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Generalized wavepackets for the semiclassical Schrödinger equation with power nonlinearities

We consider semiclassical Schrödinger equations with power nonlinearities, in the focusing masssubcritical, and defocusing energy-subcritical regimes. We show that for a broad, non-parametric class of wavepacket initial data, the solution remains a wavepacket for any Op1q timescale, and we compute the Wigner measure under appropriate conditions. This is further put in context by novel results for narrowband and generic wavefunctions. The main idea can be adapted to diverse wave equations and nonlinearities. A new functional framework developed for the Wigner transform and the Wigner equation plays an important role in the proofs. It must also be noted that this is the first positive result on Wigner measures for a Schrödinger equation with power nonlinearity, following several high-profile negative results.

Introduction 1.Motivation

We consider the semiclassical limit for the non-linear Schrödinger equation (NLS) with power nonlinearity, iεB t ψ ε `ε2 ∆ψ ε ´bpεq|ψ ε | 2σ ψ ε " 0, ψ ε pt " 0q " ψ ε 0 P H 1 pR n q, }ψ ε 0 } L 2 pR n q " 1.

(

) 1 
The semiclassical parameter is taken to be small, 0 ă ε " op1q, and the coupling constant will be nominally small, |bpεq| " op1q. To properly assess the size of the nonlinearity though, it is instructive to consider the equivalent mild form of (1), namely ψ ε ptq " e iε∆t ψ ε 0 ´i bpεq ε t ż τ "0 e iε∆pt´τ q |ψ ε pτ q| 2σ ψ ε pτ q dτ.

Thus ε ď |bpεq| is a fully nonlinear regime. Indeed, to the best of my knowledge, no asymptotic results valid for all t " Op1q exist, unless |bpεq| " opεq . The main result of this paper applies to weakly-nonlinear cases |bpεq| ă ε, as well as to fully nonlinear cases |bpεq| ě ε. The specific scalings of bpεq we will use are dictated by the energy of the problem. The exponent 2σ is taken to be energy-subcritical in the defocusing case (i.e., 0 ă bpεq, 0 ă σ ă 2{pn ´2q `), and mass-subcritical in the focusing case (0 ą bpεq, 0 ă σ ă 2{n). The fully detailed assumptions are listed in Section 2.1.

Semiclassical asymptotics for problem [START_REF] Agueh | Gagliardo-Nirenberg inequalities involving the gradient L 2 -norm[END_REF] have been the focus of several recent works, e.g. [START_REF] Burq | Instability for the Semiclassical Non-linear Schrödinger Equation[END_REF][START_REF] Carles | Nonlinear Coherent States and Ehrenfest Time for Schrödinger Equation[END_REF][START_REF] Carles | WKB Analysis for Nonlinear Schrödinger Equations with Potential[END_REF][START_REF] Grenier | Semiclassical limit of the nonlinear Schrdinger equation in small time[END_REF][START_REF] Jenkins | The semi-classical limit of focusing NLS for a family of square barrier initial data[END_REF][START_REF] Jin | The Semiclassical Limit of the Defocusing NLS Hierarchy[END_REF][START_REF] Kamvissis | Semiclassical Soliton Ensembles for the Focusing Nonlinear Schrödinger Equation[END_REF][START_REF] Tovbis | On semiclassical (zero dispersion limit) solutions of the focusing nonlinear Schrödinger equation[END_REF]. Of particular interest here is the case of wavepacket initial data, the best-studied class of which is coherent states [START_REF] Combescure | Coherent States and Applications in Mathematical Physics[END_REF]. The state of the art for the semiclassical asymptotics of coherent states [START_REF] Carles | Nonlinear Coherent States and Ehrenfest Time for Schrödinger Equation[END_REF] can be summarized as follows: assume the nonlinearity is weak enough,

|bpεq| " Opε 1`n σ 2 q, (3) 
and the initial data is a coherent state with envelope a, ψ ε 0 pxq " ε ´n 4 ap x ´X0 ? ε qe iK 0 px´X 0 q ε , a P SpR n q, }a} L 2 " 1, X 0 , K 0 P R n .

Then, this parametric form is propagated in time, in the sense that there is a coherent-state approximate solution of (1),

ψ ε px, tq « ε ´n 4 ap x ´Xptq ? ε , tqe iKptqpx´Xptqq ε `iθptq , (5) 
for any |t| " Op1q, where Xptq, Kptq, θptq, apx, tq, satisfy simple ε-independent equations. In that case it follows that the Wigner measure, which controls macroscopic observables of the problem, is a δ-function not affected by the nonlinearity, i.e., lim εÑ0 W ε rψ ε ptqs " δpX 0 ´2K 0 t, K 0 2π q, for any |t| " Op1q.

Equation ( 5) provides a lot of information for the problem, but at the cost of a rather weak nonlinearity and parametric initial data, i.e. assumptions (3), [START_REF] Bergh | Interpolation spaces: an Introduction[END_REF]. We will see that equation [START_REF] Carles | Geometric optics and instability for semi-classical Schrödinger equations[END_REF] still holds in a much wider class of problems, where no approximation analogous to [START_REF] Burq | Instability for the Semiclassical Non-linear Schrödinger Equation[END_REF] can be expected to hold. Thus the intuition behind wavepackets is found to be valid, as far as their macroscopic observables are concerned (position, momentum, kinetic energy etc), even as simplified approximations of ψ ε may no longer be possible. This highlights a stability of wavepackets with respect to macroscopic observables [START_REF] Gérard | Homogenization limits and Wigner transforms[END_REF][START_REF] Lions | Sur les mesures de Wigner[END_REF]. If, for example, ψ ε ptq, φ ε ptq are two coherent states solutions of (1) with the same initial position X 0 and wavenumber K 0 , then their observables (position, momentum, kinetic energy etc) will be close for later times, even if there is no closeness between ψ ε 0 , φ ε 0 in H 1 or L 2 . This kind of stability is completely different from the usual understanding of continuous dependence of the PDE (1) on its initial data. Often the observables, and not the wavefunction ψ ε itself, are the most interesting objects -this is the case in quantum mechanics, but also in the formulation and analysis of statistical models for water waves [START_REF] Smit | The Evolution of Inhomogeneous Wave Statistics through a Variable Medium[END_REF], seismic waves [START_REF] Ryzhik | Transport equations for elastic and other waves in random media[END_REF] etc. Therefore stability with respect to observables is a crucial physical feature of the underlying problem, when it exists.

It is easy to see that this kind of stability does not hold unconditionally. In fact, it is known that if the nonlinear energy dominates the problem, then instabilities arise [START_REF] Burq | Instability for the Semiclassical Non-linear Schrödinger Equation[END_REF][START_REF] Carles | Geometric optics and instability for semi-classical Schrödinger equations[END_REF][START_REF] Carles | Geometric optics with caustic crossing for some nonlinear Schrödinger equations[END_REF]. These works show that instabilities are possible for certain localized initial data when studying a model of Bose-Einstein condensates, namely eq. [START_REF] Agueh | Gagliardo-Nirenberg inequalities involving the gradient L 2 -norm[END_REF] with n " 3, σ " 1, bpεq " ε 2 ą 0.

It is even shown that the Wigner measure can be discontinuous in time [START_REF] Carles | Geometric optics with caustic crossing for some nonlinear Schrödinger equations[END_REF], hence intrinsically unstable. At the same time, nothing was known for the behavior of coherent states in this case, since |bpεq| is too large for [START_REF] Carles | Nonlinear Coherent States and Ehrenfest Time for Schrödinger Equation[END_REF] to apply. This situation has often been informally described within the semiclassical community as "Wigner measures fail for power nonlinearities, even when bpεq is as small as ε 2 ". A more modest and precise description would be that there are simple, physically relevant settings where heretofore it was not known whether wavepackets are stable in the sense of equation [START_REF] Carles | Geometric optics and instability for semi-classical Schrödinger equations[END_REF].

The main contribution of this paper is the rigorous justification of equation ( 6) for a very broad class of wavepacket initial data, under mild conditions on |bpεq|, including [START_REF] Carles | Geometric optics with caustic crossing for some nonlinear Schrödinger equations[END_REF]. This is summarized in Section 1.2, and quantifies the stability of wavepackets with respect to macroscopic observables under precise conditions. An intuitive discussion for the role of Wigner transforms is presented in Section 1.3. A proper self-contained introduction to Wigner transforms and Wigner measures can be found in Section 1.5.

Wigner measures for wavepackets

Let us introduce the following Definition 1.1 (Generalized wavepacket). If ψ ε 0 satisfies

}ψ ε 0 } L 2 " 1, }ψ ε 0 } H 1 " O ˆ1 ε ˙, } x ψ ε 0 } H 1 " O `1˘, DX 0 , K 0 P R n so that }∇ ´ψε 0 px `X0 qe i K 0 ¨x ε ¯}L 2 " o ˆ1 ε ˙, }|x|ψ ε 0 px `X0 qe i K 0 ¨x ε } L 2 " o `1˘, (8) 
then we will say ψ ε 0 is a generalized wavepacket with position X 0 and wavenumber K 0 .

This is a non-parametric class containing coherent states, squeezed states, but also chirps and many other wavepackets. It is the largest reasonably regular class tψ ε 0 u ε so that the corresponding Wigner measure is a delta function in phase space, lim εÑ0 xW ε rψ ε 0 s ´δpX 0 , K 0 2π q, φy " 0 @φ P SpR 2n q.

The central result of this paper, Theorem 2.6, can be described as follows: Let ψ ε ptq be the solution of problem [START_REF] Agueh | Gagliardo-Nirenberg inequalities involving the gradient L 2 -norm[END_REF]. If ψ ε 0 is a generalized wavepacket and bpεq " Opε nσ 2 q if (1) is defocusing and energy subcritical, |bpεq| " opε nσ q if (1) is focusing and mass subcritical, then lim εÑ0 W ε rψ ε ptqs " δpX 0 ´2K 0 t, K 0 2π q, for any |t| " Op1q.

This is a compelling result for the following reasons:

• No positive results for the Wigner measure of the NLS with power nonlinearities exist heretofore in the literature; in fact several high-profile negative results have been known for some time [START_REF] Burq | Instability for the Semiclassical Non-linear Schrödinger Equation[END_REF][START_REF] Carles | Geometric optics and instability for semi-classical Schrödinger equations[END_REF][START_REF] Carles | Geometric optics with caustic crossing for some nonlinear Schrödinger equations[END_REF]. Here it is shown for the first time that in fact Wigner measures provide a powerful tool for the practical treatment of NLS, in physically relevant settings.

• Its regime of validity is dictated by the scaling of the energy. For defocusing problems, it corresponds to the regime where the kinetic energy is non-negligible with respect to the total energy. For focusing problems, it closely corresponds to the regime where the kinetic energy is known to be globally bounded by state of the art methods. This is elaborated in Theorem 2.1 and its proof.

Such energy considerations determine the physically interesting scalings in many cases, including e.g. the use of the focusing NLS as an envelope equation in water waves [START_REF] Komen | Dynamics and Modelling of Ocean Waves[END_REF].

• It allows even for asymptotically large nonlinearities in the sense of equation (2), when ε |bpεq| " op1q.

• The key idea of the proof -an energy argument -can be adapted to other types of nonlinearities or even other nonlinear wave equations, as long as energy conservation is available. This allows for a nonlinear, non-parametric analysis of wavepackets, greatly expanding the existing coherent states toolset.

• As a Corollary, we also find that wavepackets are in fact stable for n " 3, σ " 1, bpεq " ε 2 , i.e. for the equations examined in [START_REF] Burq | Instability for the Semiclassical Non-linear Schrödinger Equation[END_REF][START_REF] Carles | Geometric optics and instability for semi-classical Schrödinger equations[END_REF][START_REF] Carles | Geometric optics with caustic crossing for some nonlinear Schrödinger equations[END_REF]. The instabilities therein are due to the fact that the initial data they use are not wavepackets in the sense of Definition 1.1.

• If ψ ε ptq, φ ε ptq are two wavepacket solutions of (1) with the same initial position X 0 and wavenumber K 0 , it follows that they will have the same kinetic energy, position etc at later times, even if }ψ ε 0 ´φε 0 } L 2 " 2. In other words an underlying stability of macroscopic observables for wavepackets is quantified, and it is completely independent from the stability of the PDE (1) as it is usually understood.

Context

Our main result means it is possible that ψ ε exhibits strong nonlinear effects and at the same time the evolution of macroscopic observables does not. Working directly with the observables is the reason for the introduction of the Wigner transform and the related passage to phase space. The Wigner transform (WT), introduced systematically in Section 1.5, is a quadratic mapping ψ ε pxq Þ Ñ W ε rψ ε spx, kq widely used to describe the macroscopic observables for many wave problems [START_REF] Gérard | Homogenization limits and Wigner transforms[END_REF][START_REF] Lions | Sur les mesures de Wigner[END_REF][START_REF] Ryzhik | Transport equations for elastic and other waves in random media[END_REF]. Intuitively, quadratic observables of ψ ε are first moments of W ε , e.g. for position

ż xPR n x j |ψ ε pxq| 2 dx " ż x,kPR n x j W ε rψ ε spx, kqdxdk, while W ε " W ε rψ ε ptqs " W ε px, k,
tq itself satisfies the nonlinear Wigner equation corresponding to problem (1), namely

B t W ε `4πk ¨∇x W ε `ibpεq ε F ´1 KÑk » - - εK 2 ż s"´ε K 2 ∇ ¨ż ξPR n W ε px `s, ξ, tq ‹ ' σ ¨ds F k 1 ÑK " W ε px, k 1 , tq ‰ fi ffi fl " 0, ( 9 
)
where F k 1 ÑK is the Fourier transform in the k 1 variable, and F ´1 KÑk is the inverse Fourier transform in the K variable. The Fourier transform notations and conventions are elaborated in the next Section, 1.4. Various equivalent formulations of the Wigner equation ( 9) are discussed in Section 4.9. Discussions for its use and interpretation in various wave problems can be found in [START_REF] Gérard | Homogenization limits and Wigner transforms[END_REF][START_REF] Lions | Sur les mesures de Wigner[END_REF][START_REF] Ryzhik | Transport equations for elastic and other waves in random media[END_REF].

A nonlinear stability theory for (9) on an appropriate measure-like space, would be the proper way to ultimately study the physical question of stability of macroscopic observables. The question of selecting the correct norm to work with is highly nontrivial, and it has been a significant roadblock in the study of nonlinear problems until now, and it is elaborated in Section 1.5.

The simplest question of semiclassical asymptotics in this context is to look for sufficient conditions under which equation ( 9) is well approximated, in a meaningful sense, by its formal leading part

B t W ε `4πk ¨∇x W ε " 0. ( 10 
)
Examining when equations ( 9), [START_REF] Carles | WKB Analysis for Nonlinear Schrödinger Equations with Potential[END_REF] are close quantifies the linear regime for macroscopic observables, which is found to be much wider than the regime where ψ ε behaves linearly. This is in agreement with empirical knowledge in many applied fields, and in fact it can help make more precise the quantitative use of WT-based approaches in applications [START_REF] Smit | The Evolution of Inhomogeneous Wave Statistics through a Variable Medium[END_REF]. The aforementioned Theorem 2.6 can be seen in that context, and the same applies to the following accompanying results:

(i) Theorem 2.9: If |bpεq| " o ˜ε } p ψ ε 0 } 2σ L 1 ¸(11)
then the wavefunction ψ ε is not affected by the nonlinearity as ε Ñ 0.

