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RENEWAL STRUCTURE AND LOCAL TIME FOR DIFFUSIONS IN
RANDOM ENVIRONMENT

PIERRE ANDREOLETTI, ALEXIS DEVULDER, AND GREGOIRE VECHAMBRE

ABSTRACT. We study a one-dimensional diffusion X in a drifted Brownian potential W, with
0 < kK < 1, and focus on the behavior of the local times (L(t,z),x) of X before time t > 0.
In particular we characterize the limit law of the supremum of the local time, as well as the
position of the favorite sites. These limits can be written explicitly from a two dimensional
stable Lévy process. Our analysis is based on the study of an extension of the renewal structure
which is deeply involved in the asymptotic behavior of X.

1. INTRODUCTION

(X(t) 0) a diffusion in a random cadlag potential (V(x), x € R), defined informally
by X(0) =0 an

AX (1) = dB(t) — SV (X (1)),

where § is a Brownian motion independent of V. Rigorously, X is defined by its conditional

generator given V,
vy d (v d
2¢  ar \° dz )~

We put ourself in the case where V' is a negative drifted brownian motion : V(x) = Wy (x) :=
W(z) - 5z, x € R with 0 < x <1 and W a two sided Brownian motion. We explain at the end
of Section 1.1, what should be done to extend our results to a more general Lévy process.

In our case, the diffusion X is a.s. transient and its asymptotic behavior was first studied by K.
Kawazu and H. Tanaka : if H(r) is the hitting time of » € R by X

H(r):=inf{s >0, X(s) =r}, (1.1)

Kawazu et al. [25] proved that, for 0 < k < 1 under the so-called annealed probability P,
H(r)/r'/* converges in law to a s-stable distribution (see also Y. Hu et al. [24], and H. Tanaka
[33]). Here we are interested in the local time of X denoted (L(t,z),z € R,t > 0) until an
asymptotic instant ¢.

For Brox’s diffusion, (when x = 0) it is proved in [4] that the process local time until the instant
t re-centered at the localization coordinate b; (see [10]) converges in law, this allows the author
to derive the law of the supremum of the local time before time ¢t € R,

L*(t) :=sup L(t,x).
R

S

We recall their result below in order to compare it with what we obtain here :
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Theorem 1.1. [4] If K =0, then

L) 1
N
with
+o00 + too
Re ::/ e_W“(x)d:ch/ e We@ gy, (1.2)
0 0

(Wi(z),z > 0) and (W,I,SE > 0) are two independent copies of the process (Wy(x),z > 0)
Doob-conditioned to remain positive.

Extending their approach, and following the results of Shi [30], Diel [15] obtains the non-trivial
normalisations for the almost sure behavior of the limsup and liminf of £*(¢). Notice that these
results have been previously established for the discrete analogue of X, the so called Sinai’s
random walk in [13] and [22].

One of our aim in this paper is to extend the study of the local time in the case 0 < k < 1, and
deduce from that the weak asymptotic behavior of £*(t).

Before going any further let us recall to the reader what is known for the slow transient cases.
When the time and space are discrete (see [26], for the seminal paper), a result of Gantert and Shi
[23] states the almost sure behavior for the lim sup of the supremum of the local time (£%§(n)) of
these random walks (denoted S), before time n : a.s. limsup,, , ., £5(n)/n = ¢ > 0. Contrarily
to the recurrent case (|22]) their method, based on a link with the local time of S and a branching
process in random environment, is not able to determine the law of the limit of £L§(n)/n.

For the continuous time and space case we are treating here, the only paper dealing with £*(¢) is
Devulder’s work [14], who proves that the limsup;_, ., £*(t)/t = 400 almost surely. But once
again his method can not be used to characterize the limit law of £*(¢)/t.

Our motivation here is twofold, first we prove that our approach enables to characterize the limit
law of £*(t)/t and open a way to determine the correct almost sure behavior of £*(¢) like for
Brox’s diffusion. Second we make a first step on a specific way to study the local time which
could be used in estimation problems with random environment [1], [2], [5], [12], [11], [20], [6].
The method we develop here is an improvement of the one used in [3] about the localization of
X, for large t.

