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ABsTrRACT. We consider the inverse problem of determining a time-dependent potential ¢, appearing in the
wave equation 92u — Agu+q(t,z)u =0in Q = (0,T) x 2 with Q a C? bounded domain of R™, n > 2, from
partial observations of the solutions on 9Q. We prove global unique determination of a coefficient ¢ € L*°(Q).

Keywords: Inverse problems, wave equation, scalar time-dependent potential, Carleman estimates, partial
data.

Mathematics subject classification 2010 : 35R30, 35L05.

1. INTRODUCTION

1.1. Statement of the problem. We fix  a C2 bounded domain of R, n > 2, and we set ¥ = (0, T') x 99,
Q=1(0,T) x Q with 0 < T < oco. We consider the wave equation

OPu— Ngu+q(t,z)u=0, (t,x)€Q, (1.1)

where the potential ¢ € L>°(Q) is assumed to be real valued. We study the inverse problem of determining
g from observations of solutions of (1.1) on 9Q.
It is well known that for 7 > Diam(2) the data

A ={(uz,0us) : ue L*(Q), Ou+ qu =0, Uji—o = Osuj—p = 0} (1.2)

determines uniquely a time-independent potential g (e.g. [25]). Here v denotes the outward unit normal
vector to 2 and from now on [ denotes the differential operator 97 — A,. It has been even proved that
partial knowledge of A, determines a time-independent potential ¢ (e.g. [8]). In contrast to time-independent
potentials, we can not recover the restriction of a general time dependent potential ¢ on the set

D={(t,x) € @: 0<t<Diam()/2, dist(z,dQ) >t}
from the data A,. Indeed, assume that = {z € R": |z| < R}, T > R > 0. Now let u solve
Ou=0, ux =f, Up=o = 0sujy—o = 0.
with f € H1(X) satisfying flt=0 = 0. Since uj;—o = dyuj;—g = 0, the finite speed of propagation implies that
ujp = 0. Therefore, for any ¢ € Cg°(D), we have qu = 0 and u solves
Ou+qu=0, us =f, up—o = dsup—o = 0.

This last result implies that for any ¢ € C3°(D) we have A, = Ay where A stands for A, when g = 0.
Facing this obstruction to uniqueness, it appears that four different approaches have been considered so
far to solve this problem:
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1) Considering the equation (1.1) for any time ¢ € R instead of 0 < t < T (e.g. [26], [27]).
2) Recovering the restriction on a subset of @ of a time-dependent potential ¢ from the data A, (e.g. [24]).
3) Recovering a time-dependent potential ¢ from the extended data C, (e.g. [12]) given by

CVq = {(u\27u|t:07 atu‘t:07aVu|E7u|t:T7 8tu|t:T) TuE LQ(Q)) (83 - Am + q)u = O}

4) Recovering time-dependent coefficients that are analytic with respect to the ¢ variable (e.g. [9]).

Therefore, it seems that the only results of unique global determination of a time-dependent potential ¢
proved so far (at finite time) involve strong smoothness assumptions such as analyticity with respect to the
t variable or the important set of data Cj,. In the present paper we investigate some general conditions that
guaranty unique determination of general time-dependent potentials without involving an important set of
data. More precisely, our goal is to prove unique global determination of a general time-dependent potential
g from partial knowledge of the set of data Cj,.

1.2. Physical and mathematical interest. Physically speaking, our inverse problem can be stated as
the determination of physical properties such as the time evolving density of an inhomogeneous medium by
probing it with disturbances generated on some parts of the boundary and at initial time. The data is the
response of the medium to these disturbances, measured on some parts of the boundary and at the end of the
experiment, and the purpose is to recover the function ¢ which measures the property of the medium. Note
also that the determination of time dependent potentials can be associated to models where it is necessary
to take into account the evolution in time of the perturbation.

We also precise that the determination of time-dependent potentials can be an important tool for the
more difficult problem of determining a non-linear term appearing in a nonlinear wave equation from ob-
servations of the solutions in 9Q. Indeed, in [14] Isakov applied such results for the determination of a
semilinear term appearing in a semilinear parabolic equation from observations of the solutions in 0Q.

1.3. Existing papers. Inrecent years the determination of coefficients for hyperbolic equations from bound-
ary measurements has been growing in interest. Many authors have considered this problem with an obser-
vation given by the set A, (see (1.2)). In [25], Rakesh and Symes proved that A4, determines uniquely a
time-independent potential ¢ and [13] proved unique determination of a potential and a damping coefficient.
The uniqueness by partial boundary observations has been considered in [8]. For sake of completeness we also
mention that the stability issue related to this problem has been treated by [2, 15, 17, 22, 29, 30]. Note that
[17] extended the results of [25] to time-independent coefficients of order zero in an unbounded cylindrical
domain. It has been proved that measurements on a bounded subset determine some classes of coefficients
including periodic coefficients and compactly supported coefficients.

All the above mentioned results are concerned with time-independent coefficients. Several authors con-
sidered the problem of determining time-dependent coefficients for hyperbolic equations. In [28], Stefanov
proved unique determination of a time-dependent potential for the wave equation from the knowledge of
scattering data which is equivalent to the problem with boundary measurements. In [26], Ramm and Sjos-
trand considered the determination of a time-dependent potential ¢ from the data (ujrxsq,0,urxaq) of
forward solutions of (1.1) on the infinite time-space cylindrical domain R; x € instead of @ (¢ € R instead
of 0 <t < T < o0). Rakesh and Ramm [24] considered the problem at finite time on @, with 7' > Diam(Q2),
and they determined uniquely ¢ restricted to some subset of () from A,. Isakov established in [12, Theorem
4.2] unique determination of general time-dependent potentials on the whole domain @ from the extended
data Cy. Applying a result of unique continuation borrowed from [31], Eskin [9] proved that the data A,
determines time-dependent coefficients analytic with respect to the time variable ¢. Salazar [27] extended
the result of [26] to more general coefficients. Finally, [32] stated stability in the recovery of X-ray trans-
forms of time-dependent potentials on a manifold and [3] proved log-type stability in the determination of
time-dependent potentials from the data considered by [24] and [12].