(ii) Theorem 2.10: If

|bpεq| " O ˜ε } p ψ ε 0 } 2σ L 1 ¸(12)
and moreover ψ ε 0 is narrowband in an appropriate sense, then the WT W ε rψ ε s is not affected by the nonlinearity as ε Ñ 0.

These results are built on Wiener algebra estimates for problem [START_REF] Agueh | Gagliardo-Nirenberg inequalities involving the gradient L 2 -norm[END_REF], which are elaborated in Theorem 2.8. The Wiener algebra provides a convenient way to deal with point values of the wavefunction in the semiclassical regime (e.g. it can give better bounds for |ψ ε px, tq| than Sobolev embeddings, under mild assumptions). In certain physical settings the fact that the Wiener algebra does not require decay at infinity is advantageous as well (e.g. when modeling water waves in the ocean). Nonlinear Schrödinger equations on Wiener-algebra-type spaces have attracted increased attention recently [START_REF] Carles | Multiphase Weakly Nonlinear Geometric Optics for Schrödinger Equations[END_REF][START_REF] Hyakuna | On existence of global solutions of Schrödinger equations with subcritical nonlinearity for p L p -initial data[END_REF][START_REF] Lannes | High-frequency nonlinear optics: from the nonlinear Schrödinger approximation to ultrashort-pulses equations[END_REF].

Conditions [START_REF] Carles | Semiclassical Analysis for Nonlinear Schrödinger Equations[END_REF] and ( 12) are evaluated for certain explicit wavefunctions ψ ε 0 in Section 3.1. The state-ofthe-art scaling |bpεq| " O `ε1`n σ 2 ˘for coherent states [START_REF] Carles | Nonlinear Coherent States and Ehrenfest Time for Schrödinger Equation[END_REF] is recovered, while comparable scalings are computed for the first time for chirps. Since this is a non-parametric result, it can be applied to WKB and other types of initial data as well. Computing the norms }p u ε 0 } L 1 for WKB data seems to not follow easily from standard (asymptotic or exact) methods, and it will be the object of future work.

In many areas of applications narrowband wavefunctions are common, and can be measured in the field, but do not have any known parametric representation (e.g. wavefields corresponding to JONSWAP spectra for water waves [START_REF] Komen | Dynamics and Modelling of Ocean Waves[END_REF] etc). In that context, conditions [START_REF] Carles | Semiclassical Analysis for Nonlinear Schrödinger Equations[END_REF] and ( 12) can be checked in an experimental setting. This is to be contrasted with the strictly parametric techniques for coherent states [START_REF] Carles | Nonlinear Coherent States and Ehrenfest Time for Schrödinger Equation[END_REF], WKB wavefunctions [START_REF] Carles | WKB Analysis for Nonlinear Schrödinger Equations with Potential[END_REF][START_REF] Grenier | Semiclassical limit of the nonlinear Schrdinger equation in small time[END_REF][START_REF] Jenkins | The semi-classical limit of focusing NLS for a family of square barrier initial data[END_REF][START_REF] Jin | The Semiclassical Limit of the Defocusing NLS Hierarchy[END_REF] etc.

(iii) Theorem 2.12: Assuming that

|bpεq| " o `ε1`nσ ˘, }ψ ε 0 } H n 2 pR n q " O `ε´n 2 ˘, (13) 
it follows that the WT W ε rψ ε s is not affected by the nonlinearity as ε Ñ 0.

The main merit of Theorem 2.12 is that it establishes a baseline: provided enough regularity is present, |bpεq| " opε 1`nσ q is a negligible nonlinearity always. This puts in context the previous results, and gives a concrete way to measure e.g. how much more classically do wavepackets behave as compared to generic wavefunctions.

Although Theorem 2.12 is not surprising in itself, it had not appeared in the literature before this work. This fact highlights the complications of computing Wigner measures for nonlinear problems.

Notations

We will use standard multi-index notations. The Fourier transform normalization will be

p f pkq " ż xPR n e ´2πik¨x f pxqdx.
Because of the particular manipulations necessary in this work, we will keep track of variable names under Fourier transforms with the notation

p f pkq " F xÑk rf s " ż xPR n e ´2πik¨x f pxqdx, p f pX, Kq " F px,kqÑpX,Kq rf s " ż x,kPR n e ´2πirx¨X`k¨Ks f px, kqdxdk, F kÑK rf s " ż kPR n e ´2πik¨K f px, kqdk.
The Op¨q, op¨q notations, defined precisely below, will be widely used.

Definition 1.2. Let ε 0 ą 0, f pεq, gpεq : p0, ε 0 q Ñ p0, 8q. Then, we shall write f pεq " 0.

f
Finally, when there is no danger of confusion we will drop the explicit dependence of b " bpεq, ψ " ψ ε on ε. In every other case the ε dependence will be denoted explicitly.

Wigner Transforms and functional framework

The Wigner transform (WT) can be seen as a sesquilinear transform 

W ε : L 2 pR n q ˆL2 pR n q Ñ L 2 pR 2n q : f, g Þ Ñ W ε rf,
Often the quadratic version is used, in which case we denote

W ε rf s :" W ε rf, f s.
The WT W ε rf s describes the quadratic observables of f through ż

x,kPR n W ε rf spx, kq φpx, kq dxdk "

ż xPR n
f pxq φpx, ε∇ x qf pxq dx where φpx, ε∇ x q is the Weyl pseudodifferential operator with symbol φpx, kq [START_REF] Gérard | Homogenization limits and Wigner transforms[END_REF][START_REF] Lions | Sur les mesures de Wigner[END_REF]. Thus weak approximations of W ε rf s can provide information for the quadratic observables of f -but not for its point values.

The most fruitful application of the ε-dependent WT is to an ε-dependent family of functions, tψ ε u ε . Under appropriate conditions, it is known that W ε rψ ε s converges in weak-˚sense to a probability measure W 0 on R 2n as ε Ñ 0 [START_REF] Lions | Sur les mesures de Wigner[END_REF]; W 0 is then called the Wigner measure (WM) of the family of functions tψ ε u ε . Intuitively, the WM keeps track of the limits of the observables of ψ ε as ε Ñ 0 through lim εÑ0 ż xPR n ψ ε pxq φpx, ε∇ x qψ ε pxq dx " ż x,kPR n W 0 px, kq φpx, kq dxdk while the family tψ ε u ε itself has no meaningful limit (typically lim εÑ0 ψ ε " 0 in the sense of distributions).

The framework developed in [START_REF] Lions | Sur les mesures de Wigner[END_REF] for the weak-˚convergence of the WT towards the WM is based on the algebra of test functions A, generated by the norm }φ} A :" }F kÑK rφspx, Kq} L 1 K L 8

x . A back-of-the-envelope calculation shows that this is sharp in the following sense: Let x }F kÑy rφs} L 1

}ψ ε } L 2 " 1, then ż x,kPR n W ε rψ ε spx, kqφpx, kqdxdk " ż x,
y L 8 x , (15) 
where of course

}ψ ε px `εy 2 qψ ε px ´εy 2 q} L 8 y L 1 x " sup y ż xPR n ˇˇψ ε px `yqψ ε px ´yq ˇˇdx " 1.
Thus the set tW ε rψ ε su ε is uniformly bounded in the dual of A, A 1 , and hence weak-˚compact by virtue of the Banach-Alaoglou Theorem. By extracting a subsequence in ε if necessary, the WM W 0 is now well defined. It is known that W 0 is in fact a non-negative finite measure [START_REF] Lions | Sur les mesures de Wigner[END_REF], hence the term Wigner measure is justified. Some analytical fine print is recalled in Corollary 2.5. So the sesquilinear structure of the WT generates in a clear way the algebra A, which has been widely used since the seminal work [START_REF] Lions | Sur les mesures de Wigner[END_REF]. However there don't seem to be enough regularity properties of the Wigner equation with respect to A-based spaces.

This has stifled attempts at working with non-smooth and non-linear problems for a long time. The Wiener-Sobolev spaces of test functions A s pR 2n q that we introduce in Definition 1.3 have the advantage of being consistent with A (see Lemma 1.5, Theorem 1.6) while at the same time supporting richer machinery to do asymptotics with (see Theorem 4.9). Thus, we are able to derive norm approximations of the Wigner measure lim

εÑ0 }W ε ´W 0 } A ´1 " 0, (16) 
in Theorems 2.6, 2.10 and 2.12.

Finding ways to metrise the weak-˚limit, as in [START_REF] Ginibre | Introduction aux equations de Schrödinger non linéaires[END_REF], is important in itself 1 . One reason is that it would yield better control over uniqueness of the Wigner measure, which can be a non-trivial question [START_REF] Athanassoulis | Regularized semiclassical limits: linear flows with infinite Lyapunov exponents[END_REF][START_REF] Lions | Sur les mesures de Wigner[END_REF][START_REF] Zhang | The Limit from the Schrödinger-Poisson to the Vlasov-Poisson Equations with General Data in One Dimension[END_REF]. In fact, recent advances in nonsmooth and nonlinear problems rely heavily on the development of new norms so that results of the form [START_REF] Ginibre | Introduction aux equations de Schrödinger non linéaires[END_REF] are possible [START_REF] Athanassoulis | Regularized semiclassical limits: linear flows with infinite Lyapunov exponents[END_REF][START_REF] Golse | On the Mean-Field and Classical Limits of Quantum Mechanics[END_REF][START_REF] Golse | The Schrödinger Equation in the Mean-Field and Semiclassical Regime[END_REF]. Definition 1.3 (The Wiener-Sobolev spaces A s ). For s ě 0, we will denote with A s pR n q the Banach space of functions generated by the norm

}φ} A s pR n q :" ż yPR n p1 `|y|q s | p φpyq|dy.
To simplify some computations, in phase-space we will use the equivalent norm }φ} A s pR 2n q :" ż X,KPR n p1 `|X| `|K|q s | p φpX, Kq|dy.

When s ą 0, we will denote the dual of A s by A ´s, i.e.

}φ} A ´s " sup }ψ} A s "1 |xφ, ψy| .

Remark 1.4. When s " 0 we recover the standard Wiener algebra, }φ} A 0 " } p φ} L 1 . Its dual space will be denoted as pA 0 q 1 " FL 8 " tf : } p f } L 8 ă 8u.

Lemma 1.5 (Consistency of A, A 0 and A 1 ). For every φ in the Schwarz class of test functions SpR n q }φ} A ď }φ} A 0 ď }φ} A 1 .

Proof: Simply observe that, for any φ P SpR n q, }φ} A " }F kÑK rφs} L 1

K L 8 x " ş K sup xPR n |F kÑK rφspx, Kq|dK ď ş K ş X |F x,kÑX,K rφspX, Kq| dXdK " } p φ} L 1 " }φ} A 0 .
This leads to the following 1 One might think that since W 0 is a probability measure, W ε would easily be seen converge to W 0 in some Banach space of measures. However, for ψ ε P L 2 pR n q, W ε " W ε rψ ε s P L 2 pR 2n q X L 8 pR 2n q may not even be in L 1 pR 2n q [START_REF] Simon | They Weyl transform and L p functions on phase-space[END_REF]. In that case, ş W ε dxdk " }ψ ε } 2 L 2 in Cauchy-principal-value sense, but W ε does not define a finite measure at all. Using the smoothed Wigner transform, also known as Husimi transform, instead of the Wigner transform is one way to get results in norms for measures [START_REF] Golse | The Schrödinger Equation in the Mean-Field and Semiclassical Regime[END_REF]. Working in spaces different from measures, as we do here, is another option.

Theorem 1.6. For any }ψ ε } L2 " 1,

}W ε rψ ε s} A ´1 " }W ε rψ ε s} F L 8 " 1.
Proof: First of all, recall that FL 8 " pA 0 q 1 . Now simply repeat the computation of equation [START_REF] Gérard | Homogenization limits and Wigner transforms[END_REF]; this shows }W ε rψ ε s} F L 8 ď 1; equality follows by selecting φ R " e ´πRpx 2 `k2 q , and taking sup

RÑ0 |xW ε rψ ε s, φ R y| (observe that }φ R } A 0 " 1).
The estimate }W ε rψ ε s} A ´1 ď 1 follows in the same way. To show that }W ε rψ ε s} A ´1 " 1 it suffices to take φ R as before, and compute }φ R } A 1 " 1 `CR 3n 2 . In view of Theorem 1.6, we can mimic the original construction of Wigner measures as in [START_REF] Lions | Sur les mesures de Wigner[END_REF]: given any family tψ ε u ε with }ψ ε } L 2 " 1, use Theorem 1.6 to apply the Banach-Alaoglou Theorem, and conclude that there exists a Wigner measure W 0 P A ´1 (up to extraction of a subsequence), i.e.

@φ P A 1 lim εÑ0 ˇˇxW ε rψ ε s ´W 0 , φy ˇˇ" 0, }W 0 } A ´1 ď 1, @φ P A 0 lim εÑ0 ˇˇxW ε rψ ε s ´W 0 , φy ˇˇ" 0, }W 0 } F L 8 ď 1.
As with all compactness results, the limit is not automatically meaningful: W 0 could be, e.g., 0. Corollary 2.5 settles this question under mild regularity assumptions.

Main Results

Assumptions

The first assumption outlines the regime for which our results apply. It will always be taken to hold in this paper.

Assumption 1. One of the following alternatives holds: 

(ii) Problem (1) is defocusing, i.e. b ą 0; the problem is mass-supercritical and energy-subcritical, i.e. 

}∇ψ ε 0 } L 2 ˆbpεq ε ˙2 nσ´2 ă nσ ´2 nσ ˆ2 nσ ˙2 nσ´2 (18) 
(iii) Problem (1) is focusing b ă 0; the exponent is mass-subcritical or mass-critical, i.e. 0 ă σ ď 2 n ; and

|bpεq| ε nσ ă 2 pσ `1qnσC GN ˚. ( 19 
)
The constant C GN ˚is defined in terms of the sharp constant for the Gagliardo-Nirenberg inequality C GN q,p,n , see Corollary A.7.

In some cases, we may have to strengthen Assumption 1 as follows:

Assumption 2. If part (i) of Assumption 1 holds, assume in addition bpεq " o `ε nσ
The third assumption contains the natural generic scaling for the initial data ψ ε 0 .

Assumption 3 (Scaling of tψ ε 0 u). The initial data ψ ε 0 of problem (1) satisfy the following:

}ψ ε 0 } L 2 " 1, }ψ ε 0 } H 1 " O ˆ1 ε ˙, } x ψ ε 0 } H 1 " O `1˘. (20) 
Finally, the fourth assumption is a technical one, which may well be eventually avoidable with some sharper manipulations. It is needed for some our results here however, and it will be stated explicitly when it is used.

Assumption 4. If n " 3, assume 0 ă σ ă 3 2 .

H 1 well posedness for the NLS

Well-posedness for problems of type (1) in the regime of interest is well understood for the most part, see e.g., [START_REF] Cazenave | Semilinear Schrödinger equations[END_REF] -although typically results are not given in the semiclassical scaling. One particular issue that is not always given a very clear treatment, is the explicit assumptions on ψ ε 0 in order for the problem (1) to have a global-in-time solution in the focusing case. In this Section we establish the precise results that we need for our asymptotic analysis.

