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THE AVERAGE FIELD APPROXIMATION FOR ALMOST BOSONIC
EXTENDED ANYONS

DOUGLAS LUNDHOLM AND NICOLAS ROUGERIE

ABSTRACT. Anyons are 2D or 1D quantum particles with intermediate statistics, inter-
polating between bosons and fermions. We study the ground state of a large number N
of 2D anyons, in a scaling limit where the statistics parameter « is proportional to N~!
when N — oco. This means that the statistics is seen as a “perturbation from the bosonic
end”. We model this situation in the magnetic gauge picture by bosons interacting through
long-range magnetic potentials. We assume that these effective statistical gauge potentials
are generated by magnetic charges carried by each particle, smeared over discs of radius
R (extended anyons). Our method allows to take R — 0 not too fast at the same time
as N — oo. In this limit we rigorously justify the so-called “average field approxima-
tion”: the particles behave like independent, identically distributed bosons interacting via
a self-consistent magnetic field.
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In lower dimensions there are possibilities for quantum statistics different from bosons
and fermions, so called intermediate or fractional statistics. Due to the prospect that such

particles, termed anyons (as in anything in between bosons and fermions), could arise
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2 D. LUNDHOLM AND N. ROUGERIE

effective quasiparticles in many-body quantum systems confined to lower dimensions, there
has been a great interest over the last three decades in figuring out the behavior of such
statistics (see [15] [19, 20} 23] [B9L 42] [53] for extensive reviews). In one dimension, one can
view the Lieb-Liniger model [28] as providing an example of effective interpolating statistics.
Although initially regarded as purely hypothetical while at the same time offering substan-
tial analytical insight thanks to its exact solvability, this system has now been realized
concretely in the laboratory [2I], 43]. Much less is known concerning fractional statistics in
the two-dimensional setting, conjectured [I] to be relevant for the fractional quantum Hall
effect (see [16] 22] for review), and it is indeed a very challenging theoretical question to
figure out even the ground state properties of an ideal 2D many-anyon gas, parameterized
by a single statistics phase e/™®, or a periodic real parameter a (with o = 0 corresponding
to bosons and o = 1 to fermions). On the rigorous analytical side, some recent progress in
this direction has been achieved in [34] 35, [36] where a better understanding of the ground
state energy was obtained in the case that « is an odd numerator fraction. Numerous ap-
proximative descriptions have also been proposed over the years, such as e.g. in [6] where
the problem was approached from both the bosonic and the fermionic ends, with a harmonic
trapping potential. Here, equipped with new methods in many-body spectral theory, we
will re-visit this question from the perspective of a perturbation around bosons, i.e. in a
regime where « is small.

1.1. The model. One may formally think of 2D anyons with statistics parameter « as
being described by an N-body wave function of the form

\Il(xl,"'axN):Heia¢jkil(xl""’xN)’ gbjk:arg
i<k

LTj — Tk
v — x|’

where ¥ is a bosonic wave function, i.e. symmetric under particle exchange. This way
__iam .
U(x1,...,jy ey Ty ooy ) = €W (X, . Ty, Ty e TN

and the behavior under particle exchange interpolates betweens bosons (« = 0) and fermions
(a =1). Of course the wave function is then in general not single-valued, and this descrip-
tion is not easy to use in practice. To describe free anyons, one way out is to realize that
acting on ¥ with the free Hamiltonian
N
D (=4 +V(z)
j=1
is equivalent to acting on the bosonic wave function U with an effective, a-dependent
Hamiltonian.
The Hamiltonian obtained in this way for /N identical and ideal 2D anyons in a trapping

potential V : R? — R reads (see [15, 19, 20, 23] B39, 42| 53] for review and [34] 35, [36] for

recent mathematical studies)
N

Hy =Y ((pj+ah))? + V() (1.1)
j=1

where
pj = —iV;
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is the usual momentum operator for particle j and (denoting (x,y)* := (—y,z))

1
A=Y (‘%_79”’“)2 (1.2)
o 17—l
is the (normalizedEl) statistical gauge vector potential felt by particle 7 due to the influence
of all other particles. The statistics parameter is denoted by «, corresponding to a statis-
tical phase €!®™ under a continuous simple interchange of two particles. In this so-called
“magnetic gauge picture”, 2D anyons are thus described as bosons, each of them carrying
an Aharonov-Bohm magnetic flux of strength «.
We shall in this work assume

a:%%O when N — oo, (1.3)
where (3 is a given, fixed constant. We consider (I.T]) as (formally) acting on the bosonic N-
particle space Lgym(RQN ), which together with the condition (L3]) means that we consider
almost bosonic anyons. Note that if we simply took a — 0 at fixed NV, we would recover
ordinary bosons at leading order. Omne could then only see the effect of the non-trivial
statistics in a perturbative expansion, a route followed e.g. in [48] [0l 49, [41], 10]. However,
if N — oo with fixed § as above, the anyon statistics has a leading order effect, manifest
through a particular mean-field model with a self-consistent magnetic field of strength ~ j,

studied e.g. in [6, 50, 5], 19, [52] and often called the average field approzimation (see [53}19]
for review). Our aim in this work is to justify this description rigorously.

Actually, the Hamiltonian (LI is too singular to be considered as acting on a pure

tensor product u®V € ®é\;mfj, however regular the function u of the one-particle space

$ C L?(R?). We refer to [36, Section 2.1] for a discussion of the domain of (LI]), which
requires the removal of the two-particle diagonals from the configuration space R2Y. One
way to circumvent this issue is to reintroduce a length scale R over which the magnetic
charge is smeared. This so-called “extended anyons” model is discussed in [38] 501 [7], and is
sometimes argued to be the correct physical description for anyons arising as quasi-particles
in condensed-matter systems. In this paper we will allow R to become small when N — oo,
in which case we recover the point-like anyons point of view, at least if one is willing to
ignore the issue of non-commuting limits.

Let us consider the 2D Coulomb potential generated by a unit charge smeared over a
disc of radius R:

Ipo.r
wr(z) == log| . | * ﬂiqz ) (). (1.4)
Observing that (with the convention wg :=log| . |)
L
Vlwo(x) = %, with  By(z) = VvVt Viwy = Awy = 2706,
x

the natural regularization of A; corresponding to the extended-anyons model is given by
Af = Z V4iwg(zj — a1), (1.5)
k#j

IFor increased clarity we will in this work separate a from A, so that A corresponds to the statistical
vector potential of fermions modeled as bosons.
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leading to the regularized Hamiltonian

N
HE =) ((pj + aAf)? +V(zy)) . (1.6)
j=1
We shall denote
ER(N) :=info(HL) (1.7)

the associated ground state energy (lowest eigenvalue) for N extended anyons.

For fixed R > 0 this operator is self-adjoint on Lsym(RQN ) and one can even expand the
squares to obtain a sum of terms that are all symmetric and relatively form-bounded with
respect to the a =0 non—interacting operatOIE. This gives

Z pj + V( 3:]
=1
+a) (Pj -Vhwg(e; — o) + VViwg(z; - xp) 'Pj)
JF#k
+a? Z V4iwg(zj — p) - VViwgr(z; — x)
JFkFL
+0422‘va(.%']' —.%'k)’2. (1.8)
J#k

We also note that by the diamagnetic inequality (see, e.g., [29, Theorem 7.21] for R > 0,
and [36, Lemma 4] for R = 0)

(U, H{W) > (|9, Hy (o = 0)[9]),

and hence EX(N) > NEj for arbitrary o, with Ey the ground state energy of the one-body
operator Hy = p> 4+ V.