We also mention that [5, 6, 7, 10] examined the determination of time-dependent coefficients for parabolic
and Schrodinger equations and proved stability estimate for these problems.



DETERMINATION OF A TIME-DEPENDENT COEFFICIENT FOR WAVE EQUATIONS 3

1.4. Main result. In order to state our main result, we first introduce some intermediate tools and notations.
For allw € S" 1 = {y € R": |y| = 1} we introduce the w-shadowed and w-illuminated faces

0y ={ze€d: v(z) - w=0}, 00 ,={xecdQ: viz) w<0}
of 0. Here, for all k € N*, - denotes the scalar product in R¥ defined by
T y=x191+ ...+ Tpyr, <= (r1,...,Tk) eRF, y= (Y1, -5 Yk) € Rk,

We associate to 0§14 ,, the part of the lateral boundary ¥ given by ¥4 ,, = (0,7T") x 9Q4 ,. From now on we
fix wy € S"~1 and we consider F' = (0,T) x F’ (resp G = (0,T) x G') with F’ (resp G') an open neighborhood
of 00 ., (resp ON_ ) in ON.

The main purpose of this paper is to prove the unique global determination of a time-dependent and
real valued potential ¢ € L*°(Q) from the data

C = {(ups, Buprmo, Dywaryupp—r) : u € LX(Q), Du+ qu =0, w— = 0, suppujs; C F}.
See also Section 2 for a rigorous definition of this set. Our main result can be stated as follows.
Theorem 1. Let q1, g2 € L®°(Q) . Assume that
Cy = Cy,- (1.3)
Then g1 = qo.

Note that our uniqueness result is stated for bounded potentials with, roughly speaking, half of the data
C,; considered in [12, Theorem 4.2] which seems to be, with [3], the only result of unique global determination
of general time-dependent coefficients for the wave equation, at finite time, in the mathematical literature.
More precisely, we consider u € L?(Q) solutions of (02 — A + q)u = 0, on @, with initial condition Upp—o = 0
and Dirichlet boundary condition us; supported on F' (which, roughly speaking, corresponds to half of the
boundary). Moreover, we exclude the data d;u|;—r and we consider the Neumann data d,u only on G (which,
roughly speaking, corresponds to the other half of the boundary). We also mention that in contrast to [9],
we do not use results of unique continuation where the analyticity of the coefficients with respect to t is
required. To our best knowledge condition (1.3) is the weakest condition that guaranties global uniqueness
of general time dependent potentials. Moreover, taking into account the obstruction to uniqueness given
by domain of dependence arguments (see Subsection 1.1), the restriction to solutions u of (1.1) satisfying
uj4=o = 0 seems close to the best condition that we can expect on the initial data for the determination of
time-dependent potentials.

The main tools in our analysis are geometric optics (GO in short) solutions and Carleman estimates.
Following an approach used for elliptic equations (e.g. [4, 16, 23]) and for determination of time-independent
potentials by [2], we construct two kind of GO solutions: GO solutions lying in H'(Q) without condition on
0Q (see Section 3) and GO solutions associated to (1.1) that vanish on parts of Q) (see Section 5). With
these solutions and some Carleman estimates with linear weight (see Section 4), we prove Theorem 1.

1.5. Outline. This paper is organized as follows. In Section 2 we give a suitable definition of the set of data
C; and we define the associated boundary operator. In Section 3, using some results of [5] and [11], we build
suitable GO solutions associated to (1.1) without conditions on Q. In Section 4, we establish a Carleman
estimate for the wave equation with linear weight. In Section 5, we use the Carleman estimate introduced
in Section 4 to build GO solutions associated to (1.1) that vanish on parts of Q. More precisely, we build
GO u which are solutions of (1.1) with u;—o = 0 and suppujx, C F. In Section 6 we combine all the results
of the previous sections in order to prove Theorem 1. We prove also some auxiliary results in the appendix.
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2. PRELIMINARY RESULTS

The goal of this section is to give a suitable definition to the set of data Cj and to introduce some
properties of the solutions of (1.1) for any g € L*°(Q) real valued. We first introduce the space

J={ueL*Q): (0 — Ay)u=0}
and topologize it as a closed subset of L?(Q). We work with the space
Hp(Q) = {u € L*(Q) : Du= (97 — Az)u € L*(Q)},
with the norm
el gy = lullZacgy + 1107 — Aa)ull3 g -
Repeating some arguments of [20, Theorem 6.4, Chapter 2] we prove in the appendix (see Theorem 4) that

Hp(Q) embedded continuously into the closure of C*°(Q) in the space
Ko(Q) ={ue HH0,T: L*(Q)) : Ou= (87 - As)u € L*(Q)}
topologized by the norm

2 2 2 2
”uHKD(Q) = HUHH*(O,T;L?(Q)) + H(at B Aﬂv)“Hm(Q)'

Then, following [20, Theorem 6.5, Chapter 2|, we prove in the appendix that the maps

TOW = (w\va\t:Oa 8tw\t:O)7 TIw = (auw|27w\t:T7 atw\t:T)7 w e COO(Q)?
can be extended continuously to 7o : Ho(Q) — H3(0,T; H-2(89Q)) x H™2(Q) x H4(Q), 71 : Ho(Q) —
H=3(0,T; H=2(09)) x H2(2) x H*(Q) (sce Proposition 4). Here for all w € C*(Q) we set

Tow = (T0,1W, T0,2W, To,3W), TIW = (T1,1W, T1,2W, T1 3W),
where
T0,1W = W|x, T0,2W = W|t=0, T0,3W = 3tw\t=0, T1,1W = auw|23 T1,2W = Wjt=T, T1,3W = at’w|t=T-

Therefore, we can introduce

H(OQ) = {rou: ue Ho(Q)} C H3(0,T; H™2(Q)) x H~2(Q) x H-*(Q).
Following [4] and [23], in order to define an appropriate topology on H(9Q) we consider the restriction of 7
to the space J.