Let us recall the main result of this paper, for that we introduce some new objects. First the
notion of h-extrema, with A > 0, introduced by Neveu et al. [27] and studied more specifically
in our case of drifted Brownian motion by Faggionato [19]. For h > 0, we say that z € R is a
h-minimum for a given continuous process V' if there exist u < z < v such that V(y) > V(x) for
all y € [u,v], V(u) > V(x) + h and V(v) > V(z) + h. Moreover, x is an h-maximum for V if x
is an A-minimum for —V, and z is an h-extrema for V iff it is an h-maximum or an h-minimum
for V.

As we are interested in the process X until time ¢, we only focus on hs-extrema of W, where

hi == logt — ¢(t), with 0 < ¢(t) = o(logt), loglogt = o(¢(t)).

It is known (see [19]) that almost surely, the hi-extrema of Wy, form a sequence indexed by Z,
unbounded from below and above, and that the hy-minima and h;-maxima alternate. We denote
respectively by (mj, j € Z) and (Mj, j € Z) the increasing sequences of h;-minima and of
hi-maxima of Wy, such that mg < 0 < my and m; < M; < mjy; for every j € Z. Define

N; := max {k €N, sup X(s)> mk}’
0<s<t

the number of h;-minima visited by X until the instant ¢, we then have the following result
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Theorem 1.2. [3] Assume 0 < k < 1. There exists a constant Cy > 0, such that

lim ]P’(]X(t) —my,| < C1¢>(t)) ~1.

t——+o0

This result proves that the process X before the instant t visits a sequence of hs;-minima,
and then gets stuck in an ultimate one. Notice that this result was proved in the discrete case
model by Enriquez-Sabot-Zindy in [17]. This phenomenon is due to two facts : the first one is
the appearance of a renewal structure which is composed of the time it takes to the process to
move from a h;-minima to the following one. The second is the fact that like in Brox’s case, the
process is trapped a significant amount of time in the neighborhood of the local minima my;,.
It is the extension of this renewal structure to the sequence of local time at the h;-minima that
we study here. We now detail our results.

1.1. Results . Let us introduce a few notations involved in the statement of our results. Denote
(D(]0, +00),R?), J1) the space of cadlag functions with Ji-Skorokhod topology and denote by

lj the convergence in law for this topology. On this space, define a 2-dimensional Lévy process
(V1, Vo) with value in RT x RT which is a pure positive jump process with s-stable Lévy measure
v given by
Co 5 Co Yy
Vo > 07y > 071/ ([CL’, +OO[X[y7 +OOD = yTE (RR) ]]‘RHS%] + EP (RH > E) ;
where R, is defined in (1.2) and Cj is a positive constant defined in Lemma 4.1.

For a given function f in D([0,+00),R), define for any s > 0,a > 0:
fi(s) = sup (f(r) — f(r7)), f (a) :==inf{z >0, f(z)> a},

0<r<

f1(s) is the largest jump of f before instant s, f~'(a) is the first time f is larger than a. Also
define the couple of random variables (Z;,Z7)

V(Y (@) = n( (1))
Vo (Y5 H(1) = (V5 M (1))

I = Vi (1)), o= (1 - (V5 H(1)7)) x

We are now ready to state the result, the convergence in law denoted £ takes place when ¢ goes
to infinity :

Theorem 1.3.

£ t(t) L 7 max(T1, To).

There is an intuitive interpretation of this theorem which explains the appearance of the Lévy
process (Y1, Y2). We focus on this interpretation now.

First for any s > 0, Y1 (s) is the limit of the sum of the first [se®?(*) | normalized (by t) local
times taken specifically at the Lse“¢(t)J first hy-minima. )b plays a similar role but for the exit
time of the |se®*(") | first hy-valleys. Where an hy-valley is defined as a large neighborhood of an
hy-minima, see Section 2.2 for a rigorous definition as well as Figure 1.