1.2. Average field approximation. The few-anyons problem can be studied within per-
turbation theory, yielding satisfactory information on the ground state and low-lying exci-
tation spectrum [48] [0l 41l 10]. For many anyons however, it is hard to obtain results this
way. A possible approximation to obtain a more tractable model when N is large consists
in seeing the potential (L2) or (LX) as being independent of the precise positions x; and
instead generated by the mean distribution of the particles (whence the name, average field

approximation [53])
Alp] = V4w 5 p,
Afp] = Viwp * p, (1.9)

where p is the one-body density (normalized in L'(R?)) of a given bosonic wave function ¥

oo = [ W) di o,
R2(N-1)

2By the boundedness of Vwr and using Cauchy-Schwarz, all terms are infinitesimally form-bounded in
terms of Hy(a = 0) and hence HE is a uniquely defined self-adjoint operator by the KLMN theorem [45],
Theorem X.17]. We shall assume V is such that a form core is given by C5°(R?).
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say the ground-state wave function. One then obtains from (.6l the approximate N-body
Hamiltonian

N
2
H¥p] := Z <(pj + NaA%[p])" + V(xj)) .
j=1
If one considers p as fixed, the ground state of this non-interacting magnetic Hamiltonian
acting on Lgym(Rmv ) is a pure Bose condensate

_ ,®N
\IIN_U )

where u € L?(R?) should minimize
(ul (0 + NaAR[p])? + V]u) = N7 (W, HY ] ¥ )
For consistency, one should then impose that
|u|2 =P

which leads to a non-linear minimization problem. One thus looks for the minimum E*' and
minimizer u* of the following average-field energy functional (recall the notation 8 ~ Na)

flul = [ (17 +i8ATuP) uf + VIaP) (110

under the unit mass constraint
lul? = 1.
RQ

Note that, for this problem to be independent of N it is pretty natural to — in line with (L3))
— assume that § ~ N« is fixed. It is not difficult to see that if Na — 0 we recover at leading
order a non-interacting theory, and we are back to the usual perturbation scheme. We should
point out that the limiting functional S%fzo, which defines a strictly two-dimensional model
of particles with a self-generated magnetic field B(z) = curl BA[p]|(z) = 27Sp(x) without
propagating degrees of freedom and to which one could further consider adding an external
magnetic field, is also of relevance for various Chern-Simons formulations of anyonic theories

(see, e.g., [55] B4L 19 3]).

1.3. Average field versus mean field. In principle, the average field approximation does
not require that the true ground state of H ﬁ be Bose-condensed. In fact, the most common
application of it has been in perturbing around fermions o = 1 [I3] 19} 50} 511 52] (this has
even been argued to be preferable [4],53]), and usually one even restricts to the homogeneous
setting with p a constant. However, the case of fixed 8 ~ N« which is natural for the study
of (L.I0), places the limit N — oo of the original many-body problem in a mean-field-like
regime for bosons. Indeed, observe that in (L8], the two-body terms in the second line
and the three-body term in the third line weigh a total O(NV) in the energy in this regime,
comparable to the one-body term in the first line. The two-body term in the fourth line is
of much smaller order, O(1) roughly, which is fortunate because of its singularity. Actually,
if one takes bluntly R = 0, the potential |Vwg|? appearing in this term is not locally
integrable, and hence an ansatz ¥y = u®" would lead to an infinite energy. For extended
anyons, R > 0 and this term can be safely dropped for leading order considerations.

The study of the regime (I.3]) thus resembles a lot the usual mean-field limit for a large
bosonic system (see [25] [26], 47] and references therein), but with important differences:
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e The effective interaction is peculiar: it comprises a three-body term, and a two-body
term which mixes position and momentum variables.

e The limit problem ([[I0) comprises an effective self-consistent magnetic field. A
term in the form of a self-consistent electric field is more usual.

e One should deal with the limit R — 0 at the same time as N — oo, which is
reminiscent of the NLS and GP limits for trapped Bose gases [32] BT}, B0, 26}, [40].

In order to make the analogy more transparent, we rewrite, for any normalized N-body
bosonic wave function ¥y € Lsym(RzN )

NN RO = Te [0+ VY]

(ot — 2+ P s ) o]

ﬂQN [(Vle(xl —w9) - VVwpg(r) — 333)> 71(3)}
+ /82ﬁ Tr [‘VUJR($1 - xz)‘2’)/](\?)] ) (1.11)

where
Y = Ty (O N (W]

is the k-body density matrix of the state |¥y)(¥y|, normalized to have trace 1. The
notation here means that we trace out the last N — k variables from the integral kernel of
[UN) (U]

Since all terms at least at first sight weigh O(1) or less, the folklore suggests to use an
ansatz

Uy =u®N
k
W = () (U], (1.12)

Inserting this in the energy, dropping the last term, which is of order N~! at least for
fixed R, we obtain to leading order

NN ON|HR|UN) ~ EX . (1.13)
Indeed, on the one hand,
Tr [( - V4iwg(zy — x2) + VVwg(zy — 29) - p1> |u®2><u®2|]
// Va(z)a(y) - Viwg(z — y)u(z)u(y) dedy
R2 xR2
— 2// a(z)u(y)V>iwg(z —y) - Vu(x)u(y) dedy
R2 xR2
—2 [ AR[up)- Iu) (1.14)
R2
using the definition (LJ]) and denoting J[u] the current

L (VT — V). (1.15)

Ju] := 5



AVERAGE FIELD APPROXIMATION 7

Note that this is really a phase current density:

Ju] =pVe if u=/pe’.
On the other hand

T [(Vwn(er - a2) - VEwn(a - a2) 1]
] @RGP () - (e ) drdya:
R2xR2xR

= [ P AR (1.16)

and it suffices to combine these identities in (LII]) (and approximate (N —2)/(N —1) ~ 1)
to obtain the desired expression (L.I3]) for the energy.

1.4. Main results. We may now state our main theorem, justifying the average field ap-
proximation in the almost-bosonic limit at the level of the ground state. For technical
reasons we assume that the one-body potential is confining

V(z) >clz|®—-C, s>0, (1.17)

and that the size R of the extended anyons does not go to zero too fast in the limit N — oo.
The rate we may handle depends on s. These assumptions are probably too restrictive from
a physical point of view but our method of proof does not allow to relax them at present.
Here and in the sequel, £ denotes the average-field functional (LI0) for R = 0, and E*
its infimum under a unit mass constraint. Although we do not state it explicitly, we could
also keep R fixed when N — oo and obtain the limit functional with finite R. The case
of anyons in a bounded domain is also covered by our approach (modulo the discussion of
boundary conditions) and the results in this case can be obtained by formally setting s = oo
in the following.

Theorem 1.1 (Validity of the average field approximation).
We consider N extended anyons of radius R ~ N~ in an external potential V satisfy-
ing (LID). We assume the relation

1 !
0<n<m(s):= +2) (1.18)
and that the statistics parameter scales as
a=p/(N—-1)
for fized 5 € R. Then, in the limit N — oo we have for the ground-state energy
ER(N
]ff ), ot (1.19)

Moreover, if U is a sequence of ground states for Hﬁ, with associated reduced density

matrices ’y](\]f), then modulo restricting to a subsequence we have

A= [ d) (1.20)
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strongly in the trace-class when N — oo, where p is a Borel probability measure supported
on the set of minimizers of £,

M= {u e L2(R?) : ||ul| ;2 = 1, E¥u] = E*}.

Remark 1.2 (The size of the smearing radius).

As we said before, taking R not too small in the limit N — oo is a requirement in our
method of proof. It is likely that localization arguments could allow to take an s-independent
n < no(oco) = 1/4, corresponding to the rate we obtain for anyons in a bounded domain. To
obtain an even better rate would require important new ideas.

It is in fact not clear whether some lower bound on R is a necessary condition for the
average field description to be correct. For very small or zero R, it is still conceivable that
a description in terms of a functional of the form of (ILI0) is correct in the limit. Indeed,
our above restriction stems from the method used to bound the ground-state energy from
below, while for an upper bound the conditions on R (and even the finiteness of ) can be
relaxed significantly. A further possibility would be to take short-range correlations into
account via Jastrow factors, as in the GP limit for the usual Bose gas [32] 31, B0} 26, [40].

It would in any case be desirable to be able to take R < N~1/2_ the typical interparticle
distance in our setting, because one could then argue that smearing the magnetic charges
has very little effect. Even in the formal case s = oo, Theorem [T requires R > N /4
N~Y2 which is rather stringent. We nevertheless obtain the functional for point-like anyons
in the limit.

