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Abstract. We study a one-dimensional diffusion X in a drifted Brownian potential
Wy, with 0 < k < 1, and focus on the behavior of the local times (L(t,z),z) of
X before time t > 0. In particular we characterize the limit law of the supremum
of the local time, as well as the position of the favorite site. These limits can be
written explicitly from a two dimensional stable Lévy process. Our analysis is based
on the study of an extension of the renewal structure which is deeply involved in
the asymptotic behavior of X.

1. Introduction

1.1. Presentation of the model. Let (X (t), t > 0) be a diffusion in a random cadlag
potential (V(z), = € R), defined informally by X (0) = 0 and

AX (1) = dB(r) — SV (X(0)dr,

where (5(s), s > 0) is a Brownian motion independent of V. Rigorously, X is
defined by its conditional generator given V,

Lvyd (—vd
26 dzx € dz /-

We put ourselves in the case where V' is a negatively drifted Brownian motion:

V(z) = We(x) :=W(zr) - Sz, v € Rwith 0 < x < 1 and W a two sided Brownian

motion. We explain at the end of Section 1.2 what should be done to extend our
results to a more general Lévy potential.
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We denote by P the probability measure associated to W, (.). The probability
conditionally on the potential W, is denoted by PW= and is called the quenched
probability. We also define the annealed probability as

P(.) := /PWW(.)P(WH € dw).

We denote respectively by EW=, E, and E the expectations with regard to PW=, P
and P. In particular, X is a Markov process under P"* but not under P.

This diffusion X has been introduced by Schumacher (1985). It is generally
considered as a continuous time analogue of random walks in random environment
(RWRE). We refer e.g. to Zeitouni (2001) for general properties of RWRE.

In our case, since k > 0, the diffusion X is a.s. transient and its asymptotic
behavior was first studied by Kawazu and Tanaka: if H(r) is the hitting time of
re€ R by X,

H(r) :=inf{s >0, X(s) =1}, (1.1)

Kawazu and Tanaka (1997) proved that, for 0 < k < 1 under the annealed proba-
bility P, H(r)/r'/* converges in law as 7 — +00 to a k-stable distribution (see also
Hu et al. (1999), and Tanaka (1997)). Here we are interested in the local time of
X, which is the jointly continuous process (L(t,z),t > 0,2 € R) satisfying, for any
positive measurable function f,

t +oo
/ FOX(5))ds = / FOL( oz, £ 0.
0

— 00
On quantity of particular interest is the supremum of the local time of X at time
t, defined as

L(t) :=sup L(t, x), t>0.

R
For Brox’s diffusion, that is, for the diffusion X in the recurrent case k = 0, it is
proved in Andreoletti and Diel (2011) that the local time process until time ¢ re-
centered at the localization coordinate b; (see Brox (1986)) converges in law. This
allows the authors of Andreoletti and Diel (2011) to derive the law of the supremum
of the local time at time t € R4, We recall their result below in order to compare
it with the results of the present paper. To this aim, we introduce for every x > 0,

+oo + +oo =
Ry ;:/ e_Wﬁ(m)dx—i—/ e We@qy, (1.2)
0 0
where (W,I (z), x> O) and (W,I , x> O) are two independent copies of the process
(W, (z), x > 0) Doob-conditioned to remain positive.
Theorem 1.1. (Andreoletti and Diel (2011)) If k = 0, then
L(t) & 1
_ _) —_
t R’
where % denotes convergence in law under the annealed probability P as t — +o0.

Extending their approach, and following the results of Shi (1998), Diel (2011)
obtains the non-trivial normalisations for the almost sure behavior of the limsup
and the liminf of £*(¢) as ¢ — +o00. Notice that corresponding results have been
previously established in Dembo et al. (2007) and Gantert et al. (2010) for the
discrete analogue of X, the recurrent RWRE generally called Sinai’s random walk.
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One of our aims in this paper is to extend the study of the local time of X in
the case 0 < k < 1, and deduce from that the weak asymptotic behavior of £*(t).

Before going any further let us recall to the reader what is known for the slow
transient cases. For transient RWRE (see Kesten et al. (1975), for the seminal
paper), a result of Gantert and Shi (2002) states the almost sure behavior for the
lim sup of the supremum of the local time (L%(n)) of these random walks (denoted
by S), before time n: a.s. limsup, ,, . L&(n)/n = ¢ > 0. Contrarily to the
recurrent case (Gantert et al. (2010)) their method, based on a link with the local
time of S and a branching process in random environment, is not able to determine
the limit law of £%(n)/n.

For the transient diffusion X considered here, the only paper dealing with £*(t) is
Devulder (2016), in which it is proved that the limsup,_, , . £*(t)/t = 400 almost
surely. But once again his method can not be used to characterize the limit law of
L*(t)/t in the case 0 < k < 1.

Our motivation here is twofold, first we prove that our approach enables to
characterize the limit law of £*(¢)/t and open a way to determine the correct
almost sure behavior of £*(t) like for Brox’s diffusion. Second we make a first
step on a specific way to study the local time which could be used in estimation
problems in random environment, see Adelman and Enriquez (2004), Andreoletti
(2011), Andreoletti and Diel (2012), Andreoletti et al. (2016), Comets et al. (2014a),
Comets et al. (2014b), Falconnet et al. (2014).

The method we develop here is an improvement of the one used in Andreoletti and
Devulder (2015) about the localization of X (¢) for large t.

Before recalling the main result of this paper Andreoletti and Devulder (2015), we
need to introduce some new objects. We start with the notion of h-extrema, with
h > 0, introduced by Neveu and Pitman (1989) and studied more specifically in
our case of drifted Brownian motion by Faggionato (2009). For h > 0, we say that
x € R is a h-minimum for a given continuous process V if there exist u < x < v
such that V(y) > V(z) for all y € [u,v], V(u) > V(z) + h and V(v) > V(z) + h.
Moreover, z is an A-maximum for V' iff z is an h-minimum for —V'. Finally, = is an
h-extrema for V iff it is an h-maximum or an h-minimum for V.

As we are interested in the diffusion X until time ¢, we only focus on h;-extrema
of Wy, where

hy :=logt — ¢(t), with 0 < ¢(t) = o(logt), loglogt = o(p(t)).

It is known (see Faggionato (2009)) that almost surely, the hi-extrema of W, form
a sequence indexed by Z, unbounded from below and above, and that the h;-
minima and h;i-maxima alternate. We denote respectively by (m;, j € Z) and
(M;, j € Z) the increasing sequences of h,-minima and of h;-maxima of W, such
that mo <0 <my and m; < M; < mj4q for every j € Z. Define

Ny = max{keN, sup X(s) ka}, (1.3)
0<s<t
the number of hi;-minima on R, visited by X until time ¢. We have the following
result

Theorem 1.2. (Andreoletti and Devulder (2015)) Assume 0 < k < 1. There exists
a constant C1 > 0, such that

lim IE”(|X(t) —my,| < clqs(t)) =1

t——+o0
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This result proves that before time ¢, the diffusion X visits the N; leftmost
positive h;-minima, and then gets stuck in a very small neighborhood of an ultimate
one, which is my,. Notice an analogous result was proved for transient RWRE in
the zero speed regime 0 < k < 1 by Enriquez et al. (2009a). This phenomenon
is due to two facts: the first one is the appearance of a renewal structure which
is composed of the times it takes the process to move from one h;-minima to the
following one. The second is the fact that like in Brox’s case k = 0, the process
is trapped a significant amount of time in the neighborhood of the local minimum
mn,.

It is the extension of this renewal structure to the sequence of local times at the
hi-minima that we study here. We now detail our results.

1.2. Results. Let us introduce some notation involved in the statement of our
results. Denote by (D([0,+00),R?),J;) the space of cadlag functions with J;-

Skorokhod topology and denote by % the convergence in law for this topology. On
this space, define a 2-dimensional Lévy process (1, )2) taking values in Ry x Ry,
which is a pure positive jump process with k-stable Lévy measure v given by

C C
Ve >0, Vy >0, V([x,—i—oo[x[y,—i—oo[) = —iIE {(RN)“]IRN<4+—2]P’ (’RN > g) ,

y —x xﬁ €T

(1.4)
where R, is defined in (1.2) and Cs is a positive constant (see Lemma 4.1). The
Laplace transform of R, is given by
2

ARy (27)"/2
B = (rporavm) 770 (1.5

see Lemma 6.6 for details, therefore R, admits moments of any positive order. In
particular E[(R,)"] is finite and v is well defined.
For a given function f in D([0, +00),R), define for any s > 0,a > 0:

Fils) = swp (F) = f07),  f7H(@) =inB{z 20, f(z) > a},
where f(r~) denotes the left limit of f at 7. In words, f%(s) is the largest jump
of f before time s, whereas f~!(a) is the first time f is larger than a. We also
introduce the couple of random variables (Z1,Z») as follows,

ViV 1) = V(1))

Vo (V5 t (1) = Ve (V5 H (1))
(1.6)

L=Y(¥: 1)), o= (1-2051(1)7)) x

We recall that % denotes convergence in law under the annealed probability P as
t — 400. We are now ready to state our first result.

Theorem 1.3. Assume 0 < k < 1. We have,
L*(t
# %} I = max(Il,Ig).

Contrary to the recurrent case k = 0, we have no scaling property for the po-
tential, and the diffusion X cannot be localized in a single valley as we can see in
Theorem 1.2. However in the transient case we can make appear and use a renewal
structure.

We now give an intuitive interpretation of this theorem, explaining the appearance
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of the Lévy process (V1, Vs).

First for any s > 0, ) (s) is the limit of the sum of the first |se®*(®) | normalized
(by t) local times taken specifically at the |se®®(®)| first h;-minima. )»(s) plays
a similar role but for the exit times of the |se*®(*)| first hs-valleys, where an hg-
valley is a large neighborhood of an h;-minimum. For a rigorous definition of these
h¢-valleys, see Section 2.2 and Figure 2.1.

So, by definition, Z; is the largest jump of the process ) before the first time s
is larger than 1. It can be interpreted as the largest (re-normalized) local time
among the local times at the h;-minima visited by X until time ¢ and from which
X has already escaped. That is to say, Z; is the limit of the random variable
supy<n, 1 L(mg,t)/t.

T, is a product of two factors: the first one, (1—Y»(¥5"(1)7)), corresponds to
the (re-normalized) amount of time left to the diffusion X before time ¢ after it
has reached the ultimate visited h;-minimum my;,, that is, to (t — H(mpy,))/t. The
second factor corresponds to the local time of X at this ultimate A;~-minimum my,,
that is to say Zs is the limit of L(t,my,)/t. Intuitively Vs is built from )y by mul-
tiplying each of its jumps by an independent copy of the variable R,. Therefore
this second factor can be seen as an independent copy of 1/R,; taken at the instant
of the overshoot of J» which makes it larger than 1. Notice that this variable R
plays a similar role than Ry of Theorem 1.1. Indeed as in the case k = 0, the
diffusion X is prisoner in the neighborhood of the last h;-minimum visited before
time t.

We prove Theorem 1.3 by showing first that portions of the trajectory of X
re-centered at the local hi-minima, until time ¢, are made (in probability) with
independent parts. This has been partially proved in Andreoletti and Devulder
(2015) but we have to improve their results and add simultaneously the study of
the local time.

Second, we prove that what we seek for the supremum of the local time is, mainly, a
function of the sum of theses independent parts, which converges to a Lévy process.
We now provide some details about this.

(Wl(s), s > 0) is a canonical process, taking values in R, with infinitesimal
generator given for every x > 0 by

1 d? n K coth (/@ ) d
—— 4= —z) —.
2dx? 2 27/ dx

This process W, can be thought of as a (—x/2)-drifted Brownian motion W,, Doob-
conditioned to stay positive, with the terminology of Bertoin (1950), which is called
Doob conditioned to reach 4+o0o before 0 in Faggionato (2009) (see Section 2.1 in
Andreoletti and Devulder (2015) for more details). We call BES(3, k/2) the law of
(W!(s), s >0). For any process (U(t), t € R,) we denote by

7Y (a) :=inf{t > 0, U(t) = a},
the first time this process hits a, with the convention inf() = 4o00. For a < b,

(Wh(s), 0 < s < Ve (a)) is a (—k/2)-drifted Brownian motion starting from b
and killed when it first hits a. We now introduce some functionals of W, and W,
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which already appeared in (Andreoletti and Devulder (2015), Section 4.1):

wi
T (2)
FEz) = / exp(£W] (s))ds, x>0, (1.7)
OTWi’(a>
G*(a,b) = / exp (£ Wl(s))ds, a <b. (1.8)
0
Let 0 < § < 1, define
ng = Le”‘z’(t)(l”)J, t>0,

which is, with large probability, an upper bound for N; as stated in Lemma 3.1.
Let (S;, Rj,ej,j < n;) be a sequence of i.i.d. random variables depending on ¢,

with S;, R; and e; independent, S; z Ft(h) + Gt (he/2,hy), Ry z F~(h/2) +
F~(hy/2) and e, z £(1/2) |an exponential random variable with parameter 1/2],
where F~ is an independent copy of F~ and F* is independent of G, and i
denotes equality in law. Define ¢; := e;5; and H; := {;R;. Note that to simplify
the notation, we do not make appear the dependence in ¢ in the sequel. Typically,
¢; plays the role of the local time at the j-th positive hi-minimum if X escapes
from the j-th hi-valley before time ¢. Similarly, #; plays the role of the time X
spends in this h;-valley before escaping from it.

Define the family of processes (Y1, Y3)! indexed by ¢, by

\_se"‘ﬁmj

Vs > 0, (Y1, Ya)s =z Z (45, H;)-

j=1

Recall that & denotes convergence in law under Jj-Skorokhod topology. Here is
our next result.

Proposition 1.4. Assume 0 < k < 1. We have under P, as t — +o0,

(V1,Ys)" & (W1, do).

Once this is proved, we check that what we need for the supremum of the local
time can be written as a function of (Y7,Y3)!. We obtain such an expression in
Proposition 5.1. Then to obtain the limit, we prove the continuity (in Ji-topology)
of the involved mapping and apply a continuous mapping Theorem (see Section
4.3). It appears that with this method we can obtain other asymptotics, like for
the supremum of the local time before the last h;-valley is reached (before the
instant ¢) and once it left it for good as well as for the position of the favorite site:

Theorem 1.5. Assume 0 < k < 1. We have the following convergences in law
under P as t — 400,

)]

t
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Let us call Fy, the position of the first favorite site, F;* := inf{x € R, L(t,x) =
L*(t)}. Then,

Fr oz
Ftt) — BU[O,I] + 1 - B,

where B is a Bernoulli random variable with parameter P(Iy < Iz), and Uy is a
uniform random variable on [0,1], independent of B.

We remark that with probability one there is at most one point x such that
L(t,x) = L*(t) so Fy is actually the favorite site. Note that similar questions
about favorite points for X have been studied in the recurrent case k = 0 by
Cheliotis (2008).

One question we may ask here is: what happens in the discrete case or with a
more general Lévy potential?

For the discrete case, we expect a very similar behavior because the renewal
structures which appear in both cases (continuous and discrete) are very similar (see
Enriquez et al. (2009a)). The main difference comes essentially from the functional
Ry, which should be replaced by a sum of exponentials of simple random walks
conditioned to remain positive (see Enriquez et al. (2009b), Enriquez et al. (2009a)).

For a more general Lévy potential, we have in mind for example a spectrally
negative Lévy process (studied in the case of diffusion in random environment by
Singh (2008)). More work needs to be done, especially for the environment. First,
to obtain a specific decomposition of the Lévy’s path (similar to what is done for
the drifted Brownian motion in Faggionato (2009)), and also to study the more
complicated functional R, which is less known than in the brownian case. This is
a work in preparation by Véchambre (2016-+).

The rest of the paper is organized as follows.

In Section 2, we recall the results of Faggionato on the path decomposition of
the trajectories of W,,. Also we recall from Andreoletti and Devulder (2015) the
construction of specific hy-minima which plays an important role in the appearance
of independence, under P, on the path of X before time t.

In Section 3, we study the joint process of the first n; hitting times and local
times. We show that parts of the trajectory of X are not important for what we
seek. We then prove the main result of this section: Proposition 3.5. It shows
that the joint process (exit time, local time) can be approximated in probability by
i.1.d random variables. This part makes use of some technical results inspired from
Andreoletti and Devulder (2015), they are resumed in Section 6.

In Section 4, we prove Proposition 1.4, and study the continuity of certain func-
tionals of ()1, V») which appear in the expression of the limit law Z. This section is
independent of the other ones, we essentially prove a basic functional limit theorem
and prepare to the application of continuous mapping theorem.

Section 5 is where we make appear the renewal structure in the problem we
want to solve. In particular we show how the distribution of the supremum of the
local time can be approximated by the distribution of some function of the couple
(Y1, Y2)?, the main step being Proposition 5.1.

Section 6 is a reminder of some key results and their extensions extracted from
Andreoletti and Devulder (2015). For some of these results, sketch of proofs or
complementary proofs are added in order for this paper to be more self-contained.
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The appendiz is a reminder of some estimates on Brownian motion, Bessel pro-
cesses, and functionals of both of these processes.

1.3. Notation. In this section we introduce typical notation and tools for the study
of diffusions in a random potential.

