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STOCHASTIC HEAT EQUATION
WITH ROUGH DEPENDENCE IN SPACE

YAOZHONG HU, JINGYU HUANG, KHOA LE, DAVID NUALART, AND SAMY TINDEL

ABSTRACT. This paper studies the nonlinear one-dimensional stochastic heat equation
driven by a Gaussian noise which is white in time and which has the covariance of a fractional
Brownian motion with Hurst parameter H &€ (%, %) in the space variable. The existence
and uniqueness of the solution u are proved assuming the nonlinear coefficient o(u) is dif-
ferentiable with a Lipschitz derivative and ¢(0) = 0. In the case of a multiplicative noise,
that is, o(u) = u, we derive the Wiener chaos expansion of the solution and a Feynman-Kac
formula for the moments of the solution. These results allow us to establish sharp lower and

upper asymptotic bounds for E[u"(¢, x)].
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1. INTRODUCTION
In this paper we are interested in the one-dimensional stochastic partial differential equa-

tion
ou Kk O*u

—=r W, t>0 R 1.1
R o, 120, reR, (1)
where W is a centered Gaussian process with covariance given by
1
E[W (s, )Wt y)] = 5 (2" + |yl = |z —y") (s A1), (1.2)
with i < H < % That is, W is a standard Brownian motion in time and a fractional

Brownian motion with Hurst parameter H in the space variable and W = gj—gg. For this
stochastic heat equation with a rough noise in space, understood in the It6 sense, our aim
is twofold: on one hand, for a differentiable coefficient ¢ with a Lipschitz derivative and
satisfying o(0) = 0, we will obtain the existence and uniqueness of the solution. On the
other hand, we shall further investigate the special relevant case o(u) = u. We now detail

those two main points.

(1) Since the pioneering work by Peszat-Zabczyk [24| and Dalang (see [9]), there has been
a lot of interest in stochastic partial differential equations driven by a Brownian motion in
time with spatial homogeneous covariance. After more than a decade of investigations, the
standard assumptions on W under which existence and uniqueness hold take the following
form

(i) E[W (s, )W (t,y)] = Az —y) do(s —t), where A is a positive distribution of positive type.
(7i) The Fourier transform of the spatial covariance A is a tempered measure p that satisfies

the integrability condition [, & f'lé)z < oo.

In case of the covariance (1.2) under consideration, one can easily compute the measure
p, whose explicit expression is u(d€) = ¢ g||'7?Hd¢, where ¢, g is a constant depending
on H (see expression (2.2) below). In addition, it is readily checked that p fulfills the

condition fR = f'lé)z < oo for all H € (0,1). However, the corresponding covariance A is a
1

distribution which fails to be positive when H < 3, and the covariance of two stochastic
integrals with respect to W is expressed in terms of fractional derivatives. For this reason,
the standard methodology used in the classical references |9, 11, 24| to handle homogeneous

spatial covariances does not apply to our case of interest.

In a recent paper, Balan, Jolis and Quer-Sardanyons [3| proved the existence of a unique
mild solution for equation (1.1) in the case o(u) = au+b, using techniques of Fourier analysis.
The method used in [3] cannot be extended to general nonlinear coefficients. Indeed, the
isometry property of stochastic integrals with respect to W involves the semi norm

Ny anttin) = [ Blutt,o+10) = u(e )P -2an)
2 R

where N3, is defined in (3.2). Then, if v and v are two solutions, ./\/'%_HQ(U(U) — o(v))
cannot be bounded in terms of N 1 w2(u—v), due to the presence of a double increment of
the form o(u(s,z+ h)) —o(v(s,z+ h)) —o(u(s, 2)) + o(v(s, z)). To overcome this difficulty
we shall use a truncation argument to show the uniqueness of mild solutions, inspired by
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the work of Gyoéngy and Nualart in [15] on the stochastic Burgers equation on the whole
real line driven by a space-time white noise. The main ingredient is a uniform estimate of
the LP(€Q)-norm of a stochastic convolution (see Lemma 4.2). Due to this argument, the
uniqueness is obtained in the space Z%. (see (4.1) for the definition of the norm in Z%), which
requires an integrability condition in the space variable.

The existence of a solution is much more involved. The methodology, inspired by the work
of Gybngy in [13] on semi-linear stochastic partial differential equations, consists in taking
approximations obtained by regularizing the noise and using a compactness argument on a
suitable space of trajectories, together with the strong uniqueness result.

Once existence and uniqueness are obtained, we establish the Holder continuity of the
solution u in both space and time variables. We also derive upper bounds for the moments
of the solution using a sharp Burkholder’s inequality, as well as the matching lower bounds
for the second moment by means of a Sobolev embedding argument. Summarizing, we get a
complete basic picture of the solution to equation (1.1) in the case i < H < % The critical

1

parameter H = 7 is worthwhile noting, since it is also the threshold under which rough

differential equations driven by a fractional Brownian motion are ill-defined.

(2) The particular case o(u) = u in equation (1.1) deserves a special attention. Indeed,
this linear equation turns out to be a continuous version of the parabolic Anderson model,
and is related to challenging systems in random environment like KPZ equation [16, 5] or
polymers [1, 6]. The localization and intermittency properties of the linear version of (1.1)
have thus been thoroughly studied for equations driven by a space-time white noise (see [21]
for a nice survey), while a recent trend consists in extending this kind of result to equations
driven by very general Gaussian noises |8, 18, 19, 20].

Nevertheless, the rough noise W with covariance (1.2) presented here is not covered by
the aforementioned references, and we wish to fill this gap. We will thus particularize our
setting to o(u) = u, and first go back to the existence and uniqueness problem. Indeed, in
this linear case, one can implement a rather simple procedure involving Fourier transform,
as well as a chaos expansion technique, in order to achieve existence and uniqueness of the
solution to (1.1). Since this point of view is interesting in its own right and short enough,
we develop it at Section 5.1. Moreover in this case we can consider more general initial
conditions.

We then move to a Feynman-Kac type representation for the solution: following the
approach introduced in [19, 18], we obtain an explicit formula for the kernels of the Wiener
chaos expansion and we show its convergence. In fact, we cannot expect a Feynman-Kac
formula for the solution, because the covariance is rougher than the space-time white noise
case, and this type of formula requires smoother covariance structures (see, for instance,
[20]). However, by means of Fourier analysis techniques as in [19, 18], we are able to obtain
a Feynman-Kac formula for the moments that involves a fractional derivative of the Brownian
local time.

Finally, the previous considerations allow us to handle, in the last section of the paper,
the intermittency properties of the solution. More precisely, we show sharp lower bounds for
the moments of the solution of the form Efu(t, )"] > exp(Cn't#t), for all t > 0, z € R and
n > 2. These bounds entail the intermittency phenomenon and match the corresponding
estimates for the case H > I obtained in [18].
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The paper is organized as follows. Section 2 contains some preliminaries on stochastic
integration with respect to the noise W and elements of Malliavin calculus. Section 3 deals
with basic moment estimates and Holder continuity properties of stochastic convolutions.
We establish the uniqueness of the solution in Section 4. To do this, first we derive moment
estimates for the supremum norm in space and time for the stochastic convolution. In order
to show the existence, we need to introduce several spaces of functions in Subsection 4.2 and
derive compactness criteria. Section 5.1 deals with the parabolic Anderson model, that is, the
case o(u) = u. In Section 5.2, we derive Feynman-Kac type formulas for the moments of the
solution which allow us to derive sharp lower and upper moment estimates and intermittency
properties.

2. PRELIMINARIES

In this section we introduce some of the functional spaces we will deal with in the remainder
of the paper, as well as some general Malliavin calculus tools.

2.1. Noise structure and stochastic integration. Our noise W can be seen as a Brow-
nian motion with values in an infinite dimensional Hilbert space. One might thus think that
the stochastic integration theory with respect to W can be handled by classical theories (see
e.g |7, 9, 12]). However, the spatial covariance function of W, which is formally equal to
H(2H —1)|z — y|*# 72, is not locally integrable when H < 1/2 (in other words, the Fourier
transform of |£]'72# is not a function), and W thus lies outside the scope of application of
these classical references. Due to this fact, we provide some details about the construction
of a stochastic integral with respect to our noise.

Let us start by introducing our basic notation on Fourier transforms of functions. The
space of Schwartz functions is denoted by S. Its dual, the space of tempered distributions,
is §’. The Fourier transform of a function v € S is defined with the normalization

Fu(©) = [ e uta)ds,

so that the inverse Fourier transform is given by Ftu (&) = (27) L Fu(=£).

Let D((0,00) x R) denote the space of real-valued infinitely differentiable functions with
compact support on (0, 00) x R. Taking into account the spectral representation of the covari-
ance function of the fractional Brownian motion in the case H < % proved in |25, Theorem
3.1], we represent our noise W by a zero-mean Gaussian family {W (y), ¢ € D((0,00) x R)}
defined on a complete probability space (€2, F,P), whose covariance structure is given by

E[W(e) W()] = cru i R}"w(saﬁ)ﬂﬂ(&@|£|1_2Hd8d£, (2.1)

where the Fourier transforms Fy, F» are understood as Fourier transforms in space only
and

1
CH = %F(QH + 1)sin(nH) . (2.2)

The inner product appearing in (2.1) can be expressed in terms of fractional derivatives.
Let § be in (0,1). The Marchaud fractional derivative D of order [ with respect to the
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space variable is defined, for a function ¢ : R, x R — R, as follows

D% o(s.2) = lim D o(s,). (2.3)
e— ’
where 8 (5,2) — (s, +9)
o ) - +y
Dﬁ _ (p S, T QO S,ZE d '
Leolo) = [

We also define the fractional integral of order § of a function ¢» : R, x R — R by

P —L h s,u)(z —u)’ 'du
Pits.) = 5 [ vl =),

Note again that here the fractional differentiation and integration are only with respect to
space variables. Observe that if ¢ = I’y for some ) € L*(Ry x R), then by Theorem 6.1
in [26] we have
DYp = DI(I%)) =y
and, hence,
2
/ [Déap(s, x)} dsdx = / V2 (s, 2)dsdx < oo.
R+ xR R+ xR

The previous notions can be related to our noise in the following way: it is known (cf. [25]
for further details) that

E (W () W ()] = con / Di”

R+ xR

o (1 ([ o m

2 1\ !
) ds + E) . (2.5)
for any ¢,1 € D((0,00) x R).
Based on the previous observation and relation (2.4), we introduce a new set of function

spaces. Indeed, let $) be the class of functions ¢ : Ry x R — R such that there exists

1
Y € L*(Ry x R) satisfying ¢(s,z) = 12 Hw(s, x). The relation between $) and our noise W
is given in the following proposition.

H(p(s,x)D%_Hw(s,x)dsda:, (2.4)

where

[NIES

Proposition 2.1. The class of functions $) is a Hilbert space equipped with the inner product

(p,h)g = CQ’H/ D%_ng(s,z)D%_H@D(s,:ﬂ)dsdx, (2.6)

R+XR
and D((0,00) X R) is dense in . Moreover if §y denotes the class of functions ¢ € L*(R, x
R) such that fR+XR | Fo(s, &)2|E|2HdEds < oo, then $g is not complete and the inclusion
$o C 9 s strict. Also for any @, € 9o,

(P9 = cLm Fo(s, ) Fv(s, €€ " déds . (2.7)

R+XR

We refer to [25] for the proof of this proposition. Note that in [25], the functions considered
there are from R to R, but by scrutinizing the proofs we see that the results of this paper
can be easily extended to our case, i.e. for functions from R, xR to R. We omit the details.



6 Y. HU, J. HUANG, K. LE, D. NUALART, S. TINDEL

Let us now identify our space $) with another classical space in harmonic analysis. Indeed,
according to Proposition 1.37 in [2], for any § € (0,1) the homogeneous Sobolev space
HP can be defined as the completion of the space of infinitely differentiable functions with
compact support with respect to the norm

113 = / D’ f(x)Pde = &2, / / Faty) - F@Pl Pdedy,  (2.8)

where ¢3 , = (1/2 - 3)f ¢ 1 _gand ¢y 15 is defined by (2.5). As a consequence, our Hilbert

space $) can be identified w1th the homogenous Sobolev space of order 8 = %—H of functions

with values in L2(R,). Namely $ = H2~H(L%(R,)), and for any f € § the quantity ||f|s
can be represented as

118 = s [ [ [ 154 0) = f(sv0) Py 2dodyds
Ry JRJR

From Proposition 2.1, we see that the Gaussian family W can be extended as an isonormal
Gaussian process W = {W(¢), ¢ € H} indexed by the Hilbert space §.

Let us now turn to the stochastic integration with respect to W. Since we are handling a
Brownian motion in time, one can start by integrating elementary processes.

Definition 2.2. For any t > 0, let F; be the o-algebra generated by W up to time t. An
elementary process g is a process given by

ZZXJl(am $) L, ,)(),

i=1 j5=1
where n and m are finite positive integers, —oo < a1 < by < --- < a, < b, <00, h; <;
and X; ; are Fo,-measurable random variables fori =1,...,n. The integral of such a process

with respect to W is defined as

/R /Rg(s,:c)W(ds,d:C) = ZZXJW (L(aspi) ® Liny 1)) (2.9)

7,1]1

_ ZZX” (b, 1) — W (a, 1;) — W (b, by) + W (ay, hy)] -

=1 j=1

We can now extend the notion of integral with respect to W to a broad class of adapted
processes.

Proposition 2.3. Let Ay be the space of predictable processes g defined on R, x R such
that almost surely g € $ and E[||g||3] < co. Then, we have:

(i) The space of elementary processes defined in Definition 2.2 is dense in Ag.
(ii) For g € Ay, the stochastic integral [ [o 9(s,x) W (ds,dz) is defined as the L*(Q)-limit
of Riemann sums along elementary processes approximating g, and we have

(f y g(s,x>w<ds,dx>)2

= E(llgll3] (2.10)
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1_
Proof. Let us prove item (i). To this aim, consider ¢ € Ay and set ¢(t,2) = D2 Hg(t,x).
According to the definition of Ay, we have E[ [ [, |¢(s, #)[*dzds] < co. Then we will show
that g(¢,z) can be approximated by elementary processes in L?(£2;$)) in three steps.

Step 1. Recall that we have set H 2= for the class of functions f, such that there exists

h € L*(R) satisfying f = 17" We show that the process g can be approximated in
L?(£2; $) by functions of the form

Un(s,23w) = Y La0(8)i(23w), (2.11)
i=1

where for each i, ¢;(x;w) is an F,-measurable L2(€; H2z #)-valued random field. To see
this, we just set

m2m™ k2—m™
U (s, T;w0) = Z 1((k_1)277l’k27n}(8>2m/ g(r,x;w)dr,

1 1
and we easily get that D2 H@Dm(s, ryw) — D2 Hg(s, 7;w) in L2(Q x Ry x R) as m tends to
infinity. In this way we get the desired approximation.

Step 2. We show that each 1,,(s, z;w) of the form (2.11) can be approximated in L?(£2; )
by a linear combination of elements of the form X1, (s)h(z). Indeed, for each ¢;(z;w), we
notice that since

E/ |DE_H¢i(z;w)|2d:E < 00,
R

1
the random function D2 Hgbi(x; w) can be approximated in L?(Q; L?>(R)) by functions of the
form Z;VZI X;h;(z), where each X is an F,,-measurable random variable and each h; is an

element in L*(R). Thus, it is easily seen that ¢;(z;w) can be approximated by a sequence
of functions of the form

N -
> O XGIE hy(x) .
j=1

So we conclude that 1, (s, z;w) can be approximated in L?(; §)) by

m N
i_H
D Lana(9) D XigI2 T hyj(x),
i=1 j=1
where for each (i, j), X;; are F,,-measurable random variables and h; ; € L*(R).

Step 3. Owing to Theorem 3.3 in [25] we know that
1
span { D214y, b < 1}

1 .
is dense in Ay := {D?2 Hf : f € HP}, in L*(R) norm. This observation and the results in
Step 2 immediately show that ,,(s, z;w) can be approximated by elementary processes in
L?(Q; $). This completes the proof. O

With this stochastic integral defined, we are ready to state the definition of the solution
to equation (1.1).
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Definition 2.4. Let u = {u(t,z),0 <t < T,x € R} be a real-valued predictable stochastic
process such that for allt € [0,T] and x € R the process {pi—s(x — y)o(u(s,y))Lpg(s),0 <
s <t,y € R} is an element of Ay, where p;(x) is the heat kernel on the real line related to
5A. We say that u is a mild solution of (1.1) if for all t € [0,T] and v € R we have

t
uta) =p@) + [ [ o= potuls ) Wdsidy) s, (212)
0o Jr
where the stochastic integral is understood in the sense of Proposition 2.3.