So by definition Z; is the largest jump of the process Y, before )5 is larger than 1 and can
be interpreted as the largest local time (re-normalized) among the local time at the h;-minima
visited by X until time ¢ and from where X escape. That is to say Z; is the limit of the random
variable supy<y, 1 L(my, 1)/t

I, is a product of two terms : the first (1 — Y5(Y5(1)7)) corresponds to the (re-normalized)
amount of time left to the process X before instant ¢ after it has reached the ultimate visited
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ht-minima, mpy,. The second term corresponds to the local time of X at this ultimate hs;-minima.
Intuitively Vs is construct from ); multiplying each of its jumps by an independent copy of the
variable R,. Therefore this second term can be seen as an independent copy of 1/R,, taken at
the instant of the overshoot of ), which makes it larger than 1. Notice that this variable R
plays a similar role than Ry of Theorem 1.1. Indeed as in the case k = 0, the process X is
prisoner in the neighborhood of the last hy-minima visited before time t.

We prove this result by showing first that portions of the trajectory of X re-centered at the
local hi-minima, until the instant ¢, is made (in probability) with independent parts. This has
been partially proved in [3] but we have to improve their results and add simultaneously the
study of the local time.

Second we prove that what we seek for the supremum of the local time is, mainly, a function
of the sum of theses independent parts, which converges to a Lévy process. Let us give some
details about this :

Let (Q(s), s > 0) a canonical process, taking values in R, with infinitesimal generator given

for every = > 0 by
1d> ¢ ¢ d
5@ + 5 coth <2(E> %
This process @ can be thought of as a (—(/2)-drifted Brownian motion W¢ Doob-conditioned to

stay positive, with the terminology of [7], which is called Doob conditioned to reach +oo before
0 in [19] (see Section 2.1 in [3] for more details). We call BES(3, k/2), the law of (Q(s), s > 0).

For a < b, (Wh(s), 0 < s < TWS(U,)) is a (—k/2)-drifted Brownian motion starting from b and
killed when it first hits a. For any process (U(t), t € R") we denote by

Y(a) == inf{t > 0, U(t) = a},

the first time this process hits a, with the convention inf ) = +00. We now introduce functional
of W, and Q :

TQ(:L") ng(a)
FE(z) = / exp(£Q(s))ds, x>0, G*(a,b) == / exp (£ WE(s))ds, a<b.
0 0

(1.3)
Also for any § > 0, and ¢t > 0, define

ng = R0+ |

which is an upper bound of NV; as stated in Lemma 3.1.

Let (Sj(t), R;(t),e;(t),j < n) a sequence of ii.d. random variables with S;, R; and e;

independent and S; = F*(hy) + G (he, he/2), Ry = F~(he/2) + F~(he/2) and e, = £(1/2) [an
exponential random variable with parameter 1/2] where F~ an independent copy of F~ and F'*
independent of G*. Define ¢; := €;S;, H; := {;R;, note that for notational simplicity we do not
make appear the dependence in t in the sequel. Typically ¢; plays the role of the local time at
the jth positive hy-minima if the walk escape from it before the instant ¢ and H; the role of the
time it takes for the walk to escape from the corresponding valley.

Define the family of processes (Y1, Y2)! indexed by ¢, by

|ser®®) |
1
Vs >0, (YLYZ)E = ; Z (€j7Hj)’
=1

then
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Proposition 1.4. We have
s
(V1,Y2)" =3 (D1, I0).

Once this is proved, we check that what we need for the supremum of the local time can be
written as a function of (Y7, Ys)!. We obtain an expression in this sens in Proposition 5.1. Then
to obtain the limit, we prove the continuity (in J;-topology) of the involved mapping and apply a
continuous mapping Theorem (see Section 4.3). It appears that with this method we can obtain
other asymptotics, like for the supremum of the local time before the last valley is reach (before
the instant ¢) and once it left it for good as well as for the position of the favorite site :

Theorem 1.5. We have

L*(H
£ 3 yipia)
L*(H(m z 1
EUe) 2y,
Let us call F*, the position of the first favorite site, F} := inf{s > 0, L(t,s) = L*(t)}, then
oz
Yt — BU[OJ] +1-5

where B is a Bernoulli with parameter P(Z; < ) independent of the uniform random variable
on [0, 1] N U[O,l]'