Proposition 1. The restriction of 79 to J is one to one and onto.

Proof. Let vy,v9 € J with 79v; = Tov2. Then, in light of the theory introduced in [20, Section 8, Chapter
3|, there exists F € Hp(Q) such that, for j = 1,2, we have v; = F + w; with w; € C'([0,T]; L3(Q)) N
C([0,T]; H}(£2)) solving

OPw; — Ayw; = —0OF, (t,z)€Q,
Wilg=0 = atwj\t:o = 0
wj‘z = 0.

Then, the uniqueness of solutions of this initial boundary value problem (IBVP in short) implies that v = vs.
Thus, the restriction of 7y to J is one to one. Now let (g,vg,v1) € H(OQ). There exists S € Hg(Q) such
that 795 = (g, vo,v1). Consider the initial boundary value problem

v — Ao = -0, (t,x)€Q,
V=0 = Ovji=0 = O,
U‘g = 0.

Since —015 € L%(Q), we deduce that this IBVP admits a unique solution v € C*([0,T7]; L?(2))NC([0, T]; H& (Q2)).
Then, u = v + S € L?(Q) satisfies (07 — A,)u = 0 and 7ou = 7ov + 705 = (g, v0,v1). Thus 79 is onto. O
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From now on, we set Py the inverse of 79 : J — H(9Q) and define the norm of H(9Q) by
1(g: vo, v1)ll 3400y = IPo(g: vo, v1)ll 2y » (9500, v1) € H(OQ).
In the same way, we introduce the space Hr(9Q) defined by
Hr(0Q) = {(70,1h, 70,3h) : h € Ho(Q), To2h =0, suppro1h C F}
with the associated norm given by
19 0Dlhen 00 = 100,00 oy - (9:01) € Hir(9Q).

One can easily check that the space Hp(9Q) embedded continuously into H(9Q). Let us consider the IBVP

O?u — Agu+ q(t,z)u = 0, in @,
u(07 ) = 07 atu(ov ) = U1, in Qa (21)
u =g, on 3.

We are now in position to state existence and uniqueness of solutions of this IBVP for (g,v1) € Hr(9Q).

Proposition 2. Let (g,v1) € Hp(0Q) and g € L>=(Q). Then the IBVP (2.1) admits a unique weak solution
u € L?(Q) satisfying

||u||L2(Q) <C ||(9a”1)H7-LF(aQ) (2:2)

and the boundary operator By : (g,v1) = (T1,1u|¢, T12u) is a bounded operator from Hp(9Q) to
H=3(0,T; H-2(G)) x H2(Q).

Proof. We split u into two terms u = v + Py(g,0, v1) where v solves

8fv—sz+qv = _qPO(gao7/U1)7 (tvx) € Q7
V=0 = Ovpu= = 0, (2:3)
U\E = 0

Since Py(g,0,v1) € L*(Q), the IBVP (2.3) admits a unique solution v € C*([0,T7; L*(2)) N C([0,T]; HL(2))
(e.g. [20, Section 8, Chapter 3|) satisfying

[ollex o, 73522 (02)) T I0lle o, )y < € l=aPo(g,0,01) [l 12y < Cllall g ) IPo(g, 0, v1)ll 2y - (2:4)
Therefore, u = v 4+ Py(g,0,v1) is the unique solution of (2.1) and estimate (2.4) implies (2.2). Now let us
show the last part of the proposition. For this purpose fix (g,v1) € Hpr(0Q) and consider u the solution

of (2.1). Note first that v € L*(Q) and (97 — Ay)u = —qu € L*(Q). Thus, u € H(Q) and 71 1u €
H=3(0,T; H=2(09)) 11.0u € H2() with

2 2 2 2 2 2 2
I aull” + llr2ull” < Ol ) = C*lullza () + llqullze(g)) < C*(+ lallze(g)) lullz2(g) -

Combining this with (2.2) we deduce that B, is a bounded operator from Hz(0Q) to H3(0,T; H2(@)) x
H72(Q). O

From now on we consider the set Cj to be the graph of the boundary operator B, given by

C; = {(gvvlqu(g,Ul)) : (gvvl) € HF(aQ)}
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3. GEOMETRIC OPTICS SOLUTIONS WITHOUT BOUNDARY CONDITIONS

In this section we build geometric optics solutions u € H'(Q) associated to the equation
0?u— Ayu+q(t,r)u=0 on Q. (3.1)

More precisely, for A > 1, w € S" 1 = {y € R" : |y| = 1} and £ € R satisfying £ - (1, —w) = 0, we consider
solutions of the form

ult, ) = e N (TIEED) 4t 1)), (4,3) € Q. (3.2)
Here w € H'(Q) fulfills

Q

lwll 2y < 5

with C > 0 independent of A. For this purpose, for all s € R and all w € S*!, we consider the operators
P, defined by P, = e~ s(tte@)Tes(t+2w)  One can check that

Ps,w :ps,w(DhDa:) =0+ 23(61: — W VI)

with Dy = —id;, D, = —iV, and pa(p,n) = —p2 + |n|° + 2si(u — w - 1), p € R, n € R™. Applying some
results of [5] and [11] about solutions of PDEs with constant coefficients we obtain the following.

Lemma 1. For every A\ > 1 and w € S"™! there exists a bounded operator Ey,, : L*(Q) — L*(Q) such
that:

Pf)HwE)uwf = fa f € Lz(Q)a (33)
HE)\,WHB(L2(Q)) g C)\717
Exw € B(L*(Q); H'(Q)) and ||E>\,w||B(L2(Q);H1(Q)) <C (3.5)

with C' > depending only on T and €.