For any process (U(t), t € R;) we denote by Ly a bicontinuous version of the
local time of U when it exists. Notice that for our main process X we simply
write L for its local time. The inverse of the local time for every z € R is denoted
oy (t,z) == inf{s > 0, Ly(s,z) > t} and in the same way o(t,z) := ox(t,z). We
also denote by U® the process U starting from a, and by P® the law of U%; with
the notation U = U°. Now let us introduce the following functional of W,

A(r) ::/ e @ g, reR.
0

We recall that whenever k > 0, Ay := lim, 1o A(r) < o0 a.s. As in Brox
(1986), there exists a Brownian motion B independent of W, such that X (t) =
A7YB(T~Y(t))], where

T(r) := /OT exp{—2W,[A7(B(s))]}ds, 0<r<7P(AL). (1.9)

The local time of the diffusion X at location x within time ¢, simply denoted by
L(t, ), can be written as (see Shi (1998), eq. (2.5))

Lt,z)=e V@ Lg(T™t), A(z)), t>0,z€R. (1.10)
With this notation, we recall the following expression of the hitting times of X,

H(r) =T[rP(A(r))] :/T e Wl £p 7B (A(r)), A(u)]du, r>0. (1.11)

2. Path decomposition and Valleys

2.1. Path decomposition in the neighborhood of the hi-minima m;. We first recall
some results for h;-extrema of W,,. Let

VO (2) = We(z) - We(mi), 2€R, ieN,

which is the potential W, translated so that it is 0 at the local minimum m,;. We
also define

77 (h) = sup{s <mi, V(s)=h}, h >0, (2.1)

mi(h) = inf{s >m;, V¥ (s)=h}, h > 0. (2.2)

The following result has been proved by Faggionato (2009) [for (i) and (ii)], and
the last fact comes from the strong Markov property (see also (Andreoletti and
Devulder (2015), Fact 2.1) and its proof).

Fact 2.1. (path decomposition of W, around the hi-minima m;)

(i) The truncated trajectories (V& (m; —s), 0 < s < m; —7; (hy)), (V@O (m; +
s), 0<s<m(h) — mi), 1 > 1 are independent.

(ii) Let (W](s), s > 0) be a process with law BES(3,/2). All the truncated
trajectories (V(i) (m; —s), 0<s<m; — Ti_(ht» for i > 2 and (V(j) (mj+s), 0<
s < 7;(hs) —my) for j > 1 are equal in law to (Wl (s), 0 < s < TW'I(ht)).

(iii) For i > 1, the truncated trajectory (V@ (s + 7i(h;)), s > 0) is independent
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of (Wk(s), s < 7i(h)) and is equal in law to (W[t (s), s > 0), that is, to a
(—k/2)-drifted Brownian motion starting from h;.
2.2. Definition of hi-valleys and of standard hy-minima m;, j € N*.
We are interested in the potential around the hy-minima m;, i € N*, in fact intervals
containing at least [7; ((1 + k)h¢), M;]. However, these valleys could intersect. In
order to define valleys which are well separated and i.i.d., we introduce the following
notation. This notation is used to define valleys of the potential around some m;,
which are shown in Lemma 2.2 to be equal to the m; for 1 < ¢ < n, with large
probability.
Let

hi = (1+ Kk +20)hy.
As in Andreoletti and Devulder (2015), we define Iig‘ =0, mgo := 0, and recursively
for i > 1 (see Figure 2.1),

Lf = inf{z > L)y, Wi(z) < Wi(L),) = b},
7i(he) := inf {o > LE, W, (z) — inf g5 ) Wie > i}, (2.3)
m,; = inf {3: > f)g, We(z) = inf[iﬁ,ﬂ(ht)] W,{},
L} = inf{z > 7(hs), We(x) < We(Fi(hs)) — he — b}

We also introduce the following random variables for i € N*:

M; = inf{s > 1m;, Wy(s) = max,; o, i+ Wa(u)},

LY = inf{z > 7i(hy), We(x) — We(in;) = 3h/4},
L :=inf{x > 7;(h), We(z) — W, (i) = hy/2}, (2.4)
7(h) == inf{s > m;, We(x) — We(mi) =h},  h>0, (2.5)
7, (h) == sup{s < m;, W.(z) — Wi(m;) = h}, h >0, (2.6)
E; = %ii(h;r)-

We stress that these random variables depend on ¢, which we do not write as
a subscript to simplify the notation. Notice also that 7;(h;) is the same in defini-
tions (2.3) and (2.5) with h = hs. Moreover by continuity of Wy, W (7i(ht)) =
W (m;)+hs. So, the m;, i € N*, are hy-minima, since W, (m;) = inf[iipﬁ(ht)] W,

W, (7i(ht)) = Wi () + he and W, (L ) > W, () + he. Moreover,
Lf | <Lf<wm;<7(h)<Lf<Li<Lf,  ieN*, (2.7)
Li | <Ly < <7i(hy) < M;<Lf, ieN". (2.8)

Furthermore by induction the random variables Eg, 7i(hy) and L

1 7

i € N* are

stopping times for the natural filtration of (W (z), = > 0), and so L;, LY, i e N,
are also stopping times. Also by induction,
Wo(LY) = inf W.,  We(my) = inf W,,
(0,24 (0,7 (ho)]
(2.9)

W (LF) = inf W, =W, () — h{,
[0.L]]

for i € N*. We also introduce the analogue of V) for m; as follows:

VO (2) := We(x) — W, (), zeR, i e N*.
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FIGURE 2.1. Schema of the potential between f);tl and L, in the

K2

case L§ < i/;.

We call ¢ th hs-valley the translated truncated potential (f/(i) (x), i/; <zx< L-),
fori>1.

The following lemma states that, with an overwhelming high probability, the first
ny + 1 positive hy-minima m;, 1 < i < n; + 1, coincide with the random variable
m;, 1 <i <mny+ 1. We introduce the corresponding event V; := ﬁ?:“fl{mi =m;}.

Lemma 2.2. Assume 0 < § < 1. Fort large enough,
P (Vt) S Clnteiﬁht/z = 6[75/2+0(1)]ht, 01 > 0.

Moreover, the sequence ((f/(i) (x + f}:r_l), 0<z< ji:r — f):r_l), 7> 1), 18 1.4.d.
Proof: This lemma is proved in Andreoletti and Devulder (2015): Lemma 2.3. O

The following remark is used several times in the rest of the paper.

Remark 2.3. On V;, we have for every 1 <1i < n;, m; = m;, and as a consequence,
VO (z) = V@ (z), z € R, 7, (h) = 7, (h) and 7;(h) = 7i(h) for h > 0. Moreover,
M; = M;. Indeed, M; is an hy-maximum for W, which belongs to [my;, mir1] =
[y, miy1] on Vi, and there is exactly one h;-maximum in this interval since the
h;-maxima and minima alternate, which we defined as M;, so ]\Zfi = M;. So in the
following, on V;, we can write these random varibales with or without tilde.

3. Contributions for hitting and local times

3.1. Negligible parts for hitting times.

In the following lemma we recall results of Andreoletti and Devulder (2015) which
say, roughly speaking, that the time spent by the diffusion X outside the h;-valleys
is negligible compared to the amount of time spent by X inside the h;-valleys. This
lemma also gives an upper bound for the number of visited h;-valleys. Finally, it
tells us that with large probability, up to time ¢, after first hitting the bottom 7, of
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each h;-valley [f/;, Lj], X leaves this h;-valley on its right, that is on i/j, and that
X never backtracks in a previously visited h;-valley. We define H,_,, := inf{s >
H(z), X(s) =y} — H(x) for any > 0 and y > 0, which is equal to H(y) — H(x)
if x <y. Let

Uoi=0,  Usi=H(L)—H(m) = Hy _p, i>1,
m k—1
By(m) =) {o < H(ig) = Y Us < @t} ., om>1,
k=1 i=1
where v, := 2t/ log h; and 2?21 U; = 0 by convention. Finally, we introduce
Ba(m) := () {Hmjaij <Hg si-r Hp gy, < HL]‘—@;}' m 1.
j=1

Lemma 3.1. For any § small enough, we have for all large t,

P(H(m1) < 0) 2 P(Bi(ne)) > 1 = Cauy, (3.1)

with v, == ny - (log hy)e=*®) = 0(1) and Cy > 0. Moreover,
P (Bz(ns)) > 1 — Cange " C3 >0, (3.2)
P(N; <ng) >1—e?®, (3.3)

Proof: The first statement is Lemma 3.7 in Andreoletti and Devulder (2015). The
second one follows directly from Lemmata 3.2 and 3.3 in Andreoletti and Devulder
(2015). For the proof of (3.3) see Lemma 6.1. O

3.2. Negligible parts for local times.

We now provide estimates for the local time of X at time ¢. We first prove that the
local time of X outside the first n; h;-valleys is negligible compared to ¢. Second,
we prove that for every 1 < j < n; the local time of X inside the h;-valley [f/;, Lj]
but outside a small neighborhood of m; is also negligible compared to t.

3.2.1. Supremum of the local time outside the valleys.

The aim of this subsection is to prove that at time ¢, the maximum of the local
time outside the h;-valleys is negligible compared to t. More precisely, let f(t) :=
teln(1+30)=1e(t) and, for m > 1,

Bim) = { sy £01(0),0) < 510

z€[0,7m1]

m?j{ sup E(H(mjﬂ)vw)éf(t)},

w€[Ly,m 1]

B3(m) = "ﬁl {sup,e, (LHGG1),2) ~ £(H (E), 7)) < £}

Bs(m) := Bs(m) N Bg(m).

This section is devoted to the proof of the following lemma.
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Lemma 3.2. Assume ¢ small enough such that k(14 30) < 1. There exists C5 > 0
such that for any large t

P (Bs(ny)) > 1 — Cswy,

with wy 1= e~ "99(1)

Its proof is based on Lemma 3.3 below, for which we introduce the following
notation, depending only on the potential W,:
mr(h) = inf{u >0, Wi(u) —infg W, > h}, h >0,
mi(h) = inf{y >0, Wi(y) = inflo r(n) Wi}, h > 0.
Throughout the paper, C (resp. ¢_) denotes a positive constant that may grow
(resp. decrease) from line to line.

Lemma 3.3. Assume that k(1 + 39) < 1. For large t,

. w(1436) c
g (s“pwe[o,m;(hm LIH (77 (b)), 7] > tel=1F3) ”"’(“) <—1

Proof of Lemma 3.3: Thanks to (1.10) and (1.11) there exists a Brownian motion
(B(s), s >0), independent of W, such that

LIH (7§ (hy)), 2] = e V@ Lp[rB(A(r (b)), A(z)], z €R. (3.5)

By the first Ray—Knight theorem (see e.g. Revuz and Yor (1999), chap. XI), for
every a > 0, there exists a Bessel processes Q)2 of dimension 2 starting from 0,
such that Lp(78(a),z) is equal to Q%(a — x) for every x € [0,a]. Consequently,
using (3.5) and the independence of B and W,;, there exists a 2-dimensional Bessel
process Q2 such that

LIH (7 (b)), z] = e " DIQF[A(T (hy)) = A(@)]  0<z <7i(hy).  (3.6)
In order to evaluate this quantity, the idea is to say that loosely speaking, Q3

grows almost linearly. More formally, we consider the functions k(t) := e+ #(®),
a(t) := 4¢(t) and b(t) := 65" 'p(t)e ", and define the following events

—+o0
Ay = {AOO ;:/ eW~<u>dugk(t)},
0

Ay {Vu € (0,k(t)], Q3(u) < 2eula(t) + 4logloglek(t)/u]]},

Az = {inflo (g Wi = =b(1) -
We know that P(As > y) < Cry " for y > 0 since 2/A, is a gamma variable
of parameter (k,1) (see Dufresne (2000), or Borodin and Salminen (2002) IV.48
p. 78), having a density equal to e~ *z" g, (2)/T (), so P(Ay) < C1k(t)™" =
Cie= 2. Moreover, P(A;) < Cy exp[—a(t)/2] = Ce~2*®) by Lemma 7.5. Also
we know that —inf(g ;= 4y Wi, denoted by —3 in (Faggionato (2009), eq. (2.2)) is
exponentially distributed with mean 2x~" sinh(kh/2)e""/? (Faggionato (2009), eq.
(2.4)). So for large t,

P(J_42) = P[— inf[o,'rl*(ht)] We > b(t)]

exp [ — b(t)r/(2sinh(rhy/2)e""/?)]
o—20(8)

IN
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Now, assume we are on ApN.A;NAs. Due to (3.6), we have for every 0 < a < 77 (ht),
since 0 < A(71 (hy)) — A(z) < Ao < k(2),

LIH (7{ (ht)), z]

< e W@ e[ A7 (hy)) — A(z)]{a(t) + 4loglog [ek(t)/[A(r{ (ht)) — A(z)]] %3 )

We now introduce
fir=inf{u >0, Wy(u) < —i} =7"5(=i), €N,
and let 0 < x < 7{(ht). There exists ¢ € N such that f; < z < f;41. Moreover,

we are on Ag, so i < b(t). Furthermore, < fiy1, so Wy (z) > —(i + 1) and then
e W(@) < eitl — o= Walfi)+1 A1l this leads to

71 (he)
e VDA (b)) = Ala)] = e W) / W) dy

IN

71 (ht)
e/ Wr (W) =W (fi) qq,, (3.8)
f

i

To bound this, we introduce the event

[b(t)] 71 (he) '
As = ﬂ {/ eWr(W=Welfi)qy < e(l")htb(t)nte“‘;“b(t)}.
i=0

k3

We now consider 71 (u, hy) := inf{y > u, Wi (y) —infp, ) Wi > hy} > 71 (he) for
u > 0. We have

) . 7 (foshe)
E(/ eW,{(u)Wn(ji)du) < E(/ eWm(u)Wm(fi)du> = Bo(ht),

7 7

by the strong Markov property applied at stopping time f;, where we define 5y (h) :=
E (fOTl (R) ewﬁ(“)du). By (6.15), Bo(h) < Cyell=®" for large h. Hence for large ¢
by Markov inequality,

IN

_ o)) 77 (he)
P(A?,) Z P(/ eWe(W=Welf) qq > e(l_n)htb(t)nteﬁ&b(t))
i=0
[b(t) + 1]Bo(he) - Cy
e(=mheh(t)nyesdd(®) = perdd®)

i

Now, on N3_y.Aj, (3.7) and (3.8) lead to

LIH (77 (ht)), ]
< 22T hep()n,em? (D La(t) + 4loglog [ek(t) /[A(Ty (he)) — A(2)]] }. (3.9)
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We now consider only 0 < z < mj(ht). By definition of Ay, infjg -,y Wi > —0(1),
such that

71 (ht)
A(75 (he)) — A(z) = / ey,
71 (he)
> / =y,
mj (he)
> e "Dlry (hy) — mi(he)]
> e b

on the event N} yA; with Ay := {77 (hs) — mj(hs) > 1}. Since my = mj(hs) and
T1(ht) = 75 (ht) on {Mp < 0} by definition of h;-extrema, we have

P(Ay) < P(0<My<mi)+ Plri(hy) —my <1]
Cyhe™™ 4 P[7 Wi (hy) — 7V (hy/2) < 1]
< 2khie™" 4 Oy exp[—(c_)h?]

IN

due to (Andreoletti and Devulder (2015), eq. (2.8), coming from Faggionato
(2009)), Fact 2.1 (ii) and (7.4).
Now, we have ek(t)/[A(Tf (hi)) — A(x)] < ek(t)e?® on NLyA;, and then, on this
event, (3.9) leads to

LIH(7y (ht)),x] < 262+(1_”)hfb(t)nte”5¢(t){a(t) + 4loglog [ek(t)eb(t)} }.
< Cote(t)els(rO)-1s0) grdot)p,

since ¢(t) = o(logt), hy = logt — $(t) and n; = [e*1 99" | We notice that for
large t, C ¢(t)hs < 99 since loglogt = o(¢(t)). Hence, for large t,

LIH(7F (hy)), 2] < telr(1+30) 1)

on N}_yA; for every 0 < 2 < mj(hy). This gives for large ¢,

.

P (subcfo,m noy LU (), 2] < 16l H07060) > B (g A) 21—,

due to the previous bounds for ]P’(Ai), 0 <i¢ < 4. This proves the lemma. 1
With the help of the previous lemma, we can now prove Lemma 3.2.

Proof of Lemma 3.2: The method is to do a coupling, similarly as in the proof
of Lemma 3.7 of Andreoletti and Devulder (2015). Recall the definition of L} <
L; < L§+1 just above (2.5). Also, let
#y(he) o= inf {u > L, W, (u) — inf 7.z Wi > he} < Fia(hy), i>1,
iy (he) = inf {u > L7, Wy (u) = infipe o gy Wel i1
As = My {7 (he) = T () },

Xi(u):=X(u+H(L;)),  X;(u):=X(u+H(L;)), u>0i>1
(3.10)

Let ¢ > 1. By the strong Markov property, X; and X/ are diffusions in the potential
Wy, starting respectively from L; and L;. We denote respectively by Lx,, Lxx,
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Hy, and H X the local times and hitting times of X; and X. We have for every
xr > f/f,

L(H (i), x) = LOH(Li),x) < L(H (i), x) = L(H(L]), z)
= Ex%« (Hka (ThH_l),JJ).