It is sometimes argued in the literature [38 50} 7] that for anyons arising as quasi-particles
in condensed matter physics, the magnetic charges should be smeared over some length scale
R. The relevant relation between R and N then depends on the context. &

The rest of the paper contains the proof of Theorem [LI We start by collecting in
Section [2] some operator bounds on the different terms of the N-body functional. This is
required in order to have a correct control of the terms as a function of the kinetic energy
in the limit R — 0. For these estimates to be of use in the large-N limit we need an a
priori bound on the kinetic energy of ground states of the N-body problem, also derived in
Section 2l We deal with the mean-field limit in Section [B] using the method of [26]. Some
important adaptations are required to deal with the anyonic Hamiltonian, and we focus on
these. The goal here is to justify (with quantitative error bounds) the sensibility of the
ansatz Uy = u®V when N becomes large, thus obtaining E%f as an approximation of the
ground state energy per particle. The basic properties of the average-field functional (LI0)
are worked out in Appendix[Al In particular we study the limit R — 0 to finally obtain Ef
as an approximation of the many-body ground state energy per particle.

Acknowledgments. We thank Michele Correggi for discussions. Part of this work has
been carried out during visits at the Institut Henri Poincaré (Paris) and the Institut Mittag-
Leffler (Stockholm). D.L. would also like to thank LPMMC Grenoble for kind hospitality.
We acknowledge financial support from the French ANR (Project Mathosaq ANR-13-JS01-
0005-01), as well as the grant KAW 2010.0063 from the Knut and Alice Wallenberg Foun-
dation and the Swedish Research Council grant no. 2013-4734.
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2. THE EXTENDED ANYON HAMILTONIAN

In this section we give some bounds allowing to properly define and control the Hamil-
tonian (L6)). As previously mentioned, for extended anyons, it is possible to expand the
Hamiltonian as in (L§]) and estimate it term by term. By the boundedness of the interac-
tion it follows that H¥ is defined uniquely as a self-adjoint operator on Lgym(RQN ) with the
same form domain as the non-interacting bosonic Hamiltonian

N
> 05+ Vixy).
j=1
However, in order to eventually take the limit R — 0 we will need to deduce more precise
bounds depending on R. These will be used to deal with the mean-field limit in Section Bl
In the following we introduce a fixed reference length scale Ry > 0, and always assume
R < Ry. Future constants, generically denoted by C', may implicitly depend on Ry.

2.1. Operator bounds for the interaction terms. We start with some estimates on the
different terms in (LII]), exploiting the regularizing effect of taking R > 0. The following
is standard:

Lemma 2.1 (The smeared Coulomb potential).
Let wgr be defined as in (L4)). There is a constant C' > 0 depending only on Ry such that

C
sup |wg| < C +|logR|, sup|Vwg| < —=, sup |Vwg| < C. (2.1)
B(0,Ro) R2 R Bo,Re)e
Moreover, for any 2 < p < 00,
vaRHLP(]RQ) <Gy RAP7L, (22)

Proof. A simple application of Newton’s theorem [29, Theorem 9.7] yields

{log |z| if |z| > R
wgr(z) =

x/|z? if |[z| > R
2
logR+ 3 (4 —1) ifo<|e| <R

\V4 =
wr(@) {gc/R2 if0< |z <R,

(2.3)
and (ZJ)) clearly follows. For ([2.2]) we compute
R P [e'¢) )
vaRHiP(RQ) = 271'/0 ﬁrdr + 27T/R r~Prdr < CP R™P,
where C), > 0 depends only on p > 2. O

We first estimate the most singular term of the Hamiltonian, corresponding to the fourth
line of (LH). Since it comes with a relative weight O(N~1) in the total energy, the following
bound will be enough to discard it from leading order considerations.

Lemma 2.2 (Singular two-body term).
We have that, as operators on L*(R*) or Lgym(]R‘l),

Vwr(z —y)* < C-R™ (p; +1) (2.49)
for any e > 0.
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Proof. We start with a well-known simple application of Hoélder’s and Sobolev’s inequalities:
for any W : R? — R and f € C2°(R?)

W =lf) = [[ W =) fe.g) dedy

< Wl || ( L. \f(x,yﬂ?qdm)l/qdy

<Cwl,, / / (IVaf @, 9) [ + | f (2, )[?) dedy
L OIW i (et 1) @ 11 (2.5)

where we may take any p > 1, ¢ = zﬁ € (1,400), and we use that in R?, for any 1 < ¢ < oo

2 2 2
lgll3ee < Co (199132 + oll32) -

see, e.g., [29, Theorem 8.5 ii]. Next we may use ([Z2)) with W = |[Vwg|? and p = 1 + €’ to
conclude

||W||LP = vaRH%ﬂp < C22pR2/p72 < C.R,
with a constant C; > 0 for given ¢ > 0. O

We next deal with the two-body term mixing position and momentum, second line
of (L¥)). This is somehow the most difficult term to handle, and it is crucial to observe
that it acts on the current and not on the full momentum. We shall use three different
bounds. In the following lemma, ([2.6]) has a worst R-dependence but it behaves better for
large momenta than ([2.7) and (Z8), a fact that will be useful when projecting the problem
onto finite dimensional spaces in the next section. Estimate (Z8) might seem a bit better
than (27), but we will actually need a bound on the absolute value in the sequel, which is

not provided by (2.8]).
Lemma 2.3 (Mixed two-body term).

For R < Roy small enough we have that, as operators on Lsym(R4),
Da - Vle(ac —y)+ Vle(x —y)-pe| <CR 1 pal, (2.6)
pe - Viwgr(z —y) + Viwgr(z —y) - pe = (p2 4+ 1), for alle >0, (2.7)
and
+ (po - Viwr(@ —y) + V¢iwn(e = y) - po) < C(1+[logR]) (02 +1).  (28)

Proof. The bounds (2.6]) and (27)) are based on the same basic computation.
Proof of (2.6). First note that
pe - Viwg(z —y) = Viwg(z —y) - pa (2.9)

because V, - Vle(ac —y) = 0. We can then square the expression we want to estimate,
obtaining

2
<pf V4wg(z —y) + Viwg(z — y) -pr> = 4dp, - VViwg(z — y)VViwg(z —y) - ps.
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Consequently, for any f = f(x,y) € C*(R?),

{71 (- e =)+ unta = 9)-2.) |5
—a| [, (Tade) unta =) (Vaf@n) - THunte - ) dac
<af[, 1t [V unte )| dody.
Inserting (2.1]) we get
(11 (e Vo =9+ unta = )-p) )| < 5 [ 19arP sy

and thus
i i 2_C 4
(pz -V7wg(z —y) + Viwg(z — y) 'pm> < b
We deduce (2.6]) because the square root is operator monotone (see, e.g., [2, Chapter 5]).

Proof of (Z71). We proceed in the same way but use Lemma instead of just the rough
bound (1)) (we denote z = (x1,z2) € R?):

'<f1 <px V4iwg(z —y) + Viwg(z - y) -px)2 1f>'
<if[, e[V hon— o) oy

2
3mf> + <3mf,
L2(R%)

Ca Ca 2
< 2= (00 £ (~ 80 + 1) 00y ) + o, (— 00 + 1) 00 f)) < T2 (£, (=2 + 17 f).

= <8x1f, ‘Vle(x ) VLwR(x - y)‘2 (9x2f>

L2(R4)

Thus

2 _C
(po Viwr(e —y) + V¢iwr@ —y) - pa) < 202 +1)?

for any € > 0, and the desired bound again follows by taking the square root.

Proof of (ZJ). The idea is here a bit different. We pick f € C2°(R*;C) and compute as
in (LI4)

<f|px VYiwg(z —y) + Viwg(z —y) -pm‘f> = 2//]R2XR2 Viwg(z —y) - IL[f] dedy

with

Tolfl =5 (f Vaf = IVaf).