Theorem 2.1 (Conservation of energy). Let Assumptions 1, 3 hold; moreover let J Ď R be an interval, ψ ε ptq P CpJ, H 1 q satisfy equation (1), and denote the energy by

Erψ ε ptqs :" ε 2 }∇ψ ε ptq} 2 L 2 `b 2σ `1 }ψ ε ptq} 2σ`2 L 2σ`2
With this regularity energy conservation can be justified, i.e. Erψ ε ptqs " Erψ ε 0 s @t P J, and it follows that

DC E " C E pσ, nq ε}∇ψ ε } L 8 pJ,L 2 q ď C E pσ, nq.
See Section 4.1 for the proof.

Theorem 2.2 (Global H 1 solutions). Consider the initial value problem (1), under Assumptions 1 and 3.

Then problem (1) has a global solution

ψ ε P CpR, H 1 pR n qq Ş L 8 pR, H 1 pR n qq with ε}∇ψ ε } L 8 pR,L 2 q ď C E pσ, nq (21) 
See Section 4.2 for the proof.

Theorem 2.3 (First moments). Let ψ ε be the solution of problem (1), under Assumptions 1, 3 and 4.

Then, for any multi-index |a| " 1, there exists a constant C depending only on n, σ so that

}x a ψ ε ptq} L 2 ď C ¨}x a ψ ε 0 } L 2 `ε t ż τ "0 }∇ψ ε pτ q} L 2 dτ '. (22) 
See Section 4.3 for the proof.

Corollary 2.4. Let ψ ε ptq be the solution of problem (1), under Assumptions 1, 3 and 4.

Then, for any T ą 0

}ψ ε ptq} L 2 " 1, }ψ ε } L 8 pr´T,T s,H 1 q " O ˆ1 ε ˙, } x ψ ε } L 8 pr´T,T s,H 1 q " O `1˘. (23) 
In other words, the scaling of Assumption 3 for the initial data is preserved for t P r´T, T s.

Proof:

The result follows by inspection of Theorems 2.1, 2.2, 2.3. Observe that large in ε timescales, T " T pεq, can also be allowed depending on more precise information; see Table 4 in Section 3.1.

Corollary 2.5. Let ψ ε ptq be the solution of problem (1), under Assumptions 1, 3 and 4.

Then there exists a Wigner measure W 0 ptq " w ´˚lim εÑ0 W ε rψ ε ptqs (up to extraction of a subsequence), and it accounts for all the mass of the problem, i.e. ż W 0 ptqdxdk " 1.

See Section 4.4 for the proof, which is based on Proposition 1.7 of [START_REF] Gérard | Homogenization limits and Wigner transforms[END_REF].

Energy bounds

Theorem 2.6 (Energy bounds for generalized wavepackets). Let ψ ε ptq be the solution of problem (1) with initial data ψ ε 0 , under Assumptions 1, 2, 3 and 4. Assume moreover that ψ ε 0 is a generalized wavepacket in the sense that

Dx 0 , v P R n , so that }∇ ´ψε 0 px `x0 qe ´i v¨x ε ¯}L 2 " o ˆ1 ε ˙, }|x|ψ ε 0 px `x0 qe ´i v¨x ε } L 2 " o `1˘. (24) 
Then, for any T ą 0

}W ε rψ ε ptqs ´δp2vt `x0 , v 2π q} A ´1 " o `1˘@ t P r´T, T s.
See Section 4.6 for the proof. See Section 3.1 for concrete examples of families ψ ε 0 satisfying condition [START_REF] Komen | Dynamics and Modelling of Ocean Waves[END_REF].

In fact if we relax the assumptions of the previous Theorem, we obtain a weaker result which helps put on a precise footing the "narrowband" assumption widely used in applications. Indeed, noninear Schrödinger equations are often derived as "narrow spectrum approximations" to more complicated nonlinear wave equations [START_REF] Komen | Dynamics and Modelling of Ocean Waves[END_REF]. This is self-consistent only as long as the solutions to these narrowband models stay narrowband.

Theorem 2.7 (Narrowband problems). Let ψ ε ptq be the solution of problem (1) with initial data ψ ε 0 , under Assumptions 1, 2 and 3.

Assume moreover that ψ ε 0 is L 2 -narrowband in the sense that

Dv P R n , so that }∇ ´ψ0 e ´i v¨x ε ¯}L 2 " o ˆ1 ε ˙. (25) 
Then, for any t ą 0, ψ ε ptq stays L 2 -narrowband, i.e.

}∇ ´ψε ptqe

´i v¨x ε ¯}L 2 " o ˆ1 ε ˙@t P R. (26) 
See Section 4.7 for the proof.

Wiener algebra asymptotics

Theorem 2.8 (NLS on the Wiener algebra and A s spaces). Let s ě 0, σ P N, and ψ ε ptq be a solution of

iεB t ψ ε `ε2 ∆ψ ε ´bpεq|ψ ε | 2σ ψ ε " 0, ψ ε 0 P A s . ( 27 
)
Moreover, for some T ą 0, assume in addition that

|bpεq| }ψ ε 0 } 2σ A s ď ε Dps, nqp2σ `1qT (28) 
for a known parameter Dps, nq ą 0 depending only on s, n (and with Dp0, nq " 1 for all n P N). Then

}ψ ε ptq} A s ď p1 `1 2σ q}ψ ε 0 } A s @t P r´T, T s. (29) 
See Section 4.8 for the proof. Technically, Theorem 2.8 provides a self-contained framework for local in time solvability of equation ( 27), departing from the L 2 -based standard path. It is worth noting that related lines of investigation have appeared in the literature recently [START_REF] Carles | Multiphase Weakly Nonlinear Geometric Optics for Schrödinger Equations[END_REF][START_REF] Hyakuna | On existence of global solutions of Schrödinger equations with subcritical nonlinearity for p L p -initial data[END_REF][START_REF] Lannes | High-frequency nonlinear optics: from the nonlinear Schrödinger approximation to ultrashort-pulses equations[END_REF]. In our case, the A 0 -only framework would have some advantages, such as allowing for larger integer exponents σ when n ą 2, or for wavefields with very slow spatial decay. However, we will not pursue an A 0 -only approach here, because as was seen earlier we need the L 2 -based framework in order for standard facts about the Wigner transform to hold. A question that arises is whether the setup of a framework for Wigner transforms in the A 0 -only framework might be fruitful. Theorem 2.9 (Asymptotics on the Wiener algebra). Let ψ ε ptq be the solution of problem (1) under Assumptions 1 and 3. Assume moreover that σ P N and

|bpεq| ε }ψ ε 0 } 2σ A 0 " o `1˘. ( 30 
)
Denote by T ε ptq the Schrödinger free propagator as in definition 4.4, and by Tptq the phase-space free propagator as in definition 4.8.

Then, for any T ą 0,

}ψ ε ptq ´T ε ptqψ ε 0 } A 0 " op1q @t P r´T, T s (31) }W ε rψ ε ptqs ´TptqW ε rψ ε 0 s} F L 8 " op1q @t P r´T, T s. (32) 
See Section 4.10 for the proof. See Section 3.1 for concrete examples of families ψ ε 0 satisfying condition (30).

Theorem 2.10 (Asymptotics on A ´1). Let ψ ε ptq be the solution of problem (1) with initial data ψ ε 0 under Assumptions 1 and 3. Assume moreover that σ P N, for some T ą 0

|bpεq| ε }ψ ε 0 } 2σ A 0 ď 1 p2σ `1qT , (33) 
and

ψ ε 0 is L 1 -narrowband in the sense that Dv P R n }∇ ´ψε 0 e ´iv¨x ε ¯}A 0 }ψ ε 0 } A 0 " o ˆ1 ε ˙. ( 34 
)
Recall also that Tptq is the phase-space free propagator, as in definition 4.8. Then, it follows that

}W ε rψ ε ptqs ´TptqW ε rψ ε 0 s} A ´1 " op1q @t P r´T, T s. (35) 
See Section 4.11 for the proof. See Section 3.1 for concrete examples of families ψ ε 0 satisfying conditions (33), [START_REF] Zworski | Semiclassical Analysis[END_REF].

Remark 2.11. The following remarks are in order:

1. Under the conditions of Theorem 2.9, we don't necessarily gain much by turning to phase-space and Wigner transforms, since we already have

}ψ ε ptq ´T ε ptqψ ε 0 } L 8 ď }ψ ε ptq ´T ε ptqψ ε 0 } A 0 " op1q.
In other words, these nonlinearities are weak whichever way one looks at them, and this is simply a new, non-parametric way of showing that.

In contrast, under the assumptions of Theorem 2.10, we would find that }ψ ε ptq ´T ε ψ ε 0 } A 0 " Op1q, but yet }W ε rψ ε ptqs ´TptqW ε rψ ε 0 s} A ´1 " op1q. In other words, the nonlinearity would be large when looking at point values of ψ ε ("microscopic" information), but not when looking at xW ε rψ ε s, φy for regular enough observables φ ("macroscopic" information).

2. Clearly, by taking the limit ε Ñ 0 in equations [START_REF] Tovbis | On semiclassical (zero dispersion limit) solutions of the focusing nonlinear Schrödinger equation[END_REF], (35) we can control the Wigner measure. Denoting (up to extraction of subsequences) W 0 0 " w ´˚lim εÑ0 W ε rψ ε 0 s, W 0 ptq " w ´˚lim εÑ0 W ε rψ ε ptqs, it follows that W 0 px, k, tq " W 0 0 px ´4πkt, kq. In that sense equations (32), (35) are stronger than control of the Wigner measure in a non-trivial way, since we have control of the observables (i.e. the scalar numbers xW ε ptq, φy for φ P A 1 ) without having to justify the technical aspects of passing to the limit, as in Corollary 2.5. (This way, e.g., Assumption 4 can be bypassed altogether.)

Pseudodifferential calculus

Theorem 2.12. Let ψ ε ptq be the solution of problem (1) with initial data ψ ε 0 under Assumptions 1 and 3. Assume moreover that σ ą 1 2 , and that there exists an η ą 0 so that

}ψ 0 } H n 2 `η " O `ε´n 2 ´η ˘and |bpεq| " O `ε1`nσ`η ˘.
Then, it follows that for any T ą 0

}W ε rψ ε ptqs ´TptqW ε rψ ε 0 s} A ´1 " op1q @t P r´T, T s. (36) 
See Section 4.13 for the proof.

Discussion

Concrete examples

Here we examine a collection of possible explicit choices for ψ ε 0 , of the form ψ ε 0 pxq " u 0 px ´x0 q ε e i v¨x ε for some v P R n . In what follows it suffices to study the "centered" profiles u ε 0 -which are all normalized to }u ε 0 } L 2 pR n q " 1. The computations used can be found in Appendix C.

Table 1. # Name u ε 0 pxq Parameter range Remarks 1. Wavepacket ε ´nβ 2 ap x ε β q 0 ď β ă 1 }a} L 2 " 1, a P H 1 Ş FH 1 Ş A 1 2. Radial chirp `A ε β ˘n 2 e ´π 2 p A ε 2β `i z ε qx 2 0 ď β ă 1 A ą 0, 0 ‰ z P R 3. Monodirectional chirp `A ε β ˘n 2 e ´π 2 A ε 2β x 2 ´i πz 2ε x 2 1 0 ď β ă 1 A ą 0, 0 ‰ z P R
In this Section we will work out explicitly what the assumptions of our results mean. This will provide a concrete way to compare these results with the state of the art. In the following table the Fourier transforms of our concrete wavefunctions are given and several conditions which appeared earlier are worked out explicitly:

Table 2. # p u ε 0 pkq
Eq. ( 18) Eq. ( 25) Eq. ( 24)

1. ε nβ 2 p apkε β q b " O ´ε1`β pnσ´2q 2 ¯Always β ą 0 2. ´2Aε β A`izε 2β´1 ¯n 2 e ´2π pkε β q 2 A`izε 2β´1 b " O ´ε ´ε βpnσ´2q 2 `ε p1´βqpnσ´2q 2 ¯¯β ą 0 β ą 0 3. ε βn 2 ? A 2 n 2 ? A`izε 2β´1 e ´2π pk 1 ε β q 2 A`izε 2β´1 ´2π n ř j"2 p k j ε β q 2 A b " O ´ε ´ε βpnσ´2q 2 `ε p1´βqpnσ´2q 2 ¯¯β ą 0 β ą 0
Using the explicit form of the Fourier transform we check that equation ( 34) is always satisfied, and equations (30) yield concrete scalings of |b| " |bpεq|: Table 3. # Eq. (30) Eq. ( 33) Eq. ( 34)

1. |b|ε ´1´nβσ " o p1q |b|ε ´1´nβσ " O p1q Always 2. |b| `ε´1´nβσ `ε´1´p1´βqnσ ˘" op1q |b| `ε´1´nβσ `ε´1´p1´βqnσ ˘" Op1q β ą 0 3. |b| `ε´1´βnσ `ε´1´σp2β´βn´1q ˘" op1q |b| `ε´1´βnσ `ε´1´σp2β´βn´1q ˘" Op1q β ą 0
Finally, working for these particular wavefunctions, we can extend the timescale T to large times, T " T pεq, lim sup εÑ0 T pεq " `8. Observe that in many cases we get timescales of the form T pεq " O pε ´µq (for some appropriate µ ą 0 in each case), i.e. much longer than the standard Ehrenfest time, T pεq " O `ln `1 ε ˘˘, [START_REF] Carles | Nonlinear Coherent States and Ehrenfest Time for Schrödinger Equation[END_REF]. Note that |b| " |bpεq| below has to satisfy the appropriate smallness condition from Table 3. Observe moreover that condition (30) scales linearly, in the sense that

}U ε 0 `uε 0 } 2σ A 0 " O `}U ε 0 } 2σ A 0 `}u ε 0 } 2σ A 0 ˘.
Thus Theorem 2.9 can be used to establish a linear regime for multiple waves interactions; for example, if |bpεq| " opε 1`nσB q, then Theorem 2.9 applies for

ψ ε 0 " N ÿ j"1
ε ´nβj a j `px ´x0 qε ´βj ˘ei v j ¨px´x 0 q ε `iθj , as long as B " max j tβ j u, thus controlling any multiple-wave-interaction that can appear. This is directly comparable with the aforementioned Theorem 1.15 of [START_REF] Carles | Nonlinear Coherent States and Ehrenfest Time for Schrödinger Equation[END_REF].

Comments on the main results

For linear problems, the semiclassical regime is understood essentially in terms of the scaling

}ψ ε ptq} L 2 " 1, }ψ ε } L 8 pr´T,T s,H 1 q " O ˆ1 ε ˙, } x ψ ε } L 8 pr´T,T s,H 1 q " O `1˘.
It is in this regime that the Wigner transform is a natural object, and can be thought of as (close to) a phasespace probability density, reminiscent of classical statistical mechanics. However, as was seen in Corollaries 2.4, 2.5, these scalings for ψ ε do not come for free in the nonlinear case. In that light, we can say that Assumption 1 (i.e. some "smallness of |bpεq|") is needed for a regular Wigner measure theory. This of course goes back to control of the kinetic energy, Theorem 2.1.