2.2. Elements of Malliavin calculus. We recall that the Gaussian family W can be
extended to $ and this produces an isonormal Gaussian process, where §) is the Hilbert space
introduced in Proposition 2.1. We refer to |23] for a detailed account of the Malliavin calculus
with respect to a Gaussian process. On our Gaussian space, the smooth and cylindrical
random variables F' are of the form

F=fW(¢1),....W(én)),

with ¢; € 9, f € C;°(R") (namely f and all its partial derivatives have polynomial growth).
For this kind of random variable, the derivative operator D in the sense of Malliavin calculus
is the $-valued random variable defined by
DF = — (W W)
j; 8:@( (¢1)’ ) (¢ ))¢J
The operator D is closable from L?(Q) into L*(2;$) and we define the Sobolev space D2
as the closure of the space of smooth and cylindrical random variables under the norm

|DF|ly2 = \/E[F?) + E[|DF|3).

We denote by ¢ the adjoint of the derivative operator (or divergence) given by the duality
formula

E[§(u)F| =E[(DF,u)g], (2.13)
for any F' € D'? and any element u € L*(£2; ) in the domain of 4.

For any integer n > 0 we denote by H,, the nth Wiener chaos of W. We recall that Hy is
simply R and for n > 1, H,, is the closed linear subspace of L?*(2) generated by the random
variables {H,(W(¢)),¢ € 9, ||¢|ls = 1}, where H,, is the nth Hermite polynomial. For any
n > 1, we denote by H®" (resp. H®") the nth tensor product (resp. the nth symmetric
tensor product) of §. Then, the mapping I,,(¢p®") = H,,(W(¢)) can be extended to a linear
isometry between $°" (equipped with the modified norm v/n!| - ||gen) and H,,.

Consider now a random variable F' € L?*(Q2) which is measurable with respect to the o-field
F generated by W. This random variable can be expressed as

F=E[F] +§:In(fn), (2.14)

where the series converges in L?(€)), and the elements f,, € H°", n > 1, are determined by
F'. This identity is called the Wiener-chaos expansion of F'.

The Skorohod integral (or divergence) of a random field u can be computed by using the
Wiener chaos expansion. More precisely, suppose that v = {u(t,z),(t,z) € Ry x R} is
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a random field such that for each (¢,z), u(t,z) is an F;-measurable and square integrable
random variable. Then, for each (¢, x) we have a Wiener chaos expansion of the form

u(t,x) = Bu(t,2)] + Y L(fal 1, 2)). (2.15)
n=1
Suppose that E[||ul|}] is finite. Then, we can interpret u as a square integrable random
function with values in §) and the kernels £, in the expansion (2.15) are functions in $§®"+1)
which are symmetric in the first n variables. In this situation, u belongs to the domain of
the divergence operator (that is, u is Skorohod integrable with respect to W) if and only if
the following series converges in L2(£2)

5(u) = /OOO /Rdu(t,:c) W (t,2) = WEM) + 3 Lol 1,2)), (2.16)

where f; denotes the symmetrization of f,, in all its n + 1 variables. We note that whenever
u € Ay the integral 6(u) coincides with the It6 integral.

Along the paper we denote by C a generic constant that may vary from line to line.

3. MOMENT ESTIMATES AND HOLDER CONTINUITY OF STOCHASTIC CONVOLUTIONS

This section is devoted to a thorough study of the stochastic convolution related to our
noise W, including moment bounds and Holder continuity estimates.

3.1. Moment bound of the solution. First we introduce some notation, which makes
some of our formulae easier to read, and which will prevail until the end of the article. Let
(B,|| - ||) be a Banach space equipped with the norm || - ||, and let 8 € (0,1) be a fixed
number. For every function f : R — B, we introduce the function N7 f : R — [0, 0o] defined
by

NEf(z) = ( [lst+m - f<x>r|2\h\—1—2ﬁdh) . (3.1)

When B = R, we abbreviate the notation N éR f into Ngf. With this notation, the norm

of the homogeneous Sobolev space H? can be written as cs g||Naf|| r2®)- The following
technical lemma will be used along the paper.

Lemma 3.1. For any 8 € (0,1),

| Wanita)ds < atis) 2.
R
Proof. Recalling that Fp,(§) = e~ 2%¢ and invoking Plancherel’s identity we can write

/R (Nips(z))*da = /R /R Ips(z + ) — py(2))?|h| " 2P dhda

://e—/is§2|6—i§z . 1|2|Z|_1_2Bd2’d€
R JR
= Cua [ el

R
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where the second relation is obtained by a scaling v = £ z in the integral in z and C) 3 =
-+ [zl — 1|v|7172dv, which is casily seen to be a convergent integral. Setting now
n = (ks)'/2¢ in the integral in &, we get

/ Nips(@)Pde < Cy(rs) ™27,
R
Where CB = Clyﬁ fR 6—n2|n|2ﬁdn' |:|

The transformation N, BB can also be defined for functions f defined on R, x R acting
on the spacial variable, and in this case, NBBf : Ry xR — [0,00]. Now fix p > 2, and
suppose that f = {f(t,z),t > 0,z € R} is a random field such that E|f (¢, z)[’ < oo for all
(t,z). Then we can consider f as an LP(Q)-valued function and we will denote by Ng,f the
transformation introduced in (3.1) for B = L?(Q2), that is,

Naft2) = ([ 150+ = 1t o) il 2an) (3.2

With the above notation in mind, the following proposition is essential in our approach.

Proposition 3.2. Let W be the Gaussian noise defined by the covariance (2.1), and consider
a predictable random field f € Ag. Then, for any p > 2 we have

¢ 3
‘ < Vivey ([ [ Wy mpfsants) . (33)
Lr(Q) 0 JR

where c3 3 is defined by relation (2.8).

Rf(s,y)W(ds,dy)

Proof. Applying Burkholder’s inequality, we have
1
i 2
<V | [y s

Ot [ s tas.ay) (3.4

Lr(Q) LZ(Q)

Moreover, using (2.8) we can write

175 Wy =Gy [ £+ 1) = £(s. ) P2y (35

We now invoke Minkowski’s inequality, under the form
Jv©uas)| < [I0©lans).
S La($2) S

for a measure p on the state space S. Together with (3.5), this yields

/ 1505,y s
=cyyn [0t ) = Fo )y 112 dhdy

from which identity (3.3) is easily deduced. O

1
2

< Gsi-n /Rz 1 (.9 + ) = F(s, )] g ) 1R dhdy

LZ(Q)
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From now on, we fix a finite time horizon 7. We introduce the following functions space
which plays an important role through out the paper.

Definition 3.3. Let X5(B) be the space of all continuous functions f : [0,T] x R — B such
that

Ifllxepy = sup |If(t, @)+ sup  NFf(tx) < oo,
te[0,T],xeR te[0,T],xeR

where we recall that N7 is defined by (3.1).

We equip X5.(B) with the norm || - |8 (p) defined above. Then %8 (B) is a normed vector
T
space. In fact, the following proposition states that %g(B) is complete.

Proposition 3.4. X7.(B) is a Banach space.

Proof. Let {f,} be a Cauchy sequence in X5(B). Since the space Cy([0, T] xR; B) of bounded
continuous functions from [0,7] x R to B is complete, there exists a bounded continuous
function f:[0,7] x R — B such that

lim  sup |[fu(t, ) = f(t,2)[| = 0.

N0 4e[0,T), z€R

For any € > 0 there exists nyg > 0 such that
sup/\/ﬁ (fo—fo)(t,z) <€

zeR

for all m,n > ng. It follows from Fatou’s lemma that
NF (fo = F)(t,2) < Tminf NP (f = f)(t2) < e

for every t € [0,7], 2 € R and n > ny. This implies that lim, . suptST@eR./\/’éB(fn —
£)(t,z) = 0 which means f, converges to f in X5.(B). O

When B = LP(Q) with p € [1,00), we use the notation X5* = X5(L?(Q)). A function f
in X2 can be considered as a stochastic process indexed by (¢,z) in [0, 7] x R such that

2
sup || f(t, 2)||r@) + sup (/ 1F(tx+y) — (t,x)||%p(m|y|_25_1dy) <00,

t€[0,T], z€R €[0,T],zeR
Next, for § > 0, e > 0 and € (0,1), we consider the following norm on 36?:”

||u||x§,g = sup e_9t||u(t,x)||Lp(Q)+5 sup e N u(t,x), (3.6)
0,E t€[0,T],z€R te[0,T],zeR

where we recall that N, is defined by (3.2).
Remark 3.5. (i) In the case € = 1, we simply write || - |45,
T,

(ii) The second term in the norm in (3.6) is not invariant by scaling while the first term is.
Indeed, denote fy(t,z) = f(t, A\x), then

3
sup ( [tz + 1) - fA(t,x)llim)lhl‘l‘%dh)
R

zeR
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1
2
8 sup ( / 1f(t 2+ h) — f(t,x>||ip(m\hr1—2ﬁdh)

zeR

This is the very reason why various orders of (¢ — s) appear in the proof of Proposition 3.6
below. We bypass this technical difficulty by the introduction of an additional scaling factor
¢ in (3.6).

(iii) Another way to see the role of ¢ is via dimensional analysis. Suppose that the amplitude
of f has unit L, the spatial variable x has unit S, while the randomness w is dimensionless.
Then the first term in (3.6) has unit L while the second term has unit L/S?. Hence, in order
for the two terms to have the same dimension, we multiply the second term with a constant
¢ having unit of S”.

(iv) Because T is finite, the norm ||-[|;s.» defined as above is equivalent to the norm || || 5.
T,0,e T
The next proposition gives a convenient bound on the stochastic convolution in term of
the spaces Xfﬁp’p :

Proposition 3.6. Consider a predictable random field f € Ay and define process {®(t,z), t >
0,z € R} by

vt0)= [ [ peale = s W (s, ). 37)
Then, for any B < H and p > 2, t;]Le following inequality holds:
1®llez . < Covpllfll g-n
X <f€7_§9_7 FRTIT20 T 4 e gTaga —I—»S/{?_g_?@f_?) , (3.8)
where Cy is a constant depending only on H and (3.

Remark 3.7. According to relation (3.8), the stochastic convolution induces some stability
properties in the spaces %g ? whenever % — H < 8 < H. This imposes the restriction H > i
already at this stage.

Proof of Proposition 3.6. According to our definition (3.6), we have H<I>Hx;3,§ = A +eA,,
T,0,e
with
A= sup e Ot 7)), and Ay = sup e PN, 0(t ).

t€[0,T],z€R te[0,T],xeR

We now estimate those terms separately. Along the proof C' will denote a generic constant
depending only on H and /.

Step 1: Upper bound for A;. The term ®(¢,x) is of the form

/0 /Rgt,w(sv y>W(d87 dy)v with gt,w(sv y) = pt—s(x - y)f(87 y)

Applying inequality (3.3), we thus have

[NIE

t
[8(t, 2)l|re < OV ( [ ot + 1) = ot ) I dyds)
0 R
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A simple decomposition of the increment ¢ .(s,y + h) — g:.(s,y) then yields
¢ 1 ¢ 1
</ Jl(s)ds> + (/ Ja(s) ds) :

0 0

Ji(s) = //|ptsx—y—z> Psl = ) P15y 2) oy 2P 2dyd

|@(t, 2)||zr ) < C\/D

where

and
= [ [ s =+ 2) = Fs Py

To estimate J;(s ), we write

D) < sup 15y | N0}

z€R

Applying Lemma 3.1 with § = 5 — H, we obtain
Ji(s) < ngg 1f (s, 2) |20 [t — )]

Let us now turn to estimate J,(s). Recalling our notation (3.2), we have

Ja(s) = /Rp?_s(ﬂf ~ W)Wy (5:9) dy < suplNy_pr, f (s, 2)) /Rp?_s(ﬂf —y)dy

< 2kt — )77 supN1_y, f(s,2)]%

zeR

Hence, putting together our bounds on J; and J;, we get

z€R
xER

+ Cy/pe sup e~ supN1 wpf (s,

t :
" sup [@(t,2) [y < OVF swp e f (5,0l (/ e_ze(t_s)[/@(t—s)]H_ldS)
0

N

| (Jo 20 n(t — 5] 2ds)

0<s<T z€R 9
zeR

and some elementary computations for the integrals above yield

Av= swp e () iy < OVEIFI gy (555075 4 e nmi073).
T,0,e

t€[0,T],z€R

Step 2: Upper bound for As. According to the definition of Ay, we have to bound N, ®(t,

where we recall that

N ( [l2z+0) - <t,x>||%p(m|h|-1-2ﬂdh)

Furthermore, arguing as in Step 1 above, it is easily seen that

13

(3.9)

z),

(3.10)

|®(t,x + h) — O(t, x)||Lr) < CV/p [(/Ot Ji(s,h) ds) . + (/Ot(Jé(s, h)) ds) 1/2] , (3.11)
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where
J{(s, h) = / / ‘pt—s(x +h—y— Z) - pt—s(x — Y- Z>_pt—s(x +h— y) +pt—s(55 - y)|2
R JR

< | f(s,y + 2) Loy 12" dydz,

and
Jo(s,h) = / / Pe—s(@+h —y) = p—s(@ = y) PIlf (5,9 + 2) — f(s,9) || Toio | 2P 2dyd=.
RJR

Plugging (3.11) into (3.10), we end up with

t t
Ns,®(t,x) < Cy/p U /J{(s, h)|h|‘1‘25dhds+/ /Jg(s,h)\h\‘l‘zﬁdhds .
0 JR 0 JR

In addition, arguing again as in the proof of Lemma 3.1, we can show that

/ Ji(s, W)[A|71 2 dh < Clw(t — 5)]77 " sup || (s, 2) 700
R z€R

On the other hand, applying Lemma 3.1 leads to
[ s B < Clnte = )4 supIN (s, )
R Tz€R

Combining these estimates for .J{, J; and resorting to (3.11), similarly as the estimate for
e | ®(t, z)|| Lr (), we obtain

mSCﬂ(wnumﬁfﬁﬁﬂ+aWN1Hmifﬁﬁ)-
}:72“,0,67 x%,@,s’
Putting together Step 1 and Step 2, our claim (3.8) is now easily checked. U

We conclude this section by a simple remark which is labeled for further use. In the

particular case 8 = % — H, and using the simplified notation || - ||x%,H,p = |- ||3€£}9 , the
T,0,e e
estimate (3.8) can be written as
12l , . < Cov/plfllxg, (Hg_%ﬁ‘% te 0T 4 ef-aH‘%Hi‘H) : (3.12)

3.2. Holder continuity estimates. A natural question arising from the definition (3.7)

of the process ® is the derivation of Holder type exponents in both time and space. Some

_va

1
estimates in this direction are provided in the next proposition. We set X} = X2 , and

the norm || - ||3€%90 is given by (3.6) withe =1 and S =4 — H.

Proposition 3.8. Recall that the noise W is given by the covariance (2.1). Consider p > 2
and a predictable random field f € X4, where T is a fized finite time horizon. Let 6y be
any positive number. We define the random field ® as in (3.7). Then for every x,h € R,
t1,to € [0,T] and every v € [0, H] we have

H

1@([t1, ta], « + ) = D([t1, ta), 7)oy < OV/pe™T || fllwp,, [tz = ta] = || (3.13)
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In the above, the constant C depends on T and does not depend on p, and we are using the
notation

(I)([tl, tg], ZL’) = (I)(tg, ZL’) — (I)(tl, ZL’) .
In particular, if we let t; = 0, we get the Hélder estimate of the space variable. For the
Hélder estimate of the time variable, we have

H
1@ (t2, 2) = D(tr, 2) |00y < Cv/pe™ || fllap,, It — 1] = . (3.14)

Proof. First we prove (3.13). Without loss of generality, we assume ¢; < t; and denote
At =ty —t1. We also set:

Vi(f) = sup sup ||f(t7 x)HLP(Q) ) ‘/2(f> = Ssup SupNH,pf(tv ZL’), (315)

te[0,T] TeR te[0,T] TeR
and V(f) = Vi(f)+Va(f). Observe that according to (3.6), we have V' (f) < exp(0oT)||f |22, -
Y0

As in the proof of Proposition 3.6, we first write ®([t1, t2], z+h) — ®([t1, t2], z) = A; + Aa,
where

A = 1 t1—s,to—s h — = Pti—s,ta—s - ) W(d 7d )
1 Além )@ R — ) — Prrsens) (i — )1 (5,9) W (ds, dy)
and .

Af:[ A@w4x+h—w—mrwwﬂMﬂawwwa@»

We now treat those two terms separately. To alleviate notation we will include the /p into
the constant C' below.