N | =
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We then split this according to a partition of unity x +7 = 1 where xy = 1 in the ball
B(0, Ryg) and n = 1 outside of the ball B(0,2Ry):

(flp -V wnta =)+ Vownle =) -palf) =2 [[ 9 (o = y)uwnle = )31 dudy

w2 [ Ve = y)wate — 1) - 3olf] dady

To control the x term we use Stokes’ formula and deduce

2 //WXR2 VE (x(z — y)wr(z — y)) o[ f] dudy = —2 // X(z—y)wgr(z—y)curl,J ;[ f] dxdy.

R2xR2
It is easy to see that
|curl, I [f]] < ’V$f’2

pointwise, see e.g. [11, Lemma 3.4]. We thus obtain
22 ([ e - punte ) Lol dody
R2 xR2

= 2//RQXR2 x(x = y)llwr(z —y)| Ve f (@, y)]* dedy

<CO+ogh) [[ Vartey)? dudy
R2xRR2
in view of (2.I)). For the 7 term we note that

I [f1 < | fIIV2 £l
Thus

2 [[ 9ot = ppunte — ) 3ulfldedy

R2xR2

< C//RMR2 f(=Ay +1)f dzdy.

For the first term we used that (Z3]) implies

V- (ol = ppunle )| 1fGo)Pdedy+ [ 19.r @)l dody

V- ()| < [Vallwg] + nl|Ver| < €

because n = 0 in B(0, Ry) and n = 1 outside of B(0,2Ry). Gathering these estimates we
obtain the desired operator bound. ]

The three-body term (third line of (L) is actually a pretty regular potential term, as
shown in the following;:

Lemma 2.4 (Three-body term).
We have that, as operators on L2 . (R®),

sym
0 < Viwg(z —y) - Viwg(z —2) < C(p2 +1). (2.10)

The essential ingredient of the proof is the following three-particle Hardy inequality of [18],
Lemma 3.6] (see also [33] for relevant methods and generalizations):
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Lemma 2.5 (Three-body Hardy inequality).

Let d > 2 and u : R3 — C. Let R(x,y,2) be the circumradius of the triangle with vertices
z,y,2 € RY and p(x,y,2) == /v —y|2 + |y — 2|2 + |z — x[2. Then R=2 < 9p~2 pointwise,
and

2
3(d — 1) Mddd</ oul? 24 |Vou?) dadydz. (2,11
@12 [ B dnayas < [ (Vo + [Vl 4 (V) dedydz. (200

Proof of Lemma[2.4] Since we consider the operator as acting on symmetric wave functions
it is equivalent to estimate

Z V4iwg(z —y) - Viwg(z — 2). (2.12)
cyclic in z,y, z

In general, let 2,9,z € R? denote the vertices of a triangle and |z|g := max{|z|, R} a
regularized distance. Then we claim the following geometric fact:

T —y T —2z C
0< : < . 2.13
2 B B S ey (213)

cyclic in x,y, z
Recalling (2.3]) this gives a control on the expression we are interested in. Equivalently, we
shall prove that
0<|y—zlh(@—y) (@ —2)+ e —alply—2) (y—2) + |z —ylk(z —2) - (= —y)

< o |z = ylhly — 2lRl> — alk
Tl —yPrly— 2P+ -2

(2.14)

for some constant C' > 0 independent of R.

Let us consider each of the different geometric configurations that may occur. In the
case that all edge lengths of the triangle are greater than R, the cyclic expression that we
wish to estimate in (ZI3) reduces to 3R(z,y,2) % (see [I8, Lemma 3.2]), which is clearly
non-negative and bounded by % p~2 from Lemma 235l On the other hand, if all edge lengths
are smaller than R then the expression equals ﬁpQ (cf. |18 Lemma 3.4]), for which we
have 0 < ﬁ p? < %p*Q since p? < 3R?. If two of the edges are short and one long, say
|r —yl, |y — 2| < R and |z — x| > R, then the expression to be estimated in ([2I4]) reads

Rz —y)-(e—2)+|z—af’ (y—2) (y —2) + B’ (z —x) - (z — )
—(z—y)-(z—2)
=R (@-y)~ (=) (@-2)+|z =2 (y—2) (y - 2)
=lo— (B -2) -y -) 2| PR~ R) >0
We furthermore have the upper bound
=P (R4 v —2)- (v - 2)) <2 =P
while the r.h.s. of (2.14]) is larger than

Rz — 2| Lo 2
A S ZR?p —
2R?2+ |z — 22 — 6 e = =%
using that |z — z| < |z —y| + |y — 2| < 2R.
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This leaves the case that only one edge is short, say |z — y| < R, and the others long,
ly — z|,|z — x| > R. We thus consider the expression in (2.14))

=2 @—y) @-)+lz—af y—2) (y—2) +R(z—2) - (z—y).  (215)
We will here use methods from [33], namely the geometric (Clifford) algebra G(R?) over R?

(see [37] for a general introduction). In the case d = 2 or d = 3 one can think of this as the
real algebra generated by the Pauli matrices o, with scalar projection (A4)y := %TrA and

the embedding of scalars (0-vectors) 1 < 1 and of 1-vectors R? 3 z — 2?21 zjo; € G(RY),
and with the product of two l-vectors zy = x -y + = A y decomposing into a traceful
symmetric scalar part and a traceless antisymmetric bivector part. We have then, using
tracelessness of the bivector parts of such products and the linearity and cyclicity of the
trace,

y— 2P (@ —y) (x=2)+ ]z =2 (y—2) (y - )

=((y =2 (@ =)@ —2) + (2 —2)’(y - 2)(y — ),

=((y=2)z—y)z - 2)y—2) + (y —2)(z = 2)(z = 2)(y — 2))o

= (-2 —9)z—2)(z—y) + (@ -y)(z —2)(z —2)(z —y))y

= (-2 -p+GE-a)a—y+2Ar—yAG-2)(z-2)-p)

=(y—2)(@—y)(z —2)(z =y + 2{(z —y) A (z = 2) (z — 2) (2 — y)),

= (@ 9P — 1) — )y + 2 (@9 A=) (5 — ) A 2 — 1)),

z—y—(2—x)

= —lz —y[ (z—2)- (z —y) + 2(B'B),,
with B := (z—2)A(z—v) and its Hermite conjugate BY = (2 —y)A(z—x). In the fourth and
fifth steps we used zy = yx + 2z Ay for the second term and then (y —z) + (z —z) =y — =z,

while for the final steps we again used the properties of the trace and that BIB = |B|? is
scalar. Thus, the expression (ZI0]) we wish to estimate equals

(R? — |z —yl*) (z—2)- (= —y) +2[B]> >0,

where for the lower bound we also used that (z —z) - (2 —y) > 0 since = — y is the shortest
edge. For an upper bound we can use permutation invariance (cf. [33, Proposition 15]) of

1Bl = [(z —y) Az = 2)| < o —yllz — 2],
and for example that |y — z| < R+ |z — z| < 2|z — z|. Hence
(R? — |z —y*) (z —2) - (z — y) + 2|B]* < 4R%|z — 2P,
while for the r.h.s. of (ZI4]), with analogously |z — z| < 2|y — 2|,
2 2 2 2 2 2
RQ}j— :z _ z:2|j_ |Z33_| z?2 = = |y6|y2|_ |j|2 d = éR2|$ — 2|2
We also remark that the non-negativity of ([2I3]) is in general false if | - |g is replaced by an

arbitrary radial function, as can be checked when taking e.g. |z|gp = elzl*/2,
Finally, the estimate (m) follows simply by applying Lemma [Z5] with d = 2 to (2.13))

and using the symmetry of functions in Lsym(R ) O
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2.2. A priori bound for the ground state. For the estimates of the previous subsection
to apply efficiently, we need an a priori bound on ground states (or approximate ground
states) of the N-body Hamiltonian (IL6), provided in the following:

Proposition 2.6 (A priori bound for many-body ground states).
Let Wy € L2, (R?N) be a (sequence of) approzimate ground states for HL, that is,

sym
(Un, HRU ) < ER(N)(1 + 0(1)) when N — oco.
Denote by ’y](\}) the associated sequence of one-body density matrices. In the regime (L3,
assuming a bound R > N~ for some n > 0 independent of N, we have

Te (0 + V)| < C+ 82, (2.16)
where C' is a constant independent of B, N and R.