On the other hand, Theorem 2.12 yields |bpεq| " opε 1`nσ q as a scaling where the nonlinearity is "always negligible". This is reasonable, by virtue of the back-of-the-envelope computations

}ψ ε ptq ´T ε ptqψ ε 0 } L 2 ď |t| ε }|bpεq|ψ ε | 2σ } L 8 pr´t,ts,L 2 q . and }bpεq|ψ ε | 2σ ψ ε } L 2 ď |bpεq|}ψ ε } 2σ L 8 ď C|bpεq|}ψ ε } 2σ H n 2 
`η " O `|bpεq|ε ´nσ´2ησ Thus, between Assumption 1 and Theorem 2.12 we have a regular and non-trivial regime of ε 1`nσ ă ´bpεq ď ε nσ for focusing problems, and,

ε 1`nσ ă bpεq ď ε nσ 2 for defocusing problems. ( 37 
)
This regime is covered by Theorem 2.6, which shows that wavepackets are surprisingly robust -even in cases where the nonlinearity is asymptotically large, in the sense of equation ( 2), i.e. when ε |bpεq| " op1q. This fact comes as an upset to a significant extent, since for more than a decade the feeling has been that Wigner measures for NLS with power nonlinearities are unstable and inherently impractical, following a series of precise negative results [START_REF] Burq | Instability for the Semiclassical Non-linear Schrödinger Equation[END_REF][START_REF] Carles | Geometric optics and instability for semi-classical Schrödinger equations[END_REF][START_REF] Carles | Geometric optics with caustic crossing for some nonlinear Schrödinger equations[END_REF].

There are other asymptotic approaches in the literature which apply to even stronger nonlinearities, e.g. [START_REF] Carles | WKB Analysis for Nonlinear Schrödinger Equations with Potential[END_REF][START_REF] Jenkins | The semi-classical limit of focusing NLS for a family of square barrier initial data[END_REF][START_REF] Jin | The Semiclassical Limit of the Defocusing NLS Hierarchy[END_REF][START_REF] Tovbis | On semiclassical (zero dispersion limit) solutions of the focusing nonlinear Schrödinger equation[END_REF], but they are parametric and seem to be valid only before caustics appear. Another key difference is that in our case the nonlinear energy of ψ ε 0 is asymptotically large in ε, while in the aforementioned results it is typically of Op1q. In any case, it is fair to say that the results of [START_REF] Carles | WKB Analysis for Nonlinear Schrödinger Equations with Potential[END_REF][START_REF] Jenkins | The semi-classical limit of focusing NLS for a family of square barrier initial data[END_REF][START_REF] Jin | The Semiclassical Limit of the Defocusing NLS Hierarchy[END_REF][START_REF] Tovbis | On semiclassical (zero dispersion limit) solutions of the focusing nonlinear Schrödinger equation[END_REF] are not directly comparable to Theorem 2.6.

Theorems 2.9, 2.10 allow for nonlinearities only mildly stronger than the O `ε1`nσ ˘threshold, but they are applicable to more general initial data than wavepackets. In fact, Theorem 2.9 applies to WKB wavefunctions, i.e. ψ ε 0 pxq " apxqe i Spxq ε , as well. A question which naturally arises here would be to estimate the A 0 norm of WKB wavefunctions, i.e. work out what condition [START_REF] Smit | The Evolution of Inhomogeneous Wave Statistics through a Variable Medium[END_REF] means for |bpεq|, and in particular whether it can accommodate ε 1`nσ " op|bpεq|q. Moreover, the question whether these results apply to non-integer σ as well arises naturally.

It is interesting to note that if we relax condition (24) of Theorem 2.6 to (25) in Theorem 2.7, i.e. ask for localization only in Fourier space, we retain some control on the support of the Wigner measure. Namely, the Wigner measure will remain supported on the set R n ˆt v 2π u for any t P r´T, T s. However, apparently we cannot guarantee that the Wigner measure satisfies W 0 ptq " TptqW 0 0 . In other words some "small caustics" can presumably take place and affect the limit in ε. Caustics in a stationary narrowband wavefield are known to appear, e.g., for the MMT equation [START_REF] Majda | A one-dimensional model for dispersive wave turbulence[END_REF]. 

ε}∇ψ ε ptq} L 2 ď ε}∇ψ ε 0 } L 2 `ε´n σ 2 b pε}∇ψ ε 0 } L 2 q nσ 2 (38) 
Now with the help of Lemma A.2 we conclude

ε}∇ψ ε ptq} L 2 ď ε}∇ψ ε 0 } L 2 `ε´n σ 2 b ´nσ 2 ε}∇ψ ε 0 } L 2 `1 ´nσ 2 ¯.
Using equations ( 17), [START_REF] Hyakuna | On existence of global solutions of Schrödinger equations with subcritical nonlinearity for p L p -initial data[END_REF] the result follows.

Proof of Part (ii): Assume that part (ii) of Assumption 1 holds. Equation (38) is still valid; we will have to proceed differently from now on though. Setting Iptq :" ε}∇ψ ε ptq} L 2 we have

Iptq ď Ip0q ``ε ´nσ 2 b ˘I nσ 2 ptq.
So for Lemma A.9 to apply to Iptq we need

ε}∇ψ ε 0 } L 2 ă nσ ´2 nσ ´nσ 2 ε ´nσ 2 b ¯2 2´nσ ô }∇ψ ε 0 } L 2 ă nσ ´2 nσ ˆ2 nσ ˙2 nσ´2 ´ε b ¯2 nσ´2 ,
which is equivalent to condition [START_REF] Golse | The Schrödinger Equation in the Mean-Field and Semiclassical Regime[END_REF]. Now the result follows by virtue of Lemma A.9 and Assumption 3.

Proof of Part (iii): Assume that part (iii) of Assumption 1 holds. By virtue of conservation of energy and Corollary A.7

ε 2 }ψptq ε } 2 L 2 " Erψ ε ptqs ´b σ`1 }ψ ε ptq} 2σ`2 L 2σ`2 " Erψ ε 0 s `|b| σ`1 }ψ ε ptq} 2σ`2 L 2σ`2 ď ď Erψ ε 0 s `|b| σ`1 C GN ˚}∇ψ ε ptq} nσ L 2 " Erψ ε 0 s `|b|ε ´nσ σ`1 C GN ˚pε}∇ψ ε ptq} L 2 q nσ .
Now applying Lemma A.2 it follows that

ε 2 }ψptq ε } 2 L 2 ď Erψ ε 0 s `|b|ε ´nσ σ`1 C GN ˚`nσ 2 ε 2 }∇ψ ε ptq} 2 L 2 `1 ´nσ 2 ˘ô ô ε 2 }∇ψ ε ptq} 2 L 2 ´1 ´|b|ε ´nσ σ`1 C GN ˚nσ 2 ¯ď Erψ 0 s `|b|ε ´nσ σ`1 C GN ˚p1 ´nσ 2 q.
Using equations ( 19), [START_REF] Hyakuna | On existence of global solutions of Schrödinger equations with subcritical nonlinearity for p L p -initial data[END_REF] the result follows.

Proof of Theorem 2.2

The proof is a straightforward adaptation of that for Theorem 4.4.1 of [START_REF] Cazenave | Semilinear Schrödinger equations[END_REF], using the semiclassically scaled Strichartz estimates (Theorems 4.5 and A.13). For brevity we suppress the explicit dependence of ψ ε on ε for this proof, and denote it simply by ψ.

Denote by T ε ptq the propagator of the free-space Schrödinger equation (see Definition 4.4, Theorem 4.5). We seek a mild solution of (1), i.e. a ψptq such that

ψptq " T ε ptqψ 0 ´i ε b t ż τ "0 T ε pt ´τ q `|ψpτ q| 2σ ψpτ q ˘dτ. ( 39 
)
This motivates the definition of the operator 

H : ψptq Þ Ñ T ε ptqψ 0 `i ε t ż τ "0 T ε pt ´τ q ´´b|ψpτ q| 2σ ψpτ
so that pq, rq is a Strichartz admissible pair. Now the appropriate space to look for the fixed point of H is the set

E M,T " ! ψ P L 8 ´p´T, T q, H 1 pR n q ¯Ş L q ´p´T, T q, W 1,r pR n q ¯ˇ} ψ} L 8 `p´T,T q,H 1 pR n q ˘ď M, }ψ} L q `p´T,T q,W 1,r pR n q ˘ď M ) , (43) 
(for appropriate values of M, T to be determined later), equipped with the distance dpψ, φq " }ψ ´φ} L q pp´T,T q,L r q `}ψ ´φ} L 8 pp´T,T qL 2 q .

(44)

Following standard arguments, it is proved in Lemma B.2 that E M,T is a complete metric space, and in Lemma B.4 that for T small enough, M large enough H is a strict contraction on E M,T . Thus, by virtue of the Banach fixed point Theorem, H has a fixed point.

This shows the existence of a solution ψptq P Cpp´T, T q, H 1 q for some small enough T . In particular, if }ψ 0 } H 1 ď δ, it follows that T can be selected to be T " mintCε 1`2 q , Cε 1`2 q δ ´2σ , Cε 1`2 q δ 2qσ 2´q u. Thus the assumptions of some part of Theorem 2.1 are satisfied for J " r0, T s, and there is an a priori L 8 pp´T, T q, H 1 q bound for the solution. By iterating the process above a global solution can be constructed, and equation [START_REF] Jenkins | The semi-classical limit of focusing NLS for a family of square barrier initial data[END_REF] follows by applying Theorem 2.1 to the global solution.

Uniqueness follows by standard arguments; see Proposition 4.2.3 in [START_REF] Cazenave | Semilinear Schrödinger equations[END_REF]. Appropriate stability results with respect to initial conditions are also standard, see Theorem 4.4.1 in [START_REF] Cazenave | Semilinear Schrödinger equations[END_REF].

Proof of Theorem 2.3

Multiplying eq. ( 1) with x a we obtain iB t px a ψ ε q `ε∆px a ψ ε q ´b ε |ψ ε | 2σ px a ψ ε q " ε∇ a ψ ε .

(45)

Claim: |ψptq| 2σ P CpR, L p q for some p ě 2, p ą n 2 . Proof of the Claim: We will first show that |ψptq| 2σ P L 8 pR, L p q; to that end take a fixed t P R. If n " 1, select p " 8. Then by virtue of the Sobolev embeddings, }|ψ| 2σ } L 8 pRq ď C}ψ} 2σ H 1 pRq . If n " 2, select p " maxt2, 1 σ u; then 2σp P r2, 8q and therefore the Sobolev embeddings yield }|ψ| 2σ } L p pR 2 q " }ψ} 2σ

L 2σp pR 2 q ď C}ψ} 2σ H 1 pR 2 q . If n ě 3, set p " 1 σ n ´η n ´2 ô 2σp "
2pn ´ηq n ´2 for some 0 ă η small enough. One readily checks that

n ě 3, 0 ă σ ă 2 n ´2 ñ p ą n 2 ,
and moreover (with the Assumption 4, i.e. σ ă 3 2 if n " 3) p ě 2. Thus Sobolev embeddings apply, to yield }|ψ| 2σ } L p pR n q " }ψ} 2σ L 2σp pR n q ď C}ψ} 2σ H 1 pR n q . Continuity follows essentially in the same way, from the continuity of ψptq in H 1 .

Now consider the linear problem in Ψ

iB t Ψ ε `ε∆Ψ ε ´b ε |ψ ε ptq| 2σ Ψ " F ptq, Ψ ε pt " 0q " Ψ ε 0 P L 2 . (46) 
Since p ą maxt1, n 2 u, the homogeneous version of (46) has a unitary L 2 propagator }Upt, τ q} L 2 ÑL 2 " 1 [START_REF] Cazenave | Semilinear Schrödinger equations[END_REF], and the solution ψptq of (46) satisfies

Ψ ε ptq " Upt, 0qΨ ε 0 `t ż τ "0 Upt, τ qF pτ qdτ (47) 
The result follows by setting F ptq " ε∇ a ψ ε , ψ 0 " x a u 0 , and estimating the L 2 norm in equation (47).

Proof of Corollary 2.5

The existence of a Wigner measure follows by a standard exploitation of the uniform estimates of Theorem 1.6 through the Banach-Alaoglou Theorem, as in [START_REF] Lions | Sur les mesures de Wigner[END_REF]; by extracting a subsequence this can be made unique. However this is not automatically meaningful (the Wigner measure could be, e.g., 0). In Proposition 1.7 of [START_REF] Gérard | Homogenization limits and Wigner transforms[END_REF] two necessary and sufficient conditions were given so that the Wigner measure W 0 :" w ´˚lim εÑ0 W ε rf ε s captures all the mass of tf ε u, i.e. ş W 0 dxdk " lim sup εÑ0 }f ε } L 2 . One readily checks that if Theorem 2.3 applies, then both conditions of being "ε-oscillatory" and "compact at infinity" follow, and therefore the Wigner measure does account for all the mass.

Some useful observations

Lemma 4.1 (Galilean invariance). Let ψ satisfy iεB t ψ `ε2 ∆ψ ´b|ψ| 2σ ψ " 0, ψpt " 0q " ψ 0 P L 2 pR n q, (48) 

x 0 , v P R n ,
}u ε } L 2 " 1, }|x|u ε } L 2 `ε}∇u ε } L 2 " op1q,
then its Wigner measure is W 0 " δpx ´0, k ´0q, and more precisely

sup }φ} A 1 "1
|xW ε ru ε s, φy ´φp0, 0q| " op1q.

Proof: For brevity we will denote W ε px, kq " W ε ru ε spx, kq, and X, K the Fourier dual variables to x, k.

Observe first of all that

x W ε pX, Kq " ż x e ´2πx¨X u ε px ´εK 2 qu ε px `εK 2 qdx ñ } x W ε } L 8 " x W ε p0, 0q " }u ε } 2 L 2 " 1.
and therefore

|xW ε , φy| ď } x W ε } L 8 } p φ} L 1 " } p φ} L 1 .
At this point, we will estimate the first moments of W ε . For any j P t1, . . . , nu, ş

x,k e ´2πirkK`xXs p´2πik j qW ε px, kqdxdk " " ş

x,k,y e ´2πikrK`ys p´2πik j qe ´2πixX upx `εy 2 qupx ´εy 2 qdxdkdy "

" B Kj ş x e ´2πixX upx ´εK 2 qupx `εK 2 qdx " " ε 2 ş x e ´2πixX " upx ´εK 2 qB xj upx `εK 2 q ´upx `εK 2 qB xj upx ´εK 2 q ı dx ñ ñ |B Kj x W ε pX, Kq| ď ε}∇u} L 2 }u} L 2 " op1q, (50) and 2 ş 
x,k e ´2πirkK`xXs x j W ε px, kqdxdk " 2 ş

x,k,y e ´2πikrK`ys dke ´2πixX x j upx `εy 2 qupx ´εy 2 qdxdy " 

" 2 ş x e ´2πixX x j upx ´εK 2 qupx `εK 2 qdx " " ş x e ´2πixX " px ´εK 2 qupx ´εK 2 qupx `εK 2 q `upx ´εK 2 qpx `εK 2 qupx `εK 2 q ı dx ñ ñ |B Xj x W ε pX, Kq| ď }u} L 2 }x j u} L 2 " op1q. Therefore, | x W ε pX, Kq ´1| ď pε}∇u ε ptq} L 2 `}|x|u ε } L 2 q a |X| 2 `|K|
}∇u ε ptq} L 2 " Op}∇u ε 0 } L 2 q " o ˆ1 ε ˙@t P R.
Combining this with the assumption }|x|u ε 0 } L 2 " op1q, and applying Theorem 2.3, it follows that

}|x|u ε ptq} L 2 ď C ¨}|x|u ε 0 } L 2 `ε t ż τ "0 }∇u ε pτ q} 2 dτ '" op1q `|t|εOp}∇u ε 0 } L 2 q, (51) 
in particular, for any T independent from ε, }|x|u ε ptq} L 2 " op1q @t P r´T, T s. Now Lemma 4.2 applies to the family tu ε ptqu ε . The result follows by virtue of the elementary computation

W ε ru ε ptqspx, kq " W ε rψ ε ptqspx `2vt `x0 , k `v 2π q.
4.7 Proof of Theorem 2.7

Denote u ε ptq " ψ ε px `2vt, tqe ´i v¨x ε ´i v¨v ε t .
By virtue of Lemma 4.1 u ε ptq satisfies

iεB t u `ε2 ∆u ´b|u| 2σ u " 0, upx, 0q " ψ 0 pxqe ´i v¨x ε ,
and Theorems 2.1 and 2.2 apply. Moreover, observe that Lemma 4.3 applies to u ε ptq, thus

}∇u ε ptq} L 2 " Op}∇u ε 0 } L 2 q " o ˆ1 ε ˙@t P R.