Step 1: Upper bound for A;. The computations are carried out analogously to the proof of
Proposition 3.6, and we have

t1
IMmthCA(AM@+AM@M&

where A;; and Aq5 are analogous to Ji, J3 in the proof of Proposition 3.6, and are respectively
defined by

All //|pt1 s,ta— s] S(Z—l—h y—Z) Plt1—s,ta— s]( — Y- )

Plt1—s,ta— S](SL’—I—h y>+p[t1 s,ta— S](SL’— )| Hf(S y+z)||LP ‘ |2H_2dydz,
and

A12 //|pt1 —S,to— S] x_l_h' y) p[t1 —S,to— s}(l'_y)|2

< [f(s,y+2) = (s, ) Lo 2*" dydz.

Let us now bound A;;. Invoking Plancherel’s identity with respect to y and the explicit
formula for Fp;, we have

All(s) S C‘/12(f) / / }p[h—s,tz—s}(h + Yy — Z) - p[t1—s,t2—s} (y - Z)
R JR

2 _
— Pty —sita—s] (B + Y) + Pits—sta—s) ()| 12?7 2dyd=
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SCVf(f)//|6_t22s“|§|2—e_t128“|§|2|2|e_i§2—1|2|ei§h—1|2|z|2H_2d§dz
R JR

to—s t1

< OVE(S) /R|e‘ 2l e Rl — 1Pl e

Moreover, owing to the inequality

e - e S TE
It e _ U twlel g o 162 |
e 2 —e 2 dS S 7 316
A | e (3.16)
we obtain
t1 '
/ Ay (s)ds < C’/@_W/f(f)/ e S35 )2 |ih _q2|e| 12 ge
0 R
< Cw VRN, (3.17)
where
I = / |]_ — 6_%‘5‘2|2Sin2(€h/2)|€|—l—2Hd€‘ (318)
R

Our next step is to bound [ in two elementary and different ways.

(i) The change of variable h¢ := £ yields

A

P [ (1= e ) a2,

and we then bound 1 — e~ 5% by 1 to obtain I < C|h|?!.
(i) On the other hand, the change of variable (kA#)Y/2¢ := ¢ in (3.18) leads to

I = (/@At)H/R (1 - e_§2/2>2sin2 (2(1{27%1/2) [

and we bound the trigonometric function sin® by 1 to obtain I < C(kAt)H.

Interpolating the two estimates we have obtained for I, with a coefficient § = 57 € [0, 1],
we see that o

I < ClhP (kAt)T00) < C(kA) 7 |R|7 . (3.19)
Plugging this identity back into (3.17), we have shown

2H —~

/tl An(s)ds < Cr™ (At "= [APVE(S),
0

forall v € [0,2H]. Let us now turn to the estimate for Aj5. Similarly to what has been done
for A;; we get

t1 t1
/ Ap(s)ds < CVZ(f) / / D1 =505 (1 + Y) — Ditr—s.00—5 ()| *dydss
0 0 R

t —s —s .
S C‘/22(f) / / |e_t27’i|§|2 — e_tlTﬁ‘ﬂ2|2ds|6Z€h _ 1|2d€ )
R JO

Thanks to (3.16), we thus end up with

/ ' A (s)ds < CkV2(f) / 11— e 1P sin?(he /2) €| 2de .
0 R
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In addition, the integral on the right hand side can be estimated as I above, and we get
t 17'\/, /
| Aloyds < V() F i
0

for all ' € [0, 1]. Since 1 > 2H, we may choose 7' = 7 to obtain

2H

t1 .
/ Apa(s)ds < Or~ ()25 [BV2(S),
0

for all v € [0,2H]. Hence, the bounds on A;; and A, yield

2H

Al < CVE(F)(AL) 7 h7

for all v € [0,2H] .
Step 2: Upper bound for Ay. The term ||A2||%p(g) can be estimated analogously to A;.

Indeed, the reader can check that, owing to inequality (3.3) and Plancherel’s identity, we
have

At
[Aal20) < CVE(S) / / e~ sin? (he /2) (€12 + 1)déds
0 R

where we recall that V] is defined by (3.15). Taking integration in ds first, we see that

A2y < CKTVE(S) /(1 — e A sin® (he /2) (€712 + [€]7%)dé

R
These two integrals can be estimated as the term [ in (3.19), and we get

Isl[20 ) < CVE(S)(AL) T [A[7,

for all v € [0,2H] . Let us remark that the constants in all previous estimates depend only on
T, p and x~'. In addition, as functions of (p, x~1), these constants have at most polynomial
growth. Hence, gathering the estimates for ||A1||2LP(Q) and ||A2||2LP(Q) the proof of our claim
(3.13) is finished.

Step 3: Proof of (3.14). Again, we assume that t; < t5, and we proceed as in the previous
steps and the proof of Proposition 3.6. Indeed, we begin by writing

| (t2, ) — P(t1, 2)||Lr() < B1 + By,
where

Blz

/ 1 / Pltr—s,ta—s) (T — ) f (5, y)W (ds, dy)
0 R

LP()
and

BQZ‘

/:2 /Rptz—s(l’ —y)f(s,y)W(ds,dy)

Once again we handle those two terms separately.

Lr(Q)

For the term Bj, we resort to inequality (3.3) in our usual way. We get

1
2

t1
B, < C (/ //p[il_s,tz_s}(x — )l f(s,y) — f(s,y+Z)H%p(mIZ\QH_dedde)
0 R JR
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t1
A T A
0 R JR
1

$IF (3 + )yl 2dzdyds) .
With the definition (3.15) in mind, it is now readily checked that
B < C(BuVa(f) + Bi2Vi(/f)) , (3.20)
with

and

1
t1 2
Bmz( [ |p[t1_s,t2_s]<a:—y>—pm_s,@_s}(x—y—z>|2|z|2H-2dzdyds) .
0 RJR

We now appeal to Plancherel’s identity to get

2 to—s
BH =¢ (/ / ’6_ 22 wlel® e
0 R

N

’ dgdS) C(tQ - tl)

and
%
312 - < _'52_*3,.;\5‘2 B e_tlT*S —itz 1‘2|Z‘2H_2d2d§d8>
o[ [ )
= C(ty — tl

Reporting these estimates in (3.20) and observing that H < 5, we end up with
By < Oty — 1) * [Vi(f) + Va(f)] < Clta = t1) | fllxp,, €™

The patient reader might check that the same kind of upper bound is valid for By, and
gathering the estimates for By and By yields inequality (3.14). O

4. EXISTENCE AND UNIQUENESS OF THE SOLUTION

In this section we will establish a result regarding the uniqueness of the solution. Then
we will describe the structure of some new spaces of stochastic processes. Those spaces will
finally be used to show the existence of the solution.

4.1. Uniqueness of the solution. In this subsection we give some results about the unique-
ness of the solution assuming that the solution has enough regularity. To this end, we first
introduce a norm || - || z», for a random field v(¢, z) as follows

[vllzz = sup [[v(t,)||oxr) + sup Ni_y v(t), (4.1)
te[0,T)] te[o,7] 2
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where p > 2 and

N g0 = ([ 1060 = ot DB 220 (4.2

Then the space Z% will consist all the random fields such that the above quantity is finite.

Observe that according to the definition (3.1), we have NI_H v(t) = figxmv(t).

Remark 4.1. A similar quantity to N7 Ly defined in (4.2) appears in the characterization of

Besov spaces in finite differences, see [2 Theorem 2.36].

The proof of the uniqueness theorem requires a localization argument, based on uniform
estimates (in space and time) of stochastic convolutions. This is provided by the following
lemma.

Lemma 4.2. Suppose that p > Let v be a process in the space Z%.. As in (3.7), define

4H1

B(t,z) = / / Pra( — y)o(s, )W (ds, dy) (4.3)

Then, there exists a constant C' depending on T, p and H, such that

< Clollz3. (4.4)
LP(Q)

sup N1_p®(t,2)

t€[0,T], z€R

where recalling our definition (3.1), we have Nyjo_pg®(t, z) = 52_H®(t, x).

Remark 4.3. Let us stress the following facts:
(i) In relation (4.4), the operator ./\/'%_H (defined in (3.2)) acts on the trajectories of the
random field ®(¢, ). As a consequence, N 1 g ®(t,x) is a random variable.

(ii) With respect to Proposition 3.6, inequality (4.4) involves a sup in the variable z € R
before taking LP(£2) norms. We thus get a stronger result with different kind of assumptions

1
(namely v € Z% instead of v € X2 H’p).

Proof of Lemma 4.2. We shall apply the factorization method to handle the stochastic con-
volution (see, for instance, [12]). Namely, an application of a stochastic version of Fubini’s
theorem enables to write

SlIl

O(t, ) / /t—r U (z — 2)Y (r, 2)dzdr

with
Y(r,z) = / / (r = 5) " pr—s(z — y)o(s, y)W (ds, dy)

and where « € (0,1) is a parameter whose value will be chosen later. The proof will be done
in two steps.

Step 1: Uniform estimate of N1_p®(t, ). In order to estimate N1_p®(t, x), we bound the
difference ®(t,x) — ®(t,x + h) as follows

B(t, ) — B(t,z + h)|
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sin(am)

/ / Y — 2) = pr_r( + h — 2)) Y (r, 2)dzdr

T
sm(om) o
< / (t =) pe—r () = Pe—r (- + D) paey 1Y () oy
0
where ¢ satisfies p~! + ¢! = 1. So using Minkowski’s integral inequality, we get

/ |D(t,2) — (t,x + h)|*|h[*"*dh
R
t 2
<C /R </0 (t =) per(e =) = prr(@ + 1= W oy 1Y 0 M oy dr) 2524,

¢ 2
<0 ([0 Y g ] ar) (145)
where we have set
/ [pe—r(z — 2) = pe—r(z + h — )Hiq(R,dz) |h[*=2dh.

Now the kernel K; can be bounded by elementary methods: with the change of variable
t —rz and h — +/t — rh, we obtain

") = / 1Der (= 2) = oo B = 2)| g |22

:C(t—r)—§+é+H/R </R

where we have used the fact that ¢~ = 1 — p~!, and the constant C in the above equation
and below in this proof may depend on k. Going back to (4.5), the following holds true:

t
/R D, ) — B¢, + h)2h[2H2dh < C ( / (t =) I Y () | ey dr)

<o [l rpiereioniig )(/ I (r, )y )

We can now start to tune our parameters. It is easily checked that the first integral in the
right hand side above is finite (uniformly in 0 < ¢t < T) if and only if

3 1 H
A 4.
Oz>2p—|—4 5 (4.6)

22 (z+h)

2
e 2w —e” ’ dz)q |h|2H_2dh:C’(t—7’)“_%+H,

N

2

With this choice of a;, we get

2
¢ »
/ |<I><t,x>—@(t,xm)\ﬂhﬁff—?dhsc( / ||Y<r,~>r|’zp®dr) |

and since this bound is uniform in x, this yields
2

o (e <0 ([ Il ar) .1

t€[0,T],z€R
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Then, to prove (4.4) it suffices to show that
E/ Y (r, )P dz < Cllol. (4.8)
T

Step 2: Proof of (4.8). Set ¢,.(s,y) = (r — s) *pr—s(z — y)v(s,y), so that

Y(r, 2) //gmsy (ds, dy).

Then applying the Burkholder type inequality (3.3), plus an elementary decomposition of
the increments of g, ., we obtain

E/R\Y(r,z)\pdz < C [Di(r) + Do(r)],

/ //RQ )7 pr-s(y) = pr—s(y + D)

X |lv(s,y+ 2z + h)||2Lp(Q) |h|2H_2dhdyds> dz

where

a

nd
)= [ ([ [ =9 o)l

X |lv(s,y+z+h)—v(s,y+ z)||ip(m |h|2H_2dhdyds)§dz.

Let us now bound the term D;. Invoking Minkowski’s integral inequality, it is easily seen
that

< (T - s)—2a |pr—s(y) - pr—s(y + h)|2 ||U(S, .)HiP(QXR) |h|2H_2dhdyd8 E'
0 JR2

Integrating this identity in A and y, we end up with

P

Dy(r)<C (/0 (r = 8)72* " (s, ) l7exry ds)2

Similarly we get the following estimate for Do(7)

Dyfr) < c( [ s Hv(,~+h>—v(s,~>r|ip(m\h\2H—2dhds)
0 R

e ( /0 "(r— 5)-2a4 [Ng_H’pv(s)]z dsf .

Combining the estimates for D;(r) and Dy(r) we obtain

B[ Iveards <o [ -9 s o
R 0

[Nl

[MiS]

Flr= st [ e] Jas) @)
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Let us go back now to the values of our parameters «,p. One can check that the two
singularities in the integrals on the right hand side above are non divergent whenever o < %
Combining this condition with the restriction (4.6), we end up with the relation

3 1 H H

— 4+ - — = —. 4.1

o + 13 <<y (4.10)
Those two conditions can be jointly met if and only if H > ; Land p > T H 7. This completes
the proof of the lemma. O

Remark 4.4. Notice that the previous lemma implies that for any process v € 2% the random
variable sup,c(o 71 Sup,cg N, 1 »®(t, x) is finite almost surely, if ® is given by (4.3).

We can now turn to the uniqueness result for equation (1.1).

Theorem 4.5. Assume the following conditions hold true:

(1) Forp > the initial condition ug is in LP(R) and

4H 17’
/wwm—uw+wm;®mw%%h<w. (4.11)
R

(2) o is differentiable, its derivative is Lipschitz and o(0) = 0.
(3) uw and v are two solutions of (1.1) and u,v € Z%.

Then for every t € [0,T] and x € R, u(t,z) = v(t, x), a.s.

Remark 4.6. This is the first occurrence of the hypothesis o(0) = 0, and one might wonder
about the necessity of this assumption. To this respect, let us mention that if we define ®
as in (3.7) for f =1, then ® does not belong to Z¥.

Proof. Assume that u solves (1.1) and v € Z%. From the mild formulation of the solution
we have

ult, ©) = pruolz //ms — y)o(u(s, y))W (ds, dy) (4.12)

We claim that

sup supNi_yu(t,z) < oo, as. (4.13)
te[0,T] zcR 2

This follows from the decomposition (4.12). Indeed, on one hand, (4.11) implies that, if
g(t, x) = pup(x), then

sup supNi_pg(t,x) < 0.
te[0,T] zcR 2

On the other hand, from the properties of o, it follows that if u € 2% then o(u) also belongs
to Z% (notice that to estimate the first term of (4.1) for o(u), we need to assume o(0) = 0).
Hence, Remark 4.4 entails

sup sup N1_po(u)(t, ) < oo, as.
te[0,T] zeR

If v is another solution of equation (1.1) belonging also to Z%, then (4.13) also holds for v.
In this way, we can define the stopping times

T, = inf {O <t<T: sup / lu(s, z) — u(s,x + h)*|h*" "2dh > k

0<s<t,zeR JR
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sup /|v s,x) —v(s,x + h)|*|h|*2dh > k:}

0<s<t,zeR

and Ty T T, almost surely, as k tends to infinity. Our strategy will be to control the two
following quantities

Li(t,z) = E [1gery|u(t, z) — v(t, 2)|?]
and

L(t,z) =E {/ Loty [u(t, 2) — o(t,x) — u(t,x + h) + otz + h)[> \h\w_zdh} :
R

We also set Z;(t) = sup,eg £;(t, z) for j =1,2.
In order to bound I3, let us first use elementary properties of 1td’s integral, which yield

Loy (u(t.2) — v(t,2)) = Leny / k / Prsle — ) o(u(s, ) — o(v(s,9)] W (ds, dy)

t

~tery [ [ presle = 9)Lecrs [oluls ) = ofos,) W(ds, dy)
0o Jr

We thus get [, (t,x) < C(I11(t, z) + L12(t, x)), where

) < [ [ e =) = sy P
X Lacn louls,y+ 1) = o(vls,y -+ B) [0~ *dhdyds,
and
atta) =B [ [ o= e otuts ) - o(0(5,0)
—o(u(s,y+h)) +o(u(s,y+ h))‘2|h|2H_2dhdyds :

Next we bound the term I1;(¢, ) as follows

t
I (t,2) < CE/ Deos (= y) — ps(z —y — WP
0 R2

% Leeryluls,y + h) = o(s.y + ) P|n2dhdyds < C / 1T, (s) ds,

where we recall that Z;(t) = sup,cp 1 (f, ), and the constant C' in the above inequality and
below in this proof may depend on k. Let us now invoke the following elementary bound on
the rectangular increments of o, valid whenever ¢’ is Lipschitz

lo(a) —o(b) —o(c)+o(d)| < Cla—b—c+d +Cla—b|(la—c|+|b—d]),
With this additional ingredient, and along the same lines as for I1(¢, z), we get

[12(t,l’) S Ck /0 (t - S)_% [Il(S) +IQ(S)] ds.

