) . Let w; solves

{ Ofwy — Awy + qrwy; =0 in Q,

Tow1 = ToU2, (6.1)
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Then, u = wy — uy solves
2 .
Of —Au+qu= (g2 —q1)uz inQ,

u(0,2) = Jyu(0,z) =0 on , (6.2)
u=20 on X

and since (g2—q1)uz € L*(Q), in view of Theorem A.2 in [1] (see also Theorem 2.1 in [18] for ¢ = 0), we deduce
that u € C1([0,T]; L*(Q))NC([0, T); H(Q))NHp(Q) € HY(Q)NH(Q) with ,u € L*(X). Using the fact that

up € HY(Q) N Hp(Q), we deduce that (Q;uy, —Vyuy) € Haiy(Q) = {F € L*(Q;C™+1) : divy ) F € L*(Q)}.
Therefore, in view of [17, Lemma 2.2], we can apply the Green formula to get

/Qu(Dul)dtdx = - /Q(@tuatul — Vau - Vyuy)dtde + ((Opur, —Vaur) - n, U>H*%(8Q),H%(8Q)

with n the outward unit normal vector to Q). In the same way, we find

/Qul(lju)dtdx =— /Q(atuatul — Vau - Vauy)dtde + ((Opu, —Vu) - n’u1>H7%(8Q),H%(8Q)

From these two formulas we deduce that

/ (g2 — q1)uguqdtda = / up (Ou + qru)dtde — / w(Ouy + qruy)dtdz
Q Q Q

= ((Qpu, —Vzu) - n,uq) — ((Opur, —Vzuq) - n,u)

H™2(0Q),H? (9Q) H™%(0Q),H% (0Q) "

On the other hand we have uj—q = 0u;;—p = ux, = 0 and condition (1.3) implies that uy—r = dyujg = 0.
Combining this with the fact that u € C([0, T]; L*(2)) and d,u € L?(X), we obtain

/ quaurdtde = — ayuulda(a:)dt—i—/ Opu(T, x)uy (T, x)dx. (6.3)
Q S\G Q

Applying the Cauchy-Schwarz inequality to the first expression on the right hand side of this formula, we

get
<
2+,5,w

2 2
<C (/ ‘e_’\(t+“"”)auu‘ da(az)dt)
E+,E‘w

for some C' independent of A. Here we have used both (3.7) and the fact that (X \ G) C ¥4 .. In the same
way, we have

Oyuuydo(x)dt

dyue N (1 4 w)’ dtdo(x)

o\G

/ Opu(T, x)uy (T, x)dx
Q

< / ‘atu(T, x)e  NTFTD) (1 4oy(T, x))’ dx
Q

1
2

2
<C < / ‘e’)‘(TJr“'””)atu(T, x)‘ da(x)dt)
Q
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Combining these estimates with the Carleman estimate (4.2), the fact that uy—r = d,uix_, = 0 and the
fact that 0Q4 . o, C 094 4, we find

2
’fQ(QQ — ql)uQuldtdx‘
<20 (fy, e Do, do(@)dt + [, |e T (T, 2)|" do )

<270 (fz+ ) |e_)‘(t+“'z)8yu|2 w - v(z)do(z)dt + [, |e AT+ gpu(T, 3:)|2 dx)

< 53 (J [P+ - A+ q)uf* doc)

<55 (Jo I quaf” dodt) = 55 (fp laf* (1 + ol dodt).

Here C > 0 stands for some generic constant independent of A. It follows that

lim sup/ quaupdtde =0 (6.4)
Q

A— 400

On the other hand, we have
/ quiusdzdt = / q(t, 2)e G2 dydt +/ Z(t,x)dxdt
Q R1+n Q

with Z(t,z) = q(t, z)(2(t, x)e " GO pap(t, ) +2(, )w(t, 2)). Then, in view of (3.7) and (5.3), an application
of the Cauchy-Schwarz inequality yields

'/ Z(t,a:)dxdt‘ <COA3
Q

with C' independent of \. Combining this with (6.4), we deduce that for all w € {y € S"™1 : |y —wp| < &}
and all £ € R orthogonal to (1, —w), we have

/ q(t,2)e ) dadt = 0.
Rl+n

Thus, since ¢ € L*°(Q) is compactly supported, we deduce that ¢ = 0 and ¢; = go.