Proof. In light of [5, Thorem 2.3] (see also [11, Thorem 10.3.7]), there exists a bounded operator Ej,, :
L*(Q) — L?(Q), defined from a fundamental solution associated to P_, ., (see Section 10.3 of [11]), such

that (3.3) is fulfilled. In addition, for all differential operator Q(D;, D) with % a bounded function,
we have Q(Dy, D;)Ey ., € B(L*(Q)) and there exists a constant C' depending only on , 7" such that

Q)]
||Q(Dt7D3:)E)\,w”B(L2(Q)) § C sup _—

3.6
(R +n D—xw(f: 1) (3.6)

with p_, ., given by

%
) (ZZIa’“@np Awun)l> , WER, neR™

keN aeNn
Note that p_x o (1, n) 2 |IJOup—xr.w (1, )| = 2A. Therefore, (3.6) implies

1
(@) SC  sup

———<OX!
(p,m)ERIER p*A,w(,Uw 77)

and (3.4) is fulfilled. In a same way, we have p_y (1, 1) = |ROp-rw(,n)| = 2|p| and p_x (1, 1) =
ROy, p—xw(it,n)| =2|m:], e =1,...,n and n = (N1, ...,n,). Therefore, in view of [5, Thorem 2.3|, we have

By € B(L*(Q); H'(Q)) with
(@) SC sup

| (1,m)ERIH7 P w(psm)
and (3.5) is proved. O

<C(n+1)

Applying this result, we can build geometric optics solutions of the form (3.2).
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Proposition 3. Let ¢ € L™(Q), w € S"~1. Then, there exists \g > 1 such that for X\ > Ao the equation
(3.1) admits a solution u € H'(Q) of the form (3.2) with
[wll gy < CA*', k=0,1, (3.7)
where C and Xy depend on Q, &, T, M > Hq||LOO(Q).
Proof. We start by recalling that
e Attaw) =i (t,2) _ = A(t+aw) (De—is-u,x) 2 (1, _w)e—is-(tm)
= ¢~ MtHzw)ge—it(te) (t,z) € Q.
Thus, w should be a solution of
OPw — Agw — 200y —w - Vy)w = — ((D + q)e ) 4 qw) . (3.8)
Therefore, according to Lemma 1, we can define w as a solution of the equation
w=—FE\, ((D + q)e ) 4 qw) . w e L*Q)

with Ey ., € B(L?(Q)) given by Lemma 1. For this purpose, we will use a standard fixed point argument
associated to the map

g: L*Q) — L*Q)

F = —Exe [(O4q)e 0 4+ gF].
Indeed, in view of (3.4), fixing M; > 0, there exists A9 > 1 such that for A > A\g the map G admits a unique
fixed point w in {u € L*(Q) : [ullp2(qy < Mi}. In addition, condition (3.4)-(3.5) imply that w € HY(Q)
fulfills (3.7). This completes the proof. O

4. CARLEMAN ESTIMATES

This section is devoted to the proof of Carleman estimates similar to [2] and [4]. More precisely, we fix
w € S and we consider the following estimates.

Theorem 2. Let g € L>®(Q) and u € C*(Q). If u satisfies the condition
us =0, U= = Oup=0 =0 (4.1)
then there exists Ay > 1 depending only on Q, T and M > ||q||LOO(Q) such that the estimate

A foe P Ttee) latu|t:T|2 dz + A f2+ ) e 2w ) 1§ ul? |w - v(z)| do(z)dt + A2 Jo e~ 2w ) |y 2 dadt
<C (IQ e~ 2 (tHwa) (0} — Ay + q)u’2 dedt + N° [, e M THwz) |u|t:T|2 dx+ X [, e~ A (THww) |qu‘t:T’2 dz)
+CN [y, em 0D |90l |w - v(z)| do(x)dt

(4.2)
holds true for A > A1 with C depending only on Q, T and M > ||qHLW(Q). If u satisfies the condition

U\Z = O7 u|t:T == atUIt:T =0 (43)
then the estimate
A Jo e latu“:()f dr+ A [g 2w 2) |9y w - v(z)| do(z)dt + N2 fQ e2M(tFw2) |y dadt
<C (fQ M) (92 — A, + q)ul® dadt + N [, e |upmo|” da + A [, €297 |V d:c) (4.4)
+C\ f2+ ) M9 ) |19 u)? |w - v(x)| do(z)dt

holds true for A = A1.
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In order to prove these estimates, we fix u € C?(Q) satisfying (4.1) (resp (4.3)) and we set v = e~ ANtFwz)y
(resp v = eMtT9 ®)y) in such a way that
e~ Mitw )y — Py v, (resp AW )y, — P,,\MU) . (4.5)
Then, we consider the following estimates associated to the weighted operators Py .
Lemma 2. Let v € C?(Q) and \ > 1. If v satisfies the condition
’UlE = 0, U|t=0 = at'l)‘tzo =0 (46)
then the estimate

2
Ao [Ovp=r]|” dz + 2 f2+,w 0,0 w - v(z)do(z)dt + A Jo v|? dadt

< fQ | Py ov|? dadt + 14X Jo ’va|t:T|2 dx + 2\ fEi,w 10,0|? |w - v(z)| do()dt 4.7)
holds true for ¢ > 0 depending only on Q2 and T. If v satisfies the condition
vy =0, V= = Ovy—r =0 (4.8)
then the estimate
M fo 0=l dz +2X [y, |00 | v(a)| do(@)dt + eX? [, [v] dadt 49)

2
< Jo IPoawvl* dwdt + 14X fo |Vavy—o|” o+ 2X Js, . 10,0 w - v(z)do(z)dt
holds true.
Proof. We start with (4.7). For this purpose we fix v € C?(Q) satisfying (4.6) and we consider

I, = / | P v|?dtd.
Q

Without lost of generality we assume that v is real valued. Repeating some arguments of [2] (see the formula
2 line before (2.4) in page 1225 of [2] and formula (2.5) in page 1226 of [2]) we obtain the following

IA7w>/ |Dv\2dtdx—|—c/\2/ |v|2dxdt—|—2)\/ 0,0 w - v(z)do(z)dt
Q Q p)

+2>\/ |8tv‘t:T]2dx+2)\/ |Vzv|t:T|2daz—4)\/(8tv‘t:T)(w-va‘t:T)d:v.
Q Q Q

On the other hand, an application of the Cauchy-Schwarz inequality yields

4\ / (8tv|t:T)(w : vzv|t:T)dx
Q

< é/ latv‘t:dex—&-lG)\/ |Vooper|” do
4 Q Q

and we deduce that

Lo + 14X [, |Vavpr | de
> [ |[OvfPdtde +eX? [, of® dzdt + 2X [, 10,0 w - v(z)do(z)dt + X [, ‘8,51)|t:T’2 dz.