Finally, gathering our estimates on /1, and I;5 we end up with

7.(t) < Ck /O (t = )" [Zi(s) + To(s)] ds.
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The term Io(t,z) above is dealt with exactly the same way, and we leave to the reader the
task of showing that

Ir(t) < Ck /0 (t — $)2 2 [Ty(s) + Tn(s)] ds .
As a consequence,
L)+ B0 < Ok [ (0" () + To(o)] ds,

which implies Z; (t) + Zy(t) = 0 for all t € [0, T]. In particular,
E [1{t<Tk}\u(t, r) —v(t, x)ﬂ =0,

which implies u(t,x) = v(t,z) a.s. on {t < Ty} for all £ > 1 and ¢ € [0, T]. Therefore, taking
into account that T} T oo a.s. as k tends to infinity, we conclude that u(t,z) = v(t,z) a.s.
for all (¢t,z) € [0,7] x R. This proves the uniqueness. O

4.2. Space-time function spaces. We introduce here the function spaces which form the
underlying spaces of our treatment for the existence of the solution. Since these spaces do
not belong to standard classes of function spaces, we describe them in detail.

We denote by C([0,T] x R) the space of all real-valued continuous functions on [0, 7] x R
equipped with the topology of convergence uniformly over compact sets. Let (B, | - ||) be a
Banach space equipped with the norm || - ||. Let 8 € (0,1) be a fixed number. For every

d € (0,00] and every function f : R — B, we introduce the function ./\/'BB’(&)f : R — [0, o0]
defined by

NEOp@) = ([t - b ) (4.14)

Notice that for 6 = oo, the quantity (4.14) coincides with the function N ﬁB (0) f =N, BB f
introduced in (3.1). As our usual practice, when B = R we omit the dependence of R in
N 5 ) and simply write N 5(6).

As we will see later along the development of the paper, N, BB (9) f plays a role analogous
to the modulus of continuity of f near x. It follows from the triangular inequality, that N
satisfies

N0 () = N g < MO (F = g)(e) 1)

for all § € (0, 0c], functions f, g and = in R. Thus, N is a seminorm.
Suppose, for instance, that a function f has modulus of continuity |h|°w(h) at z, for
any |h| < 0. Then [/\/'BB’((S)f(at)]2 is majorized by 2f05 w?(h)h=dh. Thus, for Nf’(é)f(x) to

be finite, it is sufficient that w?(h)h™' is integrable near 0. On the other hand, if /\/'BB’((S)f
is bounded over a domain, the following proposition asserts that f is necessarily Holder
continuous.
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Proposition 4.7. Let I be a non-empty open interval of R and 6 € (0,00|. Let f be a
function on R such that supweI-NBB’((g)f(:c) is finite. Then

sup 1f(z+y) — f()] < c(B) Sup./\/'ﬁB’(é)f(l') (4.16)

B )
z€l|y|< S Adist(z,01) || zel

for some finite constant c(f) which depends only on f3.

Proof. For every « € I and positive R, R < §, we denote f, p = 5 f_RR f(y + z)dy. We first
estimate || f(z) — f..r| as follows

1£) = fonl < 5z [ 170) = o+ )y

R

! 5 om :
< % (/_R 1f(z) — f(x—l—y)||2|y|—1—2ﬁdy) (/_R |y|1+25dy)

R 5.(0)
< N ZI;I;NB f(x). (4.17)

Let us now fix x € I and y € R such that |y| < /3 A dist(x,d]). We also choose R = |y|.
It follows from triangle inequality that

1f(z+y) = f@) <Wf@+y) = foryrl + [ foryr = ferll +[1f(2) = forll. (418

For the second term, we apply Minkowski’s inequality to get

=

1 R R
o= ol € g [ [ UGty 2) = f 0] dedo,
—-RJ-R

and invoking Cauchy-Schwarz’ inequality this yields

1
2

R
1 foryr = forll < 4%2/_}% (/_ If(x+y+2) = fla+w)|’ly+z - w|—25—1dz)

R
R
R 3
X (/ |y+z—w|26+1dz) dw .
-R

Notice that because of the restrictions on the variables, the domain of integration above
satisfies |y + 2z —w| < 3R < and z +w € I. Hence

| fosgr — forll < Cosup N F(y)RY.

yel

We can now conclude our proof as follows: the first and third terms on the right hand side
of (4.18) are estimated in (4.17). Combining these estimates within (4.18) yields (4.16). O

Remark 4.8. In the same way as for the quantities /\/'BBf, the function ./\/’ﬁB’((g)f can be defined
for functions defined on R, x R. In this case, we have /\/’BB’((S)f Ry xR — [0, 00].

Whenever ¢ is an affine function (i.e. o(u) = au + b for some constants a,b), the spaces
%g’p are sufficient to show existence and uniqueness for equation (1.1). On the other hand,
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the case of general Lipschitz function ¢ leads to the consideration of additional spaces, which
we are going to study now.

For every h € R, let 75, be the translation map in the spatial variable, that is 7, f(t, ) =
f(t,z —h).

Definition 4.9. Let X? be the space of all real-valued continuous functions f on [0,T] x R
such that

(i) (t,x) — Nﬁ(l)f(t,:z) is finite and continuous on [0,T] x R.
(i) Timp, o SUD,c(o 1, ze— R.R] Nﬁ(l)(Thf — f)(t,z) = 0 for every positive R.
We equip X? with the following topology. A sequence {f,} in Xg converges to f in Xg if
for all R > 0, the sequences {f,} and {N, ﬁ(l)( fn— f)} converge uniformly on [0, 7] x [-R, R]

to f and 0 respectively. We define a metric on Xﬁ as follows

o0

- ||f - g”nﬁ
ds(f,g) =) 27" | (4.19)
; 1+Hf_g’|n,ﬁ
where || - ||,.5 is the seminorm
1
Ifllng = swp |f(t,a)l+ swp  NGUf(ta).
t€[0,T], z€[—n,n] t€[0,T], z€[—n,n]

Since functions in Xg are locally bounded, the topology of Xg is not altered if in the
previous definition N, B(l) f is replaced by N, 5(6) f for some finite and positive 6. We emphasize
that replacing 0 by oo would create a strictly smaller space.

Remark 4.10. The space which satisfies only condition (i) in Definition 4.9 would be too big
and fail to be separable. Analogous situations occur frequently in analysis. In the study of
Morrey spaces, this fact was first observed by Zorko in [27]|. Continuity spatial translations
with respect to a norm is therefore sometimes called Zorko condition.

Proposition 4.11. Xg 1s a complete metric space.

Proof. Let {f,} be a Cauchy sequence in X/?. Since the space Cy([0,T] x R) is complete,
there exists continuous function f : [0,7] x R — R such that for all compact intervals I,

lim sup |fu(t,z) — f(t,x)] =0.

=0 4e[0,T), €l

Let us fix a compact interval [ = [N, N|, and £ > 0. There exists ng > 0 such that
sup N5 (o — f)(t,2) <

tel0,T), xzel

for all m,n > ng. It follows from Fatou’s lemma that

NEY(fu = Pt 2) < liminf NS (f, = fu) (t2) <&,

for every t € [0,T],z € I and n > ny. This implies that J\/'B(l)(fn — f) converges to 0
uniformly on [0,7] x I. In addition, from (4.15), it follows that N, 5(1) fn converges to N, [3’(1) f
uniformly on [0, 7] x I, thus the continuity of N, 5(1) fn implies that of N, ﬁ(l) f.
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It remains to check that f satisfies the condition (ii) of Definition 4.9. For every € > 0
and |h| < 1, choose n sufficiently large so that sup,cio 1) ze(nv—1,841] Nﬁ(l)(fn — Ht,z) < e.
Applying Minkowski’s inequality, for every (¢, x) € [0,T] x [N, N], we have

NG (mf = D) NG (0 f = mfa)(b2) + NGV (o = ) () + NGY (fo = (8 )

< 26+ NS (1 f — fu)(t ).

Since f, belongs to X2, limy_ SUDye[0.7], we[— N,N] Nﬁ(l)(Thfn — fn)(t,x) = 0 which implies f
belongs to X5. O

The next results give some characterizations of the space Xﬁ.

Lemma 4.12. Let f :[0,7] x R — R be a continuous function such that t — Nﬁ(l)f(t, x) is
continuous for every fixed x. Suppose in addition that for every R > 0,

lim sup / If(t,z+y)— f(t,2) Py tdy = 0.
040 ¢e10,7), €[~ R,R]

Then Nél)f 15 continuous and f belongs to Xg.

Proof. Fix R,e > 0, and choose ¢ such that

[ 15t — sy <
te[0,77], xe[ R 1,R+1]
Then for every ¢t € [0,T], x € [-R, R] and |h| <1

NS (7 f = )t )] < 22 + sup 2 f(t,x) = f(t,$)|2/ ly| = dy .

t€[0,T], z€[—R—1,R+1] ly|>6

Since f is continuous, limp, 0 SUPse(o 77 ve(— r—1,r+1] | Taf (8, 2) = f(t,2)| = 0. Together with the
previous estimate, this yields limy, o Sup;cio 79, ve(- 7,7 N, él)(Th f— f)(t,x) = 0 which on one
hand, together with (4.15) implies the continuity of N, [3’(1) f. On the other hand, it obviously
implies f € X/ O

Proposition 4.13. Let ¢ € C®(R) be supported in [—1,1], such that [ ¢(x)dz =1 and
0< ¢ <1. Set ¢p,(x) =nop(nx). Then

(1) If f € Xg, then f* ¢, — f in Xg as n — oo, where x denotes the convolution with
respect to the space variable.

(2) C%([0,T] x R) i.e., the space of functions which are continuous in time and contin-
uously differentiable in space, is dense in Xﬁ.

(8) Suppose that f is a continuous function on [0,T] x R such that t — Nﬁ(l)f(t,:c) is
finite and continuous in time for every fivred x € R. Then f belongs to Xﬁ if and
only if for every R >0

lim sup / |f(t,z+y) — f(t2)) |y >y = 0. (4.20)

030 (0,77, v€[-R,R)
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Proof. We denote f,, = f * ¢,. To show (1), we observe that
falt,x+y) = folt,x) — [tz +y) + [t 2)
= /R[Thf(t> +y) —mf(t,x) = f(t,x+y)+ [ z)]on(h)dh

and hence, for every x € [—R, R|, applying Jensen’s inequality, we get

1
[ Uttt 9) = futea) = Flta o+ 9) + 76 0Pl dy

1
< /R T f(t,x +y) — T f(t,x) — f(t,x+y) + f(E2)Ply| "> ¢ (h)dhdy

-1
1
< sup sup (N3 (7 f = £)(r 2)]*
r€(0,T],z€[-R—1,R+1] \hIS%
By assumption f belongs to Xﬁ. Therefore, owing to condition (ii) in Definition 4.9, this
integral converges to 0 when n — oo. This proves item (1).

To show (2), we first prove that X/ contains C%'([0,7] x R). Indeed, if ¢ is a function

in C%1([0,T] x R), by dominated convergence theorem, it is easy to show that N/ 5(1) g(t,x) is
finite and continuous in time for every fixed x. Moreover, for every R > 0, we have

)
sup / gtz +y) — gt )Py dy < sup [aglles / Py (4.21)
te[0,T], z€[-R,R] J —¢ z€[-R,R] ly|<d

Since lims_,o f\y|S5 ly|""2Pdy = 0, Lemma 4.12 implies that ¢ belongs to X,. We have thus
proved that C%' ¢ X/, Together with item (1), this yields item (2).

The sufficiency of (3) is in fact the content of Lemma 4.12. We focus on the necessity
of (4.20). Assume that f belongs to X?. Fix R > 0, € > 0 and choose g in C%! so that

sup  NFU(f = g)(tx) <e.
te[0,T), x€[—R,R)

Then for every 6 > 0 we have

)
sup / 1St ) = SRy

te[0,T], [z|<R

9
<242 sup / 9t +y) — g(t,2)Ply| 7> dy . (4.22)
t€[0,7], |z|<R J —s

Since g is C%!, the last term converges to 0 when § | 0 (see relation (4.21)). Due to the fact
that € can be chosen arbitrarily small, this implies that f satisfies the condition (4.20). O

Corollary 4.14. Xg is a Polish (complete and separable) space.

Proof. Completeness comes from Proposition 4.11. For separability, we invoke Proposi-
tion 4.13(2) and the fact that the functions in C%!([0,7] x R) can be approximated by
polynomials with rational coefficients, using a truncation argument. U

Proposition 4.15. The inclusion Xﬁ C X& holds continuously for B > a.



MULTIPLICATIVE STOCHASTIC HEAT EQUATION 29

Proof. Suppose f belongs to Xﬁ. Fix n > 1. By Proposition 4.7, we see that
sup |f(taty)— f(to) <C s NP f(ta)lyl?
te[0,7], |z|<n te[0,T), |z|<n+1

for every |y| < 1. Hence for every t < T, |z| < n and o < 5 we have:

/y|<1 ftx+y) — ft, )Pyl Ay < ¢ sup NP f(ta),

te[0,7, || <n+1

which is a finite quantity. The continuity of (t,z) — [, [f(t,z +y) — f(t,2)]|y|>*"dy
follows at once from dominated convergence theorem. 0

We state an analogous result for X5 without proof.

Proposition 4.16. The inclusion X" C X529 holds continuously for 5 > o and p > q.

Next, we derive a compactness criterion for Xﬁ. We first recall some well-known definitions
and facts. An e-cover of a metric space is a cover of the space consisting of sets of diameter
at most €. A metric space is called totally bounded if it admits a finite e-cover for every
e > 0. It is well known that a metric space is compact if and only if it is complete and
totally bounded. The following lemma is the key ingredient for many compactness results.

Lemma 4.17. Let X be a metric space. Assume that, for every e > 0, there exists a 6 > 0,
a metric space W, and a mapping ® : X — W such that ®(X) is totally bounded, and for
all z,y € X with d(®(x), P(y)) < 6, we have d(z,y) < e. Then X is totally bounded.

The proof of this lemma is elementary, we refer readers to Lemma 1 in [17] for details.
The following result provides sufficient conditions for relative compactness in X?.

Proposition 4.18. A set § in Xﬁ is relatively compact if
[A1] sup|f(0,0)| is finite.
VIS

[A2]| For every fized x € R, {f(-,z) : f € §} is equicontinuous in time.

[A3] For every R > 0, limsup sup |y 1728

o0 feF tef0,T) €[~ R,R)

y = 0.
5

Proof. Suppose that § satisfies the three conditions. We first observe that condition [A3]
together with (4.16) implies the following equicontinuity property. For every R > 0 and
e > 0, there exists 7 > 0 such that

sup |f(t,z) — f(t,y)| <e

te[0,T]
whenever f € § and z,y € [—R, R] satisfy |x — y| < n. Together with [A2|, this implies
equicontinuity for § in (t,z) € [0,T] x [-R, R]. Indeed, take N to be a sufficiently large
integer, and set z; = —R + %R, j=0,1,...,2N. According to [A2|, {f(-,z;) : f € §} is
equicontinuous in time, uniformly for j = 0,1,...,2N. By writing

[F(tx) = fs, )| < [f () = f(& x| + [ (8 w:) = fs, )] + [[(s,2:) = f(s,2)]

where x; is chosen in such a way that |z — x;| < 7, this shows the uniformity in x.
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Fix now R > 0 and € > 0. From |A3], we can choose a positive number ¢; = d;(¢), such
that 0; < 1 and

dy < 2.

n |f(t,x+y)—f(t,x)|2
2sup sup / 725
fEF t€]0,T),z€[-R,R) J -6, |y

We now choose 65 < ¢ satisfying

dy
2(34 2/ — 7 <2,
(302) ly|>61 |ly[* 20

By the equicontinuity, we can also choose a positive number n = 7(¢), n < 1, such that

1t 2) = f(s,9)ll < 02, (4.23)
whenever f € § and (¢, ), (s,y) € [0,T] X [-R —2, R+ 2] satisfy |t — s| + |x —y| < 7. Since
[0,7] x [-R — 2, R+ 2] is compact, we can find a finite set of points {(t,, x;) : 1 < a,i < n}
in [0,7] x [-R — 2, R+ 2] such that for every (¢t,z) € [0,7] x [-R — 1, R+ 1], there is some
(ta,x;) so that |t —t,| + |z —xj| <npand [x; —1,2; +1] C [-R—2, R+ 2].