Consequently, on A; N Ag with Ag := ﬁ"t 1{HX] (mjy1) < Hx, (L*)} for1 <i<
ny — 1

sup (L(H (i), 2) = £(H(L:), )

xeR
= sup (C(H(ﬁlwl)vﬂﬂ)_E(H(Ei)v$)>
Li<o<mii
< sup Lx:(Hx: (M), )
Li<x<mit1
< osup Lx; (Hx: (7 (b)), ), (3.11)
Li<z<mj,,

since mj,; = Mmip1 < Tip1(he) = 771 (ht) on As. Now, notice that the right
hand side of (3.11) is the supremum of the local times of X} — l?{, up to its first
hitting time of 7, (h;) — L}, over all locations in [0,7},; — L}]. Since X; —
L# is a diffusion in the potential (W,i(if +a) — We(L}), z € R), which has on
[0, +00) the same law as (W, (z), = > 0) because L is a stopping time for Wy, the
right hand side of (3.11) has the same law, under the annealed probability P, as
SUPL[0,m (h,)] L[H (75 (ht)), x]. Consequently,

P("Ul {Sup (E(H(Thi-i-l)ux) — [(H(ﬂi),x)) S telr(1436) =116 (t) })

i—1 zeR

IN

1t [P (5UPacio,ms () £[H (7 (), 2] > el=+307100) 1 p(As) + P(As)
< Cperoe®) 12

—

~—

(3.
by Lemma 3.3, since ]P)(Zg,) < Cynghe " by (6.9), P(jﬁ) < ]P’(Bz nt))
Csnge™ %% by (3.2) and since ¢(t) = o(logt). Notice that, as before, m; = my
mi(hy) on V, N {My < 0}. Finally,

A

c _
JP’( sup  L(H(m),z) > te[“(”g‘”’”“t)) < eﬂé—;@ +P(V,) + P(0 < My < my)
z€[0,m1]
c.
= erdp(t)

also by Lemma 3.3, Lemma 2.2, and since P(0 < My < my) < C+hte_”hf due to
(6.8). This and (3.12) prove the lemma. O

3.2.2. Local time inside the valley [f/;, L;] but far from 1.
We introduce for ¢t > 0 and j > 1,

rei=Cod(t), D= [y — 1o,y + 1), (3.13)
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where Cy > 0 is a constant that can be chosen as large as needed. We also define

Ba(m) := ) { s (L(H(Ly),x) - £(H(iy), 7)) < te_2¢(t)}

j=1 \zeD;n[# (hf),L;]

for m > 1, where D; is the complementary of D;.

Lemma 3.4. There exists Cg > 0 such that for large t,
P[Bai(ny)] > 1— Cenge 220

Proof: Let j € [1,n¢]. Throughout the rest of the paper, for y € R, we denote
by ]P’ZVN the law of X starting from y instead of 0, conditionally on W,. As we

are interested in the local time at x after X reaches m; we work under ]P’r%.
So first, thanks to (1.10) and (1.11), under IF’TI%/J*?, there exists a Brownian motion
(B(s), s >0), independent of V), such that

LH(L;),z] = e VO Lp[rB(AI(L))), A ()], xeR,

x

where A(x) = [T V7 ()ds. Let Bi() := Bi((A7(L;))2.)/AI(L;). By scaling,
we notice that conditionally to W, B is a standard Brownian motion. Therefore,
even if W, appears in the expression of B?, B’ is probabilistically independent
of W,,. We still denote it by B in the sequel to simplify the notation. With this
notation, we have

LIH(L),x] = e V@ AI(L)Lp[rP(1), A () /A (L;)], xR (3.14)

In order to bound the factors Lz [75(1),.] and A’ (L;) in (3.14), we first intro-
duce

Ay = {supyen Ll (1), u] < @0}, Ay 1= {A(IL) < 2eM 200k,
(3.15)

We have P(A;) < 5e=2?(® for large t by Lemma 7.4 eq. (7.12) and (7.13). Moreover
on V;, we have by Remark 2.3 and Fact 2.1 (ii) and (iii),

Ly
Aj(i’j) < [%j(ht)—mj}eht—i—/ ! eV(”(S)dS
7~'j(ht)

L]‘ .
= [7j(he) —my]eh +/ eV )ds
7j(ht)
L p w! +
= e T (I’Lt)+G (ht/2,ht),

where W has law BES(3,x/2) and is independent of G (h;/2, h;), which is de-
fined in (1.8), and with L; = inf{s > 7;(h), VW (s) = hy/2} as defined in (2.4).
Consequently,

P(A) < P (h) > e2O/%) £ P(GF(hy/2, he) > e T200/%) 4 (W)
< C+e*2¢(t)

for large ¢ by eq. (7.5), Lemma 7.3 eq. (7.10) and Lemma 2.2, and since ¢(t) =
o(logt) and loglogt = o(¢(t)).
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Now, we would like to bound the factor eV @) that appears in (3.14). To this
aim, let

Ay = {F[RCop(t)/8] < iy + Coo(t)},

Ay = inf V) > kCoo(t)/16 4,
! {[n[nco¢<t>/81,n<ht>1 08(t)/ }

with 7; and 7, defined in (2.5) and (2.6), and 7; and 7, in (2.1) and (2.2). First,
using (6.12) P(A3) < C e [F*Cos®)]/(16V2) < c=26(%) if we choose C large enough.
Moreover Fact 2.1 together with (7.3) (applied with h = Cy¢(t), o = /8, v = /16
and w = hy/(Cod(t))) gives P(Ag) < e=r Cod()/16 < =26(1) for large t.

We notice that inf( 1 cog(),7 ()] V) > kCop(t)/16 on A3NALNVy, since 7; = 7
on V; thanks to Remark 2.3. We prove similarly that P(ﬁ;—,) < C+e_”2C°¢(t)/(16‘/§)+
P(Vt) < 2729 where

As = { inf v > HCo¢(t)/16}7
[7; (he),m;—Cog(t)]

{ inf V) > ht/2}.

(7 (h). 75 (ho)]

Ag

Also by (6.10), P(As) < e "/, We also know that VW (z) > h;/2 for all
Ti(hy) <z < Ej by definition of Ej. Consequently on NS_;A; NV, for all z €
D; N [7; (hi), L;], we have e~V @) < g=rCod(1)/16
Hence on N%_; A; N'V;, we have under Pﬁle’f, by (3.14) and (3.15),
sup E[H(.Z/j),l'} < 2te(1+2/ﬁ)¢(t)e—ﬁCoqﬁ(t)/lﬁ < te_2¢(t),
zeD;N[F; (), L;)

if we choose Cj large enough. So, conditioning by W, and applying the strong
Markov property at time H(m;), we get

P sup (L[H(L;),x] — L[H(my;),x]) < te %0
z€D; N7 (hf),L;]

> E(Pps (0l AinWi)) >1—Cpe 00

uniformly for large ¢ due to the previous estimates and thanks to Lemma 2.2. This
proves the lemma. 0

3.3. Approximation of the main contributions.

In this section we give an approximation of the exit time of each h;-valley
[Ej_,ij] and of the local time at the bottom 7m; of this he-valley for every 1 <
j < ny. More precisely, we make a link between the families ((U; := H (L;) —
H(mmy), L(H(L;),m;)),1 < j < n¢), and the i.i.d. sequence ((H;,¢;),1 < j < ny)
described in the introduction.

In the following, Fy"(h:), G (hi/2,hs), Fy (hy/2) and F; (hy/2) denote inde-
pendent r.v. with law respectively F*(hy), Gt (hi/2,ht), F~ (ht/2) and F~(h./2),
defined in (1.7) and (1.8).

Proposition 3.5. For § > 0 small enough (recall that § appears in the definitions
of ny and h"), there exist di = d1(d,k) > 0 and D1(d1) > 0 such that for large t,
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possibly on an enlarged probability space, there exists a sequence ((S;, Rj,ej),1 <
Jj <ny¢) of i.i.d. random variables depending on t, with S;, R; and e; independent

for every j and S; z Ff(hy) + GH(hi/2,ht), R; z Fy (h/2) + F5 (he/2) and
e z E(1/2) such that

P (”?21{\(]3‘ — Hj| < ety [L(H(Ly), ) — 4] < Et&}) >1—e P (3.16)
where U; := Sje;, Hj = R;l; and gy := e~ b,

The proof of the above proposition, which is in the spirit of the proofs of Propo-
sitions 3.4 and 4.4 in Andreoletti and Devulder (2015), makes use of the following
lemma:

Lemma 3.6. For 6 > 0 small enough, there exist constants d— > 0 and D_ > 0,
possibly depending on k and &, such that the two following statements are true for
t > 0 large enough.

(i) There exists a sequence (ej, 1 < j < ny) of i.i.d. random variables with expo-
nential law of mean 2 and independent of Wy, such that

P< N {|Uj —Hy| < emOMHy, L(H(Ly), ;) = ]Lj}) >1—e P (3.17)
j=1
Ly v (g ~ 7i(he/2) 7 (g ~ =
where L; = e; [ V@ dr, Ry = f%j((ht//;)e V@) dg and H; = L;R; for all
1 <75 < n¢. Moreover the random variables (Lj,Hj), 1 <75 <ny, are i.i.d.
(ii) Possibly on an enlarged probability space, there exist random variables R; and
S, 1 < 5 < ny, such that all the random variables R;, S;, ej, 1 < j < ny are

independent, with S z FiF(h) + Gt (hi/2,ht), and R; z Fy (h/2)+ F5 (he/2) for
every 1 < j < ny, such that

s z/]‘ -
P( ﬂ { / "V @y — S;
j=1

Proof of Lemma 3.6: We start with (i). Recall that /m; < L; < 7, for
every j > 1, eg. by (2.7). By the strong Markov property applied under P"~
at stopping times H(7;), the random variables (U;, L(H(L;),m;)), 1 < j < ny,
are independent under P"=. By the same Markov property and formulas (1.10)
and (1.11), the sequence (Uj, L(H(L;),m;), 1 < j < ny) is equal to the sequence
(Hj(Lj), £;(H;(L;),m; ), 1 <j <ny), where
i
Hy(Ly) = / eV L [P (L)), AT (w)]du,

— 00

S €7<d7>htSj, R_] — R]}) 2 1_6*(D,)ht, (318)

mj

Li(H;(L;),m;) = Lpi |77 (A1(L;)),0],  Al(u) = /u V@4 yweR,
(3.19)

with (B7,1 < j < n;) a sequence of independent standard Brownian motions
independent of W,, such that B7 starts at A7(rm;) = 0 and is killed when it
first hits A7(L;). Recall that L£p; denotes the local time of B7. Define A; :=
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w<L Lpi[7% (AI(L i), Ad(w)] = 0}, 1 < j < ny. By (6.6), there exists

c->0 (p0831b1y depending on x and §) such that P(N7L;A;) > 1 — e (€= for
large t. So for large t,

P( ﬁ {Hi(L) = i}j}) >1— e (ehe, (3.20)

{ max

where
hj = [ e_‘}(j)(“)EBj [TBj (AT(L;)), A7 (u)]du, 1<j<ny.

We also notice that for every 1 < j < ng, (hj, £;(H;(L;),7;)) is measurable with
respect to the o-field generated by (V@) (z + LJr ), 0< < ifr l~/+ 1) and
BJ, where by construction L 4 < L <Lj< L+. Hence, the random Varlables
(hj, L;i(H;(L;),m;)), 1< j < ny are i.i.d under P by the second fact of Lemma 2.2.
For the same reason, (RJ,AJ( i), 1 < _7 < ny are also i.i.d.

For 1 < j < ny, let Bi(.) := BJ ((AJ ) JAI(L;). Notice that

Ly [P (AV(L;)), A (u )} A(Lj)Ly [ ), A )/ A(Ly)], Ly <u<y

(3.21)
Moreover by scaling, BI is, conditionally to W,, a standard Brownian motion,
starting from 0 and killed when it first hits 1. Furthermore, even if W, appears in
the expression of B/, B7 is independent of W,.. Then, let

ej =Ly (17 (1),0) = L [7 (A(L;)), 0] /A (Ly).
Notice that by the first Ray Knight theorem, e; is exponentially distributed with
mean 2. Since B7 is independent of Wy, e; is also independent of W,. Also,
the sequence e;, 1 < j < ng is ii.d. because the B’ are independent and the
(Rj, AJ(L;)) are i.i.d., so (Lj, H;), 1 < j < ny, are also i.i.d. Moreover, (3.21) leads
to

L (Hy(Ly), ;) = AN (L)L (77 (1),0) = 47 (L;)e; = L;. (3.22)
Now, for small € > 0, thanks to Lemma 6.3, we have for large ¢,
(s - ~ (1-3¢)h, - - Cyinyg
P< ﬂl {’hj - A (Lj)ejRj’ < 2 (1730he/6 47 (Lj)ejRj}> 2z 1-= 5
J:
Cy
> 1= elc—/2)ehs?

since n; = €M™, Finally, this, together with (3.20), (3.22) and the equality of
sequences at the start of this proof show (3.17) for some D_ > 0 and d_ > 0. So
(i) is proved.

We now prove (ii). The r.v. A;(L;) = f’ﬁLlj V@ dz and R; are not indepen-
dent, so we want to replace them by r.v. having better independence properties.
Applying Lemma 6.4 with subscript 2 replaced by j for 1 < j < n; gives the exis-
tence of R; and S;, independent and independent of e;, having the law claimed in
(ii) and satisfying (6.5) with 2 replaced by j. This gives (3.18) since n; = (Ml
The fact that we can build these R; and S; with the claimed independence prop-
erties follows from the fact that (ej, Rj, flj(ij)),l <j<ngareiid. O
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Proof of Proposition 3.5: The existence and the law of the e; come from Lemma
3.6 (i). The existence and the law of the R; and S;, and the independence of R;,
S;, €5, 1 < j <mny come from Lemma 3.6 (ii). Moreover, by Lemma 3.6 (ii),

P (ﬁ?;l{’U] — eijRj’ S EteijRj, ﬁ(H(LJ),ﬁ’LJ) — eij‘ S Eteij}>
> 1-— e—D1ht7

which proves (3.16). So Proposition 3.5 is proved. O

4. Convergence toward the Lévy process ()1,)2) and Continuity

4.1. Preliminaries. We begin this section by the convergence of certain repartition
functions. These key results are essentially improvements of the second part of
Lemma 5.1 in Andreoletti and Devulder (2015).

Lemma 4.1. Recall from Proposition 3.5 that {1 := €151 and H1 := e1S1R1. Then
for any € € (0,1/3),

2 <O (0, /t > ) — 02] =0, (4.1)

lim sup
FH20 pe[e-1-2909(1) oo
y e OP (Hy/t > y) — CGE[(R,) ]| =0, (4.2)

lim sup
F2H0 yefem (139061 oo

with Ca a positive constant (see below (4.9)).
For any a > 0, e®*OP(0y/t > x, M1/t > y) converges uniformly when t goes to
infinity on [, +00[X [ar, +00[ to v ([x, +oo[X [y, +0]), where v is defined in (1.4).

Proof:

Proof of (4.1)

We first prove that, as ¢ — +o0, z%e**(DP (S, /t > x) converges uniformly in x €
[e=(1=9)() o0 to a constant c, that is, we prove that

lim sup
t—+o0 wefe=(1-99() oo

2RO OP (S, /t > z) — c’ ~0. (4.3)

For that, let y = e(1=9)¢(") 2 we have to prove that

lim sup
E=100 yefl, ool

ynensqb(t)]P) (Sl/eht+€¢(t) > y) — C‘ =0, (44)

but this is equivalent to prove that for any function f :]0,4+oo[— [1,+0o0],

lim  (f(t))<er=sOP (Sl/ehf+5¢(t) > f(t)) —c (4.5)
t— o0

First by definition (see Proposition 3.5), S; can be written as a sum of two in-

dependent functionals, that we denote, for simplicity, as the sum of two generic

functionals

Si/t = (Fy (he) + GF(he/2,hy)) [t = e D (e FF (hy) + e "G T (he /2, hy))
(4.6)
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Since we know the asymptotic behavior of the Laplace transforms of F*(h;)/eM
and G (h¢/2, ht), the proof of (4.5) is similar to the proof of a Tauberian theorem.
First by (7.1) and (7.2) we have

_ (1) eht b (t) _
V>0, wp() = (1-E[eS/U0 IS
~ () e O, (4.7)

t—+oo

where ¢ is a positive constant. Note that wy, is the Laplace transform of the
measure Uy, := Lg, (2)P (S1/(f(t)e+5¢®) > 2) dz. From (4.7), we have

wfqt(FY) N ,_Ylifl

v 0
>0 Wf,t(l) t—+00

We can now follow the same line as in the proof of a classical Tauberian theorem,
making the link between a Laplace transform and the repartition function, (see
for example Feller (1971) volume 2, section XII1.5, Theorem 1, page 442), we can
deduce that

U 0 11—k
Vz > 0, Ural(0,2)) . S
wri(l)  t=toe T'(2 — k)
Then as in the proof of Theorem 4 of the same reference page 446, we deduce from
the monotony of the densities of measures Uy, that

P (S1/(f(t)ette=e®) > 2) 1-—k

—K

wre(1) 1o ” T(2—r)

Vz >0,

Considering this convergence with z = 1 we get exactly (4.5) for ¢ = ¢/(1—k)/T'(2—
k), so (4.3) follows. Let a; := e=*®, for any = > 0

e P (e, S) /t > x, e] < ay) = 271/ (z/u) e OP (S) /t > x/u) u e "/ 2du,
0

because e; has law £(1/2).
Taking 2 arbitrary in [e” (72991 too[, we have x/u € [e”(179)1¢(0) foof, Vu €
10, a4], so thanks to (4.3) we get

IS K

+oo
2R P OP (e, /t > x, e < ar) — 5/
0

u
eu/2

du| = 0.

lim sup
t—=+oo z€fe=(1-22)6(1) toof

(4.8)

Now for any z > 0 and t large enough such that Yy > 1, % e ¢(P (S1/t > y) < 2,
we have

2" WP (e18,/t > x, 1 < a;) — 2"e"* VP (e, /t > x)
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= :v”e“¢(t)P(elSl/t >x, e; > at)

—+o0

=21 / e WP (S) [t > x/u) e/ ?du
+oo

=27! / u* (z/u) e OP (Sy /t > x/u) Lpcye 2du
—+oo

+27! / u(z/u) e OP (Sy /t > x/u) Lpsye Y 2du

—+oo —+oo
< 27 1ero(®) / ufe % 2du + c/ ufe 2 du.
ag at

For the second term in the inequality we used the fact that
(z/u) e *DP (S, /t > z/u) < 2¢

when = > u. Since a; = e®®), the last quantities converges to 0 when t goes to
infinity. Combining this with (4.8) we get

lim sup

p— ()7
t—=r+o0 z€fe=(1-22)6(1) toof

+oo
zre" P (e, S, /t > ) — 2_10/ ute~"/2du
0

(4.9)
and this is exactly (4.1) with Co :=271¢ fOJrOO ufe %/ 2du.