Proof. We proceed in two steps.

Step 1. Using a trial state u®" with u = |u| € C2°(R?), we easily obtain from (LII) and
the above bounds (note that the R-divergent mixed two-body term is zero on such a u, and
that the singular two-body term gives a lower-order contribution)

ER(N) < C(1+ B*N. (2.17)

Next we use the diamagnetic inequality [29] Theorem 7.21] in each variable to obtain

N

<\IJN7H]@\IJN> = Z/QN (‘(—ivj —i—aAf) ‘I’N|2 +V(mj)!\I’N!2> dr1 .. dex
j=1"R

N

= Z/Rmv (’vj’\I,NH2 + V(xj)’\DNF) dzy...dzy.

=1

<

We deduce the bound

Te (07 + V) 2| < C+ 82, (2.18)
where we denote

W = Tricioon | 12]) (2]
the reduced k-body density matrix of |W /.
Step 2. Next we expand the Hamiltonian and use the Cauchy-Schwarz inequality for
operators to obtain

N
HY = (0] +ap; - Af + aAT - pj + oA + V(x)))

<
Il
—_

((1=20"p5 + (1 — 26)0®|AF]> + V(x)))

M-

<
Il
—_

2
(308 + Vi) - Ty o ARE )

<
Il
—

Il
.MZ
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choosing 0 = 4. Thus, using [2I7]) we have

C2 al
Tr [(ﬁ +V) %(vl)} <O+ 8%+ NV 12 <\1fN, > |Af|2\1/N> : (2.19)
j=1

Then, since the last term in the right-hand side is purely a potential term
N N
(n S 1agr00) = (1o 1 0n).
j=1 J=1

We then expand the squares as in ([II]), and use Lemmas and 2] to obtain for any
e>0

N
125> yAfy2\x1;Ny> <CTr [VLwR(ml — 23) - Viwg(zr — 23y,
j=1

1
N(N —1)? <
_ 2
+CN'Tr [|VwR(x1 - x2)|27](\,’)+}

2 (3) Cep—1 2 2)
<SCTr|(pi+1)@1@ Ly, |+ CcRTNT Tr |(p7 +1) @ vy,
<C(1+C.NT'R™)Tr [(p% + 1)7](;,’4 .

Inserting the estimate (2.I8]) and recalling that we assume R > N~ we conclude the proof
by going back to (219]). O

3. MEAN-FIELD LIMIT

We now turn to the study of the mean-field limit per se. The strategy is the same as
in [26], but the peculiarities of the anyon Hamiltonian add some important twists, and we
shall rely heavily on the estimates of the preceding section.

3.1. Preliminaries. We first recall some constructions from [24], 26].

Energy cut-off. We denote by P the spectral projector of —A + V below a given (large)
energy cut-off A that we shall optimize over in the end:

P:=1p<p, h=-A+V. (3.1)
Let
Ny = dim(PL*(R?))
be the number of energy levels obtained this way, and recall the following Cwikel-Lieb-
Rozenblum type inequality, proved by well-known methods, as in [26], Lemma 3.3]:

Lemma 3.1 (Number of energy levels below the cut-off).
For A large enough we have

Np < CAYF2/s, (3.2)

We shall also denote
Q=1-P

the orthogonal projector onto excited energy levels.
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Localization in Fock space. We quickly recall the procedure of geometric localization,
following the notation of [24]. Let yx be an arbitrary N-body (mixed) state. Associated
with the given projector P, there is a localized state Gﬁ in the Fock space

F® =Cohaen’e. -
of the form
G =GNo@®GN 1@ DGy NBOD - (3.3)

with the property that its reduced density matrices satisfy

n n N e k
P®n’7](V)P®n _ (Gﬁ)( ) — < > Z <n> Trp 415k [Gﬁﬁ] (3'4)

n
k=n
for any 0 < n < N. Here we use the convention that

A = Tr v

which differs from the convention of [24], whence the different numerical factors in (3.4]). We
also have a localized state G% corresponding to the projector (), which is defined similarly.
The relations ([B.4]) determine the localized states Gﬁ,G% uniquely and they ensure

that G& and G% are (mixed) states on the projected Fock spaces F(P$) and F(Q9),
respectively:

iv:Tr e =1 (3.5)
k=0

de Finetti measure for the projected state. We will apply the quantitative de Finetti
Theorem in finite dimensional spaces of [8, Bl 17, 27] to the localized state Gﬁ, in or-
der to approximate its three-body density matrix. The following is the equivalent of [26],
Lemma 3.4] and the proof is exactly similar:

Lemma 3.2 (Quantitative quantum de Finetti for the localized state).
Let N be an arbitrary N-body (mized) state. Define

duy(u) == i <N>_1 <k> dun(u), dupng(u) = dim(P.V))];ym<u®k,G§7ku®k>du (3.6)

3 3
k=3
and
~(3
W= [ Wy ). (3.7)
SP$
Then there is a constant C' > 0 such that for every N € N and A > 0, we have
~ CN
Tr |[P%3y ) P9? — 71(\?;)‘ < —NA- (3.8)
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3.2. Truncated Hamiltonian. For an energy lower bound we are first going to roughly
bound some terms in the Hamiltonian. Let us introduce the effective three-body Hamilton-
ian

~ 1
Hgl,% = 3 (h1 + ho + h3) + g Z (pj : VLwR(mj —x) + VLU}R(QU]' — ) -pj)
1<j#k<3

+ ﬁQVle(Oﬂl — x9) - Vle(xl —x3) (3.9)

where h; is understood to act on the i-th variable (recall that h = —A 4+ V). For shortness
we denote

Wa = p1 - V>wg(zr — 22) + VViwg(zg — 22) - pr
the two-body part of HE, and
Wg = Vle(.%'l - 1‘2) . Vle(.%'l - 1‘3)

its three-body part. With this notation

B = 2 +hothe)+ 5 S0 (i) + 70
1<izj<3
where Ws(i,j) acts on variables i and j. Also note that for |u|| =1, by (LI4]), (LIG),

(u®, Hfu®3) = 8 [u] > E3.

1
3

We bound the full energy from below in terms of a projected version of fI?f%:

Proposition 3.3 (Truncated three-body Hamiltonian).
Let Uy be a (sequence of) approzimate ground state(s) for HE with associated reduced

density matrices 7](\];). Then, for any € > 0 and R small enough,

1 i
N@N,H}@\ym > Ty [H§P®37](\?,’)P®3 + CsATr[Qy Y]

1 C. 1
—Cy (N t gt AR2> . (3.10)

Proof. We proceed in several steps.
Step 1. We first claim that
1
N

To see this, we start from (IL.II). For a lower bound we drop the term on the fourth line,
which is positive. Then one only has to correct the N-dependent factors in front of the
third line. The term we have to drop to obtain ([BI1]) is bounded as
N -2
2

1=
p N -1
upon using the a priori bound (ZI6]) combined with ([2.10).

Step 2. We next proceed to bound the right-hand side of (3.1I) from below in terms of
a localized version of H. f and remainder terms to be estimated in the next step. We shall

(U, HREU ) > Tr [ﬁ%@} — CyN (3.11)

Tr {(VJ‘wR(azl —x9) - Viwg(z — :Ug)) 7](\?)] ‘ < OgN!
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need the projectors
I, = 1%% — p®?
II; = ]l®3 _ P®3
and make a repeated use of the inequality
ABC + CBA > —cA|B|A - 'C|B|C, ¢ >0, (3.12)

for any self-adjoint operators A, B, C.
We claim that

Tr {ﬁf’yﬁ)] >Tr [ﬁfP(g?"y](?)P@?’] + Tr [hQ’y](\})Q]
— 1813 + 61) Tr [Tl WalTln P | — 81572 T [PE2)105] P52 |
=218 Tr [P%2 @ QIW2(1,2)|P** @ Qv |
— BA(1+ 02) Tr [T WL | — 5205 T [ PWa P P)] (3.13)

where 61 and 9 are two positive parameters to be chosen later on.
To prove ([B.I3)), first note that

Tr [ﬁf’yﬁ)} =Tr [h*y](\})] + gTr {ngy](\?)] + 32 Tr {ngy](\?)} .