Define @ : § — R™ by
O(f) = (f(ta, 7i) : 1 < a0 <n).
Condition [A1] and equicontinuity imply that the image ®(§F) is bounded and thus totally
bounded in R, Furthermore, consider f, g € § with [|®(f) —®(g)]|lsc < J2. Resorting to the
fact that for any (¢, z) € [0, T]x [-R—1, R+1] there are some a, j so that [t —t,|+|z—z;| <,
we can write

|f(t,$) - g(tvx)‘ < ‘f(t,l’) - f(tavxj)‘ + ‘f(tmxj> - g(tavxj” + |g(tavxj> - g(tvx)‘ < 3527

where we bounded the first and third term on the right hand side thanks to (4.23), and the
second one according to the fact that || ®(f) — ®(g)||c < d2. We end up with

sup |f(t,z) —g(t,z)| <302 < 3e.
tel0,T], z€[—R—1,R+1]

In addition, for every (¢,x) € [0,T] x [-R, R] we have

dy
Nolf =)t < 2 sup [ Jhta ) - bt o)
ne{f.g} Jlyl<sn i
2 dy < 92
+2 sup |f(r,z) —g(r, 2)| g S 2e” .
rel0,T], ze[-R—1,R+1] ly|>61 Y]

Therefore, by the definition of the metric on X2 (see (4.19)) and Lemma 4.17, the set § is
totally bounded in X%. O

A useful consequence of the previous proposition is the following corollary.

Corollary 4.19. Suppose o > 3. Let § be a subset of X7 such that § is equicontinuous in

time for every fized x, sup | f(0,0)| < 0o and sup yez SUDscio.71, 2| < Nél)f(t,at) < 00 for every
fes h

positive R. Then § 1is relatively compact in Xﬁ.
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Proof. 1t suffices to check that § satisfies condition [A3]. Applying (4.16), for 4 small enough,
the assumption on § implies

sup  sup |f(t,x+y)— f(t,2)] < Cly|,
feF tel0,T],|z|<R

for all |y| < 6. Hence,
sup  sup / [f(tx+y) = ft.2)Plyl " dy < C/ [y dy,
fEF te[0,T), |z|<R J|y|<5 ly|<o

which clearly implies [A3] since o > . O

The following result provides sufficient conditions for relative compactness in %g(B) Its
proof is completely analogous to that of Proposition 4.18 and is omitted for the sake of
conciseness.

Proposition 4.20. Suppose that a set § in %g(B) satisfies the following properties.

(1) For everyt € [0,T] and v € R, §(t,x) := {f(t,x) : f € F} is relatively compact in
the Banach space B.

(2) For every fized v € R, {f(-,z) : f € F} is equicontinuous in time.

(8) For every R >0, we have

b _ 2
lmsup  sup /||f(t,:c+y) f(t, )| dy=0.

O reF telo0,1),z€[-R,R] J -5 |ly|+2P

Then § is relatively compact in X5.(B).

In order to handle the nonlinearity in equation (1.1), the following composition rule is
crucial.
Proposition 4.21 (Left composition). Let o be a Lipschitz function on R and let f be a
function in X7, Suppose that for every fized x, the map t — Nﬁ(l)a(f)(t,x) is continuous.

Then o(f) belongs to X:ﬁ. Furthermore, if f, is a sequence converging to f in XJBU then for
every positive R and for any 6 > 0, we have

lim  sup NP (o(fa) —o(f))(ta) =0.

"0 ¢(0,T), [¢|<R

Proof. We first show that o(f) belongs to X?. For any 0 > 0 we have
/|<5 o (f(t,x + ) — o (F(t2)Plyl > dy < [|o]lF, VS f (1, )]
y|<

which together with the criterion (3) in Proposition 4.13 implies that o(f) belongs to X2
For the second assertion, for every positive R and any € > 0, we can choose Jy > 0 and
ng > 0, so that, for any n > ny,

sup  NE (o (fa) = o())(t,2) <. (4.24)

te[0,7), [a|<R

Indeed, it is easily seen that

N (fa) = o (D)) < N fo) (b w) + NS o ()t )
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1 1
< Nloluip (N5 fult ) + NS (2, 2))

< Nl (N (fa = Dt ) + 2N f(1,) )

and the last term is readily bounded by ¢ if d¢ is chosen small enough. Now with (4.24) in
hand we obtain, for any ¢ > 0,

sup N (0(f) — o (f))(t,2)

tel0,T], |z|<R
3
<Ce+Clloflup  sup  [fult,z) — f(E, )] (/ \y\_zﬁ_ldy)
te[0,T), |z|<R+1 ly|>do
We conclude the proof by taking the limit as n tends to infinity. O

The next lemma gives a criterion for a process in X7 to have its paths almost surely lie
in the space X? for a certain value of .

Lemma 4.22. Let f be a stochastic process in X7* with pae > 1. Assume that for any R > 0,

sup sup ||f(t,2) — f(5,2)| () < Crlt — |, (4.25)
5,t€[0,T] [2] <R

where X > p~ L.

every f < o —

Then f has a version f such that with probability one, f belongs to Xﬁ for
1
5.
Proof. Since f belongs to X7”, inequality (4.16) implies
If(tz+y) — [t 2)] e
sup sup
t€[0,T] z,yeR |y|a

<C_sw / 1F (24 ) — £t ) oy ]y
R

te[0,T], z€R

Then by Kolmogorov continuity criterion, f has a version f such that with probability one,
f satisfies

sup |f(t,x+y) = fs,2)] < C(lyl” + |t — )
s,t€[0,T], |x|<R

for every R and |y| < 1, where 8/ and X are fixed and such that 5 < f’ < a — 1/p and
A < N < A—1/p. This implies that a.s. Nﬁ(l)f(t, x) is finite and Nﬁ(& satisfies condition (4.20).
The continuity of N, B(l) f follows from dominated convergence theorem. These facts imply
that f belongs to Xﬁ almost surely. U

4.3. Probability measures on Xg. To show the existence of solution to equation (1.1) we
need some tightness arguments for some probability measures defined on X?. We have the
following result towards this aim.

Theorem 4.23. Let {P,, n > 1} be a sequence of probability measures on Xg. This sequence
is tight if the following three conditions hold:

(1) For each positive n, there exist a and ng such that for all n > ny

P.(f € X} :1£(0,0)] > a) <. (4.26)
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(2) For every x € R, and every positive € and n, there exist § satisfying 0 < 6 < 1, and
ng such that for all n > ng

P, (f eXi s |f(ha)- fls,0)] > ) <. (1.27)
$,6<T,|t—s|<§
(8) For every R > 0, for each positive € and n, there exist 6 € (0,1) and ng such that for
all n > ng
5
P,feXf: sup / [f(tx+y) — f(t2) Pyl dy > e ) <n. (4.28)
t€[0,T], |z|<R J -6

Proof. Without loss of generality we assume ng = 1. For a given n > 0, we choose a so that
P, (B¢) <n for all n > 1, where

B:{fexﬁ:|f(o,0)\<a}.

According to condition (3), for any integer k, N, we also choose and fix ¢,y such that
P, (Af y) < n27%=N for all n > 1, where

Ok, N 1
Ay = {f €Xp:  sup / [tz +y) = f(t,2)Ply[ dy < ﬁ} :
tG[O,T}, |"E|SN _6k,N
Then for each € [-N, N| N (S’“T’NZ, where Z is the set of integers (note that the number of
such & has order %), we choose dj, v (Z) according to condition (2) such that P, (Bf x(7)) <

G2~ N where

By n(2) = {f € X]: sup |f(t.2) = f(s,2)] < %} :

t,S,ST,‘t—S|S5I,€ N("E)

Consider now By xy =N 5k’NZBk,N(57). It is easy to see that
5

Ze[-N,NN

N
P.(Biy) < Y, Pu(Biy(@) < C—nopn2 "N =Cn2 VN
k) 6 ) 6k’N
z€[-N,NnLL 7
We thus set A = Ny n(Ar.n N Biy) N B. Then according to Proposition 4.18 we see that the
closure of A is compact in X7, and P, (A) > 1 — Cn. This shows the tightness of P,,. [

The following proposition states that under some moment conditions, a sequence of pro-
cesses u, can be regarded as a tight sequence of probability measures on the space X?.

Proposition 4.24. Assume that a, A € (0,1) and p > 1 satisfy pac > 1, pA > 1 and
f<a—1/p. Let {u,, n > 1} be a sequence of stochastic processes such that

(1) 6lim lim sup P(|u,(0,0)] > J) =0,
—00 n

(2) For every R >0, sup  sup  ||un(t,®) — un(s,2)|| o) < Crlt — s|*,
n  s,te0,7],|z|<R

(3) sup [tn |l xar is finite.
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From Lemma 4.22, the law of u, can be considered as a probability measure on Xﬁ. In
addition, as probability measures on Xg, the sequence {u,, n > 1} is tight.

Proof. This proposition can be easily proved using the same ideas as in the proof of Lem-
ma 4.22 and Theorem 4.23, we omit the details. O

4.4. Existence of the solution. The main result of this subsection is the existence of
a solution for equation (1.1). The methodology, inspired by the work of Gyongy [13| on
semilinear stochastic partial differential equations, consists in proving tightness of a sequence
of solutions obtained by regularizing the noise, and then using the uniqueness result. The
space Z7., where we proved our uniqueness result, consists of LP(R)-valued processes, and it
is not clear how to characterize compactness of probability laws on the space of trajectories
of these processes. For this reason, we prove the existence of a solution with paths in the

i
space X} ™ introduced in Definition 4.9, equipped with the metric (4.19).

Theorem 4.25. Assume that for equation (1.1) the following conditions hold:

6 1
4H-1’ Bo+H—-1/2

(1) For some By > £ — H and some p > max( ), the initial condition ug is

in LP(R) N L>®(R) and

1

P
sug./\fgouo(:c) + </ o (+) — uo(- + h)||%p(R)|h|2H_2dh) < 00. (4.29)
z€ R
(2) o is differentiable and the derivative of o is Lipschitz and o(0) = 0.

1
Then there exists a solution u to (1.1) in 27N X2 ) addition, the solution has sample

1_
paths in the space X7} 7

Proof. As mentioned above, we follow the methodology developed in [13] and we consider a
regularization of the noise in space. Indeed, for ¢ > 0 and ¢ € $, we define

W)= [ [l ellsamitasan = [ [ [ ols.apte—ipwias,anis, a0

—x2 /2t

where py(x) = (27t) " ze Notice that relation (4.30) can be also read (either in Fourier

or direct coordinates) as:

E[W.(0)W.(¥)] = cim /0 t /R Fols, &) Fuls, &) e =P g2 deds (4.31)

= [ [ [ o010 = 0pts.) dodyas,

where f. is given by f.(z) = F~'(e~*¥F|¢|'=27). In other words, our noise is still a white
noise in time but its space covariance is now given by f.. Note that f. is a real positive
definite function, but is not necessarily positive. As assessed by (4.31), we however have

E[[W.(o)l!] <E[[W(p)]*] . (4.32)
for all ¢ in $.
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For every fixed € > 0, the noise W, induces an approximation to equation (2.12), namely

us(t, ) = pyuo(z) + /0 /Rpt_s(x —y)o(us(s,y)) We(ds, dy), (4.33)

where the integral is understood in the Ito sense. Since [¢]'"2He~<l€F is in L'(R), |f.| is
bounded. Thus, using Picard iteration, it is easy to see that (4.33) has a unique random
field solution, and by estimating the pth moment of |u.(¢,x) — u.(t,2')|, we see that each
solution wu.(t,z) is Holder continuous in space with order g for all g € (0,1). Therefore
we conclude that u, is in X527 for all 3 € (0,1). We remark that ||u€||x;;,p may not be

bounded uniformly in ¢ as seen from this procedure. However, using (4.32), (3.12) for
suitable parameters yielding a contraction, plus the norm equivalence stated in Remark 3.5
item (iv), we obtain the following uniform bound:

SUP [[uell 50 < 00,

for all 5 < By and § < H. In particular, because % —H < 3y — %, we can choose [ such that

% —-H<p- %. In addition, we can show that u. satisfies Condition (2) in Proposition 4.24.
With these properties, we can check that the three conditions in Proposition 4.24 are satisfied.

1_
Hence the laws of the processes u., considered as probability measures on the space X}
are tight and hence weakly relatively compact.

We now base our final considerations on the forthcoming Lemmas 4.26 - 4.29. Fix a
sequence ¢, converging to zero and set u, = u.,. We shall hinge on Lemma 4.27 in order
to prove that the sequence u,, actually converges in probability. To apply this lemma, we
consider now two sequences U,y and wy), where {m(n),n > 1} and {l(n),n > 1} are
strictly increasing sequences of positive integers. For each n > 1, the triplet (wmn), win), W)
defines probability measure on the space

Bi= X2 % X2 % Cl(0,T] x R).

Since the family {u., ¢ > 0} is weakly relatively compact, there exists a subsequence of the
form {(tm(ny)> Ui(ny), W), k > 1} which converges in distribution as k tends to infinity. Thus,
by Skorokhod embedding theorem, there is a probability space (€', F',P’) and a sequence
of random elements z, = (u;n(nk),ug(nk), W') with values on B such that z; has the same
distribution as (tUm(ny), Ui(n,), W) and 2 converges almost surely (in the topology of B) to
(v, 0", W'). By Lemma 4.29 we see that both «' and v’ are solutions to equation (2.12),
with W replaced by W'. Then by Lemma 4.28 and the uniqueness result Theorem 4.5 we

thus get that v’ = v' in X} 3™ . We can now apply Lemma 4.27 in order to assert that w,
1
converges to some random field v in X7 H, in probability. Moreover, taking a subsequence if
1

necessary, we see that u,, converges to u in X:,?_H a.s. Hence, thanks to another application
of Lemma 4.29 we see that u satisfies equation (2.12). This proves the existence of the
solution. O

We now state the lemmae on which the proof of Theorem 4.25 relies. The first lemma is a
version of Gronwall’s lemma, borrowed from |9, Lemma 15|, and the correction [10] to this

paper.
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Lemma 4.26. Let g € L*([0,T];R,) and consider a sequence of functions { fn; n > 0} with
fn:[0,T] — Ry, such that fy is bounded and for all n > 1

£(8) < e + 02 /0 Dot — 8) fos(s) ds. (4.34)

for two positive constants ci,co. Then sup,>; fn is bounded. If we assume moreover that

c1 = 0 in inequality (4.34), we obtain that )y -, fé/p converges uniformly in [0,T], for all
1<p< . B

The second lemma is a general result on convergence of random variables borrowed from
[14, 13].

Lemma 4.27. Let E be a Polish space equipped with the Borel o-algebra. A sequence of
E-valued random elements z, converges in probability if and only if for every pair of sub-
SEqUENCES Zi(n), Zm(n) there exists a subsequence wy := (zl(nk), zm(nk)) converging weakly to a
random element w supported on the diagonal {(x,y) € ExXE:x = y}.

The next result asserts that the approximate solution to the stochastic heat equation is
uniformly bounded in the space Z7. defined by (4.2).

Lemma 4.28. The approximate solutions u. satisfy the condition

sup [[uel|zz < oo (4.35)
e>0

1
: : il nm . :
Furthermore, if u. — w in X7 a.s., as € tends to zero, then u is also in Z%.

Proof. We will use Picard iteration to show that for cach e, u. € Z%. Then we will use
Gronwall’s lemma to show that the processes u. are uniformly (in £) bounded in Z%.. To this
end, we first define

ug(tv ZL’) = ptuo(:c) )
and recursively

) = pte) + [ [ ool = Dol )W, ).

We wish to bound [|ul||z» uniformly in n. First recall that
[uZllzz = sup [[uZ(t, )| Lrxr) + sup Ni_p ul(t),
te[0,T] tejo,1] 2

where ./\/'I_Hp is defined in (4.2). Let us now bound the terms ||uZ(t, )| Lr(@xr) and ./\/'I_Hpu"(t).
2 2 >

=
Step 1. We shall bound ||uZ(¢, )| Lr(xr) uniformly in n by considering the differences of
Picard’s iterations. Indeed, by Burkholder’s inequality we have

E|u "+1tx ) —ul(t, x)|?

p

=B\ | [ pes(z=yloluc(s,y)) —o(uz ™ (s, y))]We(ds, dy)

< cpE\ / / piesle = oo = Dol (s,)) = o (5,5)]
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x [o(ul(s,2)) = o(ul ™ (5, 2)))fely — 2)dydzds|
Thus, since || f:|lc < C- and owing to the fact that o is a Lipschitz function, we have

Elul " (t,x) — ul(t, z)|"

/Ot (/Rpt—s(y)\UZ(s, z+y)—u (s, + y)|dy)2 s

where C. denotes a generic constant depending on € and p. We now integrate with respect
to the space variable and invoke Minkowski’s inequality. In this way we obtain

NS

< C.E

Y

EH“?H HLP(R
t 2 g
< on| | ( / pt_s<y>|us<s,y+->—u2-1<s,y+->|dy) s
0o \Jr LE(R)
t 2 g
< C.E /0</Rpt_s(y)HUZ(Sw)—UZ_1<57'>HLP<R>dy> s
: 2 ;
< ([ o) =l g )

This relation easily entails

t
a2 (¢, ) — ul(t, .)H?LP(M) < 05/0 (s, ) — ul~Y(s, .)Hip(mR) ds,

and a direct application of Gronwall’s lemma as stated in Lemma 4.26 yields that the
quantity sup,, supeo7) UL (t, )| Lr(axr) is finite for each fixed e > 0. This implies that
suPefo 1) l|u=(t, )|l zraxr) < oo for each fixed € > 0.