One question we may ask here is what’s happen in the discret case or with a more general
Lévy process ?
For the discrete case, we should have a very similar behavior as the renewal structure which
appears in both cases (continuous and discrete) is very similar (see the works of Enriquez-Sabot-
Zindy [17]). The main difference comes essentially from the functional R, which should be
replaced by a sum of exponential of a simple random walk conditioned to remain positive (see
18], [17)).
For a more general Lévy process, we have in mind for example a spectrally negative Lévy process
(studied in the case of diffusion in random environment by Singh [32]), more work needs to be
done, especially for the environment. First to obtain a specific decomposition of the Lévy’s path
(similar to what is done for the drifted Brownian motion in Faggionato [19]) and also to study
the more complicated functional R, which is less known than in the brownian case. This is a
work in preparation by Véchambre [34].

The rest of the paper is organized as follows :
In Section 2 we recall the results of Faggionato on the path decomposition of the trajectories of
W,. Also we recall from [3] the construction of specific h-minima which plays an important role
in the appearance of independence, under IP, on the path of X before time .

In Section 8 we study the joint process of the first n; hitting times and local times. We show
that parts of the trajectory of X is not important for what we seek (this part is technical, makes
use of some technical results of the paper [3] and can be omitted in the first instance). We then
prove the main result of this section : Proposition 3.5. It proves that the joint process (exit time,
local time) can be approximated in probability by i.i.d random variables, again the proofs make
use of some technical parts of |3] though the main ideas are discuss in the present paper.

In Section 4 we prove Proposition 1.4, and study the continuity of certain functional of (V1, V)
which appears in the expression of the law we have detailed above. This section is independent
of the other, we essentially prove a basic functional limit theorem and prepare to the application
of continuous mapping theorem.
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Section 5 is where we make appear the renewal structure in the problem we want to solve. In
particular we prove how the distribution of the supremum of the local time can be approximated
by the distribution of a certain function of the couple (Y7, Y2)!, the main step being Proposition
5.1.

The appendiz is a reminder of some estimates on the brownian motion, Bessel processes, and
functionals of both of these processes.

1.2. Notations. In this section we introduce typical notations for the study of diffusions in
random media, as well as elementary tools for the continuous one-dimension case. We denote by
P the probability measure associated to Wy(.). The probability conditionally on the potential
W, is denoted by P~ and is called the quenched probability. We also define the annealed
probability as

P(.) := /]P’WN(.)P(WH € dw).

We denote respectively by E+ E, and E the expectancies with regard to P"» P and P.

For any process (U(t), t € R") we denote by Ly a bicontinuous version of the local time of U
when it exists. Notice that for our main process X we simply write £. We also denote by U
the process U starting from a, and by P? the law of U?; with the notation U = U°. Now let us
introduce the following functional of Wy,

A(r) := / V(@) g, r € R,
0

and recall that whenever k > 0, Ao := lim, ;400 A(r) < 00 a.s. As in Brox [10], there exists a
Brownian motion B independent of W, such that X (t) = A~1[B(T~(t))], where

T(r):= /O?" exp{—2W,[A"Y(B(s))]}ds, 0<r<7B(AL). (1.4)

The local time of the process X at x until instant ¢ simply denoted L(t,x), can be written as
(see [30])

L(t,z) = e V@ LT~ (1), A(z)). (1.5)
With these notations, we recall the following expression of H(r), for all » > 0,
H(r) = T[r"(A(r))] = / e LplrB(A(r), A(u)]du. (1.6)

2. PATH DECOMPOSITION AND VALLEYS

2.1. Path decomposition in the neighborhood of the h;-minima m;. First we recall some
results for h-extrema of W,. Let

VO(2) := We(x) — We(mi), zeR, ieN,
which is the potential W, translated so that it is 0 at the local minimum m;. We also define

77 (h) :=sup{s <m;, VO () =h},  7(h):=inf{s >m;, VO(z)=h}, h>0.

2

The following result has been proved by Faggionato [19] [for (i) and (ii)], and the last fact
comes from the strong Markov property.



RENEWAL STRUCTURE AND LOCAL TIME FOR DIFFUSIONS IN RANDOM ENVIRONMENT 7

Fact 2.1. (path decomposition of W, around the hy-minima m;)

(i) The truncated trajectories (V®(m; —s), 0 < s < m; —7; (), (VO(m; +s), 0 < s <
Ti(he) — mi), 1 > 1 are independent.