Then, for the one-body term we have
Tr [hfy](;)} — Ty [Phpfy](v”} Ty [th}vl)]
1
> S Tr [P (hy + by + ha) PS04+ Tr [QhQa Y|

using that h commutes with P and @, PQ = QP = 0 and the fact that h is a positive
operator.
For the two-body term we write

T [War )] = T [PE3(1,2) P390 | + T [T (1, 201137 |
T [(PESWa(1, )T + T Wa(1, 2)P%%) 1]

Next, since
I3 =P’ @Q+IL,@P+1,®Q, (3.14)
and Ws(1,2) only acts on the first two variables, this simplifies into

Te [y | = T [PE2W(1,2) P53 | + T [T135(1, 21137 |
T [(PEAW(1,2)1; © P+ T @ PWy(1,2)P9%) 1|
> Tr [P®3W2(1, 2)P®37§3)] + Tr [H3W2(1, 2)113%(\?)}

— 5 T [HQ ® P|Wa(1,2)|lly P’y](\:?)} — 5 T [P‘X’?’\Wg(l, 2)| PP3, ()
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where we use ([3.12) to obtain the lower bound. Then, using (B.14]) and ([B12]) again for the
second term of the right-hand side, as well as P,Q < 1, we get

Tr [Wﬂm > Tr [P®3W2(1, 2)P®37§$’)} — 67 Ty [P®2\W21P®27§3)

— (34 61) T [Tl Wa Tlan Y| — 2T [ P2 2 QW(1,2)| P2 0 Q1| .
Finally, the three-body term is dealt with similarly:

Te [Wﬂ}?’] T [(P®3 +II3) W (P23 4 113) 7](3)]

> Tr [PEWa P ()| — (14 8) Tr [T Wa Ty | - a3 T [ PE31 P22 ()|

using ([B.12) again. All in all, using also the symmetry of 7](\?;), we obtain (B.I3]).

Step 3. We next estimate the remainder terms in (3.I3]). First we note that

w3 [orpe] + P [Vienie

> %Tr {Q’y](\})@} + % Tr {Hg’y}\?)ng} + g Tr {\/Elﬂz’y](\?)ﬂz] . (3.1p)

The first inequality is just the definition of ), and to see the second one we first write
2Tr VEQWW'Q| =Tr [VinQ @ 19| + Tr [Vin1 @ Q4|
=T [V Q@ P+ Q@ Q)7 | +Tx [Vha (P2 Q+ Q@ Q)7 ]
=T [VIn (Q® P+Q® Q)1 (P + 1)

+Te [Via (P2 Q+Q® Q)1 (PP + Thy)|

=T [V P + Tr [VEaQ © 17 Q @ Q|
+ Tr |:(\/E2 — \/ﬁ1) P® Q’Y](\?)P@) Q]

>Tr —\/E1H2’Y](\?)H2} ;

where we use repeatedly the cyclicity of the trace and the fact that vA commutes with P
and @, along with the fact that PQ = QP = 0 and

I =1%2 - P2 = QeQ+PQ+Q® P.
In the last step we also use that as operators

VheP2Q > VAP ®Q > VhiP®Q
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by definition of the projectors P and ). This gives the third term in the right-hand side
of (3.15). The second one arises from similar considerations:

Tr [Hg’y](\?)} —Tr [Hg ® Qwﬁ’)] + Ty [P®2 ® ny](\?,’)] + Ty [Hz ® P’y](\“;’)]
<2Tr [QWJ(\})] + Tr {ngﬁ)}
— 2Ty {ny](\})] S+ Tr [(P®Q+Q®P+Q®Q)7§3)]
<5Tr [QWJ(\})] .
Next, using (2.0]), we have
C C
Tr [Hz’WQ‘Hg’y](\?)] S —Tr [’pl‘Hg’y](\?)Hg] S —Tr |:\/E1H27§3)H2} (316)
R R
by operator monotonicity of the square-root, and by (21
3 C 3
Tr [Hg\wg\ngfy](v)} < Tr [Hgfy](v)ﬂg] . (3.17)

Moreover, using ([2.6) again we get

A A
Tr [P%2 @ QW (1,2)| P @ Q4| < C*Tf T [P @ Q1] < C*Tf T [Qy]
so that, combining with ([BI5]), choosing for some small fixed ¢, co > 0
51 = C \/KR, 52 == C2AR2

and A large enough (i.e. AR% > ¢ for ¢ large enough), we get

Tr [hQYW Q| = 18I(3 + 61) T [Tl Wallpn | — 2081 Tx | P#2 @ QW5 (1,2) P2 @ 1|
= B2+ ) Tr [ Wa T (| = €T [1h0r Q)]
for some fixed constant C' > 0. Then, inserting in ([B.13]), we deduce

Tr [ﬁfvﬁ)} > Tr [ﬁ§P®3W§3)P ®3] +CTr [hQ”(VI )Q}

c ®2 @2, (2)
—\/KRTr[P Wa|P WN}

C
- [P®3\W3]P®3fy](5’)} . (3.18)

But, using (2.7), (2.16]), and TI“’Y](\];) =1,
Tr [P®2|W2|P®27§V2’} <C.R°Tr [P®2(p? + 1)P®2%(v2)]

<C.R °Tr [(p% + 1)7](\})] < C.R°,
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whereas, using (2.10) and (2.106]) again
Tr P®3]W3\P®3’y](\?)] <CTr [P®3(p% + 1)P®3fy]($’)]
<cm | +1y] <c

which completes the proof. O

3.3. Energy bounds. In this subsection we prove the energy bounds establishing (LI9]).
The upper bound is obtained as usual by testing against a factorized trial state. Namely,
taking ¥y = (u3)®N in (LII) with u¥ a normalized minimizer of €4, and using (LI14),
(LI6), Lemmas 22 23] 24 and the diamagnetic inequality ([A.3]), one finds

EE(N) Cp?  C.B’R©

N éggf[u;f]ﬂegf[u;fwl)( R > = F¥ 4 0(1) —» B, (3.19)

as R ~ N7 with N — oo, where we also used Proposition Note that for this upper
bound we can allow any rate 0 < n < oo, and may even take g = S(N) — oc.

For the lower bound, inserting (B.8]) in the estimate of Proposition we get for any
sequence of ground states Wy that

1

. N 3
U, HE W) > T [ ??%(5’)] +CATY[QW] - O HP®3H§P®3H

c l+ Ce + :
N \/KR1+€ AR?

- 2+2/s
> [Af50] + CATry] - © (14 |log R))
1 C: 1
—C (N + NIVIE - AR2> . (3.20)

We have here used Estimates ([2.8]) and (ZI0) from Subsection [Z1] along with
Pp*P < PhP < A
to bound the operator norm of P®3HP®3 and Lemma B to bound Ny.

Main term. Since by definition %(\?) is a superposition of tensorized states we get
Tr [ ~§%(3)} > B Ty [%(3)} .

We then denote
N

A:=Tr [P%(\})] = Z % Tr [Gﬁ,k] (3.21)
k=0

the fraction of P-localized particles. Using the simple estimate
kk-1k—2 &

2 Y I<CONH <k<N
NN _Iv 32 ~3|=¢ or0sksN,
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it follows from [B.35]), (3.6), (B7), and Jensen’s inequality that

] - ) (s

k=3

N 3
>3 (%) Tr [GR ] —O(N T

k=0
>\ —O(NTh. (3.22)

Since on the other hand

we conclude
Tr [ : ﬁ}?)} +CAT QY] > MES + CA1—)\) —ON"' > B —ON"L. (3.23)

For the last inequality we bound from below in terms of the infimum with respect to 0 <
A < 1. Since A is a very large number and E% is bounded as R — 0 (see Proposition [A6),
the infimum is clearly attained at A = 1.