The NLS on Wiener-algebra-type spaces

Definition 4.4 (Free-space Schrödinger propagator). The operator defined by

T ε ptq : ψpxq Þ Ñ F ´1 kÑx re ´4π 2 ik 2 εt p ψpkqs
is the propagator for the free-space semiclassical Schrödinger equation, i.e.

ψ ε ptq " T ε ptqψ ε 0 ô iεB t ψ ε `ε2 ∆ψ ε " 0, ψ ε pt " 0q " ψ ε 0 .
We will also use its Fourier transform, p T ε ptq : p ψpkq Þ Ñ e ´4π 2 ik 2 εt p ψpkq.

Theorem 4.5 (The free space Schrödinger propagator; some standard regularity). Denote by

T ε ptqψ " F ´1re ´4π 2 ik 2 εt p ψpkqs
the propagator for the free-space semiclassical Schrödinger equation. Then, for any s P R, }FrT ε ptqψ 0 s} L p " }Frψ 0 s} L p @t P R, p P r1, 8s, (52)

}T ε ptqψ 0 } A s " }ψ 0 } A s @t P R, s ě 0, ( 53 
)
}T ε ptqψ 0 } H s " }ψ 0 } H s @t P R, (54) 
@r P r2, 8s, t ą 0,

ψ 0 P L r 1 }T ε ptqψ 0 } L r pR n q ď ε np 1 r ´1 2 q p4π|t|q np 1 r ´1 2 q }ψ 0 } L r 1 . (55) 
Remark: Observe that if pq, rq is a Strichartz admissible pair, then the exponent in equation ( 55) becomes np 1 r ´1 2 q " ´2 q . Proof: Equations ( 52), ( 53), (54) follows by inspection, and of course contain as special cases

}T ε ptq} A 0 ÑA 0 " 1 @t P R, }T ε ptq} L 2 ÑL 2 " 1 @t P R. (56) 
To prove equation (55), observe that

T ε ptqψ 0 " `1 4πitε ˘n 2 ş R n e i|x´y| 2 4εt ψ0pyqdy ñ }T ε ptqψ 0 } L 8 ď p4πε|t|q ´n 2 }ψ 0 } L 1 ñ ñ }T ε ptq} L 1 ÑL 8 ď ε ´n 2 p4π|t|q ´n 2 (57) 
Equation ( 55) follows from equations ( 56), (57) by virtue of Riesz-Thorin interpolation, see Theorem B.7.

Lemma 4.6 (A s are almost-algebras for s ě 0). For every s P N there exists a constant D " Dps, nq so that }f g} A s pR n q ď D}f } A s pR n q }g} A s pR n q .

Therefore, for σ P N,

}|f | 2σ } A s ď D}f } 2σ A s , }f σ } A s ď C}f } σ A s .

Moreover, as special cases we have

}f g} A 0 ď }f } A 0 }g} A 0 , }f g} A 1 ď }f } A 1 }g} A 0 `}f } A 0 }g} A 1 . ( 58 
)
Proof: By a straightforward application of Lemma A.1 and Young's inequality for convolutions it follows that }f g} A s pR n q " }p1 `|X|q s ş

SPR n p f pX ´Sqp gpSqdS} L 1 X ď } ş SPR n p1 `|X ´S| `|S|q s p f pX ´Sqp gpSqdS} L 1 X ď ď C 1 } ş SPR n `|X ´S| s `p1 `|S|q s ˘p f pX ´Sqp gpSqdS} L 1 X ď C 1 p}f } A s }g} A 0 `}f } A 0 }g} A s q ď 2C 1 }f } A s }g} A s .
With a variation of this computation, equation (58) follows.

Proof of Theorem 2.8: By writing equation ( 1) in mild form and taking the Fourier transform we obtain

ψptq " T ε ptqψ 0 ´i ε b t ż τ "0 T ε pt ´τ q `|ψpτ q| 2σ ψpτ q ˘dτ, (59) 
Now we will use the observation that }T ε ptqf } A s " }f } A s for any t P R (see Theorem 4.5), and the computation of Lemma 4.6 to obtain

}ψ ε ptq} A s ď }ψ ε 0 } A s `|b| ε t ş τ "0 }|ψ ε pτ q| 2σ ψ ε pτ q} 2σ`1 A s dτ ď }ψ ε 0 } A s `Dps, nq |b| ε t ş τ "0 }ψ ε pτ q} 2σ`1 A s dτ. ( 60 
)
Here observe that Dp0q " 1. Now equation ( 29) follows by virtue of Corollary A.10 (observe that equation ( 28) is exactly the condition required by the Corollary).

The following variation is a specialized version we will use in the sequel: Theorem 4.7. Let ψ ε ptq be a solution of problem [START_REF] Majda | A one-dimensional model for dispersive wave turbulence[END_REF], T ą 0, σ P N and in addition assume

|bpεq| }ψ ε 0 } 2σ A 0 ď ε p2σ`1qT (61) }∇ψ ε 0 } A 0 ă 8. (62) 
Then there exists a constant 0 ă J " Op1q so that

}∇ψ ε ptq} A 0 ď }∇ψ ε 0 } A 0 p1 `|t|Je |t|J q @t P r´T, T s. (63) 
Proof: By virtue of condition (61), Theorem 2.8 applies. So by the elementary computation

∇ `|ψ ε | 2σ ψ ε ˘" ∇ ´pψ ε q σ`1 pψ ε q σ ¯" pσ `1q|ψ ε | 2σ ∇ψ ε `σ|ψ ε | 2pσ´1q ψ ε ∇ψ ε we obtain }∇ψ ε ptq} A 0 ď }∇ψ ε 0 } A 0 `|b| ε t ş τ "0 }|∇ `ψε pτ q| 2σ ψ ε pτ q ˘}A 0 dτ ď }∇ψ ε 0 } A 0 `|b| 2σ`1 ε t ş τ "0 }∇ψ ε pτ q} A 0 }ψ ε pτ q} 2σ A 0 dτ.
At this point observe that, by virtue of Theorem 2.8,

J :" |b| ε }ψ ε } 2σ L 8 pr´T,T s,A 0 q " Op1q,
thus, by applying the Gronwall inequality (Lemma A.8) the result follows.

Some Wigner calculus

Given a function V " V px, tq, one easily checks [START_REF] Gérard | Homogenization limits and Wigner transforms[END_REF][START_REF] Lions | Sur les mesures de Wigner[END_REF] that if ψ ε ptq is a solution of

iεB t ψ ε `ε2 ∆ψ ε ´V ψ ε " 0, ψ ε pt " 0q " ψ ε 0 , }ψ ε 0 } L 2 pR n q " 1,
then its WT, W ε px, k, tq :" W ε rψ ε ptqspx, kq, satisfies the equation

B t W ε `4πk ¨∇x W ε `ib ε ş SPR n e 2πiSx p V pS, tq " W ε px, k `εS 2 q ´W ε px, k ´εS 2 q ‰ dS " 0, ( 64 
)
where p V pS, tq " F xÑS rV px, tqs. Moreover [START_REF] Athanassoulis | Regularized semiclassical limits: linear flows with infinite Lyapunov exponents[END_REF][START_REF] Athanassoulis | Coarse-scale representations and smoothed Wigner transforms[END_REF]

, denoting x W ε " F x,kÑX,K rW ε s, x W ε 2 " F kÑK rW ε s, B t x W ε `4πX ¨∇K x W ε ´ib 2 ż SPR n p V pS, tq x W ε pX ´S, Kq sinp ε 2 S ¨Kq ε 2 S ¨K S ¨KdS " 0, ( 65 
) B t x W ε 2 `2 i ∇ K ¨∇x x W ε 2 `ib ε εK 2 ż s"´ε K 2 ∇V px `s, tq ¨ds x W ε 2 " 0. ( 66 
)
As long as problem (1) has an (appropriately regular) solution, we can set V px, tq :" |ψpx, tq| 2σ and treat equations ( 64), ( 65), (66) essentially as forced linear problems.

Definition 4.8 (Phase-space free propagator). Denote by Tptq the operator

Tptq : f px, kq Þ Ñ f px ´4πkt, kq. ( 67 
)
This is the propagator for the free space Wigner equation, i.e.

f ptq " Tptqf 0 ô B t f ptq `4πk ¨∇x f ptq " 0, f pt " 0q " f 0 .

Moreover denote by p

Tptq its Fourier transform,

p Tptq : p f pX, Kq Þ Ñ p f pX, K ´4πXtq " F x,kÑX,K rTptqf s, ( 68 
)
so that p f ptq " p Tptq p f 0 ô B t p f ptq `4πX ¨∇X p f ptq " 0, p f pt " 0q " p f 0 .
Theorem 4.9 (A s regularity for Tptq). Let s ą 0, }f } A s ă 8; then

}Tptqf } A s ď p2 `p4πtq 2 q s }f } A s . ( 69 
)
Proof: One readily observes that

}Tptqf } A s " }p1 `|X| `|K|q s p Tptq p f } L 1 " ş X,K p1 `|X| `|K|q s | p f pX, K ´4πXtq|dXdK " " ş X,K ´1`|X|`|K| 1`|X|`|K´4πXt| ¯s p1 `|X| `|K ´4πXt|q s | p f pX, K ´4πXtq|dXdK ď ď sup X,K ´1`|X|`|K| 1`|X|`|K´4πXt| ¯s ş X,K p1 `|X 1 | `|K 1 |q s | p f pX 1 , K 1 q|dX 1 dK 1 " sup X,K ´1`|X|`|K| 1`|X|`|K´4πXt| ¯s }f } A s .
The result follows by virtue of Lemma 4.12, i.e. by the observation that sup

X,K 1 `|X| `|K| 1 `|X| `|K ´4πXt| ď 2 `p4πtq 2 .
Corollary 4.10 (A ´s regularity for Tptq). Let s ą 0, }f } A ´s ă 8; then }Tptqf } A ´s ď p2 `p4πtq 2 q s }f } A ´s .

(70)

Proof: One observes that, for any f, φ P S, xTptqf, φy "

ż f px `4πkt, kqφpx, kqdxdk " ż f px 1 , k 1 qφpx 1 ´4πk 1 t, k 1 qdx 1 dk 1 " xf, Tp´tqφy,
and therefore

}Tptqf } A ´s " sup }φ} A s "1 |xTptqf, φy| " sup }φ} A s "1
|xf, Tp´tqφy| ď }f } A ´s p2 `p4πtq 2 q.

Lemma 4.11 (L p Ñ L p bounds for Tptq, p Tptq).

}Tptqf } L p pR 2n q " } p Tptqf } L p pR 2n q " }f } L p pR 2n q @p P r1, 8s.

Thus }Tptq} A 0 ÑA 0 " 1, }Tptq} F L 8 ÑF L 8 " 1.
Proof: Follows by inspection of equations ( 67), (68).

Lemma 4.12. For all t P R, there exist bounds A ă 1 ă B so that, for all x, k P R n ,

A ď 1 `|x| 2 `|k| 2 1 `|x| 2 `|k ´4πxt| 2 ď B,
with a particular selection being

B " 2 `p4πtq 2 , A " 1 2 `p4πtq 2 .
Proof: Let us work first for

1`|x| 2 `|k| 2 1`|x| 2 `|k´4πxt| 2 ă B; it suffices to show that there is a B such that 1 `|x| 2 `|k| 2 ď Bp1 `|x| 2 `|k ´4πxt| 2 q ô 0 ď pB ´1qp1 `|x| 2 `|k| 2 q `B" p4πtq 2 |x| 2 ´2p4πtqk ¨x‰ .
By adding and subtracting |k 2 | γ 2 `p4πtq 2 γ 2 |x| 2 for some γ ą 0, the inequality becomes

0 ď pB ´1qp1 `|x| 2 `|k| 2 q `B" p2πtq 2 |x| 2 ´2p2πtqk ¨x‰ ô ô 0 ď rB ´1s `"B ´1 ´B γ 2 ı |k| 2 `"B ´1 `Bp4πtq 2 p1 ´γ2 q ‰ |x| 2 `B| k γ ´p4πtqγx| 2 .
For this to be positive it suffices that all of the following conditions hold

B ě 1 (71) B ´1 ´B γ 2 ě 0 ô γ 2 ě B B ´1 (72) B ´1 `Bp4πtq 2 p1 ´γ2 q ě 0 ô B ´1 Bp4πtq 2 `1 ě γ 2 . ( 73 
)
Clearly, B will be larger than 1. Now, there exists γ ą 0 so that equations (72), ( 73) are valid at the same time if and only if

B B ´1 ď B ´1 Bp4πtq 2 `1 ô 1 B ´1 ď B ´1 Bp4πtq 2 ô p4πtq 2 ď pB ´1q 2 B " B ´2 `1 B .
In particular, it is sufficient that B " 2 `p4πtq 2 . For the other direction, observe that

A ă 1`|x| 2 `|k| 2 1`|x| 2 `|k´4πxt| 2 ô A ă 1`|x| 2 `|k 1 `4πtx| 2 1`|x| 2 `|k 1 | 2 ô 1`|x| 2 `|k 1 | 2 1`|x| 2 `|k 1 `4πtx| 2 ă 1 A
which goes back to the previous computation.

Proof of Theorem 2.9

First of all observe that Theorem 2.2 applies; moreover, equation ( 30) is stronger than condition (28) for s " 0, so Theorem 2.8 with s " 0 applies as well. Proof of equation (31): It follows from equation (59) that

}ψ ε ptq ´T ε ptqψ ε 0 } A 0 ď |b| ε T }ψ ε } 2σ L 8 pr´T,T s,A 0 q ď C |b| ε T }ψ ε 0 } 2σ A 0 " op1q
by assumption [START_REF] Smit | The Evolution of Inhomogeneous Wave Statistics through a Variable Medium[END_REF].