(i) Let (Q(s), s > 0) be a process with law BES(3, k/2). All the truncated trajectories (V@ (m;—
s), 0<s<m;—1; (h)) fori>2 and (V(j)(mj +5), 0<s<75(he) —my) forj >1 are equal
in law to (Q(s), 0 < s <79 (hy)).

(iii) Fori > 1, the truncated trajectory (VO (s + 7;(ht)), s > 0) is independent of (Wy(s), s <
7i(he)) and is equal in law to (W}t (s), s > 0), that is, to a (—k/2)-drifted Brownian motion
starting from hy.

2.2. Definition of valleys and standard h;-minima m;, j € N*.

We are interested in the potential around the h;-minima m;, ¢ € N*, in fact intervals containing
at least [7; ((1 + k)h¢), M;], however, these valleys could intersect. In order to define valleys
which are well separated and i.i.d., we introduce the following notations. These notations are
used to define valleys of the potential around some m;, which are shown in Lemma 2.2 to be
equal to the m; for 1 <4 < ny with large probability.

Let
hi = (1+ K+ 20)h,

and define I}aL := 0, mg := 0, and recursively for i > 1 (see Figure 1),

Lf = infa > L7y, Wila) < W(LE)) = b},
Fi(he) = inf {z > LY, W,(z) - inf e ) W > e}, (2.7)

i = inf {z > L, Wi() = infjgs - o, Wel,

L :=inf{z > Fi(h), We(z) < Wa(Fi(he)) — he — B}
We also introduce the following random variables for i € N*:

M; := inf{s > m;, Wy(s)= max; i+ Wi (u)},

Lt = inf{z > 7i(he), Wi(z) — W) = 3he/4},

L; == inf{x > 7i(hy), Wu(z) — Wi(;) = he/2},

ﬂ(h) = inf{s > my, W,i(a:) — Wﬁ(ﬁlz) = h}, h >0, (28)
7, (h) :=sup{s < m;, Wy(x) — Wi(m;) = h}, h >0,
L; =7 ().

We stress that these r.v. depend on ¢, which we do not write as a subscript to simplify
the notations. Notice also that 7;(h:) is the same in definitions (2.7) and (2.8) with h = hy.
Moreover by continuity of Wy, Wy (7;(h:)) = Wy(m;) + he. So, the m;, ¢ € N*, are hy-minima,
since Wi (i) = infiz+ - We, We(Fi(he)) = Wie(imi) + he and W (LE ) > Wa(in;) + hy.
Moreover,

Lf <L} <wm; <7(h)<Li<Lf, ieN* (2.9)

Ly | < Ly <y < 7i(hy) < M; < L, i e N*. (2.10)
Furthermore by induction the r.v. IN/E, 7i(ht) and f/j, 1 € N* are stopping times for the natural
filtration of (Wy(z), x > 0), and so L;, i € N* are also stopping times. Also by induction,

Wi(L}) = inf W,  We(m) = inf We,  Wu(L]) = inf W, =We(i)—h, (2.11)
[0,L1] [0,7i (he)] [(0,L]]
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it - o s 7. ir P+
A TRV YL A Lo,

FIGURE 1. Schema of the potential between E;Ql and I:;ﬂ in the case ig < f);

for i € N*. We also introduce the analogue of V) for m; as follows:

VO(2) = We(x) — We(m), x€R,iecN*

We call i th hs-valley the translated truncated potential (V(Z) (x), I~/Z_ <z< INJZ-), for i > 1.

The following lemma states that, with an overwhelming high probability, the first n; + 1
positive hg-minima m;, 1 <4 < ny + 1, coincide with the r.v. m;, 1 <4 < n; + 1. We introduce
TLt+1 =

the corresponding event V; := N~

Lemma 2.2. Assume 0 < § < 1. Fort large enough,
P (Vt) < Clnte_”ht/Q = e[_”/2+0(1)]ht, C1>0.

Moreover, the sequence ((V(i) (x + E;r_l), 0<x< f/:r - f/;r_l), 1> 1), 18 1.1.d.