From this last estimate we deduce easily (4.7). Now let us consider (4.9). For this purpose note that for v
satisfying (4.8), w defined by w(t,x) = v(T — t, x) satisfies (4.6). Thus, applying (4.7) to w with w replaced
by —w we obtain (4.9). O

In light of Lemma 2, we are now in position to prove Theorem 2.
Proof of Theorem 2. Let us first consider the case ¢ = 0. Note that for u satisfying (4.1), v = e~ AtHw @)y,
satisfies (4.6). Moreover, we have (4.5) and (4.1) implies 0,v)x = e 2+ @ u 5. Finally, using the fact
that
Ou = 8t(e’\(t+“"””)v) =M+ U gy Vo = e_’\(t"r“'””)(vxu — Auw),
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we obtain

/ emPATHes) |5tu|t=T|2 dr < 2/ |at”|t=T|2 dx + 2>\2/ e A(THee) |“|t=T|2 dz,
Q Q Q

/Q ‘va“:T’z dz < 202 /Q e~ M THw-z) ’u‘t:Tf dx + 2/96_2)‘(T+W‘x) |Vzu|t:T|2 dx.
Thus, applying the Carleman estimate (4.7) to v, we deduce (4.2). For ¢ # 0, we have
|07u — Agju’Q = [0fu — Agu+ qu — qu‘2 <2((07 — Ap + q)u|2 +2 ||q\|ioc(Q) ul®
and hence if we choose \; > 2C Hquoo(Q), replacing C' by

C\2
22— 2C lql} ()

we deduce (4.2) from the same estimate when ¢ = 0. Using similar arguments, we prove (4.4). O

Remark 1. Note that, by density, estimate (4.2) can be extended to any function v € C([0,T); L*(Q)) N
C([0,T); HL(2)) satisfying (4.6), (07 — Ay)u € L*(Q) and d,u € L*(%).

5. GEOMETRIC OPTICS SOLUTIONS VANISHING ON PARTS OF THE BOUNDARY
In this section we fix ¢ € L®(Q). From now on, for all y € S*~! and all r > 0, we set
Oy py={2€dQ: v(x)-y>r}, I0_,,={x€d: viz) - y<r}

and X4 .y = (0,T) x 0Q4 ;. Here and in the remaining of this text we always assume, without mentioning
it, that y and r are chosen in such way that 0Q. , 1, contain a non-empty relatively open subset of 9.
Without lost of generality we assume that there exists 0 < ¢ < 1 such that forallw € {y € S"71 : |[y—wpg| < €}
we have 9Q_ . _,, C F’. The goal of this section is to use the Carleman estimate (4.4) in order to build
solutions u € Ho(Q) to

(02— Ay +q(t,z)u =0 in Q,

u\t:O = 07 (51)

u=0, onXy_n_

of the form
u(t, ) = MO (14 2(t,x)),  (t,z) € Q. (5.2)

Here w € {y € S" 7! : |y —wo| < e}, 2z € e M H(Q) fulfills: 2(0,2) =—-1,2€Q 2=—-1on S, ./p
and

2]l L2 (@) < CA™2 (5.3)

with C' depending on F”, Q, T and any M > ||q||p«(g)- Since ¥\ F C X\ ¥_ ., =X, ., and since
¥4 c/2,—w is a neighborhood of ¥ . _, in X, it is clear that condition (5.1) implies (79,1u, T0,3u) € HF(0Q)

(recall that for v € C*°(Q), T0,1v = V|5, T0,3V = O¢V)i—)-
The main result of this section can be stated as follows.

Theorem 3. Let ¢ € L>®(Q), w € {y € S" ! : |y —wo| < e}. For all X\ > A1, with \; the constant of
Theorem 2, there exists a solution u € Ho(Q) of (5.1) of the form (5.2) with z satisfying (5.3).

In order to prove existence of such solutions of (5.1) we need some preliminary tools and an intermediate
result.
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5.1. Weighted spaces. In this subsection we give the definition of some weighted spaces. We set s € R,

we fix w € {y € S""1: |y — wo| < €} and we denote by v the function defined on 9 by
Y(z) =|w-v(z)|, x e .

We introduce the spaces Lq(Q), Ls(€2), and for all non negative measurable function i on 92 the spaces

L+ defined respectively by

L(Q) = e st L2(Q), Ly(Q) = e *7L3(Q), Lops={f: ¢ Dn3(a)f € L*(Se)}

with the associated norm

N

||u||s( [ e |u|2da:dt>  we L)
Q

1

2
fulloo= ([ e+ uPae) . ue Lo,
Q
Jall s = ( /
pIRE

2
25t () |uf? da(x)dt) , UWELgp 1.
5.2. Intermediate result. We set the space
D= {U S Cz(@) : U\Z = 0, v\t:T = 3tv|t:T = U|t:0 = 0}

yw

and, in view of Theorem 2, applying the Carleman estimate (4.4) to any f € D we obtain
MFly+ A [0eizoly o+ A 101 - < CU@E = Au+ )|y + 190 Fllynyg)s A A
We introduce also the space
M= {((02 — Ay + )0, 0,05, ) : vED}
and think of M as a subspace of Ly(Q) x Ly xy,+. We consider the following intermediate result.
Lemma 3. Given A > A1, with A\ the constant of Theorem 2, and
veE L \Q), v-€L_xy1_, wo€L_\(Q),

there exists u € L_x(Q) such that:
‘Z) (8t2 - AI + q)u =,
2) Us_ , = V- Up=0 = Yo,