Proof of (4.2)
Let ug, be the distribution of R;. For any y,a > 0 and ¢t > 0 by independence of
8151 and Rl,

y e P (e S1 Ry /t >y, Ry < a) = / (y/u)e"* P (€151 /t > y/u) u™ug, (du).
0

Taking a = a; = e**® and y arbitrary in [e=(1739)¢(®) foof, we have y/u €
[e=(1=20)¢(t) | o0], for all u €]0, a], so thanks to (4.9), we get

lim sup
t=too yele=(1-39)6() oo

y " P (€151 Ry /t >y, Ry < a;) — C2/ u"pg, (du)
0

=0.
According to Fact 2.1, R is the sum of two independent random variables, each

. W (he/2) T .
one having the same law as fo e We(@)dgz. In particular, R; converges

to R, when t goes to infinity and for each ¢, R; is stochastically inferior to R,
which admits finite moments of any positive order. In particular the family (R1):s0

is bounded in all LP spaces. This proves the convergence of f0+oo uupg, (du) to
E[(Rx)"], when t goes to infinity, so

lim sup y e P (e, S R/t >y, R < a;) —CE[(R,)"]| = 0.

t——+oo ye[e,afss)«ﬁ(t) ,+oo[

Finally, as the family (R;)¢>0 is bounded in all L? spaces, we can proceed as before
to remove the event Ry < a; and we thus get

lim sup y e WP (e181 Ry /t > y) — CE[(R:)"]| =0, (4.10)

t—r+o0 y€[e=(1=39)6() oo
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which is (4.2).
We now prove the last assertion. For any x,y,a and ¢ > 0, we have

e Op (e1S1/t >z, eS1R1/t >y, R1 <a)

:/ "0 (e, 51/t > x, e1S1/t > y/u) g, (du),
0

a

an(y/x)
- / HOOP (018, /t > y/u) iy (du) + / R @i/ ) (),
aN(y/x

=— / e (y/u)"P (e181/t > y/u) u" g, (du)

7 FOOLEP (€181 /t > &) pg, (du).
z a/\(y/m)

Taking a = a; = ¢*®) and x, y arbitrary in [a, +oo[ (for some a > 0), we have
y/u € [e- (172991 oo Vu €]0,a;] whenever t is large enough, so, thanks to
(4.9) we get that ertOp (e1S1/t > x,e151 R/t >y, R < a;) converges uniformly
n (z,y) € [a, +oo[X[a, +00| toward

Cox™ "P(Rys > y/x) + Coy "E((Ry) Ly /a)-

Then as before we can remove the event {R; < a;} and we get the last assertion.
O

4.2. Proof of Proposition 1.4.
We start with the finite dimensional convergence

Lemma 4.2. For any k € N and s; > 0,4 < k, ((Y1,Y2)! ,i < k) converge in law
as t goes to infinity to (V1,X2)s,,1 < k).

Proof: Proof is basic here, however we give some details as we deal with a two
dimensional walk which increments depend on ¢ itself. As Y{(s) and YJ(s) are
sums of i.i.d sequence we only have to prove the convergence in law for the cou-
ple (Y1,Y3)% for any s > 0. Define (Y;>°,Y;?) obtained from (Y7,Y3)" keeping

the increments larger than b, Y>b( ) = Ztsewm Uiy, jt=p, and Y370(s) =
1 ZLSG o Hilyy, ji>p- Also let Y =Y, — Yi>b. We first prove that for any
s > O
<e v <ent —K(2-K)y _
T TimB(]|(V;5, V). > < ) =0, (4.11)

where for any a € R?, ||a|| := max;<s2|a;|, and 1 — k(2 — k) > 0 as k < 1.
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We compute the first moment of Ylgs(s) and YQSE(S). Let 7 > 0 be such that
k — (1 —3n) <0, applying Fubini we have

14
efP R <7111€1/t§€)

S
= e’“b(t)]E |:elt !

]lelSl/t<s:|

€
€K¢(t)]P) (elSl/t > I) dx

IN

= (1=2m6(®) -

J
= / e"?OP (e85, /t > ) dx + / e"?OP (e85, /t > z) dx
0 e—(1=2ma(1)
€
< elrm (12 4 / " re P (e S, /t > ) d.

e—(1=2m)a(t)

The first term converges to 0 when ¢ goes to infinity because x — (1 — 2n) < 0 and,
according to (4.1), for ¢ large enough, we have

z5e P (€18 /t > x) < 20y, Yo > e~ (172Me1),

For such ¢, the second term is less than

€ El—n
262/ r "dx = 262 5
0 L-
so we get that
4
vt > 1,Ve €]0,1], A (?1]161/58) < er=(=2m0() 4 ¢ 1R (4.12)
Using the same method and applying this time (4.2), we get that
Vvt > 1,Ve €0, 1], "R (%HHI/KE) <= U=3m)e) L 0L g1=r . (4.13)
We thus obtain
E (st(s)) < seln= (A=) 4 O, el (4.14)
E (YQSE(S)) < selrm (=3 4 0, gel=r, (4.15)

then a Markov inequality yields (4.11).
The next step is to prove that (Y;7%,Y5°)! can be written as the integral of a
point process which converge to the desired limit. We have

(Y1>€,Y2>8)‘;:(/ /x?’tl(d:v,dv),/ /xpf(d:c,du))
x>e JO x>e J0O

where the measures P} and P? are defined by P} := Z:;Of O¢—14, e—ro(t);, and the
same for P? replacing ¢ by H. Recall that P} and P? are dependent, we now prove
that (P}, P?) converge to a Poisson point measure. For that just use Lemma 4.1
together with Proposition 3.1 in Resnick (1986) after discretization, it implies that
(P}, P?) converge weakly to the Poisson random measure denoted by (P!, P?) with
intensity measure given by ds x v.
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Then using that for any ¢ > 0, and T' < 4 oo, on [0,T) x (g, + 00) x (&, 4+ 00) ds x v
is finite, we have that (Y%, Y5 %)% converge weakly to

(V7E, V5%, = (/Da/OSa:Pl(dx,dv),/Da/Osxpz(dx,dv)>.

We are left to prove that (Y%, Y5 ¢) converge to (Vi,)s) when € | 0. This is a
straightforward computation, that we detail for completeness. Let v ([z, +o00]) :=
v ([z, +oo[xR4) = Ca/x", we have

E (/ / :E’Pl(dx,dv)) = s/ xvy (dx) = Ce' ™",
rz<e JO x<e

Then a Markov inequality proves that for any s > 0, the process fmSa Jy P! (dz, dv)
converges to zero (when € goes to zero) in probability. The same is true for
Joeo Jo ®P?(dz, dv), so we obtain that (Y7¢,)5¢), converges in probability to
(yl,yg)s when € — 0. O

We now prove tightness of (D(Y1,Y2)?!):, the family of measures induced by pro-
cesses (Y1, Ys)t.

Lemma 4.3. The family of laws (D(Y1,Y2)!); is tight on (D([0,4+00),R?),.J7).

Proof: We only have to prove that the family law of the restriction of the process
to the interval [0, 7], ((Y1,Y2)"|j0,r)): is tight. To prove this we use the following
restatement of Theorem 1.8 in Billingsley (1999) using Aldous’s tightness criterion
(see Condition 1, and equation (16.22) page 176 in Billingsley (1999)) also used in
Bovier (2010) page 100. We have to check the two following statements:

1) for any € > 0, there exists a such that for any ¢ large enough,

P( sup [[(vi,Ya)ll| > a) <.
s€1[0,T)

2) for any € > 0, and 1 > 0 there exists 6, 0 < 6 < T and ¢y > 0 such that for
t > 1o,
Plw((Y1,Y2)",6,T) > 1] <e,

with W((}/l,}/g)t,(s,T) = supOSTSTw((Yh}/Q)taavTa T)a and w((Yh}/Q)tv(Sa T,T') is
defined by
SUDGy (1 8) <y <u<us < (ro) a7 AR (Y1, Y2)3, = (Y1, Y2)3u |1, [1(V1, Y2) e — (Y1, Ya)u, 1)}
Also

P(v((Y1,Y2)",0,6,T) > n) <&, and P(v((Y1,Y2)",T,6,T) > n) <e,

where U((Y17 Y?)tv u, 67 T) = SUP(u—é)vogul gugg(u-i-é)/\T{H(Ylv Y2)Zl - (Yl ) }/2)52 ||}

We first check 1) since the process is monotone increasing,

B( s (Y1, Y2)il| > a) = P(||(Y1, Y2)7 || > @) < P(Yi(T) > a) + P(Y2(T) > a).

(4.16)

Recall that Y1>b is obtained from Y7 where we remove the increments ¢;/t smaller

than b and Y= = ¥; — P, Define N2¥:= 2101, ) Let 0< 6 < 1. A
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Markov inequality yields

P(Y/(T) 2 a) <P (VD) 2 ) + P (YD) 2 5)

2 < 1 a
<‘E [Yfl(T)] + B (N7') +P (Y1>1(T) > 2, N7 < a‘51> .
(4.17)
On {N7! < a%} there is at most a’* terms in the sum Y;"*(7') so
P(Y7HT) > a/2, N7t <a™) < > PG/t > (a7 /2)6:/t > 1)

1<i<ad1
a®'P (61/t > (a*~01/2)[61/t > 1)

61262671~e¢7(t)a75(17§1)2/{

C2e_ﬁ¢(t)

oltr ghr—r(l=01) (4.18)

IN

IN

for all ¢ large enough thanks to (4.1) and ¢; such that §; — k(1 —d1) < 0.

Also, notice that for any b > 0, N7 b follows a binomial law with parameters
(|Te"®® |, P(¢1/t > b)). So, using (4.1) again and (4.14), we obtain for ¢ large
enough,

E(NZY) < 2C,Tb™", E {be(T)} < 2C,TH' ", (4.19)
Collecting (4.18), (4.19) and (4.17), we get the existence of t; > 0 such that
lim sup P(Y1(T) > a) =0. (4.20)

a——+o0 1>t

The same arguments holds for Y3 (using (4.2) instead of (4.1) and (4.15) instead
of (4.14)) so (4.20) also holds for Y5 instead of ¥;. We conclude the proof of 1) by
putting (4.20) and its analogous for Y5 in (4.16).

We now check 2) We first write, as usual,

{w((1,Y2)",6,T) > n}
c {w((V=0 Y50 6,T) > n/2) U{w (Y20, Y570)',6,T) > n/2}).

For Y=¢, we have

Plo((vi,¥5)".6.T) 2 0/2] <Plo(Vi™,6.T) 2 0/2] + Pw(¥5".6,T) > n/2].
Moreover, by positivity of the increments,

P (w(Y7,8,7) = 0/2)

P (Unsiryas { Y5 (0 +1)20) = i (k20) = m/4})

S (Ylﬁb((k +1)28) — Y=° (k26) > n/4) . (4.21)
k<LT/5)

IN

IN
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For any k, Y =((k + 1)26) — Y;="(k26) is the sum of at most [20e"*®) | + 1 ii.d.
random variables having the same law as ¢;/t. We get that for any integer k

P (Vi (0 +1)20) — Vi (k26) 2 m/4) < B (V'(30) > m/4) < 8C200' "/,

where the first inequality holds for ¢ large enough so that 25e¢"®®) > 1 and the
second from the second expression in (4.19) (replacing T by 24). Combining with
(4.21) we get for large ¢

P (w(yfb, 5,T) > n/z) < 24C,T(1 + 20)b* /1, (4.22)

[note that ¢ will be chosen later (and will be less than 1)]. T and 7 are fixed so
we choose b small enough so that the right hand side of (4.21) is less than £/4. A
similar estimate can be proved for P(w(Y",d,T) > n/2).

For Y>?, we have again

Pw((Y7",Y5")",6,T) 2 1/2) < Pw(Y7",6,T) > n/2) + Pw(Y7",8,T) > n/2).
Since Y;”" is piecewise constant with jumps larger than b, {w(Y;?,6,T) > n/2}
implies that two jumps larger than b for Y} occur in an interval smaller than

. Ter®(t) Ter®(t)
25. That is {w(Y;7%,6,T) > n/2} C UJL:1 : Lj,(i—ji/emﬁ(f)g?é {; NE;/t > b}
Applying (4.1) for ¢ large enough,

|Te @] | Tem® 261 2k
P(USS U i cop {5 A s/t > b)) < 8C3OTH2",
which can be small choosing this time 6 = §(b) properly. Again the same argument
can be used for w(Y;?, 5, T). To finish the proof, we have to deal with v(), as again

our processes are increasing,
P(v((Y1,Y2)",0,6,T) > n) < P(|(Y1, Y2)5l| > )

we can then proceed as for 1) decreasing the value of § if needed, this also applies
to P(v((Y1,Ys)!, T,8,T) > n). O

Putting together the two preceding lemmata we obtain Proposition 1.4.

4.3. Continuity of some functionals of (V1,Y2), in Ji . In this section, we study
the continuity of functionals of the Lévy processes (Y1, )s).
For our purpose we are interested in the following mappings, first the two we have
already mentioned in the introduction which are the basics

J: DRy,R) — D[RR I: (D(R4,R),J) — (D(R4,R),U)

f — f f — !
Then we also need the compositions of these two: for any positive a let
Jra: D(R+,R2) — R Jra: D(R+,R2) — R
f=fnf) — (@), f=nf) — S @),

J1,a (respectively J; ,) produces the largest jump of fi, just after (respectively
before) fo reach 1. Also define K ,, Ki . f([,a and f(;m
Kia: DRL,R?) —R K. D (R4,R?) —R

= h) — A (), F=ff) — fi(fi' @),
(4.23)
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Kro: D(R4+,R?) —R Ki,: D(R{,R?) —R
f=f) — f2(fi ' (a), f=U1f) — f(fa)7).
Finally let F'* define by
F*: D(Ry,R?) —R
f= (o) = int{s € 0. f7 (1)), M) = £ (f7 (D))}

we need this variable for the characterization of the favorite site.
Lemma 4.4. J is continuous in the Jy topology.

Proof: This fact is basic. However, we have not found a proof in the literature,
so we give some details. To prove the continuity on D (R4, R), we only have to
prove it for every compact subset of R, (see Whitt (1989) Theorem 12.9.1). So let
f€D(R4,R)and T > 0 at which f is continuous, let us prove that Jp defined by

Jr: D([0,T],R) — D([0,T],R)
9 — g
is continuous at the restriction fjjo77. Let ¢ > 0 and g € D ([0,T],R) such that
dr(fijo,r1,9) < §. dr is the usual metric d of the Ji-topology restricted to the
interval [0, 7). By definition of dr there exists a strictly increasing continuous

mapping of [0, 7] onto itself, e : [0,7] — [0, T] such that

| ™

€
sup |e(s) —s| < 3 and sup ‘g(e(s)) — f\[O,T](S)’ <
s€[0,T] s€[0,T]

So for every s € [0, 7] we have
|Ag (e(s)) — Afjjo.ry(s)| = | (g (e(s)) — g (e(s)=) = (fio,m1(5) = fromy(5—))|
< |g(e(s)) = fiom ()] + |g (e(s)=) = fio,m(s—)|

< 2% =g,
where Ah(s) = h(s) — h(s™). This implies dr (Jr (fij0.77) » Jr(9)) < e. O

Lemma 4.5. Fiz a > 0. The mappings J; ., Jra, K; . K14 f(;a and f(I@ are
continuous for Ji-topology at every couple (f1, f?) € D(R,,R?) such that

(1) For any e >0, f! and f? have a finite number of jumps greater than & on
every compact subset of R,

(2) f? is strictly increasing, with a limit equal to +oo,
(3) f2(0)=0,
(4) f? has a jump at I(f*)(a) and f2(I(f?)(a)=) < a < f2(I(f*)(a)).

Proof: This fact may also be known as we are looking at randomly stopped pro-
cess, but once again we did not find what we need in the literature (Silverstrov
(2000), Whitt (1989)).

Let (fL, 2),, be a sequence of elements of D(R,R) which converges to (f!, f?) for
the Jy topology. To prove continuity, we prove that the sequence (J; ,(fn, f3))n
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converges to J;a(fl, f?), and the equivalent for .J; ,.

The first hypothesis guaranties that there exist neighborhoods of I(f?)(a) for which
f! makes no jump greater than 1/4 times its higher previous jump, that is to say
there exists 6 €]0, I(f?)(a)[ (notice that I(f?)(a) exists tanks to (2) and is positive
thanks to (3)) such that f! makes no jump greater than J(f')(I(f?)(a) — §)/4
on [I(f?)(a) — 3, 1(f2)(a)[ and on |I(f?)(a), I(f?)(a) + 6]. Note also that J(f!) is
constant on [I(f2)(a) — 6, I(f2)(a)[ and on |I(f?)(a), I(f?)(a) + §].

Also § can be made smaller (if needed) in such a way that I(f?)(a) + 4 is a
point of continuity of (f!, f?) and (f}, f2), for every n € N. By hypothesis

d ((f7]i5 fﬁ)a (fla f2)) ——7n—+oo 0 so
dn = dio,1(s2y(@)+5] ((Fas F)i0.1¢r2) @)+8) (P15 F2)110.1(2) (@)+8]) —ns-+oo 0

where [[0, I(f?)(a) + 6] in index means restriction to [0,1(f?)(a) + §]. Also by
continuity of J (see Lemma 4.4) we also have d (J(f}),J(f')) —n—otoc 0 and
therefore

diz = d[O,I(fz)(a)Jré] ((J(fﬁ))‘[o)](fz)(a)_i_(g] ) (J(fl))‘[o)j(fz)(a)_i_é]) —n—+oo 0.