Proof of equation (32): Denote W ε ptq :" W ε rψ ε ptqs, W ε 0 :" W ε rψ ε 0 s and V px, tq " |ψ ε px, tq| 2σ . Now equation (65) in mild form reads

B t x W ε `4πX ¨∇K x W ε ´ib ş SPR n p V pSq x W ε pX ´S, Kq sinp ε 2 S¨Kq ε dS " 0 ô ô W ε ptq " p TptqW ε 0 `ib ε t ş τ "0 p Tpt ´τ q " ş SPR n p V pS, τ q x W ε pX ´S, K, τ qsinp ε 2 S ¨KqdS  dτ,
and therefore, using Young's inequality for convolutions and Lemma 4.11,

}W ε ptq ´TptqW ε 0 } F L 8 ď C |b| ε t ż τ "0 } p V pτ q} L 1 X }W ε pτ q} F L 8 dτ.
Now we use the computation of Theorem 1.6, namely

}W ε pτ q} F L 8 " 1;
and that of Lemma 4.6, namely

} p V pτ q} L 1 " }|ψpτ q| 2σ } A0 ď }ψpτ q} 2σ A 0 ;
and Theorem 2.8 for s " 0,

}ψpτ q} A 0 ď p1 `1 2σ q}ψ ε 0 } A 0 @τ P r´T, T s to obtain }W ε ptq ´TptqW ε 0 } F L 8 ď C |b| ε }ψ ε 0 } 2σ A 0

Proof of Theorem 2.10

First of all observe that equations ( 33), [START_REF] Zworski | Semiclassical Analysis[END_REF], imply

|bpεq| }∇ ´ψε 0 e ´iv¨x ε ¯}A 0 }ψ ε 0 } 2σ´1 A 0 " o `1˘ô |bpεq| }∇ ´ψε 0 e ´iv¨x ε ¯}A 0 }ψ ε 0 e ´iv¨x ε } 2σ´1 A 0 " o `1˘ ( 74) 
We will use this fact later. Now denote

u ε ptq " ψ ε px `2vt, tqe ´i v¨x ε ´i v¨v ε t . (75) 
By virtue of Lemma 4.1 u ε ptq satisfies

iεB t u `ε2 ∆u ´b|u| 2σ u " 0, upx, 0q " ψ 0 pxqe ´i v¨x ε , (76) 
and Theorems 2.1 and 2.2 apply to (76). Moreover, (34) means Theorem 4.7 applies to (76). Finally, denote

W ε ptq :" W ε ru ε ptqs, W ε 0 :" W ε ru ε 0 s and V px, tq " |u ε px, tq| 2σ . (77) 
Now using the propagator Tptq, equation (66) can be recast in mild form as

W ε ptq " TptqW ε 0 `ib ε t ş τ "0 Tpt ´τ qF ´1 KÑk » - εK 2 ş s"´ε K 2 ∇V px `s, τ q ¨ds x W ε 2 pτ q fi fl dτ " 0, (78) 
Thus, if we set

hptq :" W ε ptq ´TptqW ε 0 , (79) 
by virtue of corollary 4.10 it follows that

}hptq} A ´1 ď C |b| ε p|t| `|t| 2 q sup τ Pr0,ts › › › › › › F ´1 KÑk » - εK 2 ş s"´ε K 2 ∇V px `s, τ q ¨ds x W ε 2 pτ q fi fl › › › › › › A ´1 ď ď C |b| ε p|t| `|t| 2 q sup τ Pr0,ts }φ} A 1 "1 ˇˇˇˇˇş x,KPR n εK 2 ş s"´ε K 2 ∇V px `s, τ q ¨ds x W ε 2 pτ q p φ 2 px, KqdxdK ˇˇˇˇˇď ď C |b| ε p|t| `|t| 2 q sup τ Pr0,ts x,KPR n }∇V p¨,τ q} L 1 rx´ε K 2 ,x`ε K 2 s 1`|K| sup τ Pr0,ts }φ} A 1 "1 ˇˇxp1 `|K|q| x W ε 2 pτ q|, | p φ 2 |y ˇˇ. (80) 
We will work with each term separately. First of all observe that

xp1 `|K|q| x W ε 2 pτ q|, | p φ 2 |y ď ş x,K p1 `|K|q|u ε px ´εK 2 , τ qu ε px `εK 2 , τ q| | p φ 2 px, Kq|dxdK ď ď }u ε px ´εK 2 , τ qu ε px `εK 2 , τ q} L 8 K L 1 x }p1 `|K|q p φ 2 } L 1 K L 8 x ď }u ε pτ q} 2 L 2 }φ} A 1 " }φ} A 1 (81) 
by a repetition of the proof of Lemma 1.5. Moreover, by an immediate consequence of the Hölder inequality (Theorem A.3), it follows that

}∇V p¨,τ q} L 1 rx´ε K 2 ,x`ε K 2 s 1`|K| ď ε sup x,KPR n }∇V pτ q} L 8 pr0,ts,Γ x,K q ď ε}∇V pτ q} L 8 pr0,ts,CpR n qq , (82) 
where we used the notation Γ x,K " tx `λK| λ P Ru.

By collecting equations ( 80)-( 82), it follows that

}hptq} A ´1 ď C|b|p|t| `|t| 2 q }∇V pτ q} L 8 pr0,ts,CpR n qq ď C|b|p|t| `|t| 2 q}∇|u ε pτ q| 2σ } L 8 τ pr0,ts,A 0 pR n qq (84) 
So now by virtue of the elementary computation }∇|u ε pτ q| 2σ } A 0 ď }∇upτ q} A 0 }u ε pτ q} 2σ´1 A 0 , and by applying Theorem 2.8 for s " 0 and Theorem 4.7 to obtain the estimate

}∇u ε } L 8 pr´T,T s,A 0 q }u ε } 2σ´1 L 8 pr´T,T s,A 0 q ď p1 `|t|Ce |t|C q ˆ1 `1 2σ ˙2σ´1 }∇u ε 0 } A 0 }u ε 0 } 2σ´1 A 0 it follows that }∇|u ε | 2σ } L 8 pr´T,T s,A 0 pR n qq ď p1 `|t|Ce |t|C q ˆ1 `1 2σ ˙2σ´1 }∇ψ ε 0 e ´i v¨x ε } A 0 }ψ ε 0 e ´i v¨x ε } 2σ´1 A 0 .
So, collecting everything,

}hptq} A ´1 ď Cp1 `|t| `|t| 2 `C|t|e C|t| q |b|}∇ψ ε 0 e ´i v¨x ε } A 0 }ψ ε 0 e ´i v¨x ε } 2σ´1 A 0 . (85) 
Recalling equation (74), this becomes

}hptq} A ´1 " Cp1 `|t| `|t| 2 `C|t|e C|t| q ¨o`1˘. (86) 
Recalling the definitions of W ε , u ε (equations (77), (75)), the result follows by virtue of the elementary computation

W ε ptqpx, kq " W ε rψ ε ptqspx `2vt, k `v 2π q, W ε 0 px, kq " W ε rψ ε 0 spx, k `v 2π q, ñ ñ }hptq} A ´1 " }W ε rψ ε ptqs ´TptqW ε rψ ε 0 s} A ´1 .
4.12 H m regularity for the NLS Theorem 4.13 (Local H m solutions for the NLS, m ą n 2 ). Consider problem (1), and let ψ ε 0 P H m pR n q for some m ą n 2 . Then there exists an interval 0 P J ε Ď R so that the solution ψ ε ptq will belong to CpJ ε , H m pR n qq.

A sufficient conditions under which r0, T s Ď J ε for all ε is discussed in Lemma 4.14.

Proof: The proof is a straightforward adaptation of that of Theorem 4.10.1 in [START_REF] Cazenave | Semilinear Schrödinger equations[END_REF] to the semiclassical setting. It proceeds very similarly to that of Theorem 2.2; in fact stronger Sobolev regularity allows the use of L 8 embeddings and makes several technical aspects much easier. More specifically, let t, M ą 0 to be fixed later and

E m M,T :" tψ P L 8 pp´T, T q, H m q ˇˇ}ψ} L 8 pp´T,T q,H m q ď M u, (87) 
r dpψ, φq " }ψ ´φ} L 8 pp´T,T qL 2 q . ( 88 
)
The metric space ´Em M,T , r dp¨, ¨q¯i s complete, by virtue of Lemma B.2 (the proof works in the same way, it suffices to set q " 8, r " 2).

H is defined as in equation ( 40), and the main difference is that now, for any ψ P E m M,T ,

}Hψ} L 8 H m ď }ψ 0 } H m `|b| ε t ż τ "0 }T ε pt ´τ q `|ψpτ q| 2σ ψpτ q ˘}H m dτ ď }ψ 0 } H m `T |b| ε M 2σ`1 (89) 
by virtue of the embedding H m pR n q ãÑ L 8 pR n q. Thus clearly for T small enough, M large enough we have ψ P E m M,T ñ Hψ P E m M,T , and with a similar computations H is a strict contraction. Thus local existence follows by the Banach fixed point Theorem.

Uniqueness and the blowup alternative follow by standard arguments (as does an appropriate statement about continuous dependence from the initial data). Lemma 4.14 (Long-time H m solutions for weak nonlinearities, m ą n 2 ). Let ψ ε ptq be the local H m solution of (1) according to Theorem 4.13, and assume in addition that

|bpεq| }ψ ε 0 } 2σ H m ď ε Cp2σ `1qT (90) 
for some appropriate constant C. Then

}ψ ε ptq} H m ď p1 `1 2σ q}ψ ε 0 } H m " O p}ψ ε 0 } H m q @t P r0, T s Remark 4.15.
In the usual scaling }ψ ε 0 } H m " O pε ´mq; moreover denote m " n 2 `η for some η ą 0. Now condition (90) becomes |bpεq| " O `ε1`nσ`2ση Proof:

By revisiting equation (89) we observe that

}ψptq} H m " }Hψptq} H m ď }ψ 0 } H m `C |b| ε t ż τ "0 }ψpτ q} 2σ`1 H m dτ.
The proof is completed with the help of Corollary A.10.

Proof of Theorem 2.12

We arrive to equation (80) with exactly the same manipulations as in Section 4.11; the difference will be in how we proceed from here. Instead of equation ( 82) we now have

}∇V p¨, τ q} L 1 rx´ε K 2 ,x`ε K 2 s 1 `|K| ď a ε|K| sup x,KPR n }∇V pτ q} L 2 pr0,ts,Γ x,K q . ( 91 
)
Observe that Lemma 4.14 applies, therefore we know that ψ ε P L 8 pr´T, T s, H n 2 `η pR n qq. We will estimate }∇V pτ q} L 2 pr0,ts,Γ x,K q with Sobolev embeddings (Theorem A.4) and trace Theorems (Corollary A.12). Indeed, }∇V pτ q} L 2 pr0,ts,Γq " }∇|ψ ε pτ q| 2σ } L 2 pr0,ts,Γq ď C}∇ψ ε pτ q} L 2 pΓq } pψ ε pτ qq

2σ´1 } L 8 pΓq ď ď C}∇ψ ε pτ q} L 2 pΓq } pψ ε pτ qq 2σ´1 } H 1 2 `η pΓq ď }ψ ε pτ q} H 1`n ´1 2 pR n q }ψ ε pτ q} 2σ´1 H 1 2 `n´1 2 `η " " O ´ε´1 2 ´nσ´η ¯(92)
for some arbitrary η ą 0.

So now using equations ( 91), ( 92) with (80) it follows that

}hptq} A ´1 " O ´p1 `|t| 2 q|bpεq|ε ´1´nσ´p2σ´1qη
¯.
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A Background

Lemma A.1. For any a, b, q ą 0 pa `bq q ď Cpa q `bq q for C " # 2 q´1 , q ě 1, 1, 0 ď q ď 1 Proof: For q ě 1, we use the convexity of f prq " r q , namely f ˆa `b 2 ˙ď f paq `f pbq 2 ñ ˆa `b 2 ˙q ď a q `bq 2 @a, b ą 0 For q ă 1, f prq " r q is concave and therefore sub-additive.

Lemma A.2 (Young's inequality for products). For every a, b ě 0, p P p1, 8q,

ab ď a p p `b p p´1 p p´1 , ô a 1 p b 1´1 p ď 1 p a `ˆ1 ´1 p ˙b. ( 93 
)
Theorem A.3 (Hölder inequality). Let f i be Lebesgue-measurable functions of R n . Then, the following inequalities hold:

} N ź i"1 f i } L r ď N ź i"1 }f i } L p i , N ÿ i"1 1 p i " 1 r , @θ P r0, 1s }f } L r ď }f } θ L p }f } 1´θ L q , 1 r " θ p `1 ´θ q ,
and, for 1 ď p ă q ď 8, J Ď R, }f } L p pJq ď |J|

1 p ´1 q }f } L q pJq .
Theorem A.4 (L 2 based Sobolev embeddings).

H 1 pRq ãÑ L q pRq, for all q P r2, 8s, H 1 pR 2 q ãÑ L q pR 2 q, for all q P r2, 8q, for 0 ă s ă n 2 H s pR n q ãÑ L q pR n q, for all q P r2, 2n n ´2s s, for n 2 ă s H s pR n q ãÑ C 0,a pR n q ãÑ L 8 pR n q, for a " mints ´n 2 , 1u.

Corollary A.5. For any n P N H 1 pR n q ãÑ L q pR n q @q P r2, 2n pn ´2q `q.

Theorem A.6 (Gagliardo-Nirenberg L 2 -gradient inequality). For every f such that if

f P L q , ∇f P L 2 then }f } L p pR n q ď C GN q,p,n }∇f } θ L 2 pR n q }f } 1´θ L q pR n q for 1 ă q ă p ă 2n pn ´2q ànd θ "
2npp ´qq pr2n ´qpn ´2qs .

Moreover, the sharp constant C GN q,p,n is known.

Proof: See [START_REF] Agueh | Gagliardo-Nirenberg inequalities involving the gradient L 2 -norm[END_REF].

Corollary A.7. Let σ P ´0, 2 pn´2q`¯. Then, setting q " 2, p " 2σ `2, }f } L 2 " 1, in Theorem A.6 we have

}f } L 2σ`2 pR n q ď C GN 2,2σ`2,n }∇f } nσ 2σ`2 L 2 pR n q ô }f } 2σ`2 L 2σ`2 pR n q }∇f } nσ L 2 pR n q ď `CGN 2,2σ`2,n ˘2σ`2 .
The constant `CGN 2,2σ`2,n ˘2σ`2 is referred to as C GN ˚, and by the sharpness of Theorem A.6 it satisfies

C GN ˚" sup f PSpR n q }f } L 2 "1 }f } 2σ`2 L 2σ`2 pR n q }∇f } nσ L 2 pR n q .
Lemma A.8 (Gronwall inequality; integral form). Let T P p0, `8q, and denote I " r0, T s, f, g, h P CpIq, hptq ě 0 @t P I, and, for all t P I, Lemma A.9 (Bootsrap argument). Let T ą 0, M : r0, T s Ñ p0, `8q be a continuous function satisfying M ptq ď A `B`M ptq ˘θ for some θ ą 1, all t P r0, T s, and some A, B ą 0. Assume in addition that

A ă θ ´1 θ `θB ˘1 1´θ , M p0q ď `θB ˘1 1´θ .
Then M ptq ď θ θ ´1 A @t P r0, T s.

Proof: See, e.g., [START_REF] Ginibre | Introduction aux equations de Schrödinger non linéaires[END_REF], or Lemma 7.22 in [START_REF] Carles | Semiclassical Analysis for Nonlinear Schrödinger Equations[END_REF].

Corollary A.10 (Conditional nonlinear Gronwall inequality). For some T, B ą 0 let f : r0, T s Ñ p0, `8q be a continuous function satisfying

f ptq ď f p0q `B t ż τ "0 `f pτ q ˘θdτ ( 94 
)
for some θ ą 1. Assume in addition

f p0q ď `θBT ˘1 1´θ ô Bf p0q θ´1 ď 1 θT .
Then,

f ptq ď θ θ ´1 f p0q @t P r0, T s. (95) 
Proof: Set M ptq " max τ Pr0,ts f pτ q. Then M ptq ď M p0q `BtM ptq ď M p0q `BT M ptq.

The result follows by observing that

M p0q " f p0q ď `θBT ˘1 1´θ ñ M p0q ă θ ´1 θ `θBT ˘1 1´θ
and applying Lemma A.9 to M ptq.