3) |Jull_, <C ()\71 lvll_ + A2 Jo—ll_x -1+ A3 Hvo||_)\70) with C depending on Q, T,
M = |lq]l o< (-
Proof. In view of (5.4), we can define the linear function S on M by
SO+ f, 00 fisy I =0 r20) = O fiv)pes_ )+ <3tf|t:07”0>L2(Q) , feD.
Then, using (5.4), for all f € D, we obtain

SO+ a)f. 0 fis, ]
ANy + 100 Fllx o, o=l 5 =1~ + 19 fie=oll5 o 00ll 5.0

/

AT I I + A% o=l s = (AR 100l =) + A% Dlvoll o (A [19:Fie=oll o)
_ _1 _1

<O (Al +A7F ooy yon -+ A ol o) (IO + @) fll + 105115 st )
— _1 _1

<20 (AU olly + A o=y =+ A7 ol o) (@ + 0,0z, Dl @y v
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with C' the constant of (5.4). Applying the Hahn Banach theorem we deduce that S can be extended to a
continuous linear form, also denoted by S, on Ly(Q) x L 4 satisfying

_ 1 1
11 < & (V" loll oy + A7 oy a4 A o]y o) (55)
Thus, there exists
(u,uy) € Lox(Q) X Loy (ny)—1,+
such that for all f € D we have
SO +aq)f, auf\zbr,u)] =(@+a9)fu >L2(Q (0.1, UJr>L2(2+ W)

Therefore, for all f € D we have

<(D+Q)fa >L2(Q) (0y vau-~->L2(z+ )
= <f7U> — (O f,v > W) + <6tf\t 07U0>L2(Q)

Note first that, since Ly(Q) embedded continuously into L?(Q), we have u € L?*(Q). Therefore, taking
f € C5°(Q) shows 1). For condition 2), using the fact that Liy(Q) embedded continuously into L?(Q) we
deduce that u € Hg(Q). Thus, we can define the trace u|x, uj;—¢ and allowing f € D to be arbitrary shows
that uis_ , =v_, up=o = vo and ujg, , = —u4. Finally, condition 3) follows from the fact that

(5.6)

— _1 1
lull_y < USIH< € (A Boll_y + A3 flo-ll_y ya =+ A flooll_y o) -

|
Armed with this lemma we are now in position to prove Theorem 3.
5.3. Proof of Theorem 3. Note first that z must satisfy
z€ L*(Q)
(0F — Ay + q) (M@ 2)z) = —gerttes) i Q (5.7)

2(0’1’):*1’ IZ’EQ7

z=-1 on¥, . -
Let ¢ € C§°(R™) be such that suppyp NIN C {x € 0N : w-v(z) < —¢/3}andyp =1on {z € 9N : w-v(z) <
—£/2} = 0Qy4 /9. Choose v_(t,z) = —eMtHw@)y(z), (t,2) € £_,. Since v_(t,z) = 0 for t € (0,T),
re{redN: wv(x)>—c/3} wehavev_ € L_ -1 _. Fix also v(t,z) = —ge**+*®) and vy(z) = —e*2,
(t,z) € Q. From Lemma 3, we deduce that there exists w € Hg(Q) such that

(07 — Ay + Qw = v(t, x) = —gert+ 2 in Q,
w(0,7) = vo(z) = —e e, x €€,
w(t,z) =v_(t,x) = —HDp(a),  (Lr) €D,

Then, for z = e~ A+ 2)y condition (5.7) will be fulfilled. Moreover, condition 3) of Lemma 3 implies

— 1 1
I2ll2gy = Noll_y <€ (A 0l + A~ o]l o + A7 floll_y o)

1

A2 1 <O\ 2
TSl m))

1117’1/2‘

_ _1
< (A gy + A7

with C' depending only on @, T and [[¢[| (). Therefore, estimate (5.3) holds. Using the fact that

eMtrw )y — € Ho(Q), we deduce that u defined by (5.2) is lying in Ho(Q) and is a solution of (5.1).
This completes the proof of Theorem 3.
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6. UNIQUENESS RESULT

This section is devoted to the proof of Theorem 1. From now on we set ¢ = g2 — ¢; on Q and we assume
that ¢ = 0 on R\ Q. Without lost of generality we assume that for all w € {y € S"7! : |y — wo| < &} we
have 9Q_ ., C G’ with ¢ > 0 introduced in the beginning of the previous section. Let A > max(A1, Ag) and
fixwe {yeS" |y —wo <e}. According to Proposition 3, we can introduce

up(t,x) = e Mttwo) (e_ig'(t’w) + w(tw)) , (tx) €Q,

where u; € H'(Q) satisfies 07u; — Ayui + qrug =0, €+ (1, —w) = 0 and w satisfies (3.7). Moreover, in view
of Theorem 3, we consider ug € Hg(Q) a solution of (5.1) with ¢ = g2 of the form

us(t,w) = AT (14 2(tw)), (He) €Q
with z satisfying (5.3), such that supprpius C F and 192us = 0 (we recall that 79, j = 1,2, are the

extensions on Hg(Q) of the operators defined by 70 1v = vz and 7920 = V4=, v € C*(Q)) . In view of
Proposition 2, there exists a unique solution wy € H(Q) of