Let h~ (respectively hT) be the largest jump of f! just before (resp. just after)
I(f?)(a). By definition of § we have

h™ = J() (I(F*)(a) = 8) b = J(f1) (1(F*)(a) +9) .

We have two cases, either J(f!) is continuous at I(f?)(a) or it makes a jump.
Case J(f') makes a jump, in this case the size of the jump is h* —h™ > 0.

Let o =8 ' min (h,6,1— f2 (I(f*)(a)”), f* (I(f*)(a)) — 1), and ng € N be such
that for any n > ng, d, < o and d,, < a. T=1I(f?)(a)+ 4, there exist two
homeomorphisms e, e/, : [0, 7] — [0, T] such that:

® sup.co 7y len(s) = s| < dn,
o suco || (4 (ens) s 2 (en (D)) o 12100100
—(f16s), f2(5>)|[o,1<f2><a>+6JHoo < do.
® Supycjo,r) len(s) — s| < dj,,
o sbecior) | (D) foreroy s (€6 () = (TUD) for0royaysa) 5)] < o
The second inequality implies that for any n > ny,
fﬁ (en (I(f2)(a)_)) <a< erL (en (I(fz)(a))) )
so as we also have f2 (I(f2)(a)”) < a < f2 (I(f?)(a)) we get
I(fa)(a) = en (I(f*)(a)) - (4.24)

The fourth point implies that for any n > ny,
512 (<4 (1620 = 38) ) = 7 (1)@ - 56) ~a=nm —a> g
(4.25)

The second point and the argument of the previous proof imply that for n > ny,
each jump of f}} on [e, (I(f?)(a) — ). en (I(f?)(a))[is 2a-close to a jump of f* on
[I(f*)(a) —6,I(f?)(a)[, but such jumps are less than h~ /4 because of the definition
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of §. Thus, f} makes no jump larger than A= /2 on [e,, (I(f?)(a) — 8) ,en (I(f?)(a)) .
Moreover, the increases of e/, and the first and third points imply that

en (I(f*)(a) = 0) < e}, (I(f*)(a) = §/2) < en (I(f*)(a)).

So, combining this with (4.25), we get that J(f!) is constant on the interval
el (1(F2)(@) — 6/2) ,eu (I(£2)(a))).

Now by definition of J; ,, with (4.24) and then collecting what have just done above
yields

Vn > ng, J[ia ((f717,7f727,))

(D) (U@ ) = I (ea (12 (@)7)
(fa) (e (1(f*)(a) = 6/2)). (4.26)
From definition of J;, and the constantness of J(f') on [I(f?)(a) — 6, I(f2)(a)[ we
also have

Tra(f12) = T (1) (a)=) = T(f1) (1(f*)(a) — 6/2) . (4.27)

Combining (4.26), (4.27) and the fourth point gives that, as n goes to infinity,

Ira (fas f2)) converges to Jp, ((f*, £%)).
For J; 4, we prove in a similar way as above that J(f,) is constant on [e, (I(f?)(a)),

el, (1(f*)(a) +6/2)] so, as in (4.26) we have for n large enough
Tra ((Fa: ) = J(fa) (en (I(f*)(a) +6/2)) ,
which, combined with the analogous of (4.27)
Jra(f', £2) = J(f1) (1(f*)(a) +6/2)

allows us to conclude, using the fourth point, that Jiq ((f5,f2)) converges to
JIa ((fl,f2)) as n goes to infinity. Therefore, both Jr , and Jr, are continue
at (f1, f?). The continuity of the other functionals are proved similarly. O

J
J

Lemma 4.6. For any (f!, f?) in D(R4,R?) that satisfy the hypothesis of lemma
4.5 and such that the sizes of the jumps of f' are all distinct, F* is continuous at
(f*, f?) in the Jy topology.

Proof: The proof follows mainly the steps of Lemma 4.5, we keep the same no-
tation. The jump which takes place at the instant F*(f!, f2) has value h~. With
the additional hypothesis that the values of the jumps for f! are all different we
have unicity for the value h~. Let us define h’, the second highest jump f' before
instant I(f?)(1). With the additional condition that o < £(h™ — h') we have with
the same arguments than in the proof of the continuity of .J that for any n > ng, f.
effectuates at e, (F*(f', f?)) a jump larger than h~ — 2, and larger than all the
other jumps of f;} before e, (I(f?)(1)—) = I(f?)(1) which are smaller than A’ + 2a.
So for n > ng, the largest jump of f! before I(f2)(1) is obtained for e, (F*(f*, f?)),
that is to say for any n > ny,

F*((fa 1)) = en (F*(F1 %)) ,
this implies F* ((f}, f2)) —n—oe F*(f1, f?). 0
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5. Supremum of the Local time - and other functionals

5.1. Supremum of the local time (proof of Theorem 1.3).
First notice that as the diffusion X is transient to the right, almost surely the
random variable sup, .o £(400, x) is finite, so almost surely

li t=0.
tﬁlj{n@ﬁlggﬁ(—{-oo,x)/ 0

As a consequence, we only have to study the asymptotic in ¢ of sup,~q L(t, z)/t.
We start with the proof of the following proposition which makes a link between
the supremum of the local time and the process (Y7, Y5)?.

Proposition 5.1. For any € > 0 and large t,

Pl —v(e,t) <P (supﬁ(t,:v)/t < a) <Pf +o(e,t),

x>0
where
_ E 2e — E 2571 [
’Pli =P (1 - HNt25_1) N N < ati, max 2 < Octi ,
(Hprze — Hprze 1) L1<jENZ-1

and with Hy, = Ya(ke ™M) = LS 34, 0 = Yi(ke "*0) = 157 4,
NEE = inf{m > 1, Hp > 1 — 2}, of = a(l £ (loglogt)~'/?), and v is a
positive function such that lim;_, o v(e,t) < const x ¢*N1=5),

The proof of this proposition needs the three following lemmata, the first one
deals with the local time at the hs;-minima for which the diffusion X already escaped
before time t. The second deals with the local time at the last h;-minimum my, in
the remaining time before the instant ¢. Finally the last one is a technical point.

Lemma 5.2. For any larget > 0, 2 < k <ny, any 0 < x <1 and v > 0 possibly
depending on t, define the repartition function

k-1
= L), m;) < <
F,(x):=P (1;;%5(_1 L(H(Lj;),m;) <~t, Zl U; < ;Ut) .
Then,
F (x) — e" P < B (2) < Ff(x) + e~ Dihe,

where Fvi(a:) =P (Inaxlgjgk,l £ < it Zi:ll H; < a:gtt) with v = (1 + 2¢,),

x?: = (1 £+ 2¢4), e, and D1 are given in Proposition 3.5.

Lemma 5.3. For any t > 0, define for every v > 0 and 0 < x < 1 possibly
depending on t,

fy(@) = B PN (Lxo (01 = 2),ma) < yt, H'(Ly) > (1 — ), H' (L) < H'(f/f))} ;
there exist co > 0 such that
[ (@) = o(n ) < fy(x) < fH (@) +o(n; 1) (5.1)
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R =
any t > 0, define also

fw(x)

—F <P,V{; (sup Lxolt(0 — ), ) < oty H'(E) > (1 — 2), H'(En) < H’(in)) |
yeDy

with fF(z) =P (i <=L £e)),Hi >t(l—x)(1F sg)) and g, = e~ For

with Dy defined in (3.13), then f,(x) satisfies also (5.1). Here X' is an independent
copy of X starting at mi, and the definition of H' for X' is the same as the
definition of H for X.

Lemma 5.4. For any 0 < a < 1, we have for any t > 0
S OPHE>1—-a/2,1-2a<H 1 <1-a] <s(a,t), (5.2)
kE<n¢
with s(a,t) such that lims o $(a,t) = const X a™. For any e >0 and t >0
P(et < H(mn,) < (1 —e)t) > 1 —5(e, t). (5.3)

with §(e,t) such that lim;_s , o 3(¢,t) = const x e(1=RN%,
We postpone the proof of these lemmata after the proof of Proposition 5.1.

Proof of Proposition 5.1: Recall from (1.3) that N; is the largest index such
that sup,;, X(s) > my,. The main idea is to use the fact that the supremum of
the local time until the instant ¢ is achieved in the neighborhood of the h;-valleys.

Starting with the upper bound using (3.1), (3.2), (3.3), (5.3) and Lemma 2.2
we have for ¢ large enough

P (sup L(t,z) < at) <FE [PVW ( max L(t,m;) < atﬂ (5.4)

z€R 1<j<N:

<F {]P’WN ( max L[H(L;),m;] < at,L(t,mn,) < at, Q,Bl(nt),Bg(nt),Vt)]

1<j<Ny—1
+ 5(g,t).

with Q := {et < H(mpy,) < (1 —e)t, Ny < n;} and § satisfying lim;—, o §(e,t) <
O e =" Define, for every 0 < y < 1 measures v}'~ and v, * as:

() = ([0, 4])

k—1
—pWs ( \max | L(H(Ly).mj) < at, H(ng) ~ z; Ui < &, H(1y,) < yt),

v (y) = ([0, v])
=P (Lot = )] < at, H (i) > 1 — ),
H' (1) < H'(L), H (esn) = H'(Le) < 5,

with X’ the diffusion starting from 7, independent of X (conditionally on W),
and H' has the same definition than H (see (1.1)) but for X’. Also all measures v
above and in the sequel depend on k but we do not make appear this dependence
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for notational simplicity. Partitioning on the values of Ny, and H(my), we obtain
by the strong markov property (under P~ ), that probability below (5.4), is smaller
than

> / I%E(v%(:c)duf”(x))zz [/:Eugwgc)du%(x)] (5.5)

k<n; "¢ k<n

The next step is to prove that the previous expectation can be approximated by a
product of expectations. First notice that both y — /" (y) and y — vy *(y) are
positive increasing. So integrating by parts

[ it = @] [ @l

- 1—¢ 1-¢
< _ng”(x)ufv” (x)} —/ o) (@) dvy ™ ()

= [ @6 @) - @]+ (56)

with 7] (2) i= PW< (Gr, (i) = XI5 U < 6, $I5 Ui+ 50 < ),
G1 := {maxi<j<p—1 L(H(Ly),m;) < at} and

1—¢ 1—¢
ARE / vy (x)din (z) < / vy~ (x)dvy * (z) =: T},
1> €

k—1
vy (z) := PV (gl,ZUi + 0 < a:t) :

i=1
First we deal with what is going to be a negligible part, that is to say the first
term in (5.6). As V*(z) < PWe (gl, H(ig) — S U < o, SF 10 < x)

k-1
Ve () — 0}V ()| < PW= (xt — U < Z U; < :vt) =: h(x).
i=1
so [y (@) (V= (x) — 7" (x))]17° < vy (1 — e)h(1 — &) + vy = (e)h(e). Notice
that Zf:_ll U, is measurable with respect to o(X(s),0 < s < H(Lp_1); We(z),z <
Ly_1), whereas the event in the definition of 1/2W ~ belongs to

o(X'(s),0 < s <min(H'(Ly, ), H'(Ly,)); Wi () — Wy (g), Ly < < Ly),

with X’ an independent copy of X starting at 77y.
So independence of X and X', and independence of the two portions of the envi-

ronment involved (see Lemma 2.2) imply independence between I/;/V < and h. Hence,

B[y (@) (z) =" (@) ° = E [[%WN(HE)(VYVN (@) =27 " (2))]2°

< B[y (1 —e)|E[h(1 - &)] + E[5" ()] E[h(e)]-
(5.7)

with for any =z,
7y (x) = Por[Lxift(l— )] < at, H (2) > t(1— ),

H'(is) < H'(Ly), H'(thg) — H'(L1) < ).
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As E(ﬂgv" (z)) <P[Uy > t(1 —x) — ] and for every small € > 0 and t large enough
h(z) < PW- ((:1: —et < Zf;ll U; < a:t) we can apply Proposition 3.5, we get

E[3* (1~ )| B[(1 —¢)]

<P ((1 —g)/(1+e) < Z’Hi/t <(1-¢)/(1 —st)> P(H1 > (te — 1) /(L4 &1))

By (4.2) and the first part of Lemma 6.2, for any 0 <a<1land b >0

k—1
Jim P ((1 —a) < ;Hi/t < 1) P(H1 > tb)

k<n.

1 1
_ b—n n—ld
T(=)T(1 — ) / v

—a

const.b™"(1 — (1 — a)"®).

IN

Therefore we obtain that

3 E[ﬁzwm - e)]E[hu — )] < Cy - ult,e)

k<ng

with u a positive function such that lim; o u(t,€) = ¢!7*. A similar argument
also works for the second term in (5.7), which yields

S B[ @0l @) - @)

l1—¢
} <204 - ult,e). (5.8)

€

We now deal with 7}, by independence between X and X', and the independent

parts of the potential W, involved in vy *(z) and vy’ *(z),

E(T)) = / (@) dvs (), (5.9)

with vy(z) := E(5y (), and v3(x) := B(vy' " (x)).

Again as y — v2(y) is positive increasing and v3 is a repartition function, integrating
by parts together with the upper bound in Lemma 5.2 with F,(z — 0:/t) = v3(x)
gives

L (@) ()

1—e—0¢ /[t .
_ _ 1—e—04/t _ .
< / - vo(x)dF (z) + [(Vg(x) - F] (;v))ug(x)}sizt/t +e Pt (5.10)
e—7y
recall that o, /t = 2/log(h;) which is negligible comparing to € and 1 — ¢ for large
t. Then we can prove in a similar way we have obtained (5.8) that:
_ l—e—i;/t
3 [s(a) — By (@)we(@)] 25 0" < O ulte),

k<n.
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with as usual a possibly enlarged C.. So the important term in (5.10) comes from
the integral. We now have to work on va(x),

1/2(213)
< EPL:[Lx (t(1—x),mu) < at, H'(L1) > t(1 —2) — &, H'(L1) < H'(L])))
< E(ng [LX/(t(l — ZZ?) — Uy, ’ﬁ’Ll) < at,

H'(Ly) > t(1 —a) — &, H'(L\) < H'(LT)])

Then, as F, (x) is positive and increasing in x, using Lemma 5.3 with v = « and
fy(x —0¢/t) = vo(z), we obtain

1—e—0./t l—e—04/t
/ v (2)dF = (z) < / Fa— 6 /0dFs (@) +ony ). (5.11)

—/t e—0¢/t

Now, as f(x — 0¢/t) can be written
f(x -0 /t) =P <(1 —x— ﬁt/t)f{—k <a(l+e),Hiy >t(1—2—7,/t)(1 — 52)) ,
k

by independence of the variables {(¢;,H;),j < n:}

1—e—04 /t
/ [ (@ — 5 /t)dF (x)
e—0¢/t
_ Zk — Zk71 ~ 7 ’
< P|(1—Hp) =il <01+ E,(k) Hy > 1— 0,
Hi — Hie—1

4; -
L <a; Hp1<1—e+6
1§r]1‘1§l§—1 P _ataHk 1> e+ t] o
with 6] = 20,/t, and & (k) = 0} (v + % ).
The idea now is to make appear the event N7 = k in the above probability (recall
the definition of N. given in Propositon 5.1) and sum over k.

We first prove that the sum over & < ny, of the above probability is small if we
intersect its event with the event N?¢ # k. In other word, let us prove that

Yo=Y P[He =100, Hey S1—c+ 0, N7 #K] (5.12)

k<n:

is small. As {N?* # k} = {H) <1—2e}U{H,_1 > 1—2¢}, and that for ¢ large
enough, {Hy > 1—0;} N {H < 1—2e} = ¢, we have that

Su< > P[Hr>1-6,1-22<Hr1<1-c+6],

k<ni

and therefore for ¢ large enough

<D P[Hrk>1-¢/2,1-2e<Hp 1 <1—¢| <s(e,t)

k<n.
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by (5.2). Finally collecting all we know,

> E(T@)

k<n.
— ZN2E _ENZE_l é
< IED 1— e —t "t — < 1 s 2e 2 < .
< Pl = _1)7%25 e Sal+&WE), max St <o
+s(e, ). (5.13)

To finish we have to deal with & (N?¥), a basic computation partioning on the
values of N7?¢, shows that P(&,(N?€)) > \/3;) < O4P (R1 < \/3;) = o(1) as Ry
converges in distribution to R, which is almost surely positive. Collecting this last
fact, (5.13), (5.8), (5.5) and (5.4) finish the proof of the upper bound.

The lower bound

The proof here follows the same line than the upper bound. The main difference
comes from the fact that we can no longer use the obvious inequality sup, cp L£(t, ) >
sup;<;<n, £(t,m;). So for this part of the proof we stress on what is different here
and refer to the previous computations when very few changes occur.