Step 2. Next we estimate N} _ U us(t), and observe that we are able to handle this term
2 J.

directly (namely without invoking Picard’s iterations). We can write

/E|u€(t,x) —uc(t,x + h)Pdx < C'/ |pruo(x) — prug(z + h)|[Pdx
R R

e [E

<c / (prtto(x) — petio(x + B)Pda

C. (/Ot </R pe—s(y) —pt_s(y+h)|dy)2||us( s QxR)dS>

Jue(t, ) —ue(t, - + h’)HLP(QXR)
|h[2-2H

[Nl

dx

2
( / P pt_s<y+h>||ua<s,y+x>|dy) s

ya
2

We thus end up with

dh

*
N%_HJ),LLE
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[peuo(-) — peuo(- + h)“%p(R
< C’/ alh—l—CE sup ||ug(s »
|h[2-2H SE[OPT]H (s, )HL (QxR)
2
_s(y) — pr_s h)|d
X// (J pe=s(y) — pr—s(y + h)|dy) dhds,
o Jr |h[2—2H

and the right-hand side in the above inequality is easily seen to be finite. Putting together
the last two steps, we can conclude that for each fixed €, u. € Z%.

Step 3: Uniform bounds in . To prove the norms of u. in Z% are uniformly bounded in ¢,
we note that u. satisfies the equation

w(t, ) = prugle / / Pros(z — Yo (uels, ) * pe) ()W (ds, dy)

Hence we have

IS

Elu.(t,z)[” < Clpsuo(z)[” + CE ( / / |F (pe—s(z — Yo (uc(s, ) (€)1 e—f“|5|1-2Hdsds)

[Nl

1 / 17 st = Jotucls, ) OF e 2Magas) . (a0

Going back from Fourier to direct coordinates, one can check that
Eluc(t,z)[" < C |pruo(z)[” + D1 (t) + Da(t),
with

[S]iS)

t
= (/0 - Pi—s(y) — pe—s(y + h)|2 |lue(s,y +x + h)Hip(Q) |h|2H_2dhdyds)

and

t p
Dult) = ([ [ 1ol sy -4 1) = sy +-0) o [P 2ads)

These terms are treated exactly as the terms Dy, Dy in the proof of Lemma 4.2, except for
the fact that a = 0 in the current situation. We obtain

t
e (t, o @xr) < C lluollioe +C/( = 8)" e (s, Lo xmyds

+C / (t—s)7z / uc(s, ) — uc(s, - + h) 7o [P 2dhds . (4.37)
0
Similarly we get (see also the bounds for the terms Z;,Z, in the proof of Theorem 4.5)

NGO < C | ) = ol + 1) e 22
t
+0 [ 0= 5 ) s

+C// $) 71 Jue (s, )—ue(s,~+l)||%p(ﬂxR)|l\2H_2dlds. (4.38)
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Set
W(t) = llue(t ) ionm) + Wi, ue(6)]".
Thus combining the estimates (4.37) and (4.38) yields

t
(1) < ClluolZogey + C / lao(-) — ol + 1|2 [B2-2dh + C / (t— )23 (s)ds.

0
Since we have shown that for each fixed €, [|uc[|zz < oo, we can apply the Gronwall type
Lemma 4.26 to the above inequality to show that

up [z, < oo
e>0

Step 4: u is an element of Z%. Recall once again that we have decomposed ||ul| z», according
to relation (4.1). We now bound ||u(t, )||Lp axr) and Nf_Hpu(t) in this decomposition.
2 ).

1
Since u. converges to u in X7 " a.s., we have ue(t,z) — u(t,z) a.s. for each (t,x) €
R, x R. Thus by Fatou’s lemma,

1 1
lut, )| zrxm) = (E/lim|u5(t,x)|pd1’)p < lim (E/ |u5(t,at)|pda7)p <C.
R€—)0 £—0 R

Therefore we conclude that supejo 7y [|u(t, )| zr(oxr) is finite. On the other hand, for each x
and h we have |u.(t,z + h) — u.(t,z)]* = |u(t,z + h) — u(t,x)|* a.s., so by Fatou’s lemma
again we obtain

u(t,-+h) —u P(Qx
/ [u(t, -+ h) st Mo <
Ihl<1 |h

/ Um__ ., |lus(t, -+ h) — uc(t, )HLP(QXR) dh
h|<1

|h|2 2H

||ua(t +h) _ua( )||LP(Q><R)

T dh.

< lim
e—0Jn|<1

The desired bound on N} Hpu(t) is obtained from the inequality above, by handling the
2 ’.

integral on the domains |h| < 1 and |h| > 1. In the latter case, we simply bound |u(t,- +
h) — u(t, )||LZ,(QX]R by 2||u(t, -)|| Lr@@xr)- By doing so, we conclude that

[u(t, -+ h) — u(t, )HLP(QX]R
sup N7 _ = sup / )dh < 0o
te[0,7 é H.p te[0,7 ‘hP 2H
Together with the previous estimate on ||u(t, -)||Lr(xr), We conclude that u € Z7. O

We now state a convergence result for stochastic integrals, with respect to the approxi-
mating noise W-.

Lemma 4.29. Let u,(t,x) be a solution to the equation

un(t, x) = pruo(x / /pt s —y)o(un(s,y))Wa(ds,dy),

where we have set W,, = W, (recall that W is defined by (4.30)) for a sequence {e,, n > 1}
satisfying lim, €, = 0. We assume the following conditions:

1
(1) with probability one, u,, converges to u in X7
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(i) sup,, ||un||x§p < o0, with 3 — H <3 < H and p > .

1

Then the process w belongs to X7 2 Furthermore, for any fired t < T and x € R, the
random variable ®"(t, ) = [} [ Pe—s(x =)o (un(s,y))Wa(ds, dy) converges a.s. to ®(t,z) =
Jo Jepis(@ = y)a(uls,y)W (ds,dy), as n — oo.

Proof. We focus on the convergence part and decompose the difference ®(¢, x) — ®"(¢, z) into
(®(t,z) — d™(t,x)) + (@™ (t,2) — (¢, 7)), where

O™ (t, ) / /pt s —y)o(u(s,y)W"(ds,dy) .
Now we note that ®(¢,z) — ®™(¢, ) can be expressed as

/0 / Pros( — y)or(u(s, y)) W (ds, dy) — / / (pros(z — Yo (uls, ) * pe.] (4) W (ds, dy),

and thus

E|®(t,z) — ™(t,z)|”

=CE (pe—s (& = ) (u(s, ) (€)I7 [¢]' > déds .

The latter quantity obv1ously converges to 0 as €, goes to 0 because of the finiteness of

. /ot /R |F (pe—s(x =)o (uls,))) (€)[ €]~ deds,

which can be seen by an application of Fatou’s lemma (as in Step 4 of the proof of Lem-
ma 4.28).

It remains to show that lim,,_,., E|®™!(¢,x) — ®"(t, z)|*> = 0. However, similarly to (4.36),
we have
2

E [|[®™(t,2) — ®"(t,2)]’] <E t Rpt—s(x —y) fu(s, )W (ds, dy)| ,

where we have set f, = o(u,) — o(u). Furthermore, appealing to Proposition 4.21, we
1

see that f,, converges to 0 in X%_H. We will verify that f, satisfies the conditions (C1)-
(C3) of Lemma 4.30 below. Indeed, (C1) is verified by assumption (i). (C2) is verified by
assumption (ii) and the estimate (3.14). (C3) is readily assumption (ii). Then an application
of Lemma 4.30 completes the proof. O

Lemma 4.30. Suppose that {f,, n > 1} is a sequence of stochastic processes belonging to
%?J” with % —H<pB<Handp> % Assume that the following conditions hold:

(C1) With probability one, f, converges uniformly to 0 over compact sets of [0,T] x R.
(C2) For every R > 0, sup,, SUD; 1 (0,77, 2| <R E|f.(t,x) — fu(s,z)|P < C|t — s\p%
(C3) sup || fullxor < M, where M is a finite number.

n T
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Then for every t < T and x € R the random variable Y, (t,z) defined by:

Y, (t, ) = / / Pra( — ) fuls, )W (ds, dy)

converges to 0 in L*(Q).

1
Proof. We first observe that Proposition 4.16 asserts that f,, belongs to X7 2 Next, we

show that {f,, n > 1} is relatively compact and converges to 0 in X:%F_H’2. For this purpose,
we verify the three conditions (1)-(3) of Proposition 4.20. Condition (2) in Proposition 4.20
is evident from (C2). Condition (3) in Proposition 4.20 follows from the following inequality,
where § < 1

/ EACERa bt (L W Gt Vit {CEO 1200 [ ety
lyl<s ly[>~2H BRTES! |y[* lyl<s

In fact, the first factor on the right side of the above inequality is uniformly bounded in
(t,) € [0,T] x R because of inequality (4.16) and the fact that f, is bounded in X5 by
condition (C3). Taking into account that § > 1/2 — H, the second factor converges to
zero as 0 tends to zero. To verify condition (1) in Proposition 4.20, we fix ¢,z and note
that (C1) implies f,(¢,x) converges almost surely to 0. On the other hand, E|f, (¢, )| is
uniformly bounded, where p > 2. These two facts imply { f,,(¢,z)} converges to 0 in L?(),
thus condition (1) in Proposition 4.20 is verified. Furthermore, condition (C1) ensures that

0 is the only possible limit point of {f,} in S{IT/ >712 We conclude that fn converges to 0 in

1/2—H,2
X .

Let us now prove that Y, (¢, z) converges to 0 in L*(2). Applying (3.3) we get E|Y,,(¢,z)* <

¢
Jl(t):/ //\pt_s(x—y—z)—pt_s(x—y)\2EffL(s,y+z)|z\2H_2dydzds
0o JRJR

and
J(t) = / / / Prs(@ — DIPElfulsy + 2) — fuls, ) 212 2dydzds

Now for every fixed € > 0 we choose R > 0 sufficiently large such that
t
L[ e + 1Ny (o = )Pldyds <.
0 Jly|>R
With this choice of R we choose n so that

swp  EfXs,y)+  sup /Elfn(s,y+Z)—fn(s,y)\2\y\2H‘2dy<6-
s€[0,T], [y|<R s€[0,7],ly|[<R JR

By making a shift in y, we end up with
t
30 = [ [ [ st — ) = sl =y DB P 2dydeds
0o JRJR

t
< / sup Ef2(s,y) / Vi _ppes(z — y))2dyds
0 ly—z|<R

3
ly|<R
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t
+ sup Ef,%(r,w)/ / [N%_Hpt_s(x—y)]zdyds
0 Jly—=z|>R

rel0,T],weR
t
<Cet+CM / / V1 _ppees(z — y)|Pdyds .
0o Jy>r ?

Similarly,

¢
Jo(t) < Ce+ CM/ / pr_(y)dyds.
0 Jy|>R
Then E|Y,,(t,z)|* < Ce for n sufficiently large. This implies the result. O

Finally, the techniques we have designed to get existence and uniqueness for equation (1.1)
also allow us to obtain the following moment bound for the solution.

Theorem 4.31. There are some changes in the formulae for this theorem. Assuming the
conditions in Theorem 4.25, then a solution of (1.1) satisfies following moment bounds

Sup u(t, 2)l| o) < 2l[uolley exp{BopTt}, (4.39)
e
and

_ 1
sug]\/'l/g_&pu(t, z) < 2||ug|looe t exp{bopTt},
HAS

where we recall that Nyjo_p, is defined by (3.2), and where for any e > 0 we have:

1

||uol|e := sup |ug(x)| 4 € sup (/ lug(x + h) — UO(I)|2|h|2H_2dh) ’
R

z€R z€eR

2
In the formulae above, Cy is as defined in (3.12), and we have 6y = (600)%%;1_%“0”1%,

1
and ey = (6Cy)} "2 kA~ 2p2—7H Ha||iip2H. In addition, from Proposition 4.7, we see that the
wmnitial condition ug is Hélder continuous with order [y, then by Proposition 3.8 we have

lu(t, 2) = uls, y) ooy < C(1t — 5| F1F + | — y[15) (4.40)
for all s,t € [0,T] and z,y € R.

Proof. We will apply Proposition 3.6 by taking f to be the solution u to equation (1.1), and
combine it with the mild formulation of the solution. For every fixed ¢ > 0, by noticing that
[peollxe , < [luolle, we get the following bound

H_1
lullzg,. < llwolle + Collolpy/Bllullzy, . (5526

H
2

We optimize the formula above by choosing ¢ = ki~ 6’_%’%, in order to obtain

H_1 _H
luley, . < llwolle + 3Colloluipy/Bllulles,, £¥=307%

T,0,e T,0,e
1

then choose 6 = 6, so that 300||U||Lip\/]3/€g_§9_g =1 that is

2 1 41 2 1—1 1_1 1_.1 1— L
0o = (6Cy)TpH K _ﬁHaHIﬁp, and take & =¢gq:= (6C)) _ﬁmm_ipi_ﬁHaHLip?H )
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Plugging this choice into the above inequality gives the bound
lullay, . < 2wl

from which our claims are easily deduced by noticing that the constant Cy does not depend
onT. U

We now show the matching lower bound in term of x and ¢ for the second moment.

Proposition 4.32. Under the conditions of Theorem 4.25, let u be a solution to the equation

ult, ) = pruolz / / Prs( — ) (u(s,y))W (ds, dy). (4.41)

Suppose that ug is a bounded nontrivial function and there is a positive constant o, such that
lo(2)| > o4|z| for all z € R. Then there exist some universal constants C' and L such that

|peuo(x )|3

2
ol exp{Lof k'~ Ht} . (4.42)
Loo

Elu(t,z)|* > C-—F—"—
Proof. Applying Itd isometry to equation (2.12), we see that

t
Elu(t, z)]* = [pruo(2)* + Cl,HE/ lpe—s(z = y)a(uls, I3 ds - (4.43)
0
Let us recall the well-known Sobolev embedding inequality

1l
lgll ;3 = cllgll, 5, Vg€ HTH(R).

Hence, together with our assumption on o, it follows that there exists some positive constant
b such that

t
25 2 2 . 2
Blut, ) [p@) + o2 [ pcata = uls 2,

Since 2H < 1, applying Jensen inequality we see that
) L N 2H
It =l ) = ([ 97 = plat il = )iy
R

LT (R)
/ P2 (@ — ) u(s, ) Pdy.
It follows that
Blu(t. ) 2 o) +00 [ [ 2~ B0 P

[terating the previous inequality yields
Elu(t, )* > |pruo(x)* + ) (bod)" L(t, ). (4.44)

In the above, we have adopted the notation

() / /p§ (g o2 (g, — )y (y0) Py
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where T,,(t) = {(s1,...,8,) € [0,t]" : 0 < 81 < -+- < s, < t} and dy = dy; - - dy,,
ds = dsy - - -ds,. Note that for every z,z € R and a,b > 0, the following identity holds

_ _ 1 [ 2wkab H-1 _
[ = = 2y = (3 - 211 %( ) P — 2.

a+b

We thus can compute I,,(t, z) by integrating y;’s in descending order starting from y,,. This
procedure yields

L(t,2) = (3 —2H)""7 x

" H—-1
t— s, _ _
/ [[2entss =50 ) [ #5200 = wlpaulun)Pdyids. - (4.95
T \U— 51 s R

On the other hand, for every fixed R > 0, applying Jensen inequality, we see that

/ P2 (@ — y1)|psyuo(y1)Pdys > pi 22" (R) /| | Pi_q, (@ = y1)|psyuo(y1) Pdys
R z—y1|<R

2
> p 2(R)R™ (/ Prs, (T — Y1)Ds; * UO(yl)dyl) : (4.46)
|lz—y1|<R

The integral on the right side can be rewritten as

ptuo(SC) - / pt—sl(SC - yl)psl * Uo(yl)dy1 .
|z—y1|>R

Since g is bounded, we see that |pg, * ug(y1)| < ||uol|z=~ and hence

| Prs, (& — y)pes * to(y1)dyn| < [[uoll / Pross (9)dy

lz—y1|>R ly|>R
_1 _ .2
~ lallz=? | e dz
|Z|>¢
V2k(t—s7)

For every fixed € in (0,1), we now choose R = M+/2k(t —s;) where M is such that
e~ (I=2HM? N =1 — ¢ Tt follows that

p 2 (R)RT' = TH 3 (2h(t — 1)) H e (-2HM? -1
and
—_ M2 _
| Disy (T — y1)psy * uo(y1)dy1| > |pruo(z)| — [lullce™™ M 7"
le—y1|<R

Together with (4.46), we see that
2
[ A = el P = e M e = 50) " (Ipuo(o)] = 0 o
R

for some universal constant ¢. Hence, upon combining the previous estimate and (4.45), we
arrive at
n+1

L(t,2) > ccnH-Dn / T1 (55 — 55005 (lprtio()] — el z)?
n(t)
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where s,.1 =t and ¢ is some universal constant. It is elementary (see Lemma 5.3 below) to
compute

n+1
T(H nth
[ Tl s R0
(1) I'(nH +1)
Therefore, together with (4. 44) we obtain
) 2 1

J(oF =ty
Elu(t, z)* > € (|puo()] — €l|uo| =)? Z(CbF(H)) ThHT1)

n=0

We now recall the elementary bound }, -, x"/(n!)* < 2 exp(ca/?), which can be found e.g
in [4, Lemma A.1|. Together with the previous inequality, this yields:

T

1— L

Elu(t, z)]> > Ce (puo(x) — e|luo|| =) b = 7. (4.47)

Ipruo ()|
3fluollpoe ’

Remark 4.33. (i) We can add a drift b(u(t,x)) in equation (1.1), and if the function b is
Lipschitz continuous with b(0) = 0, the results we have obtained on the existence and
uniqueness of a solution can be extended to equations with drift.