APPENDIX

In this appendix we prove that the space C*°(Q) is dense in Hg(Q) in some appropriate sense and we
show that the maps 75 and 7; can be extended continuously on these spaces. Without lost of generality we
consider only these spaces for real valued functions. The results of this section are well known, nevertheless
we prove them for sake of completeness.

Density result in H5(Q). Let us first recall the definition of Ko(Q):
Ko(Q)={ue H'(0,T; L*()) : Ou= (87 — A)u e L*(Q)}
with the norm
2 2 2
lullks @) = 1ellz-1 0,752 0)) + 1Bull 2 (g -

The goal of this subsection is to prove the following.

Theorem 4. Hp(Q) embedded continuously into the closure of C*(Q) with respect to Ko(Q).
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Proof. Let N be a continuous linear form on K(Q) satisfying

Nf=0, feC>®Q). (6.5)
In order to show the required density result we will prove that this condition implies that
Ny @) = 0.
By considering the application u + (u, Ju) we can identify K5(Q) to a subspace of H=1(0,T; L*(Q)) x
L?(Q). Then, applying the Hahn Banach theorem we deduce that N can be extended to a continuous linear
form on H=1(0,T; L?(2)) x L?(Q). Therefore, there exist hy € H}(0,T; L3()), ha € L?(Q) such that

N(u) =, ) v o220y, 30,7502 () T (B0 h2) 2y, v € Ko(@).

Now let O C R" be a bounded C* domain such that QCOandfix Q. = (—¢,T +¢) x O with e > 0. Let
h; be the extension of h; on R'™ by 0 outside of @ for j = 1,2. In view of (6.5) we have

h ZA)f,h =N = 5 (Q:).
(F51) gy TA@ =D))< N(fig) =0, [ €C(Q.)
Thus, in the sense of distribution we have
D]NIQ = —?11 on Qe~

Moreover, since hy = 0 on R \ Q@ D 9Q., we deduce that hs solves

) Ofhy —Ahy = —hn in Q.
ho(—€,2) = Otha(—€,2) = 0, x €O,
ho(t,z) = 0, (t,x) € (—&, T +¢) x 00.

But, since h; € H(0,T;L%*(2)), we have hy € H(—¢,T + ¢; L*(0)) and we deduce from Theorem 2.1
in Chapter 5 of [20] that this IBVP admits a unique solution lying in H?(Q.). Therefore, hy € H?(Q.).
Combining this with the fact that hy = 0 on Q. \ Q, we deduce that hy € H2(Q), with H3(Q) the closure
of C§°(Q) in H?(Q), and that Ohy = —hy on Q. Thus, for every u € Hn(Q) we have

(B, ha) paq) = (O, ha) -2y, mz) = (0 Dh2)r2(g) = — {us M) 2y
Here we use the fact that Hg(Q) C L?(Q). Then it follows that
N(u) = <u7h1>L2(Q) - <u7h1>L2(Q) =0, ue Hp(Q).

From this last result we deduce that H(Q) is contained into the closure of C*°(Q) with respect to Ko(Q).
Combining this with the fact that Hp(Q) embedded continuously into Kp(Q) we deduce the required
result. ]

Trace operator in Hg(Q). In this subsection we extend the trace maps 79 and 71 into H5(Q) by duality
in the following way.

Proposition 4. The maps
Tow = (To,lwﬁo,zwﬁo,?)w) = (w\Z’w|t:(]vatw\t:0)7 w e COO(@%

Tiw = (71,1, T 2w, T1 3w) = (Qws, W=7, dwp—=r), w € CZ(Q),
can be extended continuously to o : Ho(Q) — H=3(0,T; H—2(0)) x H~2(Q) x H4(Q),
7 Ho(Q) — H3(0,T; H2(0Q)) x H™2(Q) x H~*(Q).