Assume for the moment that P ({sup,cp L£(t,2) > 20} =: &) > 1 — o(1), with

Wy = teFAF3)=D®M) "and recall that § is chosen small enough in such a way that
k(1438) < 1 (see Lemma 3.2). This fact is a direct consequence of the upper-bound
of P(sup,cp L£(t,2) < at) [see the end of this section for the proof]. Recall (3.13),
define for any [ > 1

Es(l) = EX (1) N E2(1), with
-1
E4(1) = { sup [C(H(Ly), ) — L(H (i), 2)] < t&t} ,

j=1 €D,

E2(1) = { sup [L(t,z) — L(H (my),x)] < tdt} ,
zeD;

with &; := (at — 2w;)/t. Recall the definitions of the events B, in Sections 3.1 and
3.2, we have that {sup,cg L(t, %) < ot} N {VeNE N, Bi(ny), Ny < ny} contains

Es(Ny) N {Vy N &Ny Bi(ny), Ny < ny}. Notice that by Lemmata 2.2, 3.1, 3.2, 3.4
and the above assumption P(V; N & NE_; Bi(ne), Ny <ng) > 1—o0(1). We now deal
with P(E3(Ny) N B1(Ny) N Ba(ng) N Ve, Np < ny), using Lemma 2.2, the fact that
H(Ly) < H (1) and the strong Markov property with respect to P"= we obtain

P(E3(Ny) N By (Ny) N Ba(ng) NV, Q)

> Z/ B (VXV“ (y)dP" (&5 (k), B1(k), Bo(k — 1), H () [t < y)) —o(1)
k=17¢

=P~ (sug) Lx/(t(1 —y),z) < tay, H (L) > t(1 —y), H' (L) < H’(f)k)) ,
x€Dy,
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Now by similar computations than for the upper bound in particular what yields
(5.8) and (5.9) we have

(53(Nt ) N Bi(Ny) N Ba(ny) NV, Q)

/81 ) V4 y)dvd's )—o /81 € y)dvs(y) — o(1).

with Vf‘)/VK (y) = PWW (5?} (k)vBl(k)a BQ(k - 1)5 Efz_ll Ul/t < y)a Vy = E(VXVK)v Vs =
E(v¥*). The next step, is to remove By (k) in the above expression, for that we
only have to prove that

/1 ) <u4 (y)dP"= <51( ), By (k), B (K ZU/t<y>>

is negligible, one can check that this quantity is smaller than

S [ B[Py < HED.HED > 10 -)
k—1
< iP(ZU/zKl ZU/t>1 By ( ))

< P (Bi(m)) < Cove = 0(1),

where the last inequality comes from (3.1). Therefore collecting the above compu-
tations yields

]P’(supﬁ(tx <a> /: a(y)ds(y) — o(1)

zeR

with 5(y) == e Y, P (5§(k),[j’2(k ~1), S Ui/t < ).

We start with an estimation of the repartition function 75 (y). Recall that like in the
proof of Lemma 3.6, by the strong Markov property, the occupation time formula
(1.10) and (1.11) the sequence (Uj, {L(H(L;),z) — L(H(mj), x),x € Dj},j < )
under By(n;) is equal to a sequence (H;(L;),{£;(H;(Lj),z),z € D;},j < ny), with
this time

Hy(ly) = ALy / VWL 1B (1), 49 (u) 49 (E)]du

Li(Hj(Ly),x) = A(Ly)e”"" @ Lp (7P (1), A7 () /A (Ly)),
where A7 (u) = f;” eV @) g, Using the fact that the sequence (m;, j) is a subse-
quence of (mj, j), Fact 2.1 and then (7.5) for any j,
P(inf{s > m;, VU (s) > kry/8} > mj + 1) < Cye ", and
P(sup{s < 1m;, VW (s) > wr/8} <1mj — 1) < Cre . (5.14)
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with c_ > 0. Therefore for any j, P(D; C [7; (k7¢/8),7j(k7¢/8)]) > 1 —2cqe™ .
Then on {D; C [7; (kr¢/8),7;(kr¢/8)]}, for any = € Dy,
Li(Hj(L),x) < AN (Lj)Lps |77 (1), A () /A (L))
Also on {D; C [7; (kr¢/8),7j(kr:/8)]}, for any x € Dj,
A7 (kry/8)) < Al (x) < AV (75(kre/8)). (5.15)
With Fact 2.1 and Lemma 7.3, we obtain with a probability larger than 1 —e=%-""
Lehe/t o grn/T—(-1/2)he o Al (%f_(’th/S)) - Al (%j-(li~7't/8))
AI(Ly) AI(L;)
S efi’l‘t/7e—(1—l/2)ht S e_ht/4. (516)
Therefore taking § = e~"*/% and ¢ = §'/3 in (7.11) we obtain with a probability
larger than 1 —e™¢-"*

s;lg Aj(ij)ﬁBj (TBj(l),Aj (z)/A7 (ij)) < Aj(lij)LBj (TBJ-(I)’O)(I N efht/u)'

(5.17)
Collecting the different estimates we then obtain,
k—1
s(y) > P 1<r;1§§715j(ﬂj(ij)vmj) <tag, Y Hj(Ly)/t<y | — Cye T,
<j< =

with a; := a;(1+e~"/12)~1. We can then inverse the equality in law we have used
above, and then obtain

Us(y) > Fa,(y) — Cye ™,

with Fjs, defined in Lemma 5.2. Then we can follow the same lines than for the
upper bound (especially computations after (5.8)), and obtain via Lemma 5.2 and
by choosing Cj large enough in such a way that c_r:/¢(t) = c_Cy > k(1 + 9):

/73Mwwmnz/73mwﬂgwwwmﬁy

Remark also that (5.17) implies the concentration of the local time at the h-
minima: with probability larger than 1 — C e ¢-"t

sup L;(H;(Lj),y) — L;(H;(L;),70;)
y€D;

< e M2 (H (L), 1my). (5.18)

We now work on v4(y), by the second part of Lemma 2.2 it is equal to

E (Pﬁwl“ (Sequ Lx(t(1—1v),z) < tay, H (L) > t(1 —y), H' (L) < H'(i”))
=:4(y),

and by Lemma 5.3, 74(y) > fx (y) — o(n; ). Therefore

at

/%MW%@Z/%EMWQ@—WF)

From now on, the computations are very close from that of the upper bound (see
(5.11) and below) and we do not give more details. O
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Proof of the Lemmata

Proof of Lemma 5.2: This is a direct consequence of Proposition 3.5. O

Proof of Lemma 5.3: To obtain the result we use a similar method than in
Andreoletti and Diel (2011). That is to say we study the inverse of the local time
at 7y, and use our knowledge about H(L;). From the definitions of f, and fi, we
have easily fv(:zc) < fy(z) for all x so we only need to prove the upper bound of f,

and the lower bound of f.
o For f,, recall that o(u,m;) = inf{s > 0, L(s, 1) > u}, just notice that

E [Py.g; (L(H(1 — z), 1) < 7t H(L1) > t(1 — 2), H(L,) < H(i;))}

-F [1@,25; (o(yt, i) > t(1 — x), H(L1) > t(1 — z), H(L1) < H(i;))] (5.19)
-F [mef (H(L1) > o(yt,m1) > t(1 — 2), H(L,) < H(i;))] (5.20)
+E [PZ{; (o(yt, 1) > H(Ly) > t(1 — 2), H(L,) < H(i;))] (5.21)

Let us first study the expectation in (5.20). On {H (L) > o(yt,m) > t(1 —
x), H(L,) < H(Ly)}, X remains between L and L; until the instant o(yt, ;)
which is finite. On this event considering (1.10) and (1.11), the inverse of the local
time can be written for X starting at m; as

Z/l - 1
stotain) = [ VO Lp(op(rt,0), A w))de = 1
Ly

where Al(z) = fﬁil ev(l)(y)dy and B is a standard Brownian motion independent
of Wy, such that B starts at A'(/;) = 0 and is killed when it first hits A'(L;).

We have _
Ly _
[t / eV L (05(1,0), ) da

Ly

with a(x) := (yt)"tAY(z) = (yt)7! f:“ eV(l)(y)dy and where B = B((yt)2.)/ ().
By scale invariance B is also a standard Brownian motion that we still denote by
B in the sequel. Also oy (r,y) := inf{s > 0, Ly(s,y) > r} for r > 0, y € R is
the inverse of the local time of the process U. Since X is starting at m1, we have
H(Ly) = H(Ly) — H(my) for which Proposition 3.5 gives

P ({|H(ﬂ1) — H(’ﬁ’bl) — 9151R1| S Etelisl} =: gl) 2 1-— eiDlht, (522)
—dihy

with ¢, := e So, we only deal with I. (yt)~!'I can be split into two terms
(71%)‘1] = I + I with

Fi(he/2)

I = / e V@ Lp(0p(1,0), d(z))dz.
71 (he/2)

We now prove that the main contribution in (yt)~*I is given by I; and obtain its

approximation in probability. First using Fact 2.1, (7.8) and (7.8) we have for any

7 e {7 (ht/2),71(h/2)} and € > 0,

P(|A1(7A’)| < eht(1+5)/2) >1-— O+87K5ht/2.
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Therefore by monotony of a(.) (depending on whether its argument is larger or
smaller than m4)

P(Vz € [7 (he/2), 71(he/2)], |a(z)| < e7UosD=8)/2) > 7 _ ¢ emrehe/2,
Also, using (7.15) we have

_eellog t)/20

P ( sup |[Lp(op(1,0),y) — 1| > ét> <e (5.23)

OSySE—(log t)(1—3e)/2

logt)(1—

with &; := e~ ( ). So we obtain

P (|Il _ ]R1| < 67(10gt)(176)R1) > 1— C+€7’isht/2,

with Ry := f;i((};;//?) e~V @ dz. Then we prove that I is negligible compared to

the integral in the previous equation. First thanks to (7.16), we have
P( sup  Lplop(1,0),a(x)] > eslogt) < 2eclost,
me[if,il]

So with probability larger than 1 — 2e=¢1°8t we have

elogt i (he/2) VD () f VD () elogt
I, <e ) e dx + e dx | =: e85,
Ly T1(he/2)

By Lemma 6.8, with a probability larger than 1 — 2e—(c-)eht,

I3 < Cyh2e”(1=8)/2,

Also, by Lemma 3.6, with probability larger 1 — e~P1" R; = R; (which is the
same R; than in 5.22), which law is given by the sum of two independent copies of
F~(h¢/2). So using (7.9), with a probability larger than 1 — 2e~ P/

Rl = Rl Z eisht.

We deduce from the last two inequalities that with a probability larger than 1 —
e—C- ehy ,

I < Rle—(l—SE)ht/Q.

Finally collecting what we have done for I:

E {PT‘%’; (|I CAtRy| > 2e~ 52 (AR,

H(Ly) > o(yt,mn) = 41 — @), H(L1) < H(LT))]
< Cyesehe (5.24)

and we recall that o(yt,m1) = I on {H(L)) > o(yt,m1) > t(1 —z), H(L,) <
H(L7)}. Combining (5.24) with (5.22) we thus get that
{H(L) > ooty = (1 = ), H(Ly) < H(LT)
C {LSL(l—l—aé),?{l>t(1—x)(1—52)}U€51, (5.25)
R1 1—x

where & is such that P(£!) < Cype~s¢-" 4 e~DPiht and where, as defined in the
statement of the lemma, €} = e~°2"* with ¢y chosen small enough.
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Now, let us study (5.21). On the event inside the probability o(ﬂt, m1) may be
infinite. According to (1.10) and the fact that H(L;) = T(7P(A'(L;))) we have

o(yt,my) > H(Z)l) & op(yt,0) > 78 (Al(il))
& Lplop(yt,0),0] =7t > Lp [TB(Al (L1)), 0] :

Now, note that, as in the proof of Lemma 3.6, we have Lp(77(A! (il)),O) =
AYL)Lp (B(1),0), where B := B((A'(L1))%.)/AY(L,). Also, by definition of e;

given in the proof of Lemma 3.6, we have L5 (TB(I), 0) = e;. As a consequence,

("yt ml) > H(Ll) St > Al( 1)81 =4 ")/tRl > Al (Ll)elRl

Then, according to (3.18), we have A'(L;) > (1 — e~%")S, with probability
greater than 1 — e~P-"t and according to (5.22) and the fact that the diffusion is
here starting at m;, we have e; S1R; > (1 +¢4)~ 1H(i1) with probability greater
than 1 — e~ P-"*_ As a consequence,

o(yt,my) > H(Ly) = ytRy > (1 — e~ ") (1 + &))" H(Ly), (5.26)

—d_hy

except on an event which probability is less than 2e . Combining this with

(5.22) we get that

{ott i) > H(L1) > (1 = 2), H(Ly) < H(LT)) |

c {}; <2 1_ (1+2)),H > t(1—2)(1 —gt)} ue?, (5.27)

where £2 is such that P(E2) < 2e~4-ht 4 ¢=Diht and where, as before, g} = e/t
with c¢o a possibly smaller than before.
Combining (5.25) and (5.27) we get, for any 0 < z < 1 and ¢ large enough,

F@) <P (< T > 10 - 02D ) + ol )

o For fy, let 7 := v(1 + e ™/12)"1 and y := (1 — 2)/(Ri(1 — &)). We have
to distinguish the cases H(L,) > o(t,m1) and o(5t,7m1) > H(L;). On {y <
5, H(Ly) > o(3t,71) > t(1—x), H(L1) < H(LT)} we can express the local time at
the inverse of the local time at y in term of the standard Brownian motion driving
the diffusion and use scale invariance: for any z € Dy,

L(o(yt,m), 2)=(yt)e V" O Lp(op(1,0),a(z)) (5.28)

z

with a(z) = (yt)~! fﬁn eV dy. Remember also that thanks to Fact 2.1 and
(5.14), we can obtain an upper bound of fml ev(l)(y)dy for z € Dy by estimating
I eWids for 2 € [0,7r(r¢)]. Also as by (7.8) P(fOTR<T')eWi(S)ds > M) <

e~¢=ch  with the same probability a(z) < (yt)~'e?"* and with the same method
we have obtained (5.23),

E (Pﬂ”{f <sup |[LB(cB(1,0),a(z)) — 1| < §t>) >1—92¢ ¢t

z€D1q
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(5.28) together with the above estimate imply
E (]Pﬁlwl” ({32 € Dy, ‘E(U(yt,ml), z) — yte_v(l)(z) > 2yte_‘7(1)(z)ét,

y <3, H(Ly) > o(Gt,imn) > t(1 - ), H(Ly) < H(L;)}))
< 2 (5.29)
Then, using (5.24) with v = y implies that, on {y < 3, H(Ly) > o(Ft,1m1) >
t(1—=x),H(L1) < H(LT)}, we have t(1 — x) < o(yt, 1), except on a sub event of
probability smaller than C', e~%¢-"*. Then since the local time is increasing in time,
and according to (5.29) we get for any z € Dy, L(¢(1 — x),2) < L(o(yt,m1),2) <
yte_v(l)(z)(l + &) < yt(1 + £&;). Collecting all this gives

g (Pg“ ({supzep1 L1 —1x),2) - 1-2)1 —|—ajt} -G
1 t Rl 1—615

n{y <3 H(L) > oGt i) = (1 - @), H(Ly) < HILT) }))
< (@2+Cpe (5.30)

As a consequence, for ¢ large enough so that (1 4 &;)(1 + e "/12)=1 < 1, we have

{v <3 H(L1) > 0Gt.iim) 2 101 - 2), H(L1) < H(ED) |

C { sup L(H(1 —x),2) < vt} ugs (5.31)
2€D;y

where £2 is such that P(£2) < (2 + O )e =",
From the definition of o(.,m1), (5.18) and the definition of 7,

{y <F,0(Ft,m1) > H(Ly) > t(1 — ), H(L) < H(i;)}
c {L(H(Ll),ml) <5t H(Ly) > t(1 — 2), H(Ly) < H(i;)}

C { sup L(H (L), z) <~t, H(L) > t(1 —z), H(L,) < H(i;)} U
z€D1q

C { sup L(t(1 —x),2) < ”yt} U &, (5.32)
z€D1q

where £2 is the event where (5.18) fails, it is such that P(£2) < Cpe ¢,
Combining (5.31) and (5.32) we get

{o <3 1@ > 1 -0, 1T < 1D} < {sup 200 - )2 <9ef ues,
2€D;y
where £5 is such that P(€2) < Cie °-"t. Combining with (5.22) and (3.2) we
obtain
3 (1 — x) o _ / _ -1
fy(z) > P R <1 —¢€}),e151 R > t(1 —z)(1 +¢€}) o(ng ),

where the constant ¢y in the definition of ¢} has been decreased if necessary. This
finishes the proof. (I
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Proof of Lemma 5.4: For (5.2), independence between Hj_1 and Hy — Hp_1

yields
S PHr>1—a/2,1-2a<H 1 <1-a]
k<n:
1—a B B
= / dpy (2)e"?OP [He — Hi—1 > 1— 2 —a/2] (5.33)
1-2a

where measure j; is defined as foz dui(y) = e #o®) > k<n, P [Hi—1 < 2], and we
know that p; converge vaguely to the measure p which has a density with respect
to the Lebesgue measure equal to (I'(k)C,) 2" 11,50, with C; > 0 (see Lemma
6.2). Also we know from Lemma 4.1 that e®*®) P [(Hy — Hi_1)/t > x| converge
uniformely on every compact subset of (0, +00) to Cyz"/T'(1 — k), therefore

lim P[H>1-a/2,1—2a<H—1 <1—a]
t——+o0
k<ng
1 l1-a .
= 2" (1 —x—a/2) "da
L)1 = k) /Ha

< const x a' 7",

For (5.3) we applied (6.2) with s=1—candr=¢
. lim P(at < H(mp,) < (1—e)t)
—+

1o Smsrm) </O 251 — 2) Rz + /11_ 2511 — x)‘”d:z:)
1 Sln(m) <(1 —) " (1- E)H_lgl—n) )

- K 11—k

which implies the result. 0

Proof of Theorem 1.3: The proof of this theorem is a direct consequence of
Propositions 5.1, 1.4 and Lemmata 4.4 and 4.5. Notice that the proof of the upper
bound is 1ndependent of the proof of the lower bound7 but we use the upper bound
for the proof of the lower bound, in particular from the upper bound we have
limy s 400 P(L* (1) < 200, /t) < P(V(Vy 1 (1)7) <) forany & > 0 as limy_, o @/t =
0. From that as Y%(¥; (1)7) is positive we obtain lim;_, ; o P(L*(t) < 20;) = 0,
which proves the assertion at the beginning of the proof of the lower bound in
Proposition 5.1.