By choosing € = we conclude the proof. U

(ii) If we only assume that the initial condition ug is bounded and

sup/ luo(z) — uo(x + h)|?|h|*2dh < o0, (4.48)
z€R JR

and we only assume that o is Lipschitz. Then from the proof of Theorem 4.25 it is easy to
see that we have the weak existence of a solution to equation (1.1). The assumption (1) in
Theorem 4.25 and the condition that the derivative of ¢ is Lipschitz and ¢(0) = 0 are only
used to show the uniqueness.

5. THE ANDERSON MODEL

In this section we will study the special case of equation (1.1) when the function o is the
identity function. This is a continuous version of the so-called parabolic Anderson model.
In this case equation (1.1) is reduced to

ou k%

with deterministic initial condition w(0,z) = wug(z). This reduced form allows for some
simplified versions of the existence-uniqueness theorems, and also some Feynman-Kac rep-
resentation which is useful for intermittency estimates.

5.1. Existence and uniqueness. With some restrictions on the initial condition uy(z), the
existence and uniqueness of the solution to this linear equation stems directly from Theorems
4.5 and 4.25. However, we shall prove this result again by means of two different methods:
one is via Fourier transform and the other is via chaos expansion. We include these methods
here for two reasons: first, they lead to proofs which are shorter and more elegant than in the
case of a general coefficient o; secondly, the assumptions on initial conditions are different.
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5.1.1. Euxistence and uniqueness via Fourier transform. In this subsection we discuss the
existence and uniqueness of equation (5.1) using techniques of Fourier analysis.

We recall that H2~H is the class of functions f : R — R such that there exists g €

1
L*(R) such that f = I"* g Let HZ " be the set of functions f € L*(R) such that
J | FFEPE]'2dE < co. These spaces are the time independent analogues to the spaces

$H and H, introduced in Proposition 2.1. We know that the inclusion HO2 C H3H is strict
L1 1
and Hg ™ is not complete with the seminorm [Jo |FFE)PIE[* 21 dE]? (see [25]). However,
1

it is not difficult to check that the space Hg s complete for the seminorm
B o= [ IFFOR+ J)de

In the next theorem we show the existence and uniqueness result assuming that the ini-

L1
tial condition belongs to H 7 and using estimates based on the Fourier transform in the
space variable. To this purpose, we introduce the space Vr(H) as the completion of the

1
set of elementary H " valued stochastic processes {u(t,-),t € [0, 7]} with respect to the
seminorm

[l iy = sup Ellult, ) [a. (5.2)

t€[0,T]

We now state a convolution lemma.

L1
Proposition 5.1. Consider a function vy € H; ™ and % < H < % For any v € Vr(H) we
set I'(v) =V in the following way:

I'(v) :=V(t,z) = prug(x / /pt s(x—y)v(s,y)W(ds,dy), te|0,T], zeR.

Then T is well-defined as a map from Vr(H) to Vr(H). Furthermore, there exist two positive
constants ¢y, ¢ such that the following estimate holds true on [0,T):

t
IVt )y < e lluoly + 02/ (t = )12 o (s, ) [y ds - (5-3)
0

Proof. Let v be a process in Vr(H) and set V' = I'(v). We focus on the bound (5.3) for V.

Notice that the Fourier transform of V' can be computed easily. Indeed, setting vy (t, x) =
prug(z) and invoking a stochastic version of Fubini’s theorem, we get

FV(1.6) = Foolt. ) + //(/ sl =)o) ofs )W (ds. ).

According to the expression of Fp;, we obtain

V(t,§) = Fuo(t,§) + /0 t /R e e 50y (5, )W (ds, dy) .

We now evaluate the quantity B[ [ [FV (t,£)[*¢]' 2" d¢] in the definition of ||u, ||y, m) given
by (5.2). We thus write
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E |i/ |‘Fv(ta§)|2|§|l_2Hd§:| §2 / |f’l]0(t,§)|2|§|1_2Hd€
R R

¢ . K 2 2
+2 /E “/ /e—’fye—z<t—8>f v(s,y)W(ds,dy)‘ } €72 de == 2 (1) + 1)
R 0 R

and we handle the terms I; and I, separately.

L1
The term I; can be easily bounded by using that wy, € H; " and recalling vy = pyug.
That is,

= / | Fuo(€) 2~ |¢|'"2Hde < © [0l oy
R

We thus focus on the estimation of I, and we set fe(s,n) = e_iﬁne_%(t_5)52v(s, n). Applying
the isometry property (2.10) together with the Fourier transform expression for ||h|| 1o

, we have:

U// “iYem 5=y (s, )W (ds, dy) ]—0111// (17, fe(s,m)[2] [l =2 dsd,

where F;, is the Fourier transform with respect to 7. It is obvious that the Fourier transform

of 6_i£yv(y) is FV(n+ &). Thus we have
t
= / / / e I B | Fo(s,n + €))7 n|*=27 |¢|-2H dndéds

_ K(t—s)€ _ p1-2H|s|1-2H
e / / / E [|Fo(s,n)P] Iy — &2 |e]2" dndeds

We now bound | — £|'72H by |n|*—2H + |§|1_2H, which yields I < I + Iy with:

Iy=C / / / S B [| Fu(s, )] (a2 |2 dndéds
In=C / / / e—*f(t—s)ﬁzE[\fv(s,n)ﬂ 1|24 dndéds .
0 RJR

Performing the change of variable ¢ — (¢t — 5)"/2¢ and then trivially bounding the integrals
of the form [, |€|Pe"€* d¢ by constants, we end up with

t
Iy <C / (t— 5)i / E [|Fo(s, m)|?] o2 dnds
R

Iy < C/ s)H= 3/2/13 [|[Fo(s,n)?] dnds.
R

Observe that for H € (4, 3) the term (¢t — s)*#73/2 is more singular than (¢ — s)7~!, but we
still have 2H — 5 > —1. Summarizing our consideration up to now, we have thus obtamed

/R E [|FV (&) ¢ de

< Cor ol + Cor / (1 — 5232 / E [|Fo(s, &) (14 [¢[") deds, (5.4)

for two strictly positive constants C 1, Cy r.
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The term E[ [, [FV (t,£)|*d¢] in the definition of ||V ||y, ) can be bounded with the same
computations as above, and we find

/R E [|FV(t,0)P] de

t
< Cur ol + C2,T/ (t—s)"! / E [|Fvo(s, )] A +[¢[)dnds, (5.5)
0 R

Hence, gathering our estimates (5.4) and (5.5), our bound (5.3) is easily obtained, which
finishes the proof. O

As in the general case, Proposition 5.1 is the key to the existence and uniqueness result
for equation (5.1).

L1
Theorem 5.2. Suppose that uy is an element of Hy " and < H < s. FixT > 0. Then
there is a unique process u in the space Vy(H) such that for all t €0, T]

ult, ) = prto + / / Pia(c — y)u(s, y)W (ds, dy). (5.6)

Proof. The proof follows from the standard Picard iteration scheme, where we just set u, .1 =
I'(uy,). Details are left to the reader for sake of conciseness. O

5.1.2. Euxistence and uniqueness via chaos expansions. Next, we provide another way to prove
the existence and uniqueness of the solution to equation (5.1), by means of chaos expansions.
This will enable us to obtain moment estimates. Before stating our main theorem in this
direction, let us label an elementary lemma borrowed from [18] for further use.

Lemma 5.3. Form > 1 let « € (=1 +¢,1)™ with e > 0 and set |a] = >." ;. For
t € [0, 7], the m-th dimensional simplex over [0,t] is denoted by T,,,(t) = {(r1,72,...,7m) €
R™:0<r; <--- <1y <t}. Then there is a constant ¢ > 0 such that

m

I (L, ::/ ri — rioq)dr <
i A |

I'(ja]+m+1)’

Cmt|oe\+m

where by convention, ro = 0.

Let us now state a new existence and uniqueness theorem for our equation of interest.

Theorem 5.4. Suppose that i < H< % and that the initial condition ug satisfies

/R (14 €[3H)| Fup(€)|dé < oo. (5.7)

Then there exists a unique solution to equation (5.1), that is a process u € Ay (remember
that Ay is defined in Proposition 2.3) such that for any (t,z) € [0,T] x R, relation (2.12)
holds true.

Remark 5.5. (i) The formulation of Theorem 5.4 yields the definition of our solution u for
all ( x) € [0, 7] x R. This is in contrast with Theorem 5.2 which gives a solution sitting in

HO2 7 for every value of ¢, and thus defined a.e. in x only.
(ii) Condition (5.7) is satisfied by constant functions.
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Proof of Theorem 5.4. Suppose that u = {u(t,z),t > 0,2 € R¢} is a solution to equa-
tion (2.12) in Ay. Then according to (2.14), for any fixed (¢, z) the random variable u(t, x)
admits the following Wiener chaos expansion

= ZIn(fn('at>I))> (58)

where for each (¢,x), f.(-,t,x) is a symmetric element in H®". Furthermore, we have seen
that [t6 and Skorohod’s integral coincide for processes in Ay. Hence, thanks to (2.16) and
using an iteration procedure, one can find an explicit formula for the kernels f,, for n > 1.
Indeed, we have:

fn(slaxb R Snaxnath)

1
= apt—sa(n) (x - IO’(H)) t 'psU(Q)—sU(l) (xO'(Q) - xo’(l) )pso(l)uo(zg(l)) 5 (59)

where o denotes the permutation of {1,2,...,n} such that 0 < s,(1) < -+ < 850, < T (see,
for instance, formula (4.4) in [19] or formula (3.3) in [18]). Then, to show the existence and
uniqueness of the solution it suffices to prove that for all (¢, x) we have

Dl falsto ) |[en < 00 (5.10)
n=0

The remainder of the proof is devoted to prove relation (5.10).
Starting from relation (5.9), some elementary Fourier computations show that

n
C}L{ K 2
— — o \Co(4 “90o(1 o(i) T e -
Flal(s1,81, 580, 6n t, 1) = W/Rl [ e 2Coun=so@lene+ o=l
i=1

K85 (1) 1¢)2

% e_ix(go'(n)"""""'go'(l)_C)fuo(g)e_f dc,

where we have set s,(,41) = t. Hence, owing to formula (2.7) for the norm in § (in its Fourier
mode version), we have

Wl fuest, )| = E / /
0,t]n JRn

/ e %(scr(i+1)_sa(i))|§i+"'+§1_c|26_im(50(n)+"'+50’(1)_<)

a(l)‘

Fuo()e” x H &I 2 dgds, (5.11)

where d¢ denotes d&; - - -d€, and similarly for ds. Then using the change of variable &; +
4+ & =m, forallt =1,2,...,n and a linearization of the above expression, we obtain

n'“fn( t(L‘ ||f)®n — / / / _g So(i+1)~ 30())(‘771 C|2+‘772 C‘ .FU{)(C).FUO(C/)
[0,¢]™ JR™ Rz

. N msey (<P
pia((—=¢) pm HW ni—a| "2 dCdC dnds

=1
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where we have set 17y = 0. Then we use Cauchy-Schwarz inequality and bound the term
exp(—#so() (|C* +1¢'[?)/2) by 1 to get

C 2
n!an(-,t,:l?)H,%@n < -H / (/[ ] / He (S (i41)—Sar (1)) M —C[? H|77 — i 1|1 2Hd77d8)
! Jre 0,4]" JR™
</ / o(1+1) So (i) ni— <| H |n — i 1|1 2Hd77d$> |FUO(C)| |FUO(</)| dCdcl
[Ot]" n -

i=1

Arranging the 1ntegrals again, performing the change of variables n; := 1; — ( and invoking
the trivial bound |n; — n—1 "2 < |m1[*72H + ;)12 this yields

C2n 1 2
ALt 2) e < 2 ( G |fuo<<>|dc) , (512

where

L t(¢)
:/ / e~ (So(i+1) =50 () )i ? (‘dl 2H 4 ‘77 ‘1 2H) H(|m|1—2H 4 |7]i_1‘1_2H)d7]d8.
[0,¢]™ n e

Let us expand the product [}, (|n:[* 2% + |n;i—1|'72) in the integral defining L, ,(¢). We
obtain an expression of the form » ., T, [m|*, where D, is a subset of multi-indices of
length n — 1. The complete description of D,, is omitted for sake of conciseness, and we will
just use the following facts: Card(D,,) = 2" and for any a € D,, we have

la| = Zal— (n—1)(1—2H), and o; €{0,1-2H,2(1—2H)}, i=1,...,n.

This simple expansion yields the following bound

Loa(0) < |C‘1 2H Z / / He—n(sg(iﬂ)—so(i))\m\Q H |m;
CMGD [0 t]n " =1 i=1
n Z / / e (5a(i+1)=Sa ()Ml 771|1_2H H |n;|“*dnds .
t n .

a€Dy, i=1

“idnds

Perform the change of variable & = (K(Sq(i4+1) — sa(i)))lmm in the above integral, and notice
that [, e_§2|§ “d¢ is bounded by a constant for a; > —1. Changing the integral over [0, t]"
into an integral over the simplex, we get

Loo(¢) < CI¢Inleyy H / (#(si41 — 55)) "2 ds,

a€Dy, n(t) =1

—|—CTL!C7I§ Z / (,{(52 _ 81))_272}1% (K(Su-l N Si))_%(1+ai)d$.
n(t)

aeDy, =2
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We observe that whenever X i< H< —, we have —(1 + ;) < 1foralli=2 ...n,and it is
easy to see that o is at most 1—-2H so —(2 —2H + o) < 1. Thanks to Lemma 5.3 and
recalling that > a; = (n—1)(1 — 2H) for all @ € D,,, we thus conclude that
C(tH__ H—§ + ‘C|1 2H)nlc th nH—n
I'(nH +1)
Plugging this expression into (5.12), we end up with
Ot gni—n 1 1 1 2
Wt ) fen < —— | [ (" 2652 4|27 1) |F ) . 5.13
st < SEE D ([ bt ) (@) - 619

The proof of (5.10) is now easily completed thanks to the asymptotic behavior of the Gamma
function and our assumption of wug, and this finishes the existence and uniqueness proof. [

Ln,t(o S

5.2. Moment bounds. In this section we derive the upper and lower bounds for the mo-
ments of the solution to equation (5.1) which allow us to conclude on the intermittency of
the solution. We proceed by first getting an approximation result for u, and then deriving
the upper and lower bounds for the approximation.

5.2.1. Approzimation of the solution. The approximation of the solution we consider is based
on an approximation of the noise W, which is defined in (4.30). The noise W, induces an
approximation to the mild formulation of equation (5.1), namely

us(t, x) = prug(z / /pt s(x —y)uc(s,y) We(ds, dy), (5.14)

where the integral is understood (as in Section 5.1.1) in the Itd sense. We will start by a
formula for the moments of u..

Proposition 5.6. Let W, be the noise defined by (4.30), and assume i < H< % Assume
ug is such that [(1+ €27 1) | Fug(€)]|dé < oo. Then

(i) Equation (5.14) admits a unique solution.