Theorem A.11 (Sobolev trace inequality: a special case). Let f P H s pR n q X SpR n q, s ą 1 2 , n ą 1. Then

}f ˇˇR n´1 } H s´1 2 pR n´1 q
ď C}f } H s pR n q .

Proof: See [START_REF] Folland | Introduction to Partial Differential Equations[END_REF].

Corollary A.12 (Sobolev trace inequality: a special case). Let f P H s pR n q X SpR n q, s ą n´1 2 , n ą 1, and Γ a line in R n . Then }f ˇˇΓ }

H s´n ´1 2 pΓq
ď C}f } H s pR n q .

Proof: Straightforward by repeated application of Theorem A.11.

Theorem A.13 (Basic Semiclassical Strichartz estimates). Let pq, rq be any admissible pair of indices (excluding endpoints for simplicity, i.e. r P r2, 2n pn´2q`q , q " 4r npr´2q ), J Ď R an interval, and F P L q 1 pJ, L r 1 q. Denote by ψptq the solution of iψ t `ε∆ψ `1 ε F " 0, ψp0q "

ψ 0 P L 2 , equivalently ψptq " T ε ptqψ 0 `i ε t ż 0 T ε pt ´τ qF pτ qdτ , ψ 0 P L 2 .
Then there is a constant C " Cpq, nq such that

|| t ż 0 T ε pt ´τ qF pτ qdτ || L γ pJ,L ρ q ď Cε ´1 γ ´1 q ||F || L q 1 pJ,L r 1 q , ( 96 
)
||T ε ptqψ 0 || L γ pJ,L ρ q ď Cε ´1 γ ||ψ 0 || L 2 (97) 
for any admissible pair pγ, ρq, and therefore

||ψ|| L γ pJ,L ρ q ď Cε ´1´1 γ ´1 q ||F || L q 1 pJ,L r 1 q `Cε ´1 γ ||ψ 0 || L 2 .
Moreover, ψ P CpJ, L 2 q.

Proof: See e.g. [START_REF] Carles | Semiclassical Analysis for Nonlinear Schrödinger Equations[END_REF][START_REF] Zworski | Semiclassical Analysis[END_REF].

B Some technical computations for the proof of Theorem 2.2

Lemma B.1 (Elementary regularity properties of the nonlinearity). Let σ P ´0, 2 pn´2q`¯a nd denote 

f 1 pψq " # ´b|ψ| 2σ ψ, if 0 ď |ψ| ď 1, ´bu, if 1 ă |ψ|, and 
f 2 pψq " # 0, if 0 ď |ψ| ď 1, ´bup|ψ| 2σ ´1q, if 1 ă |ψ|. (98) 
Claim 2: Moreover, let ψpxq, φpxq be complex-valued Schwarz functions, ψ, φ P SpR n q, and recall equation (41), i.e. r " 2σ `2. By redefining C if necessary, the following inequalities hold

}f 1 pψq ´f1 pφq} L 2 ď C}ψ ´φ} L 2 , ( 101 
)
}f 2 pψq ´f2 pφq} L r 1 ď C `}ψ} 2σ L r `}φ} 2σ L r ˘}ψ ´φ} L r . ( 102 
)
Claim 3: By redefining C if necessary, the following inequalities hold

}∇f 1 pψq} L 2 ď C}∇ψ} L 2 , ( 103 
)
}∇f 2 pψq} L r 1 ď C}ψ} 2σ L r }∇ψ} L r . ( 104 
)
Remark: f 1 , f 2 are chosen so that f 1 `f2 " ´b|ψ| 2σ ψ reproduces the nonlinearity of (1).

Proof: Without loss of generality we carry out the proof for b " ´1.

Claim 1: Denote θpρq " # ρ 2σ , if 0 ď ρ ď 1, 1, if 1 ă ρ,
and ψ " x `iy, φ " x 1 `iy 1 . We can recast f 1 pψq, f 2 pψq as

F 1 px, yq " θppx 2 `y2 q σ qpx `iyq " # px 2 `y2 q σ px `iyq, if 0 ď x 2 `y2 ď 1, x `iy, if 1 ă x 2 `y2 ,
and F 2 px, yq " `px 2 `y2 q σ ´θppx 2 `y2 q σ q ˘px `iyq "

# 0, if 0 ď x 2 `y2 ď 1, px `iyqppx 2 `y2 q σ ´1q, if 1 ă x 2 `y2 .
Each of Re F l , Im F l , l P t1, 2u is in W 1,8 pR 2 , Rq, and thus a locally Lipschitz function. Moreover, restricted on the interval Γ " tpX, Y q P R 2 | pX, Y q " spx, yq `p1 ´sqpx 1 , y 1 q for s P r0, 1su, each of Re F l | Γ , Im F l | Γ has one-sided derivatives. Therefore the mean value theorem applies, namely: there exists s ˚P r0, 1s so that if pξ, ζq " s ˚px, yq `p1 ´s˚q px 1 , y 1 q, Re F l px, yq ´Re F l px 1 , y 1 q " ∇ Re F l pξ, ζq ¨`px, yq ´px 1 , y 1 q ˘ñ

| Re F l px, yq ´Re F l px 1 , y 1 q| " b `∇x Re F l pξ, ζq ˘2 ``∇ y Re F l pξ, ζq ˘2a px ´x1 q 2 `py ´y1 q 2 ô | Re f l pψq ´Re f l pφq| " b `∇x Re F l pξ, ζq ˘2 ``∇ y Re F l pξ, ζq ˘2 |ψ ´φ|
(where the derivatives may have to be interpreted as one-sided derivatives). At this point, we compute ∇ x Re F 1 px, yq " x∇ x θppx 2 `y2 q σ q `θppx 2 `y2 q σ q " xθ 1 ppx 2 `y2 q σ qσpx 2 `y2 q σ´1 2x `θppx 2 `y2 q σ q " " 2σ x 2 x 2 `y2 px 2 `y2 q σ θ 1 ppx 2 `y2 q σ q `θppx 2 `y2 q σ q P L 8 pR 2 q.

With a similar computation for the imaginary part, equation (99) follows. Moreover

∇ x Re F 2 px, yq " px 2 `y2 q σ ´θppx 2 `y2 q σ q `x´σ px 2 `y2 q σ´1 2x ´θ1 ppx 2 `y2 q σ qσpx 2 `y2 q σ´1 2x ¯" " px 2 `y2 q σ " 1 `2σ x 2 x 2 `y2 ´2σ x 2 x 2 `y2 θ 1 ppx 2 `y2 q σ q ı ´θppx 2 `y2 q σ q " " " px 2 `y2 q σ ´θppx 2 `y2 q σ q ı `px 2 `y2 q σ 2σ x 2
x 2 `y2 " 1 ´θ1 ppx 2 `y2 q σ q ı " " ´px 2 `y2 q σ ´1¯``p x 2 `y2 q σ 2σ x 2

x 2 `y2 " 1 ´θ1 ppx 2 `y2 q σ q ı .

One readily observes that x 2

x 2 `y2 " 1 ´θ1 ppx 2 `y2 q σ q ı P L 8 pR 2 q, hence |∇ x Re F 2 pξ, ζq| ď Cpξ 2 `ζ2 q σ " C|ξ `iζ| 2σ " C|s ˚ψ `p1 ´s˚q φ| 2σ ď Cp|ψ| `|φ|q 2σ ď C 2 p|ψ| 2σ `|φ| 2σ q by virtue of lemma A.1. With a similar computation for the imaginary part, equation (100) follows.

Claim 2: Equation (101) follows by raising equation (99) to the second power and integrating in x. Moreover, by raising equation (100) to the power r 1 and integrating in x (and redefining C appropriately), it follows that

}f 2 pψq ´f2 pφq} L r 1 ď C} `|ψ| 2σ `|φ| 2σ ˘`ψ ´φ˘} L r 1 . (105) 
Observing that 1

r 1 " 2σ `1 2σ `2 " 1 2σ `2 `2σ 2σ `2 " 1 r `2σ r 
we use the Hölder inequality to estimate the rhs of equation (105), obtaining 

}f 2 pψq ´f2 pφq} L r 1 ď C}|ψ| 2σ `|φ| 2σ } L r 2σ }ψ ´φ} L r ď C `}|ψ| 2σ } L r 2σ `}|φ| 2σ } L r 2σ ˘}ψ ´φ} L r " " C `}ψ} 2σ L r `}φ} 2σ L r ˘}ψ ´φ} L r ,
ď C}|ψ| a |∇ψ|} L a`2 a`1 ď C}|ψ| a } L a`2 a }∇ψ} L a`2 " C}ψ} a L a`2 }∇ψ} L a`2 .
By setting a " 0 (respectively a " 2σ) equation ( 103) (respectively equation ( 104)) follows for any ψ P SpR n q. Claim 3 follows by density of SpR n q in each of L 2 pR n q, L r pR n q.

Lemma B.2 (E is a complete metric space). For some M, T to be specified later, consider the set E M,T , defined in equation (43), equipped with the distance dp¨, ¨q defined in equation (44).

The metric space pE M,T , dp¨, ¨qq is complete.

Proof: Let tψ n u Ď E M,T , and ψ n ψ in L q pp´T, T q, L r q.

Claim: There is a subsequence such that ψ mn ptq ψptq in L r for a.a. t P J.

Proof of the claim: Let g n ptq " }ψ n ptq ´ψptq} L r . It suffices to prove that there exists a subsequence g mn so that lim nÑ8 g mn ptq " 0 for almost all t P p´T, T q. Indeed, select g mn so that }g mn } L q p´T,T q ď 2 ´n, and denote A n " tt P p´T, T q ˇˇg mn ptq ě 1 n u.

Observe that 2 ´n ě }g mn } L q p´T,T q " ¨ż p´T,T q |g mn ptq| q dt ‹ '

1 q ě ¨ż An |g mn ptq| q dt '1 q ě |A n | 1 q n ñ |A n | ď 2 ´nq n q ,
where of course |A n | denotes the Lebesgue measure of A n . In particular, ř A l " tt P p´T, T q ˇˇg mn ptq Û 0u.

In what follows we work with the a.e. convergent subsequence ψ mn , which by an abuse of notation we will denote by ψ n .

Observe that by virtue of the standard Sobolev embeddings H 1 pR n q ãÑ L q pR n q @q P r2, 2n pn´2q`q (see Corollary A.5). Therefore, recalling equation (41), H 1 pR n q ãÑ L r pR n q, and we can apply lemma B.6 for f n " ψ n , X " H 1 , Y " L r , p " 8 to get }ψ} L 8 pp´T,T q,H 1 q ď lim inf }ψ n } L 8 pp´T,T q,H 1 q ď M.

Similarly, using the obvious embedding W 1,r ãÑ L r we apply lemma B.6 for f n " ψ n , X " W 1,r , Y " L r , p " q to get }ψ} L q pp´T,T q,W 1,r q ď lim inf }ψ n } L q pp´T,T q,W 1,r q ď M, so that finally ψ P E M,T .

Lemma B.3. Recall f 1 , f 2 defined in Lemma B.1, and consider the mappings

g 1 : ψptq Þ Ñ f 1 pψptqq, (106) 
g 2 : ψptq Þ Ñ f 2 pψptqq. (107) 
There exists a constant C ą 0 so that }g 1 pψq} L 8 pp´T,T q,H 1 q ď C}ψ} L 8 pp´T,T q,H 1 q , (108) }g 2 pψq} L q pp´T,T q,W 1,r 1 q ď C}ψ} 2σ L 8 pp´T,T q,L r q }ψ} L q pp´T,T q,W 1,r q , (109) }g 1 pψq ´g1 pφq} L 8 pp´T,T q,L 2 q ď C}ψ ´φ} L 8 pp´T,T q,L 2 q , (110) }g 2 pψq ´g2 pφq} L q pp´T,T q,L r 1 q ď C ´}ψ} 2σ L 8 pp´T,T q,L r q `}φ} 2σ L 8 pp´T,T q,L r q ¯}ψ ´φ} L q pp´T,T q,L r q ,

and moreover, for any ψ, φ P E M,T , }g 1 pψq} L 1 pp´T,T q,H 1 q `}g 2 pψq} L q 1 pp´T,T q,W 1,r 1 qq ď CpT `T q´2 q qp1 `M 2σ qM (112) }g 1 pψq ´g1 pφq} L 1 pp´T,T q,L 2 q `}g 2 pψq ´g2 pφq} L q 1 pp´T,T q,L r 1 qq ď CpT `T q´2 q qp1 `M 2σ qdpψ, φq,

where the metric dp¨, ¨q was defined in equation (44).

Proof: By setting φ " 0 in equations ( 101), (103), equation (108) follows immediately. Similarly, by setting φ " 0 in equations ( 102), (104), equation (109) follows immediately. (Technically, one has to check first the measurability of the functions t Þ Ñ g l pψptqq, l P t1, 2u in L p , W 

}g 1 pψq} L 1 pp´T,T q,H 1 q ď 2T }g 1 pψq} L 8 pp´T,T q,H 1 q ď 2T C}ψ} L 8 pp´T,T q,H 1 q ď 2CT M,
where we used equation (108). Moreover using Hölder's inequality in time and equation (109), }g 2 pψq} L q 1 pp´T,T q,W 1,r 1 q ď p2T q 1 q 1 ´1 q }g 2 pψq} L q pp´T,T q,W 1,r 1 q ď CT q´2 q }ψ} 2σ L 8 pp´T,T q,L r q }ψ} L q pp´T,T q,W 1,r q ď ď CT q´2 q

`}ψ} L 8 pp´T,T q,H 1 q ˘2σ }ψ} L q pp´T,T q,W 1,r q ď CT q´2 q M 2σ`1 , where we also used the Sobolev embedding theorem (see Theorem A.4). Equation (113) follows from equations (110), (111) in a completely similar way.

Lemma B.4. For some given ψ 0 P H 1 , denote by H the operator defined in equation (40),

Hpψq " T ε ptqψ 0 `i ε t ş τ "0 T ε pt ´τ q ´|ψpτ q| 2σ ψpτ q ¯dτ " T ε ptqψ 0 `i ε t ş τ "0 T ε pt ´τ q ´g1 pψpτ q `g2 pψpτ qq ¯dτ (where g 1 , g 2 were defined in Lemma B.3). Then, for M sufficiently large, T sufficiently small,

ψ P E M,T ñ Hpψq P E M,T , (114) 
and moreover H is a strict contraction; more specifically @ψ, φ P E M,T dpHpψq, Hpφqq ď 1 2 dpψ, φq.

Remark B.5. One easily sees in the proof below that a sufficient constraint on T is T ď mintε ´1´2 q C, Cε ´1´2 q }ψ 0 } ´2σ H 1 , Cε ´1´2 q |ψ 0 } Proof: It follows from standard Strichartz's estimates (Theorems 4.5, A.13) and equation (112) that for any ψ P E M,T , Hpψq P Cpp´T, T q, H 1 q Ş L q pp´T, T q, W 1,r q, }Hpψq} L 8 pp´T,T q,H 1 q `}Hpψq} L q pp´T,T q,W 1,r q ď C}ψ 0 } H 1 `Cε ´1´2 q pT `T q´2 q qp1 `M 2σ qM Since q ´2 ą 0, one readily observes that if we select first M large enough, and then T small enough, we have T ε pt ´τ q "´g 1 pψpτ q ´g1 pφpτ q ¯`´g 2 pψpτ qq ´g2 pφpτ qq ¯ıdτ } L 8 pp´T,T q,L 2 q } t ş τ "0 T ε pt ´τ q "´g 1 pψpτ q ´g1 pφpτ q ¯`´g 2 pψpτ qq ´g2 pφpτ qq ¯ıdτ } L q pp´T,T q,L r q ď ď Cε ´1´2 q pT `T q´2 q qp1 `M 2σ qdpψ, φq.