8t2U)1 - Azwl + qw = 0 in Q7 (6 1)
ToWl = TopU2. ’
Then, u = wy — uy solves
Ofu—Agu+qru= (g2 — q1)uz in Q,
u(0,z) = dpu(0,2) =0 on Q, (6.2)

u =0 on %
and since (g2 — q1)uz € L?*(Q), in view of [1, Theorem A.2| (see also [19, Theorem 2.1] for ¢ = 0), we deduce
that u € C([0, T); L2(2))NC([0, T]; HE(Q))NHa(Q) € HY(Q)NHH(Q) with d,u € L?(X). Using the fact that
u; € HY(Q) N H(Q), we deduce that (d;u1, —Veuy) € Hai(Q) = {F € L*(Q;C"1) : divy nF € L*(Q)}.
Therefore, in view of [18, Lemma 2.2, we can apply the Green formula to get

/ w(Ouy )dtdr = —/ (Orudiuy — Vyu - Vyug )dtde + ((Opur, —Vzug) - 0, u)
Q Q

with n the outward unit normal vector to Q. In the same way, we find

H™2(0Q),H?2 (9Q)

/ up (Ou)dtdz = —/ (Qrudiuy — Vyu - Vyuq)dtde + {(Opu, —Vu) - n,ug)
Q Q

From these two formulas we deduce that

/ (g2 — q1)uguqdtda = / uy (Ou + qru)dtde — / w(Ouy + qruq )dtdx
Q Q Q

= ((Opu, —Vzu) - n,uq)

H™2(0Q),H? (0Q) "

— ((Opur, —Vzur) - n,u)

H™2(9Q),H? (9Q) H™3(0Q),H? (9Q) "

On the other hand we have uj—g = 0;u;;—o = ux, = 0 and condition (1.3) implies that uy—r = dyujg = 0.
Combining this with the fact that u € C([0, T]; L?(2)) and d,u € L?(X), we obtain
/ quourdtde = — ayuulda(a:)dt—i—/ Opu(T, x)uy (T, x)dx. (6.3)
Q \G Q

Applying the Cauchy-Schwarz inequality to the first expression on the right hand side of this formula, we
get

Oyuuydo(x)dt
S\G

< / lauuef/\(tﬂ‘"x)(l + w)‘ dtdo(x)
2+,a,w

2
<C (/ ‘e_’\(t+“’"”)ayu‘ da(w)dt)
E-%—,s‘w

1
2
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for some C' independent of A. Here we have used both (3.7) and the fact that (X \ G) C £ ... In the same

Wa‘y, we ha\/e
< /
Q

2
<C </ ’67)‘(T+“"I)3tu(T,:17)‘ dz)
Q

Combining these estimates with the Carleman estimate (4.2), the fact that uj,—r = dyuiz_, =0, 00, ., C
0 ,, we find

8tu(T, x)e—A(T-i-ww)(l + ’LU(T, LU))‘ dz

/ Opu(T, 2)uy (T, x)dx
Q

1
2

2
’fQ((h - Q1)U2u1dtd:ﬂ‘
<2C (fE ‘e—/\(t-&-w‘m)&,uﬁ do-(.’l})dt + fQ ‘e—A(T-}-wm)atu(T’ .’I])’2 d{]j)

+,8,w

<2:71C (f2+.w |67)‘(t+‘*"z)3yu|2 w - v(z)do(x)dt + [ |ef)‘(T+“"z)8tu(T, 9:)|2 d:L')

< G e )

/A

36 (et quo | dadt) = <5€ ([, lgf? (1 + 2] dadt)

Here C' > 0 stands for some generic constant independent of A. It follows that

lim sup/ quauidtde = 0. (6.4)
A—=+4o00 JQ

On the other hand, we have
/ quiugdzdt = / q(t, 2)e D dpdt + / Z(t,x)dxdt
Q R1+n Q

with Z(t,z) = q(t, z)(2(t, x)e =" 0 p(t, ) +2(t, 2)w(t, 2)). Then, in view of (3.7) and (5.3), an application
of the Cauchy-Schwarz inequality yields

’/ Z(t,x)dxdt‘ <O 2
Q

with C' independent of \. Combining this with (6.4), we deduce that for all w € {y € S"™1 : |y —wp| < &}
and all £ € R orthogonal to (1, —w), the Fourier transform F(q) of ¢ satisfies

ntl

F@(© = a7 % [ atta)e ot o

On the other hand, since g € L*(Q) is compactly supported, F(q) is analytic and it follows that ¢ = 0 and
q1 = q2. This completes the proof of Theorem 1.

APPENDIX

In this appendix we prove that the space C*>°(Q) is dense in H5(Q) in some appropriate sense and we
show that the maps 79 and 7, can be extended continuously on these spaces. Without lost of generality we
consider only these spaces for real valued functions. The results of this section are well known, nevertheless
we prove them for sake of completeness.
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Density result in H5(Q). Let us first recall the definition of Ko(Q):
Ko(Q) ={ue H(0,T;L*(Q)) : Ou= (9} — As)u € L*(Q)}
with the norm

2 2 2
lullko @) = Nwllz-1(0,7:02(0)) + 1Bull2(q) -

The goal of this subsection is to prove the following.
Theorem 4. Hp(Q) embedded continuously into the closure of C*(Q) with respect to Kn(Q).

Proof. Let N be a continuous linear form on Kg(Q) satisfying

Nf=0, feC>®Q). (6.5)
In order to show the required density result we will prove that this condition implies that
Nig@) = 0.
By considering the application u +— (u, Ju) we can identify Ko(Q) to a subspace of H=1(0,T; L?(Q)) x
L?(Q). Then, applying the Hahn Banach theorem we deduce that N can be extended to a continuous linear
form on H=1(0,T; L?3(R2)) x L*(Q). Therefore, there exist hy € H}(0,T; L*()), he € L?(Q) such that

N(u) = (u, ha) s 070200y, H3 0522000 T (B h2)r2(g), € Kn(Q)-

Now let O C R™ be a bounded C* domain such that QCOandfix Q. = (—¢,T +¢) x O with e > 0. Let
h; be the extension of h; on R by 0 outside of @ for j = 1,2. In view of (6.5) we have

(o) gy FA@ =D)L ) = N(flo) =0, [ €C(Qn)

L2(Qe)

Thus, in the sense of distribution we have

Dhg = 7h1 on Qs'

Moreover, since hy = 0 on R \ Q D 9Q., we deduce that hs solves

_ 6,271% - Axilg = 7h1 in Qsa
ho(—e,2) = athgg—a,x) = 0, xz €0,
hao(t,z) = 0, (t,z) € (—&, T +¢) x 00.