Proof. Tt is well known that the trace maps
u = (Ujag, Ovjsn)

can be extended continuously to a bounded operator from H2(Q) to H?(9Q) x Hz2(09) which is onto.
Therefore, there exists a bounded operator R : H 2 (9Q) x H=(8Q) — H2(Q) such that

R[h1, ha]joq = h1,  OuR[h1, ha]jaq = ha, (hi,h2) € H%(09) x H?(99).
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Fix g € H3(0,T; Hz(8Q)) and choose G(t,.) = R(0,g(t,.)). One can check that G € H3(0,T; H2(Q)) and
||G||H3(O,T;H2(Q)) < HRH ||g||H3(O,T;H%(BQ)) . (66)

Applying twice the Green formula we obtain
/ vgdo(x)dt = / OvGdzdt — / vOGdzdt, v € C™(Q).
p) Q Q
But OG € H}(0,T; H*(9)), and we have

<TO’1U’g>H*3(O,T;H_%(39)),H§(O,T;H%(89)) = {0, G)paq) = (v, DG 10,7522 () 113 0,75L2 () -

Then, using (6.6) and the Cauchy Schwarz inequality, for all v € C*°(Q), we obtain
[(T0,10, 9)| < ||Dv||L2(Q) HG”Lz(Q) + HUHH*l(O,T;Lz(Q)) ||DG||H3(0,T;L2(Q))

< Cllvlig @ 190 s 0,714 00y
which, combined with the density result of Theorem 4, implies that 791 : v+ vy extend continuously to a
bounded operator from Ho(Q) to H=3(0,T; H~2(95)). In a same way we prove that

o = oyun, v EeCT(Q)

extend continuously to a bounded operator from Ho(Q) to H=3(0,T; H 3 (9Q)).
Now let us consider the operators 7; ;, i = 0,1, j = 2,3. We start with

To,2 1V Vo, v E€CT(Q).

Let h € H3(Q) and fix H(t,z) = tp(t)h(x) with o € C5°(=T, L) satisfying 0 < ¢ < land ¢ =1on [-%,L].
Then, using the fact that ¢» = 1 on a neighborhood of t = 0, we deduce that

Hy=0,Hyx = Hjj—o=0H—g =UH;—r =0, 0;Hj;—o = h.

Therefore, OH € H}(0,T;L%*(Q)) and repeating the above arguments, for all v € C>(Q), we obtain the
representation

(10,20, h>H—2(Q),Hg(Q) = (v, DH>H*1(O,T;LZ(Q)),H(%((),T;L2(Q)) —(H, DU)L?(Q) :

Then, we prove by density that 792 extends continuously to 792 : Ho(Q) — H%(Q).
For -

70,3 1V > 0=, v € CT(Q),

let p € HF(Q) and fix
()2 Ap(x

a(t,x) = v(t)g(x) + LA,

Then, ¢ satisfies
@IZ = 81/(1)‘2 = 8t¢|t:0 = 0’ (I)\t:() = .
Moreover, we have O® € H'(0,T; L*(Q)) with
(07 = D)o = A+ Ap =0, (97 = A)®jy—r =0

and it follows that O® € H}(0,T; L*(Q)). Therefore, repeating the above arguments we obtain the repre-
sentation

(10,30, 9) 10, ma(0) = (00 @ r2q) = (0, 0P) 10,75 2(0), 13 (0,722 ()
and we deduce that 79 3 extends continuously to 793 : Ho(Q) — H~*(Q2). In a same way, one can check
that

71,2V = V=T, T1,3V = atv|t:T> v € C™(Q)
extend continuously to 71 2 : Ho(Q) — H~2(Q) and 71 3 : Ho(Q) — H~4(Q). O
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