Optimizing the error. We next choose A to minimize the error in ([20). We assume
that R behaves at worst as

R~ N7,
Changing a little bit 7 if necessary we may ignore the |log R| and R® factors, and we thus
have to minimize
1 1 A2+2/s
VAR + AR? + N

We pick
A = Nin)(1+4/55)7"
to equate the first and the last term and get
1 1 A2(1+1/s)
VAR AR T TN

and this is small provided

_ O(Ng(1+n)(1+1/s)(1+4/5s)*1—1) + O(Ng(1+n)(1+1/s)(1+4/5s)*1—2)’

1 1\ !
n<mn = - 1+ - .
4 S

Since this is the main error term we conclude that the lower bound corresponding to (L.I9)
holds provided R ~ N~ with n < ng, as stated in the theorem. The limit E%f — F s
dealt with in Appendix [Al

3.4. Convergence of states. Given the previous constructions and energy estimates, the
proof of (L20]) follows almost exactly |26 Section 4.3] and is thus only sketched.
Modulo extraction of subsequences we have

7](\1/?) —x W(k)
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weakly-* in the trace-class as N — oco. From Proposition we know that (—A + V)’y](\})
is uniformly bounded in trace-class. Under our assumptions, (—A + V)~! is compact and
we may thus, modulo a further extraction, assume that

(1)

N T ’7(1)

N—oo
strongly in trace-class norm. Then, by [25] Corollary 2.4], we also have

(k)

w — ¥

N—oo

strongly for all £ > 0.
Next we claim that the measure py defined in Lemma [3.2] converges (modulo extraction)
to a limit probability measure u € P(S$) on the unit sphere of § = L?(R?) and that
A ) = / [u®FY (u®F|dp(u) for all k> 0. (3.24)
uesSH
To see this, we first apply (B.8]), with the above choice of A. We obtain

Tr 0. (3.25)

3
P®3'Y](V)P®3 . /SPﬁ \u®3>(u®3]d,u]v(u)

On the other hand, combining ([3.:23]) with the energy upper bound (B.I9) we get

A—1

where A is the fraction of P-localized particles defined in (B.2I]). Using Jensen’s inequality
as in ([3:22]) we deduce that

un(SP$H) = Tr [P®37§3>P®3] 1. (3.26)
Combining with ([B.23) yields

Tr

MO / ) (3 dpuy ()
SP$H

Testing this with a sequence of finite rank orthogonal projectors

—0. (3.27)

}ﬁ( — 1
K—oo

3)

and using the strong convergence of v~ gives

lim lim py(Pg$H) =1,

K—o00 N—oo

and we obtain the existence of a limit measure p supported on the unit ball of $ by a
tightness argument. Then ([B.24]) for k = 3 follows from ([B.27]). Since ’y](\i;’) converges strongly,
the limit has trace 1 and p must be supported on the unit sphere. Obtaining (3.24) for
larger k is a general argument based on ([3:26]). We refer to [26], Section 4.3] for details.

There only remains to prove that p is supported on M?. But it follows easily from
combining previously obtained energy bounds that

/ ‘Eg—ggf[u](dmv(u) 0.
SP$H

N—oo
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Using in addition the results of Appendix[A]l in particular Proposition [A.6] we obtain for a
large but fixed constant C' > 0

/gaf[ - ‘Eaf - 5af[u]‘ dpn(u) — 0

N—soo
and
/ dun(u) — 0.
£t [u]>C N—oo
Then clearly p must be supported on M?, which concludes the proof. ]

APPENDIX A. PROPERTIES OF THE AVERAGE-FIELD FUNCTIONAL

In this appendix we etablish some of the fundamental properties of the functional (LI0])
and its limit R — 0.
For B € R and V : R? = RT we define the average-field energy functional

el = [ (17 -+ iBAIP) uf + VIu?). (A1)

with the self-generated magnetic potential

1

Alp] := V4w *p = / L )

2 =y p(y) dy, curl A[p] = 2mp.

The functional is certainly well-defined for u € C°(R?), but we should ask what its natural
domain is. We then have to make a meaning of £¥[u] for general u € L?(R?) and the
problem is that it is not certain that A[jul?] € L2 even though u € L? (see [12] for an
exampleﬁ), so the product A[|u|?Ju may not be well-defined as a distribution (while Vu
certainly is). One way around this is to reconsider the form of the functional when acting

on regular enough functions such that we can write u = |u|e’¥ where ¢ is real. Then
. 2 . 2 2
|(V + iBA[ul*)u]” = [V]u| +ilul(Ve + BA[ul*])]” = [Vl + [[ulVe + BAlul*]ul] ",

where also Vi = |u|72SaVu and V|u| = |u|"!RuVu. Hence, an alternative definition is
given by

a U
ﬁm:éiww%bmw+mw%4

2
+ V|u|2) , (A.2)

and the advantage of this formulation is that it makes clear that we actually demand
lu| € H'(R?) in order for £4[u] < co. We can then use the following lemma to see that in
fact Afjul?|u € L?(R?), and hence also Vu € L*(R?). (And conversely this also shows that
if Aljul?Ju ¢ L?*(R?) then we have no chance of making sense out of £ [u].)

Lemma A.1 (Bound on the magnetic term).
We have for any u € L*(R?) that

2 3
1A 0 < Sty [ 19012,
R2 R2

3Note that by Young’s inequality we have for any u € L*(R?) that Afju|?] € LP(R?) + eL>(R?) for
p € [1,2). Also compare to the singular magnetic fields considered in [12] [36].



26 D. LUNDHOLM AND N. ROUGERIE

Proof. This follows from symmetry and from the three-body Hardy inequality of Lemma 2.5

2 2 2 g LY T E @) Plul) Pluz)? dedydz
L ARBI@F e dr = [[[ b - ) Pt Pluz) P dedyd
1

T

1 2 1 2 3 2
N . IR <Z ®3 :_/ 2 / 2 _
G/RG (X)QHU, "dX < Q/RG‘VXM |”dX 5 R2W\uH dx . |u|“dx
O

We can therefore define the domain of £ to be (and otherwise let £ [u] := +00)
2% = {u € H'(R?): /R2 Viul? < oo},
and we find using Cauchy-Schwarz, Lemma [A1] and |V|u|| < |Vu| that for u € 22
0 < &%[u) < 2|Vl + 26| Allul*ul® + /V\u!2 < (24 367 [ul ) [ Vull? +/V\u!2 < 00,

The ground-state energy of the average-field functional is then given by

E* = inf {Eaf[u] tu € Qaf,/ lul? = 1} .
R2
For convenience we also make the assumption on V' that V(z) — +o0 as |z| — oo and that
Cx(R?) C 2% is a form core for HuHi%/ i= Jpo V[ul?, with —A + V essentially self-adjoint

and with purely discrete spectrum (see, e.g., [46l, Theorem XIII.67]). This is then also a
core for £2:

Proposition A.2 (Density of regular functions in the form domain).
CX(R?) is dense in 2°0 w.r.t. £, namely for any u € 2 there exists a sequence
(Un)n—soo C C2°(R?) such that

u = un|| g — 0 and E%[u,] — E¥[u] as n — co.

Proof. Take u € 2, then ||Vu||;2 < oo and hence also |lu|z» < oo for any p € [2,00) by
Sobolev embedding. We use that C°(R?) is dense in H'(R?), so there exists a sequence
(Un)n—soo C CX s.t. ||u— uy||g1 — 0. Also,

(Y +iBA[ul*)ul], = [[(V + iBA[Junl*])unl]|
< [[(V +iBA[[ul’])u — (V + iBA[Jun|*])un||,
< IV (u =)l + B (Allul?] = Allun*])u + Allun*)(w = )2
< lu =l o+ 18] [ Allul® = fun P, + 18] | Al *) (@ = )
where by Holder’s and generalized Young’s inequalities
ALl — fun 2l < ALl = b Pl < € [luf? = e 1] g [ V011, ]
<C'u— Unllg/3 < C" [lu = up| g — 0,

and similarly
[Allunl?)(w = un)||, < C'llu = unlgn =0,
as n — 0.
We also have continuity for ||ul| 12, here since we assumed that C2°(R?) is a form core. [J
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Lemma A.3 (Basic magnetic inequalities).
We have for v € 9* that (diamagnetic mequality)

LN+ isalaf)af > [ ot (A.3)
and

/ |(V + iBA[u))u|* > 2x5] / . (A4)
R2 R2

Proof. By density we can w.l.o.g. assume u € C2°(R?). We then have A[ul?] € C°°(R?) C
LfOC(RQ) and hence the first inequality follows by the usual diamagnetic inequality (see e.g.