But, since hy € HA(0,T; L?(Q)), we have hy € H} (—e, T + ¢; L?(0)) and we deduce from [21, Theorem 2.1,
Chapter 5| that this IBVP admits a unique solution lying in H?(Q.). Therefore, hy € H 2(Q.). Combining
this with the fact that ks = 0 on Q. \ @, we deduce that hy € H2(Q), with H3(Q) the closure of C§°(Q) in
H?(Q), and that Ohy = —h; on Q. Thus, for every u € Hn(Q) we have

<Du7h2>L2(Q) = (Ou, h2>H*2(Q),Hg(Q) = <U7Dh2>L2(Q) == <u7h1>L2(Q) :
Here we use the fact that Hg(Q) C L?(Q). Then, it follows that
N(u) = <U7h1>L2(Q) - <u7h1>L2(Q) =0, ue Hp(Q).

From this last result we deduce that H(Q) is contained into the closure of C*°(Q) with respect to Kg(Q).
Combining this with the fact that H5(Q) embedded continuously into K5(Q), we deduce the required
result. (]
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Trace operator in Hn(Q). In this subsection we extend the trace maps 79 and 7 into Ho(Q) by duality
in the following way.

Proposition 4. The maps
Tow = (To,l”lU,To,QZU,To,Sw) = (w\z,wu:o,atw\t:o), w e COO(@),

Tiw = (TL1w, 712w, T 3w) = (Opw)s, Wyi=r, Owy=r), w € C™(Q),
can be extended continuously to 1o : Ho(Q) — H—3(0,T; H—2(09)) x H~2() x H*(Q),
7 Ho(Q) — H™3(0,T; H2(9Q)) x H~2(Q) x H*(Q).
Proof. 1t is well known that the trace maps

u = (U, Obujon)
can be extended continuously to a bounded operator from HZ(Q) to H2(9Q) x H=(dQ) which is onto.
Therefore, there exists a bounded operator R : H? (9Q) x Hz(dQ) — H2(Q) such that
R(hi,ha)jpe = hi,  9uR(hiha)jpa = ha, (h1,ha) € H2(9Q) x H?(9R).
Fix g € H3(0,T; Hz(89)) and choose G(t,.) = R(0,g(t,.)). One can check that G € H3(0,T; H2(Q)) and
||G||H3(0,T;H2(Q)) < IR Hg”H3(0,T;H%(BQ)) : (6.6)

Applying twice the Green formula we obtain
/ vgdo(x)dt = / OvGdxdt — / vOGdzdt, v € C™(Q).
p) Q Q

But OG € H(0,T; H*(Q)), and we have

<TO=1U’9>H—3(07T;H*%(an)),Hg(o,T;H%(aQ)) = (0v,G) 12y — (W, 0G) -1 0,132 (9)), 11 (07522 () -

Then, using (6.6) and the Cauchy Schwarz inequality, for all v € C*°(Q), we obtain

(10,10, 9)| < ||DU||L2(Q) HG||L2(Q) + HU”H—l(O,T;L?(Q)) ||DG||H5(0,T;L2(Q))

<C H’U”KD(Q) ||g||H3(07T;H%(6Q))

which, combined with the density result of Theorem 4, implies that 791 : v+ vy extend continuously to a
bounded operator from Hn(Q) to H=3(0,T; H_%(GQ)). In a same way we prove that

7110 = s, v E€CT(Q)

extend continuously to a bounded operator from Ho(Q) to H=3(0,T; H 3 (8Q)).
Now let us consider the operators 7; ;, i = 0,1, j = 2,3. We start with

T2 P U Vo, U € CT(Q).
Let h € H3(Q) and fix H(t,z) = tyh(t)h(z) with ¢ € C3°(—T, L) satisfying 0 < ¢ < land ¢ = 1on [-Z, L].
Then, using the fact that ¢» = 1 on a neighborhood of ¢t = 0, we deduce that
Hyy=0,Hyx = Hjj—o=0H—g =UH;;—r =0, 0;Hj;—o = h.
Therefore, OH € H{(0,T; L*(Q)) and repeating the above arguments, for all v € C*°(Q)), we obtain the
representation
(10,20, h>H—2(Q),Hg(Q) = (v, DH>H*1(O,T;LQ(Q)),H(%(0,T;L2(Q)) - (H, D”>L2(Q) .

Then, we prove by density that 792 extends continuously to 792 : Ho(Q) — H%(Q).
For
70,3 1 V> V=0, v € CT(Q),
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let p € HF(Q) and fix
Y(t) P Ao
a(t,2) = v(t)p(a) + L2,
Then, ® satisfies
Oy =0,P)5 =P =0, Py—o=¢.
Moreover, we have O® € H'(0,T; L*(Q)) with
(8152 - Aac)q)|t:0 = _AJ;QO + Az‘p =0, (6752 - Aw)q)\t:T =0

and it follows that O0® € H}(0,T; L*(R)). Therefore, repeating the above arguments we obtain the repre-
sentation

(10,80, ) a0y, 13y = (00, ) 12(q) = (0 OP) g1 (0,1 L2(0)), 13 0,1:22(2)

and we deduce that 793 extends continuously to 793 : Hn(Q) — H~*(Q2). In a same way, one can check
that

T2V = V=7, T1,3V = Ovj—r, v € CT(Q)
extend continuously to 71 2 : Ho(Q) — H~2(Q) and 71 3 : Ho(Q) — H~4(Q). O
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