(ii) For any integer n > 2 and (t,z) € [0,T] x R, we have

Hu0x+B )exp(clH Z Vtejk>

Jj=1 1<j#k<n

Eul(t,z)] =Ep , (5.15)

with ,
Vtzj’k :/ f€ B] _ Bk d’r‘ _/ / _5|§|2|£|1 2H zg(B -Bk) d§d7‘. (5.16)

0
In formula (5.16), {B’;j = 1,...,n} is a family of n independent standard Brownian mo-

tions which are also independent of W and Eg denotes the expected value with respect to the
randomness in B only.

(iii) The quantity E[(u-(t,x))"] is uniformly bounded in . More generally, for any a > 0 we

have
exp (a Z Vf’k>

1<j#k<n

sup Ep
e>0

L=y < 00
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Proof. The proof of item (i) is almost identical to the proof of Theorem 5.4, and is omitted
for sake of conciseness. Moreover, in the proof of (ii) and (iii), we may take uy(z) = 1 for
simplicity.
In order to check item (ii), set
Ai,m(ru y) = pE(B:(t—r) - y)’ and Oé:,m = ||A§,x||% (517)

Then one can prove, similarly to Proposition 5.2 in [19], that u. admits a Feynman-Kac
representation of the form

et ) = By {exp (W(A;m) _ %at” | (5.18)

Now fix an integer n > 2. According to (5.18) we have

- eBiy 1 opi
[TEs |ex (WA - i )H ,

J=1

E[ul(t,x)] = Ew

where for any j = 1,...,n, A;’f ” and afv’f ” are evaluations of (5.17) using the Brownian

. : . Bi\ . . . ...
motion B’. Therefore, since W(A;,” ) is a Gaussian random variable conditionally on B, we
obtain

(o) = Bp |owp —nz AP z)]

j=1

= Egp |exp —||Z AP )2 - ZH 633”5)]
= Eplep| > (477, A7) )]

1<i<j<n

The evaluation of (Aff ,AE’ ) 5 easily yields our claim (5.15), the last details being left to
the patient reader.

Let us now prove item (iii), namely

sup sup Eul(t,z)] < oo. (5.19)
e>0 te[0,T],z€R

To this aim, observe first that we have obtained an expression (5.15) which does not depend
on z € R, so that the sup,co 7y ,er in (5.19) can be reduced to a sup in ¢ only. Next, still
resorting to formula (5.15), it is readily seen that it suffices to show that for two independent
Brownian motions B and B, we have

t .
sup Eplexp (cFy)] < oo, with Ff = / / eI’ | g1 2H i (Brr=Bar) geqr, (5.20)
e>0,t€[0,T 0 JR

for any positive constant c¢. In order to prove (5.20), we expand the exponential and write:

Ep[exp(cF)] =) w . (5.21)
=0 )
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Next, we have

Ep [(FE =Ep / / —lfg (Brr; Bm E\€g|2|€ |1 2Hd€d7“
0,t]! Rl

< / / H6—H(t—ra<z>)\£z+~~+£1\2 |€j|1—2H dédr,
0]t JRE Sy

[ ’

where o is the permutation on {1,2,...,[} such that t > r,4) > -+ > 751). We have thus
gone back to an expression which is very similar to (5.11). We now proceed as in the proof
of Theorem 5.4 to show that (5.19) holds true from equation (5.21). O

Starting from Proposition 5.6, let us take limits in order to get the moment formula for
the solution u to equation (5.1).

Theorem 5.7. Assume % < H < % and considern > 1, j k € {1,...,n} with j # k. For
(t,x) € [0,T] x R, denote by Vj’k the limit in L*(Q2) as € — 0 of

Jk / / —6\5\2‘5‘1 2H 25 (BL,.—BE, dgd?"

Then E [uZ(t, )] converges as ¢ — 0 to E[u™(t,x)], which is given by

Huo tmexp(cw v )

1<j#k<n

E[u" —Ejp (5.22)

Proof. As in Proposition 5.6, we will prove the theorem for vy = 1 for simplicity. For any
p>1land1<j<k<n, wecan easily prove that V;; 0ok converges in LP(Q2) to V] " Jefined
by

t .
= /O /R €121 BB g . (5.23)

Indeed, this is due to the fact that e=I¢I°|¢[1=2H i6(Bh=BL) converges to |¢|1=2H i(Bhr—BL)
in the d¢ ® dr @ dP sense, plus standard uniform integrability arguments Now, taking into
account relation (5.15), Proposition 5.6 and the fact that V7 Ik converges to V;]xk in L*(Q)
as ¢ — 0, we obtain

limE [u?(t,z)] = lmEs |exp (CI,H > th;ﬁ”f>
o 0 1<j#k<n
= Ep |exp (cl,H > %{;ﬁ) (5.24)
1<j#k<n

To end the proof, let us now identify the right hand side of (5.24) with E[u"(t, z)|, where
u is the solution to equation (5.1). For e, > 0 we write

B fu(t, ) ue (1,2)] = By [oxp (A7, 47275 |
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where we recall that A;’f is defined by relation (5.17). As before we can show that this
converges as €,& tend to zero. So, u.(t,z) converges in L? to some limit v(¢, ), and the
limit is actually in L? , for all p > 1. Moreover, E[v*(¢,2)] is equal to the right hand
side of (5.24). Finally, for any smooth random variable ' which is a linear combination of
W (1ap(s)e(x)), where ¢ is a C'*° function with compact support, using the fact that Ito’s
and Skorohod’s integrals coincide on the set Ay, plus the duality relation (2.13), we have

E[Fu.t,z)]=E[F]+ E[(Y*, DF)g], (5.25)
where
V(.2) = ([ pese =)o = Do) ) 1ol
Letting ¢ tend to zero in equation (5.25), after some easy calculation we get
E[Fv,] =E[F|+E[(DF,up.(x —-))g)] .

This equation is valid for any F' € D'? by approximation. So the above equation implies
that the process v is the solution of equation (5.1), and by the uniqueness of the solution we
have v = u. U

5.2.2. Intermittency estimates. In this section we prove some upper and lower bounds on
the moments of the solution which entail the intermittency phenomenon.

Theorem 5.8. Let i < H < %, and consider the solution u to equation (5.1). For simplicity
we assume that the initial condition is ug(x) = 1. Let n > 2 be an integer, z € R and t > 0.
Then there exist some positive constants ¢y, ¢y, c3 independent of n, t and Kk with 0 < ¢; < ¢
satisfying

exp(cin T g t) < E W't x)] < csexp (CQ’leJ’_% Kl_%t) : (5.26)

Remark 5.9. Observe that the upper bound in (5.26) has already been proven for a general
coefficient o (see (4.39)).

Proof of Theorem 5.8. We divide this proof into upper and lower bound estimates.

Step 1: Upper bound. Recall from equation (5.8) that for (¢,z) € Ry xR, u(t, x) can be writ-
ten as: u(t,z) = > ~_, In(fm (-, t,2)). Moreover, as a consequence of the hypercontractivity
property on a fixed chaos we have (see [23, p. 62])

(s ts @) eniey < (0= 1) % [ Ln(fin (1, 2)) 2200 »
and substituting the above right hand side by the bound (5.13), we end up with

n m mH Hm-—m

czn2t 2 K 2

[D(mH +1)]?

o (fn s ts @) iy < 0% L (fn (8 )| z2() <

Therefore recalling again the elementary bound »_ ., 2"/(n!)* <2 exp(cz'/?), we get:
c
Ln(Q Z

L” < ||J t ,’L’
Z m=0 ( mH-l—l))

from which the upper bound in our theorem is easily deduced.

m H Hmm
2 2

n

||u(t, x) — < crexp (c2tn%m%) ,
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Step 2: Lower bound for u.. For the lower bound, we start from the moment formula (5.15)
for the approximate solution, and write

E[ul(t, )]

t
o2
=Ep |exp | e //6 <lel
0 Jr o

n 2
3 it

€2 dedr —nt [ e e €'-2Mag
R

In order to estimate the expression above, notice first that the obvious change of variable
A\ = e/2¢ yields fR e‘€|§|2|§|1_2Hd§ = Ce~ =) for some constant C. Now for an additional
arbitrary parameter n > 0, consider the set

A, = {w; sup sup |B? (w)| < 1}
1<j<n 0<r<t 3n

Observe that classical small balls inequalities for a Brownian motion (see (1.3) in [22]) yield
P(A,) > cre~e st for a large enough 7. In addition, if we assume that A, is realized
and [§] < 7, some elementary trigonometric identities show that the following deterministic

bound hold true: |77, e~iBk¢| > 2 Gathering those considerations, we thus get

t
E [ul(t,z)] > exp <cln2/ / e~ |2  gedr — cznteH_l) P (A,)
o Jo

e1/2
> Cexp (clnzte_(l_H)/
0

We now choose the parameter 7 such that kn? = e~ , which means in particular that

12, . . .
n— o0 as € — 0. It is then casily seen that [ " e~ 1g[1 21 d¢ is of order e(1~H) in this
regime, and some elementary algebraic manlpulations entail

eI e 2 e — comte= (7D — 03n/~€t772> :

(1-H)

E [ul(t,z)] > Cexp (clrzztlﬁH_le_(l_Iq)2 — cznts_(l_H)) > Cexp (c;;t/{l_%n”%) ,

where the last inequality is obtained by choosing e=(1=#) = ¢k 7 n¥ in order to optimize

the second expression. We have thus reached the desired lower bound in (5.26) for the
1

approximation u® in the regime ¢ = CcrkEn HO-H)

Step 3: Lower bound for u. To complete the proof, we need to show that for all sufficiently

small e, E [u”(t,2)] < E[u™(t,x)]. We thus start from equation (5.15) and use the series
expansion of the exponential function as in (5.21). We get

"(t, x) :Z—H ( > V;“) ] (5.27)
m! 1<j#k<n

where we recall that V;; I s defined by (5.16). Furthermore, expanding the mth power
above, we have

m

< > Vtif”“) ] - ¥ /[Oﬂm /m T B, [(570)] [T a2 dgdr .

1<j#k<n a€Knm =1
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where K, ,, is a set of multi-indices defined by
Kom ={a= (1, Jm k1, k) €{1,... 0} i <k forall [=1,... n},
and B*(€) is a shorthand for the linear combination Y " &(B# — B¥ ). The important

KT KT

point here is that Eze'®"© is positive for any a € K| nm- We thus get the following inequality,
valid for all m > 1
/ / zBa(g)} H |€l|1_2H dgd?"
CVGK 0 t m m l:l

Ep Z Vth
= EB Z ‘/t,;c ’

1<j#k<n
1<j#k<n

m

IN

where V;]xk is defined by (5.23). Plugging this inequality back into (5.27) and recalling
expression (5.22) for E[u"(t,z)], we easily deduce that E[(ul(t,z)] < E[u™(t,z)], which
finishes the proof. O

REFERENCES

[1] Alberts, T., Khanin, K., Quastel, J. The continuum directed random polymer. J. Stat. Phys. 154 (2014),
no. 1-2; 305-326.

[2] Bahouri, H., Chemin, J., and Danchin, R. Fourier analysis and nonlinear partial differential equations.
Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences,
343. Springer, Heidelberg, 2011. xvi+523 pp.

[3] Balan, R., Jolis, M. and Quer-Sardanyons, L. SPDEs with fractional noise in space with index H < 1/2.
arXiv preprint.

[4] Balan, R., Conus, D. Intermittency for the wave and heat equations with fractional noise in time. arXiv
preprint. 2013.

[5] Bertini, L., Cancrini, N. The stochastic heat equation: Feynman- Kac formula and intermittence. J.
Statist. Phys. 78 (1995), no. 5-6, 1377-1401.

[6] Bezerra, S., Tindel, S., Viens, F. Superdiffusivity for a Brownian polymer in a continuous Gaussian
environment. Ann. Probab. 36 (2008), no. 5, 1642-1675.

[7] Brzezniak, Z., Peszat, S. Space-time continuous solutions to SPDE’s driven by a homogeneous Wiener
process. Studia Math. 137 (1999), no. 3, 261-299.

[8] Chen, X. Spatial asymptotics for the parabolic Anderson models with generalized time-space Gaussian
noise. preprint.

[9] Dalang, R. Extending the martingale measure stochastic integral with applications to spatially homo-
geneous s.p.d.e.’s. Electron. J. Probab. 4 (1999), no. 6, 29 pp.

[10] Dalang, R. Corrections to: “Extending the martingale measure stochastic integral with applications
to spatially homogeneous s.p.d.e.’s” [Electron J. Probab. 4 (1999), no. 6, 29 pp. Electron J. Probab. 6
(2001), no. 6, 5 pp.

[11] Dalang, R., Quer-Sardanyons, L. Stochastic integrals for spde’s: a comparison. Ezpo. Math. 29 (2011),
no. 1, 67-109.

[12] Da Prato,G., Zabczyk, J. Stochastic Equations in Infinite Dimensions (Cambridge University Press,
1992).

[13] Gyongy, I. Existence and uniqueness results for semilinear stochastic partial differential equations.
Stochastic Process. Appl. 73 (1998), no. 2, 271-299.

[14] Gyongy, L., Krylov, N. Existence of strong solutions for Ito’s stochastic equations via approximations.
Probab. Theory Related Fields 105 (1996), no. 2, 143-158.

[15] Gyongy, I., Nualart, D. On the stochastic Burgers’ equation in the real line. Ann. Probab. 27 (1999),
no. 2, 782-802.



MULTIPLICATIVE STOCHASTIC HEAT EQUATION 57

[16] Hairer, M. Solving the KPZ equation. Ann. of Math. (2) 178 (2013), no. 2, 559-664.
[17] Hanche-Olsen, H. Holden, H. The Kolmogorov-Riesz compactness theorem. Ezpo. Math. 28 (2010), no.

4, 385-394.

[18] Hu, Y., Huang, J., Nualart, D., Tindel, S. Stochastic heat equations with general multiplicative Gaussian

noises: Holder continuity and intermittency. Accepted by Electron. J. Probab. arXiv preprint, 2014.

[19] Hu, Y., Nualart, D. Stochastic heat equation driven by fractional noise and local time. Probab. Theory

Related Fields 143 (2009), no. 1-2, 285-328.

[20] Hu, Y., Nualart, D., Song, J. Feynman-Kac formula for heat equation driven by fractional white noise.

Ann. Probab. 30, 291-326.

[21] Khoshnevisan, D. Analysis of stochastic partial differential equations. CBMS Regional Conference Series

in Mathematics, 119. Published for the Conference Board of the Mathematical Sciences, Washington,
DC; by the American Mathematical Society, Providence, RI, 2014. viii+116 pp.

[22] Li, W. V., Shao, Q.-M. Gaussian processes: inequalities, small ball probabilities and applications.

Stochastic processes: theory and methods, Handbook of Statist. 19, North-Holland, Amsterdam, 2001.

[23] Nualart, D. The Malliavin calculus and related topics. Second edition. Probability and its Applications

(New York). Springer-Verlag, Berlin, 2006. xiv+382 pp.

[24] Peszat, S., Zabczyk, J. Stochastic evolution equations with a spatially homogeneous Wiener process.

Stochastic Process. Appl. 72 (1997), no. 2, 187-204.

[25] Pipiras, V., Taqqu, M. Integration questions related to fractional Brownian motion. Probab. Theory

Related Fields 118 (2000), no. 2, 251-291.

[26] Samko, S., Kilbas, A., Marichev. O. Fractional integrals and derivatives. Theory and applications.

Gordon and Breach Science Publishers, Yverdon, 1993. xxxvi+976 pp.

[27] Zorko, C. T. Morrey space. Proc. Amer. Math. Soc. 98 (1986), no. 4, 586-592.

YA0zHONG Hu, JINGYU HUANG, KHOA LE AND DAVID NUALART: DEPARTMENT OF MATHEMATICS,

UNIVERSITY OF KANSAS, 405 SNow HALL, LAWRENCE, Kansas, USA.

E-mail address: yhu@ku.edu, huangjy@ku.edu, khoale@ku.edu, nualart@ku.edu

SaMY TINDEL: INSTITUT ELIE CARTAN, UNIVERSITE DE LORRAINE, B.P. 239, 54506 VAND@EUVRE-

LES-NANCY, FRANCE.

E-mail address: samy.tindel@univ-lorraine.fr



	1. Introduction
	2. Preliminaries
	2.1. Noise structure and stochastic integration
	2.2. Elements of Malliavin calculus

	3. Moment estimates and Hölder continuity of stochastic convolutions
	3.1. Moment bound of the solution
	3.2. Hölder continuity estimates

	4. Existence and uniqueness of the solution
	4.1. Uniqueness of the solution
	4.2. Space-time function spaces
	4.3. Probability measures on XT
	4.4. Existence of the solution

	5. The Anderson model
	5.1. Existence and uniqueness
	5.2. Moment bounds

	References