Theorem 2.1.1 in [I4]). Furthermore, by e.g. Lemma 1.4.1 in [14],

[N+ isAluPhul = = [ curt (SAfuP]) fuP

which proves the second inequality since curlA[|ul?] = 27|ul?. Instead of using density
we could also have used the formulation ([(A2) or the fact that v € H' = Allu|?] € L?,
p € (2,00) by generalized Young. O

Proposition A.4 (Existence of minimizers).
For any value of B € R there exists u™ € 2 with [, [u|> =1 and 4 [u?t] = B2

Proof. First note that for u € 2%, by Lemma [A 1] and Lemma [A3]
IVully = || Vu + iBA[ul*|u — iBA[[ul*]ul|, < E¥u]'/? + 8] || Allul’lul,

a 3 3 a
< M+ 181y [ g 9l < (1 w1812 ||uu§> £ ful' 2.

Now take a minimizing sequence

(Un)nosoe © P, uplly =1, lim E¥[uy,] = B,
n—oo

Then clearly (uy) is uniformly bounded in both L?(R?), L%, and H'(R?) (and hence in
LP(R?), p € [2,00)), and therefore by the Banach-Alaoglu theorem there exists u® € 2
and a weakly convergent subsequence (still denoted u,,) such that

u, — v in L2(R))N L% N LP(R?), Vau, — Vu® in L*(R?).
Moreover, since (—A 4+ V +1)~Y/2 is compact we have that
Up = (A +V 4+ 1) V2(A+V + 1),
is actually strongly convergent (again extracting a subsequence), hence
u, — vl in L*(R?).

Also, A[|u,|] converges pointwise a.e. to A[|u|?] by weak convergence of u, in LP and, by

the trick of Lemma [A 1]

1 1
Al Pl |5 = / R(X) ™ [lun| " dX — ¢ / R(X) 72 [Jul®3]* dX = || Allul*]ulf;
R6 R6
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by dominated convergence. The functions A [|u,|*]u,, are therefore even strongly converging
to Af|ul*Ju in L?(R?) by dominated convergence. It then follows that

H(V + zﬁA[|u|2])uH2 = ”s|1|1£1 [(Vu + iﬁA[|u|2]u, V)|

= sup lim [(Vu, + iBA[|un|*|tn, v)|

lolj=177°°

<liminf sup |[(Vuy, + iBA[|un|*|t,, v)]

P =1
= lim inf || (V + iBA[Jun|*) |,

and since ||| 12, 1s also weakly lower semicontinuous (see, e.g., [44l Supplement to IV.5]),
we have liminf,, oo % [u,] > £ [u®f]. Thus, with |Ju®|| = lim,, e [|ua]| = 1, we also have
gaf[uaf] — Eaf. O

Proposition A.5 (Convergence to bosons).
Let Ey resp. ug denote the ground-state eigenvalue resp. mormalized eigenfunction of the
non-magnetic Schrodinger operator Hy = —A+ 'V, with V € L5, We have

af
Eg) 72, For
and that given an arbitrary sequence (ug) of minimizers for Eé"ﬁf)
ug — ug in L*(R?
B 52y U0 (R%)
up to a subsequence and a constant phase.

Proof. Note that under our conditions for V', ug € 2 is the unique minimizer of & = 5?5:0)

and can be taken positive (see, e.g., [29, Theorem 11.8]). By the diamagnetic inequality
(A.3), and by taking the trial state ug = |ug| in 55‘57&0), we find

Ey < E&g) < 5?5) [uo] = Eoluo] + B HAUUO\Q]%H; < (14+CB*Ey

(where we also used Lemma[A]), and hence E&g) — FEy as 8 — 0. Now consider a sequence

(ug) C 2% of minimizers as 3 — 0 with € [ug] — Ej, |Jug| = 1. Then, because of uniform
boundedness and as in the proof of Proposition [A.4] we have after taking a subsequence
that ug — u for some u € 2%, ||ul| = 1, and also

IVul| = Hshlpl [(Vu, )]

= sup lim |[(Vug + i8A[jug|*|ug, v
”U”:”HO\( 5 [lug|*Jug, v)|

< 1i1g;iglf HVUﬁ + iﬁAHUBF]UBH )

SO

. . af
Ey < &lu] < ll;gl;élf Ezylual.

It follows that & [u] = Ey and hence u = ug up to a constant phase. ]
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From the bound (A4]) we observe that the self-generated magnetic interaction is stronger
than a contact interaction of strength 27|3| (despite the fact that we already removed a
singular repulsive interaction in the initial regularization step for extended anyons). Hence
we have not only £ > Ej by the diamagnetic inequality, but also

E* > min / (27|B]p* + Vp), (A.5)
p>0, [zo p=1JR2

which can be computed for given V by straightforward optimization.

Let us now consider the corresponding situation for the regularized functional (extended
anyons)

EXlu] == / (!(V +iBARu)) ul” + Vul ) ARp]:=V4iwg*p, R>0.
R2
Since Vwgr € L*®(R?) we have Af[|u|?] € L>®°(R?) with
C
A" [ul]]|, < EH”H%
and instead of Lemma [AT] we have
| AR [JulPull, < Cllull3]lful||

using Lemma 24l Hence the natural domain is again 2* and all properties established
above for £ are also found to be valid for €4 (except (A4) and (AF) which now have

regularized versions). Denoting
EY = min{E&[u] : u € 2%, ||ul]y = 1},
we furthermore have the following relationship:

Proposition A.6 (Convergence to point-like anyons).
The functional Ef%f converges pointwise to £ as R — 0. More precisely, for any v € 2

EX[u] — EMul| < CulBI(L + B)(1+ £ u])**R, (A.6)
where C,, depends only on ||ul|,. Hence,
By — B
R—0

and if (ur)r—o C 2™ denotes a sequence of minimizers of E%f, then there exists a subse-
quence (ug )g'—o S.t. ug — w as R — 0, where u

is some minimizer of .
Proof. We have for any u € 2 that
(v +iBA[ul?))ull, = [[(V + iBAT[ul])ul |
< |(V +iBA[ul])u — (V + iBATJu*)ul[, = |8] || (Allul*) — AT[ju*])u],
< 1Bl Alluf?) = AR lal)|, llully = 18I {[(Vwo = Vewr) * [ul*[], [l
where by Young

[(Vwo = Vwg) * [uf*[|, < | Vwo = Vgl [[Ju*]|, < IVwoll 50, my lulls = 0,
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as R — 0, since Vwy € L{ (R?). We deduce ([(AS]) by combining this with previous

loc

estimates of this appendix and Sobolev embeddings. It follows that £ [u] — £ [u] as
R — 0.

Let (ur)pr—o denote a sequence of minimizers of E%f:

EY = E¥ug], |url =1,

and take u € 2* an arbitrary minimizer of €. Then, since

By < &[] — €[u] = E*,
R—0

we have that Ej“%f is uniformly bounded as R — 0 and that

limsup B4 < B,
R—0

Then ¥ [ug], and hence also

& fur) < C (Iurl + lurly ) < C'(Exun] +1),

are uniformly bounded as well. As in the proof of Proposition [A.4] there then exists a
strongly convergent subsequence (up/)pr/—0, With up — ug € 2°t. Also, by weak lower
semicontinuity € [ug] < liminfr 0 & [up/], so that for any ¢ > 0 and sufficiently small
R >0,

B < & ug) < EMup] + & < EXJup] + 26 = BY + 2¢,

where we also used that the convergence is uniform for our uniformly bounded sequence upg
by the bound (A.6). It follows that F* < £2f[ug] < F* + 3¢, and hence ug is a minimizer

with |[ug| = 1 and E* = £¥[ug] = limp_,o E. O
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