Thanks to Propositions 5.1, we only need to study the convergence of 731 (the
limit when ¢ goes to infinity and then the limit when e goes to 0). The latter can
be written in term of functionals of (Y3, Y5)!, let Y := Y5 "' (1 —¢)

_ ¢ YY) —vi(y-) _ t,
’Pli = P [(1 - Y2(Y_))y2t(y) (Y ) = O‘ Y h(Y_) < O‘ti} )
_ pla —f(il,s((yl,yz)t))[fl 1— EE(Y1,Y2) ) — Kpq_.((Y1,Y2)") <ot

Kra-o((Y1,Y2)") = K7, (Y1, Y2)")

ijlfs((Yh}/Q)t) < OZ?:‘| )
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recall the definition of K and K in (4.23) and below. The hypothesis of Lemma 4.5
are: finite number of large jumps on compact intervals, strictly increasing, starting
at 0, and jumping over 1 without reaching it. These properties are naturally almost
surely satisfied by a k-stable subordinator so, almost surely, paths of (), Vs) satisfy
the hypothesis of Lemma 4.5. Therefore they are points of continuity for J I
K;l_g, Kri—e, f(;l_g and f(m_a. Combining this continuity with Proposition 1.4,
continuous mapping theorem, and replacing the functionals by their expressions,
we obtain, when ¢ goes to infinity, the convergence of Pli to

Ny (1=e) =Ny (1-e)-)
Vo(Vyt(1=e)) = M(Vy ' (1—¢)-)

Vst -e)-) <al.

P|(1-2'(1-e)-)

<«

3

Then, note that almost surely Vo(Y; '(1)—) < 1 so we have a.s. YV, (1 —¢) =
Vs 1(1) for all € small enough. We deduce that the above expression converges to
the repartition function of max(Zy,Zs) (see (1.6) for definitions of Z; and Z,) when
€ goes to 0, and this yields Theorem 1.3. O

5.2. Favorite site (proof of Theorem 1.5).

Thanks to Section 3 we know precisely the nature of the contribution of each hy-
valley to the local time. The difficulty in proving Theorem 1.3 was the need to
consider only a part of the contribution of the last h;-valley. The proofs of the first
two points of Theorem 1.5 are thus easier to obtain, since they do not require to
"cut" the contribution of any valley. Let us give some details for the proof of the
first point (the second is obtained similarly). We have

P(L*(H(mn,+1)) < at)
<P (E*(H(ﬂNt)) < (o — elr1F39)- 161 Q) +P(Q)+P (V) +P (Bg(nt)>

< IP’( sup £/t < (1 — &) Yo — k439 =1o(0)y Q) +P(Q)+o(1)

1<G<N:

where we fixed some € > 0 and Q := {et < H(mn,) < (1 —e)t, Ny < n;} as in the
proof of Proposition 5.1 (from there we see that lim._,olim; o P(Q) = 0) . In
the last inequality we used Proposition 3.5, Lemma 2.2 and Lemma 3.2. To lighten

notation, let & == (1 —g¢) 7! (o — el*1+30)=1¢(®))  We have

IP’( sup £/t < ay, Q)

1<j<N:

S P( sup éj/t S &t, Bl(nt), Q) +P (Bl(nt))
1<G<N,
< IP’( sup £/t <ady, Hy, >1-6,, Hn,—1 <1—e+7,, Q) +o(1),

1<j<N:

with d; = 20;/t and where we used (3.1) together with Proposition 3.5. Partitioning
on the values of N; we get that the above is less than

> ]P’( sup L/t <éy, Hp>1-6;, Hp1 <1—e+7, Q) +o(1).

nm,  \1<i<k
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Since the sum )", defined in the proof of the upper bound of Proposition 5.1 (see
(5.12) and below) is smaller than s(e,t) satisfying lim._,o lim;— 4o $(¢,t) = 0 we
can intersect the event on the above probability with {k = N2} and get

P(L*(H(mpy,11)) < at) < ]P’( sup {;/t < &t> +P(Q) + s(e,t) + o(1).

1<j<NEe

Then, as in the proof of Theorem 1.3 we have that (}4,)%) almost surely satisfies
the hypothesis of Lemma 4.5, and is therefore almost surely a point of continuity
for Jy1_. defined just above (4.23). From this continuity, Proposition 1.4 and the
continuous mapping theorem we get

7 _
sup  Li/t=Jri-e (V1,Y2)") = T, ) = VIV (1 —e)).
ISJSNEE t—+oo
Then, as in the proof of Theorem 1.3 we have almost surely Yy *(1 —¢) = Yy (1)
for all & small enough so yf (Y5 1(1 — €)) converges almost surely to yf Yy (1))
when ¢ goes to 0. We thus get

lim sup ® (L7 (H (m, 1)) < ot) < P (Y51 (1) < o).

t——+oo

A lower bound is proved similarly so we get

Jlim P (LY (H(my,1)) < at) = P (V5 (1) < ).

To obtain the result for the favorite site, we first argue that we essentially need
to obtain the asymptotic behavior of N;/N;, where Nj := min{j > 1, L(m;,t) =
maxg<n, £(my,t)}. Indeed, define for any £ > 0

Ki = {mn,(1—¢)<X(@)<mpn,(1+¢)},
’CQ = {mNt*(l—E)SFt* SmN:(l-i-E)}.
Then, we have, by the localization result Theorem 1.2, lim; 4~ P(K1) = 1. Let

us now justify that lims—, 4o, P(K2) = 1. According to the proof of Theorem 1.3,
Lemma 3.4 and (3.3) we have

P (sup L(t,x) > 2w, Ba(ng), Ny < nt> — 1

zER t——+4o00

and on the above event, for ¢ large enough so that 2w, > te‘2¢(t), we have F}' € Dy
(recall the definition of D in (3.13)). Since Dy is centered at my: and its half-
length is deterministic and equal to r; = Co¢(t) we only need to justify that

P (f;"l”l’L]\f{k > CO¢(t)) t—:?)o 1.
We have my: > my and P(my > Cop(t)/e) > P(1ny > Cop(t)/e) — o(1) by Lemma

2.2. So using (6.13), we thus deduce that lim;_, o P(K2) = 1.
We can now write

P |l <9 =F |5k < okake| 4o <B|

where v(g,t) > 0, satisfies lim._,o lims—, 4o v(¢, t) = 0. Similarly, we have

My 1
NY < mi] + (e, b).
mn, 1—¢

Fr MN* 1—¢
P L <l >P < pg—— | — t).
[x@) —x] s [mm —”””1+s] ve?)
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So, we obtain

N Fy -1
P|IN <t T8 e ) <Pt <a| <P |2 <o TE L e,
mn, 1+e¢ my, 1—-¢
(5.34)

So we observe that we only have to study the random variable ’:12;‘ For that
we first remark that Ny and NV; diverge when ¢ goes to infinity: by "Lemma 6.1,
the correct normalisation for the convergence in law of N, is e”¢(t), so P(N; >
e(1=e)ré()) = 1 — o(1). For N;, we first notice that the result for Ny, also gives for
t large, P(N; > e(1=¢/2)%¢(1)) = 1 — o(1). Therefore

]P(Nt* < e(l—a)mzs(t)) < ]p( max  L(mg,t) > = max
f<eli-ra() kSe(l=e/2mo®

Lmi, ) +o(1).
Now, thanks to (3.2) and Proposition 3.5,

]P( max  L(my,t) > max L(my, t))

kst) 2
k<e(—o)ra(t) k<e(l—e/2)ro(t)

< ]P’( max > max £k> +o(1),
k<e(l—e)ré(t) k<e(l—c/2)ré(t)

with (¢, k < e(1=¢/2%¢(1)) i d. random variables with queue distributions given

by (4.1).

It is then clear that for large t, P(maxy < a-ors Lk = MaXj<oa-c/2mew i) = o(1),

and we therefore obtain that P(N; > e(1=9)%¢(1)) = 1 — o(1).

Then, following the work of Faggionato (2009), we know that (m; — m;_1,7 > 2)

are 1.i.d. random variables with a known Laplace transform (given by (2.19) in

Faggionato (2009)), this allows to compute the first and fourth moments of Am; :=

mg —mq and therefore obtain after an elementary but tedious computation that for

large t, E(Amq) ~ Cre™ (C7 > 0) and E((Am; —E(Amy))*) ~ Cge* (Cg > 0),

which yields for ¢ large

E [(mk Jk — E(Amy))*] ~ Cgetthe jk2,
These facts allow us to write by a Markov inequality that

P [|mNt — E(Aml)Nt | > EE(Aml)Nt]

< 3 p[|mj—1E(Am1)j|>gE(Aml)j +o(1)
j>e(l—e)re(t)
Cs(Cr)™4
<y S

j>e(l-e)re(t)

< Cpetem (=R 4 (1),

This yields that {|my, — E(Amq)N; | < eE(Amy)N:} as well as (with a similar
computation) {|mNt* — E(Amq)N; | < eE(Amq)N;} are realized with a probabil-
ity close to one.

Now including these events in the probability in (5.34), eventually enlarging v(e, t)
we get

Ny (1-¢)? Er Ny (1+¢)?
P N, §x(1+€)2} —v(s,t)ﬁ]P’{X(t) S:z:] SP[Nt Sx(l_g)z +v(e, t).
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Notice that the random variables involved now (N; and N;) only depends of what
happens in the bottom of the hi-valleys, and we have to deal with

*

L <y, N} < Ni| 1,0y, foranyy>0.
t

N*

v [ < y] =P[Ny =NeJ1y=1 + P

Ny

We are now interested in the limit when ¢ goes to infinity of the above two probabil-

ities. We first use the same lines than for the proof of Section 5.1, that is to say we

give a lower and an upper bound of this probability involving the i.i.d. sequences
=4

(¢j,7) and (H;,7). In the same way we have obtained Proposition 5.1, we then
have for any € > 0 and large ¢,

P —w(e,t) <P (NS = Ny) <P +ovlet)
with

ést—ﬁN% 1 0
(Hst Hst 1) 1<j<NZe—1 t

P:=P [( — Hprze 1) >  max 2

recall that Hy, = Ya(ke M) = LS 3, 0 = Vi(ke 0®)) = LS8 4, NZe =
inf{m >1,H,, >1—-2c},va p031t1ve function such that lim;—, 1o v(e, t) < const X
e"N1=r) with an eventually larger const than in Proposition 5.1. In the same way
for any y, € > 0 and ¢t large enough

*

N, _
Nt <y, NS < Ni| 1,1 <P —w(e,t),
t

P — (e, t) gp[

Pi

" ést —£N2£ 1 0
=P [j\/t JNZE <yte (1 HNQE 1)(7'[./\/25 Hprze_1) = 1<jI<n./\af)2(€717J Ly<t,

with V¥ := min{j > 1,¢; = max;< 2 {4 }. This together with Lemma 4.6 yields

lim PN} =N, —P[T; < ]

< lim w(e,t)
t—+ oo

t——+o0
and
N* —Kp(t) F*
im Py Ny <N | —p | QL) s
t—+o0o Nie—™ K (t) y2 1(1)
< lim w(e,t),
t—+ oo

where F™* is defined at the beginning of Section 4.3. Replacing y by 20 for the

(1+e)?
lower bound and by z 8+5;2 for the upper bound and taking the limit when ¢ goes

to infinity and then € — 0 we obtain

Ny o [0, )2)
Jim P |5 < ]—P[WSM%

To finish the proof of the last result of Theorem 1.5 we finally have to prove
Lemma 5.5 below,

Lemma 5.5. The random variable %1(13;2) follows a uniform law Ul 1y and is
2

independent of the couple (Z1,Zz).
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Proof: For any s > 0, let Gi(s) := inf{u < s, Vi(u) — V1(u—) = Y¥(s)}. The
fact that for every s > 0, G1(s)/s follows a uniform distribution is basic. Since the
independence that we seek is specific we give some details.

The process of the jumps of (Y1, )2) in [0, s] is a Poisson point process in [0, s] x
(R4)? (the coordinate in [0, s] for the instant when the jump occurs and the other
coordinate for the jump) with intensity measure A x v where A is the Lebesgue
measure on [0, s] and v, as defined in the introduction, is the Lévy measure of
(1, )). Let us give a particular construction of the process (Y1,)2) on [0, s]:

Let (P,)n>1 be a countable partition of (R )? by Borelian sets such that Vn >
1, 0 < v(P,) < 4o0. For each n we define an i.i.d. sequence (S}})r>1 of random
variables in (Ry)?, an i.i.d. sequence (UJ');>1 of random variables in [0, s] and a
random variable T}, such that

e Vn2>1, ST ~v(.NP,)/v(Pn), Ul ~Up,q, Tn~P(Pn)),
e For any n > 1, the variables (S}})r>1, (Uj})k>1 and T, are independent,
e The triplets ((S)x>1, (U} )k>1,Tn),,~, are independent.

We know that the random set
S ={U,S;), n>1, 1<k<T,}

is a Poisson point process in [0, s] x (Ry)? with intensity measure A x v. Since
(V1,)%) is pure jump it is equal in law to the process (21, Z2) defined by

Vr e [07 3]7 (21722)(7') = Z Sy ]lU,?ST'
n>1,1<k<T),

In particular
ZH(s) = max{m (SP), n>1, 1 <k <T,},
GZ(s) = inf{U,?, n>1,1<k<T,, m(SP) = Zf(s)},

Zi(s)= > m(Sp),  Zals)= Y. m(Sp).

n>1,1<k<Tn n>1,1<k<T,

We thus have that Gy (s)/s Z Ulp,1 and it is independent from (VE(s), V1 (s), Va(s))
and from the sigma-field o((V1, V)t + s) — (Y1, 2)(s), t > 0).

We now have to replace s by V5 '(1). For that we can consider for example the
dyadic approximations of Y5 '(1), that is, (t, := max{k € N, £ <V, ' (1)},n).
Then, partitioning on the values of ¢,,, using the independence we just proved and
the fact that G;(s)/s follows a uniform distribution on [0, 1] we get that Gy (t,)/tn

follows a uniform distribution on [0, 1] and is independent from
((yf (tﬂ)u y2(t7l)7 yl (tn + 2—n) - yl (t’ﬂ)u y2(tn + 2—n) — yg(tn)) (535)

We let n goes to infinity, ¢, converges almost surely to ), 1(1) from below. As a
F*(V1,Y2)

consequence, Gy (t,)/t, converges almost surely to 1)
2

while the quadruple in

(5.35) converges almost surely to

Vi (1)), V(Y5 (1)-),
ViV ') = ViV H(1)=), Ye(Vy (1)) = We(V5 H(1)-))-
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As a consequence, %1(13;2) follows a uniform distribution on [0,1] and is inde-
2

pendent from the above quadruple for which (Z;,7Z5) is a measurable function, this

yields the lemma. O

6. Results and additional arguments from the paper Andreoletti and
Devulder (2015)

6.1. Some estimates on the diffusion X. The first lemma below gives the right
normalisation in law of the number of h;-valleys visited by X before time ¢.

Lemma 6.1 (number of visited h;-valleys). Assume that 0 < k < 1. Then, under
the annealed law P, Nye ") —, . N in law. The law of N is determined by
its Laplace transform:

Yu > 0, E(e_“N) zfé <_—u>j, (6.1)
= I'(kj+1) \ C

K

where Cy, is a positive constant. Moreover P(Ny > n;) < e ¢®),

Proof: The convergence in distribution is exactly Proposition 1.6 of Andreoletti
and Devulder (2015). For the second fact we have P(N; > n;) < ]P’(Nt > ) +
P(V;) < P(N; > ny) + el=%/2+oMlh by Lemma 2.2, with N; := max{j > 1, 7; <
sup,<; X (s)}. Then equation (5.3) in Andreoletti and Devulder (2015) gives P(N;, >
ny) < exp(—2¢(t)), which yields the result. O

The lemma below deals with the renewal structure we speak about on the intro-
duction, and the consequence on the hitting time H(my,) of the ultimate h-valley
visited by X before time t.

Lemma 6.2. Assume 0 < k < 1 and 0 < § < inf{2/27,k2/2}. Fort >0, let p; be
the positive measure on Ry such that
Vo> 0, p((0,2]) = e DN P (H; <)
j=1

Recall that for any k, Hy, = Z§:1 H;/t, and H1 = R1S1e1 is defined in Propo-

sition 3.5. Then, (ut)r converges vaguely as t — 400 to p defined by
dp(z) == (C,{F(Ii))_lIN_lﬂ(Q_i_oo)(I)dI,

with C,, is the same constant than in Lemma 6.1. For 0 <r < s <1,

: 1—r
lim P(l —-s< M <1- T‘) = M/ "1 —x) " "de. (6.2)
1

t——+o00 ™ —s
Proof: The first part of the above lemma is very close to Lemma 5.1 of Andreo-
letti and Devulder (2015), indeed Proposition 3.5 gives the proximity between the
random variables (U;, ¢ < n;) and the random variables (H;,i < n;), moreover an
important preliminary result in Andreoletti and Devulder (2015) (Proposition 4.1)
states that e*?()(1 — E(e=AV1/t)) = C,\® 4 o(1) for large t. So we also know that

"M (1 — E(e /1)) = C. A" + 0(1), (6.3)
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notice that this result could also be deduced from (4.2) with the help of a Tauberian
theorem. Then by independence of the random variables 7{; and the fact that they
are i.d., for any A > 0

/0+00 eiAmd,ut(:L“) = ﬁ "Ztl (I['E(e*A %))]

j=
By (6.3) as nie ") —, o +oo, [E (e 1/t)]mF1 = o(1). Hence, we get as
t — +o00, again by 6.3

T e e (1 + o(1)) __1
/0 e A dpe(z) T E (efﬂ-h/t) +o(1) = +o(1)

+oo e—)\wxﬁ—l
= ———dx +0(1),
[ e e+

which gives the vague convergence of measure (). Also (6.2) is equation (1.2) of
Corollary 1.5 in Andreoletti and Devulder (2015). O

In Lemma 6.3 below, we approximate ﬁj, the exit time of h-valley number j (if X
leaves it on the right), by a product of 3 simpler random variables. To this aim, we
recall that with the notation of Lemma 3.6 and of its proof, for each 1 < j < ny,

R; = fgi((};;//z)) eV @ dg, and A (u) = f;] eV @dz, u € R. Moreover, for some

independent Brownian motions B7, 1 < j < ny, independent of W,,

L; o ;

hy = / eV Ly [P (A (L)), A (u)]du,
Ly

ej = Lpi[r7 (A(L))),0]/A(L;).