C}ψ 0 } H 1 ď M 2 , Cε ´1´2 q pT `T q´2 q qp1 `M 2σ q ď 1 2 , (116) 
(117)

By selecting T even smaller if necessary (since the constant C here is not the same as in equation ( 116)), equation (115) follows.

Lemma B.6. Let X ãÑ Y be two Banach spaces, I Ď R an interval, and 1 ă p, q ď 8. Moreover, let f n be a bounded sequence in L q pI, Y q, and f : I Y such that f n ptq á f ptq in Y for a.e. Proof: See Theorem 1.2.5 of [START_REF] Cazenave | Semilinear Schrödinger equations[END_REF].

Theorem B.7 (Riesz-Thorin interpolation). Let 1 ď p 0 , p 1 , q 0 , q 1 ď 8, θ P p0, 1q, and

1 p θ " 1 ´θ p 0 `θ p 1 , 1 q θ " 1 ´θ q 0 `θ q 1 .
Then, }T } L p θ ÑL q θ ď }T } 1´θ L p 0 ÑL q 0 }T } θ L p 1 ÑL q 1

Proof: See Theorem 1.1.1 in p. 2 of [START_REF] Bergh | Interpolation spaces: an Introduction[END_REF].

C Calculations for concrete initial data

The following computations are required for Section 3.1.

C. " " O `ε´βrpm`n´p n 2 s `εpβ´1qrpm`n´p n 2 s ˘. For p " 2, m " 1 we get }∇u ε 0 } 2 L 2 " Opε ´2β `εpβ´1q2 q. For p " 1, m " 0, 1 we get }u ε 0 } A0 " Opε ´βn 2 `εpβ´1q n 2 q, }∇u ε 0 } A0 " Opε ´βp1`n 2 q `εpβ´1qp1`n 2 q q.

C.3 Monodirectional chirps

We compute u ε 0 pxq " `A ε β ˘n 2 e ´π 

C.4 Tables 4 & 5

To estimate the timescales, we need to recall the structure of the remainders in each result. Recalling eq. ( 22) it follows that Corollary 2.4 holds as long as εT }∇u ε } L 8 pr´T,T s,L 2 q " op1q; by virtue of Theorem 2.1 it suffices to check that εT }∇u ε 0 } L 2 " op1q.

Recalling equation (51) it follows that Theorem 2.6 holds as long as εT }∇u ε 0 } L 2 " op1q.

For Theorem 2.9, we use the assumption [START_REF] Smit | The Evolution of Inhomogeneous Wave Statistics through a Variable Medium[END_REF] to evaluate condition [START_REF] Ryzhik | Transport equations for elastic and other waves in random media[END_REF], which controls }u ε } L 8 pr´T,T s,A 0 q . For Theorem 2.10, we recall equation (85), i.e. the condition we get is of the form Cp1 `T 2 qe CT |bpεq|}∇u ε 0 } A 0 }u ε 0 } 2σ´1 A 0 " op1q.

(i) Problem ( 1 )

 1 is defocusing, i.e. b ą 0; the problem is mass-subcritical or mass critical, i.e. 0 ă σ ď 2 n , and bpεq " O `ε nσ 2 ˘.

2 n ă σ ă 2 pn´2q

 22 

  Proof of Part (i): Assume that part (i) of Assumption 1 holds. Then, by virtue of conservation of energy, Lemma A.1 and Corollary A.7

  |f ptq| ď ||g|| L 8 pIq ´1 `t||h|| L 8 pIq e t||h|| L 8 pIq ¯.

Claim 1 :

 1 There exists a constant C ą 0 depending only on σ |f 1 pψq ´f1 pφq| ď C|ψ ´φ|, (99) |f 2 pψq ´f2 pφq| ď C `|ψ| 2σ `|φ| 2σ ˘|ψ ´φ|.

n |A n | ă 8 ,

 8 and therefore by virtue of the Borel-Cantelli lemma[31] 

´2qσ q´2 H 1 u

 1 for some constant C depending only on σ and n. (The equations where the constraint comes from are (116) and (117).)

  and thus equation (114) follows.Moreover, Strichartz's estimates and equation (113) readily yields dpHpψq, Hpφqq " }

2 L 2 ďApk 1 ε β q 2 A 2 `z2 ε 2p2β´1q `n ř j" 2 p k j ε β q 2 A

 222222 can be found constants depending only on n, A, z, β so that }|k|p u ε 0 } Cε βn p1 `ε2β´1 q

Table 4 .

 4 qe CT pεq |b|ε ´βp1`nσq " op1q 2. p1 `T pεq 2 qe CT pεq |b| `ε´βp1`nσq `εpβ´1qp1`nσq ˘" op1q 3. p1 `T pεq 2 qe CT pεq |b|ε ´βnσ ´ε´β `ε2β´3 2 ¯´1 `ε2σβ´σ´β`1 2 ¯" op1q

		#	Corollary 2.4	Theorem 2.6	Theorem 2.9
					´ε1`nβσ
		1. T pεq " o `εβ´1 ˘T pεq " o `εβ´1 ˘T pεq " O
		T pεq " o `εβ´1 ˘T pεq " o `εβ´1 ˘T pεq " O ´ε |b|	`εnβσ `εσp2β´βn´1q ˘For
	Theorem 2.10 we do recover an Ehrenfest-like timescale. (This can be compared with the T pεq "
	O `ln `ln `1 ε	˘˘˘f ound in some comparable results for coherent states; see, e.g., Theorem 1.15 in [9].)
				Table 5.
		#		Theorem 2.10
		1.		p1 `T pεq 2

|b| 2.

T pεq " o `εβ´1 ˘T pεq " o `εβ´1 ˘T pεq " O ´ε |b| `εnβσ `εp1´βqnσ ˘3.

  ∆upx, tq " ε 2 " e iθpx,tq ∆ψpxpt, tqq `ψpxpt, tqq∆e iθpx,tq `2∇ψpxpt, tqq ¨∇e iθpx,tq ‰ " |upx, tq| 2σ upx, tq " |ψpxptq, tq| 2σ e iθpx,tq ψpxptq, tq.

	Proof: We compute					
		iεB t upx, tq " iε	" ψ t pxptq, tq `2v ¨∇ψpxptq, tq ´i |v| 2 ε ψpxptq, tq ı	e iθpx,tq ,
	ε 2 " ε 2	" ∆ψpxpt, tqq ´|v| 2 ε 2 ψpxptq, tq ´2i v ε ¨∇ψpxptq, tq	ı	e iθpx,tq ,
	By adding these up, we get					
	" iεB t	`ε2 ∆ ´b|upx, tq| 2σ ‰	upx, tq "	" iεB t	`ε2 ∆ ´b|ψpxptq, tq| 2σ ‰	ψpxptq, tqe iθpx,tq " 0.
	Lemma 4.2. If the family u ε satisfies		
	and denote					
	xptq " x `2vt `x0 ,		θpx, tq "	´v	¨x ε	´v	¨v ε	t,
								´i v¨x ε ,

upx, tq " ψpxptq, tqe iθpx,tq . (49) Then u satisfies iεB t u `ε2 ∆u ´b|u| 2σ u " 0, upx, 0q " ψ 0 px `x0 qe

  Lemma 4.3. Let ψ ε ptq be the solution of problem (1) with initial data ψ ε 0 , under Assumptions 1, 2 and 3. Then,}∇ψ ε ptq} L 2 " O p}∇ψ ε 0 } L 2 q @t P R.Proof: This is a small refinement of Theorem 2.1; the proof follows by straightforward adaptation of that of Theorem 2.1. The only difference is that Assumption 3 is now used.

	4.6 Proof of Theorem 2.6		
	Denote	u ε px, tq " ψ ε px `2vt `x0 , tqe	´i v¨x ε	´i v¨v ε t .
	By virtue of Lemma 4.1 u ε ptq satisfies		
	iεB t u `ε2 ∆u ´b|u| 2σ u " 0,	upx, 0q " ψ 0 px `x0 qe	´i v¨x ε ,
	and Theorems 2.1, 2.2, 2.3 apply.			

2 

. By assumption it follows that |xW ε ´δp0, 0q, φy| " ˇˇx x W ε pX, Kq ´1, p φy ˇˇď op1q}φ} A 1 . Moreover, observe that Lemma 4.3 applies to u ε ptq, thus

  SpR n q, x, y P R n ; it follows that |F pψpxqq ´F pψpyqq| ď C `|ψpxq| a `|ψpyq| a ˘|ψpxq ´ψpyq| ñ |∇F pψpxqq| ď 2C|ψpxq| a |∇ψpxq|

	By raising to the power a`2 a`1 and integrating in x it follows that
	}∇F pψq} L	a`2 a`1
	yielding equation (102).

Claim 3: We will treat both f 1 , f 2 in a unified way, by considering a function F : C Ñ C with F p0q " 0 and |F pψq ´F pφq| ď C `|ψ| a `|φ| a ˘|ψ ´φ| for some a ě 0. Now let ψ P

  t P I. Assume moreover that f n is bounded in L p pI, Xq, and X is reflexive.Then f P L p pI, Xq and ||f || L p pI,Xq ď lim inf

nÑ8

||f n || L p pI,Xq .

  1 Wavepackets |k| mp |p a `kε β ˘|p dk " ε |k| mp |p a pkq | p dk " O ´ε´βpmp`n´p nIn partucular, for p " 2, m " 1, we get}∇u ε 0 } 2 L 2 "O `ε´2β ˘, and for p " 1, m " 0, 1 we get}u ε 0 } A0 " O ´ε´β n 2 ¯, }∇u ε 0 } A0 " O ´ε´βp n ´π 2 rpA`izε 2β´1 qpxjε ´β q 2 `4ipkj ε β qpxj ε ´β qs dx j " ´π 2 rpA`izε 2β´1 qx 2 j `4ipkj ε β qxj s dx j " ε ´βrppm´n 2 q`ns |A 2 `z2 ε 2p2β´1q |

	C.2 Radial chirps	
	We compute							
		u ε 0 pxq " `A ε β " A ˘n 2 e ´π 2 p A ε 2β n 2 ε 2 ´βn ś `i z ε qx 2 n ş	ñ p u ε 0 pkq " `A ε β	˘n 2 ş xPR n	e	´r π 2 p A ε 2β	`i z ε qx 2 `2πik¨xs dx "
								j"1	xj PR
		" A	n 2 ε	βn 2	n ś j"1	ş xj PR		βn 2 ´2A A`izε 2β´1	¯n 2 e	´2π	pkε β q 2 A`izε 2β´1 .
	Therefore		}|k| m " ε ´mβp´nβ ˇˇ2 Aε β p u ε 0 } p L p " ˇˇ2 Aε β A`izε 2β´1 ˇˇp n 2 ş n 2 A`izε 2β´1 ˇˇp kPR n kPR n ş |kε β | mp e |k| mp e ´2πp ´2πp A 2 `z2 ε 2p2β´1q pkε β q 2 A A 2 `z2 ε 2p2β´1q pkε β q 2 A dpkε β q " dk " " ε ´βrppm´n 2 q`ns ˇˇ2 A n 2 ş |k| mp e ´2πp A A 2 `z2 ε 2p2β´1q k 2 dk " A`izε 2β´1 ˇˇp kPR n " ε ´βrppm´n 2 q`ns ˇˇ2 A ρ"0 A`izε 2β´1 ˇˇp n 2 8 ş ρ mp`n´1 e ´2πp A A 2 `z2 ε 2p2β´1q ρ 2 dρ "
					" ε ´βrppm´n 2 q`ns ˇˇ2 A A`izε 2β´1 ˇˇp	2 2 Γp mp`n n 2	q	´2πp	A 2 `z2 ε 2p2β´1q A	¯´mp`n
										|A`izε 2β´1 |	mp`n 2 pn 2	Γp mp`n 2 2p2πpAq qp2Aq mp`n pn 2 2
								u ε 0 pxq " ε	´nβ 2 ap	x ε β q	ñ	p u ε 0 pkq " ε	nβ 2	p apkε β q,
	and therefore							
	}|k| m	p u ε 0 } p L p " ε	pβn 2	ż		2 ´βn´βmp pβn	ż	2 q	¯.
							kPR n		kPR n
										¯.
										2 `1q

e e 2 " " ε

  ´π 2 rpA`izε 2β´1 qpx1ε ´β q 2 `4ipk1ε β qpx1ε ´β qs dx 1 ´π 2 rApxjε ´β q 2 `4ipkj ε β qpxj ε ´β qs dx j "

	" A	n 2 ε	´βn 2	ş	2 e n A ε 2β x 2 `i z 2ε x 2 1 ñ p u ε ˘n 2 ş 0 pkq " `A ε β xPR n ś ş	e	´r π 2	A ε 2β x 2 `i z 2ε x 2 1 `2πik¨xs dx "
				x1PR				j"2	xj PR
				" A	n 2 ε	βn 2	ş	e ´π 2 rpA`izε 2β´1 qx 2 1 `4ipk1ε β qx1s dx 1	n ś	ş	e ´π 2 rAx 2 j `4ipkj ε β qxj s dx j "
							x1PR		j"2	xj PR
									»
								" ε	βn 2	?	? A`izε 2β´1 e 2 A 2 n ´2π	--	pk 1 ε β q 2 A`izε 2β´1

e

  ´4π ´1 A ξ 2 `A A 2 `z2 ε 2p2β´1q k 2 ´1 A ξ 2 `A A 2 `z2 ε 2p2β´1q k 2

	Similarly,									
		}|k|p u ε 0 } L 1 ď Cε ´βn 2 ´β p1 `ε2β´1 q ´1 2			ş	p|k 1 | `|ξ|qe	1	¯dk 1 dξ ď
									k1PR,
									ξPR n´1
	ď Cε ´βn 2 ´β p1 `ε2β´1 q ´1 2	˜ş k1PR	|k 1 |e	´2π	A A 2 `z2 ε 2p2β´1q k 2 1 dk 1	`ş k1PR	e	´2π	A A 2 `z2 ε 2p2β´1q k 2 1 dk 1	¸"
			" O ´ε´βp1`n 2 q `εβp2´n 2 q´3 2	¯,
	and	}p u ε 0 } L 1 ď Cε ´βn 2 p1 `ε2β´1 q ´1 2	ş	e	´2π ´1 A ξ 2 `A A 2 `z2 ε 2p2β´1q k 2 1	¯dk 1 dξ ď
											k1PR,
											ξPR n´1
		ď Cε ´βn 2 p1 `ε2β´1 q ´1 2		ş	e	´2π	A A 2 `z2 ε 2p2β´1q k 2 1 dk 1 " O ´ε´β n 2 `εβp1´n 2 q´1 2	¯.
			k1PR				
											1	¯dk 1 dξ ď
		ď Cε ´2β p1 `ε2β´1 q ´1 ˜ş k1PR	k 2 1 e	´4π	A A 2 `z2 ε 2p2β´1q k 2 1 dk 1	`ş k1PR	e	´4π	A A 2 `z2 ε 2p2β´1q k 2 1 dk 1	¸"
						" O `ε´2β `ε2pβ´1q 34

´2π

˘.If part (iii) of Assumption 1 holds, assume in addition |bpεq| " o `εnσ ˘.