Lemma 6.3. Let 0 < ¢ < inf{2/27,k2/2}. For large t, we have for every 1 < j <
N,
P

Proof: We first notice that (ﬁj, Al (f)j), €, RJ) is measurable with respect to the
o-field generated by (f/(j)(x + i/;r_l), 0<z< E;L — E;L_l) and BJ, so, thanks to
the second fact of Lemma 2.2, its law under P does not depend on j. Thus, the
left hand side of (6.4) does not depend on j. Hence we just have to prove (6.4) for
j=2.

This is actually already proved in Andreoletti and Devulder (2015), for which it
is an important step. Indeed in this paper Andreoletti and Devulder (2015), our
A9, B? and hy are denoted respectively by A;, B and U, as defined in (Andreoletti
and Devulder (2015), eq. (3.17) and (3.18)), and our Ry and e, by Z~ and ey, as
defined in (Andreoletti and Devulder (2015), after eq. (4.17)). Hence our (6.4) for
j = 2 is exactly (Andreoletti and Devulder (2015), Lemma 4.7), which proves our
lemma.

The proof of (Andreoletti and Devulder (2015), Lemma 4.7) is quite technical,
however we can give a simple heuristic in order for the present paper to be more
self-contained. The idea of the proof of (Andreoletti and Devulder (2015), Lemma

hj — A7 (Lj)e;R;

S 26_(1—3a)ht/6Aj@j)ejRj) < Cpe(e-)ehe, (6.4)
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4.7) is that, loosely speaking, for u close to 7, that is for u € [%J (he/2), 75(he/2)],
L[5 (AI(Lj)), A% (u)] is nearly Lp; [+5’ (A7(L;)),0] = AI(L;)e;, whereas for u
far from 7 , that is for u € [i;,f/]] but u & [7; (he/2),7(h:/2)], e V@) g
"nearly" 0, with large probability. Finally, combining these heuristics gives h; ~
AI(Lj)e;R;. O

The following lemma is used to prove Lemma 3.6 and uses the notation of
this lemma, and where the independent r.v. G*(h;/2,h;), Fyf (he), Fy (ht/2) and
F3 (ht/2) defined before Proposition 3.5.

Lemma 6.4. Assume 0 < § < inf{2/27,k%/2}. For large t, possibly on an enlarged

probability space, there exists Ro z Fy (h/2) + Fy (he/2) and S z Fif(he) +
Gt (ht/2,ht), such that Ra, S2 and es are independent and

(1

where D_ > 0.

L2 -
/ V@ dg — 8,

m

S ef(df)hts’z, RQ — R2}> Z 1 _ e*(Df)ht, (65)

Proof: Due to (Andreoletti and Devulder (2015) Lemma 4.5) with its notation, we

have Iy = [ VP () dg L pin), I = [ty e @dz L G (hey2, o),
I; = ;zz(htm) V@) g S F~(ht/2) and Z; = ﬂ;g(ht/2) VO @ Z F~(h/2)

with Lo := inf{x > m(hs), V@ (x) = hy/2}. The problem is that Z; is not inde-

pendent of Z;", so we would like to replace it by some s g ISL of it with better
independence properties. It is proved in (Andreoletti and Devulder (2015), at the
top of page 32) that for large ¢, possibly in an enlarged probability space, there
exists Z; such that |Z — Z,/| < e~ (1739R/27F with probability greater than

1 — 4e=%9M/2 and where Z;" i F*(ht) by (Andreoletti and Devulder (2015), eq.
(4.35)). )
Let Sy := I} +Z; > I . Notice that on V;, by Remark 2.3, Ry = Z; +Z, =: Ry

and mez VP @ g = fij VP @ dg = I +Z, . The two previous inequalities give

| [z eV @ da — S| = |T5 — I | < e"(=39M/28) and Ry = Ry with probability
at least 1 — 5e="%"+/2 thanks to Lemma 2.2. This proves (6.5).

Moreover, by (Andreoletti and Devulder (2015), Prop. 4.4 (i), Z;V, 5, Z;,
Z; and e (which is denoted by ey in Andreoletti and Devulder (2015)) are in-
dependent. So, ey, Sy = I{" + I; and Ry = Z; + 7, are independent, and
Ro 2 By (he/2) + Fy (he/2) and Ss = FF(he) + G (he /2, he). 0

The last lemma of this section tells that with large probability, the diffusion X
leaves every hi-valley [L}, L;], 1 < j < n; from its right. Recall that B is defined
after (3.19).
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Lemma 6.5. For large t, there exists c— > 0 such that

]P’[ﬁ’t { max L [75 (A1(L;)), A (u)] = 0}] >1—e i (6.6)

Jj=1 >
u<Lj

Proof: (6.6) is essentially Lemma 3.2 in Andreoletti and Devulder (2()1 ):
Indeed, recall the definition of A; := {maxu<L7 Lpi 75 (A(L i), AT (u)] = 0}, we

have N72, A; = ML AH (L)) < {H( =)}, with, for anyL <z < Ly, Hi(z) =
inf{s > 0, B;(s) = z}, with B; a Brownlan motion. Therefore PV« (A;) is equal to
the probability P"=(€;) of Lemma 3.2 in Andreoletti and Devulder (2015). It is
proved in this lemma see (3.10) that for large ¢, P(B := {PW=(&;) < e~ ("/2he}) >
1 —3e~"%" 50 we obtain (6.6) as P(E;) < E(]P’W~ (&; )]llg) + P(E) < e ¢l /ny, for
c— >0 Small enough. ([

6.2. Some estimates on the potential W, and its functionals.
We start this section with the Laplace transform of the important functional R

Lemma 6.6. For any v > 0,
2

Ry (29)~/?
=) = () 7 o7

wlip
Proof: f+°° ~Wi(Wdy is the limit in law under P of I @) =Wl W dy as z —
+00. This limit is given by (Andreoletti and Devulder (2015), Lemma 4.2), which
proves (6.7). Note that in (Andreoletti and Devulder (2015), Lemma 4.2), W/ is

K

Wy T . .
denoted by R, and fOT @) =Wl dy is denoted respectively by F~(z). Moreover
the Laplace transform of R, is of class C*° on a neighborhood of 0 since x —
x"/I.(x) is C*° on such a neighborhood (see e.g. Borodin and Salminen (2002) p
638). O

The following Lemma is a series of estimates concerning the different coordinates
of valleys.

Lemma 6.7. Fort large enough, for every 1 <1 < mny,

P(0 < My < my) < Cyhge e, (6.8)
P(7fq (he) # g1 (he)) < Cyhye™"M,
P( omf VO« ht/2> < emrh/8, (6.10)
(7 (077 (b))
P(L] — Ly > 40hf/ k) < e™"h/8, (6.11)
P(7(h) — ;> 8h/k) < Cye "M/ VD 0 < h < hy, (6.12)
(m

’U

my <r) <eexp ((k/2— 2+ K2/4)h)) = o(1), Vr=o(h). (6.13)

Proof: (6.8) follows from eq. (2.8) of Andreoletti and Devulder (2015); (6.9) is
eq. (3.41) of Andreoletti and Devulder (2015). (6.10) and (6.11) are respectively
eq. (2.34) and (2.32) of Lemma 2.7 of Andreoletti and Devulder (2015). Moreover,
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(6.12) is eq. (2.22) of the same reference. For (6.13), we know from definitions in
(2.3) that my > L§ = 7Wr(=h}), where 7Wr(—h}) is the first positive time the
drifted Brownian motion Wy, reaches —h;. Using a Markov inequality together with
(2.0.1) page 295 of Borodin and Salminen (2002) we obtain P(7Wr(—h) <r) =
P(e*TWN(*hr) > e ") < erelt/2mv 2+”2/4)ht+, which is exactly (6.13). O

The lemma below deals with two functionals involving coordinates far from the
bottom 4 of the first visited h-valley [L1, L1].

Lemma 6.8. There exists c > 0 such that for any € > 0 and t large enough,

L _
, / 1 VO @) gy < C+h%e—(1—a)ht/2 >1- e—(c,)fsht7
71(he/2)

/D)
P / eV @y < C+hfe_(1_5)h‘/2 >1— e (e-)eh
Ly

Proof: The proof is inspired from steps 1 and 2 of Lemma 4.7 of Andreoletti and
Devulder (2015). For the first integral, let

Al = {inf[ﬁ(hnﬂ)),ﬁ(hn)] ‘7(1) > (1 — E)ht/Q}, .A2 = {]:JIF — i; < 40h?//€}.
We have on A4, N A,,

I : - 40hth
[ e T g e O = gy 2)] £ T 02, (614)
71(he/2)) "

Now, Fact 2.1, equation (7.3) with a« =1/2, vy = (1 —¢)/2 and w = 1, and Lemma
2.2 give
P(Ay) < Pinfir, n,j2).m () VY < (1= )he/2, V] + P(Vy) < 3e7 /2,

Moreover, P(A,) < e™*ht/8 < ¢=reht/2 by (6.11) since we can take e < 1/4. The
second inequality, can be proved similarly. (I

Lemma 6.9. Recall that for h > 0, Bo(h) == FE (fOTl*(h) eWN(“)du>, with 1 (h) =
inf{u >0, Wy (u) — infj ) Wi > h}. For large h,

Bo(h) < Cprell=mn, (6.15)
Proof: (6.15) is (Andreoletti and Devulder (2015), eq. (3.38)), since in Andreoletti

and Devulder (2015), Bo(h) is defined at the top of page 23 and 7 (h) in its Lemma
3.6. O
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7. Appendix

7.1. Some estimates for Brownian motion, Bessel processes, W and their func-
tionals. We provide in this section some known formulas for some processes that
appear in our study. The first lemma is about Laplace transforms of the exponen-
tial functionals defined in (1.7) and (1.8). Its proof can be found in (Andreoletti
and Devulder (2015), Lemma 4.2). Recall that C (respectively c¢_) is a positive
constant that is as large (resp. small) as needed.

Lemma 7.1. There exist Cg > 0, M > 0 and mny € (0,1) such that Vy > M,Vy €
(07 771];

‘E (€—7F+(y)/ey> —1—-2v/(k+ 1)]‘ < Cymax(e™",~%/2),
(7.1)

B (7@ 0720/} — [1 - T(1 = )(29)"/T(1 + 9)]| < Comax(y"e /2, ).
(7.2)

Moreover, there exists Cip > 0 such that for all y > 0, E (F*(y)/e¥) < Cho.

Recall that W] is a (—#/2)-drifted Brownian motion W, Doob-conditioned to
stay positive (see above (1.7)). We have,

Lemma 7.2. Let 0 < v < a < w. For all h large enough, we have

Pt (7WE (yh) < TV (wh) ) < 2@, (7.3)
P (+2 (wh) = 7V (o) < 1) < de~llomnss (7.4)
P(WE(h) > 8h/K) < Cypeh/2V), (7.5)
P(WE(h) < B) < Cpe=(eh, (7.6)

P(TW,I (vh) <1) < C e (e, (7.7)

where P®" denotes the law of W] starting from ah. Moreover the first inequality
is still true if w is a function of h such that limy,—,+ o w(h) =+ 0.

Proof: The first 3 inequalities come from (Andreoletti and Devulder (2015), Lemma
2.6). The fact that, in (7.3), w can actually be taken as a function of h comes directly
from eq. (2.31) of Andreoletti and Devulder (2015). (7.7) is a consequence of (7.4)
with w = v and o = /2. We turn to (7.6). By (Andreoletti and Devulder (2015),

A
eq. (2.7) and Fact 2.1, coming from Faggionato (2009)), E(e*O‘TW” M)~k oo
const.e(F/2=V2atr2/4) i particular for a = 1 — k. Then a Markov inequality for

s
P(e*m""m(h) > e~ ") proves (7.6) since 1 — /2 — 1/2(1 — k) + k2/4 < 0. O

We also need the following lemma, focusing only on some exponential functionals.
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Lemma 7.3. Recall that F* and Gt are defined in (1.7) and (1.8). For all 0 <
(<1and0<e <1, for h large enough,

P [e(l—a)Ch < F+(<h) < e(l-i—a)Ch} >1-— 4€_N8<h/2, (7.8)
P[F~(h)>e ] >1-¢ ~(e-)e*h? (7.9)
P[G*(ah,h) <b(h)e"] >1—Ci[b(h)]™",  0<a<1,b(h)>0. (7.10)

Proof: By Markov inequality and the last line of Lemma 7.1, P[F+(¢h) > e(1+9)¢h] <
Choe =" < e#=Ch/2 for large h. For the lower bound, we have by (Andreoletti and
Devulder (2015), eq. (2.29)) for large h,

P[FT(Ch) > e79)¢h] > 1 — 3emrech/2,

These two inequalities prove (7.8). For (7.9), first F~(h) > el Wi = (eh), and using
(7.7), Wi (eh) > 1 with a probability larger than 1—e~(¢ )5 "* which proves (7.9).
Finally, notice that in law G*(ah,h) < e® f0+ Wi@)dy = ehAoo. By Dufresne
(2000), 2/A~ is a gamma variable of parameter (n, 1), and so has a density equal
to e "z g, (z)/I'(k), which leads to (7.10). O

The following lemma is exactly Lemma 4.3 in Andreoletti and Devulder (2015)
which proof can be found in that paper.

Lemma 7.4. Let (B(s), s € R) be a standard two-sided Brownian motion. For
every 0 <e <1,0<d <1 and x>0,

51/6
IE”( €s[ul;)é_] |L5(T7(1),u) — L(77(1),0)| > eLp (77 (1), )) Ci—= 75 (7.11)
IE”( st[lopl] Lp(rP(1),u) > :E) < dem/2, (7.12)
P (sg%EB(TB(l),u) > x) <4/zx. (7.13)

The next lemma says that with large probability, a 2-dimensional squared Bessel
Process is bounded by some deterministic function. This lemma may be of inde-
pendent interest.

0) be a Bessel process of dimension 2, starting from

Lemma 7.5. Let (Q2(u), u
) E(.) from (0,+00) to (0,400), having limit +oc0 on

0, and two functions a(.) an
+o00. We have for large t,

P(Vu € (0,k(t)], Q3(u) < 2e[a(t) + 4log log[ek(t)/uﬂu) >1—Cyexp[—a(t)/2].

>
d

Proof: We consider for t > 0 and ¢ € N,

@[a(t) + 4log(i + 1)]}, Ay = ﬁ Al

Ay = { sup Q% <2
[k(t) i=0

/et k(t)/e’]
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We recall that there exist two standard independent Brownian motions (Bj(u), u >
0) and (Bz(u), u > 0) such that (Q3(u), u > 0) is equal in law to (B?(u) +
B3(u), u>0). So fori € N,

P(Zl,i) S 2P(Sup[k(t)/ewrl’k(t)/ei] B% > k(t)e_i[a(t) + 410g(l + 1)])

< 4P(sup[0)k(t)/ei] By > Vk(t)e~i[a(t) + 4log(i + 1)])
= 4P(|B1 (1) > V/a(t) + 4log z—l—l))
< 8exp[—a(t)/2 —2log(i + 1)]

for large t so that a(t) > 1, by scaling, and since By z — B, supy, 1) B z |B1(1)]
and P(By(1) > z) < e=*/2 for z > 1. Consequently for large ¢,

P ZP All <86Xp i

=0 i=0

= Cyexp[—a(t)/2]. (7.14)

Now, let 0 < u < k(t). There exists i € N such that k(t)/e"™ < u < k(t)/e'.
We have, e < k(t)/u, so ett! < ek(t)/u and then log(i + 1) < loglog[ek(t)/u].
Consequently on As,

Q3(u) < 2(k(t)/e")[a(t) + 4log(i + 1)] < 2eula(t) + 4logloglek(t) /u]].

This, combined with (7.14), proves the lemma. O

We also need some estimates on the local time of B at a given coordinate
y € R at the inverse of the local time of B at 0. Recall that op(r,y) = inf{s >
0, Lp(s,y) > r} for r > 0, y € R. By the second Ray-Knight Theorem, the
processes (Lp(op(r,0),y),y € Ry) and (Lp(op(r,0),—y),y € R;) are two inde-
pendent squared Bessel processes of dimension 0 starting at . The following lemma
is proved in (Talet (2007), Lemma 3.1; the results are stated for a Bessel process
but are actually true for a squared Bessel process; see also Diel (2011), Lemma 2.3).

Lemma 7.6. We denote by (Qo(y), y > 0) the square of a 0-dimensional Bessel
process starting at 1. Let M > 0, u >0 and v > 0. Then,

P < sup |Qo(y) — 1| > u> < 4M exp [—u?/(8(1 + u)v)], (7.15)
0<y<v u
P (suon(y) > M) =1/M. (7.16)
y=0
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