Proof:
This Lemma is proved in [3] : Lemma 2.3. O

The following remark is used several times in the rest of the paper.

Remark 2.3. On Vy, we have for every 1 < i < ny, m; = m;, and as a consequence, v (@ (x) =
V@O(2), z € R, 7, (h) = 7 (h) and 7;(h) = 7i(h) for h > 0. Moreover, M; = M;. Indeed, M;
is an hy-mazimum for W, which belongs to [mi, miy1] = [mi, mit1] on Vi, and there is exactly
one hy-mazimum in this interval since the hy-maxima and minima alternate, which we defined
as M;, so M = M;. So in the following, on Vi, we can write these r.v. with or without tilde.

3. CONTRIBUTIONS FOR HITTING AND LOCAL TIMES

3.1. Negligible parts for hitting times.

In the following Lemma we recall results of [3] which tell that the time spent between valleys
is negligible compared to the amount of time spent to escape from the valleys. It also gives an
upper bound for the number of visited valleys, and the fact that the process never backtracks in
a previous visited valley. For any i < n;, define
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and for any m > 1 the events
Bi(m zﬂ{0<Hmk ZU<vt}
where ¥y := 2t/log h;. Finally -
= ﬁ{H(ij) — H(imy) < H"(L}) — H(my), H(mj)— H(Lj) < H(L}) — H(L)},

with H* (z;) := inf{k > m;, X}, = x;} for any x.

Lemma 3.1. For any § small enough and t large enough

P (H(’I?Nll) < ’LN)t) >P (Bl(nt)) > 1— Couy, (3.12)

with v, == ny - (log hy)e= ") = 0(1), Cy > 0. Also we have :

P (Ba(ng)) > 1 — Cange 0%, (3.13)

P(N; < ng) > 1 — Cye 0790 (3.14)
with Cg3 > 0 and C4 > 0.
Proof:
The first statement is Lemma 3.7 in [3], the second one is proved in Lemmata 3.2 and 3.3 in [3].
Finally (3.14) is proved in Lemma 5.2 of the same paper. O

3.2. Negligible parts for local times.

We now provide estimations on the local time, more especially we prove that in the complemen-
tary of a small interval in the neighborhood of the first n; h;-minima, the local time at each site
is negligible compared to t. We split this section into two, the first one deals with coordinate
away from the valleys, the second with coordinates in the valleys excluding the points near the
bottom.

3.2.1. Supremum of the local time outside the valleys.

The aim of this subsection is to prove that at time ¢, the maximum of the local time outside the
valleys is negligible compared to t. More precisely, define the following events

m—1
Bi(m) ::{ sup L(H(m1),z) < f(t)} N ﬂ { [§up L(H(mjs1),2) < f(t)},

z€[0,771] j=1 ©z€[Ljmjt1]
m—1
Bim) = () {sup,cs, (LHRy11),0) — £(H(Lj),x)) < f(1)},
j=1

Bs(m) := Bi(m) N B2(m), f(t) = telF130)-1s(0),

In this section we prove

Lemma 3.2. Assume § small enough such that k(1 4 30) < 1. There exists Cs > 0 such that
for any large t

P (Bs(nt)) > 1 — Cswy,

with wy 1= e (1),
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The proof is based on the lemma below, let us introduce a few notation with respect to the
environment.

i (h) = inf{u >0, Wi(u) —infjg ) Wi > h}, h >0,
mi(h) = inf{y >0, Wy(y) = inflor(n) Wi}

All along this work C'; is a positive constant that may grow from line to line.

Lemma 3.3. For large t,

. (1436)— C
¥ (S“p:ve[o,m’f(hm LIH (71 (b)), x] > tel<1H39) ”W)) < —F

S (3.15)

Proof of Lemma 3.3: Thanks to (1.5) and (1.6) there exists a Brownian motion (B(s), s > 0),
independent of W, such that

LIH (7 (hy)),z] = e V=@ Lg[rB(A(r (), A(z)], r €R. (3.16)

By the first Ray—Knight theorem (see e.g. Revuz and Yor [29], chap. XI), for every o > 0, there
exists a Bessel processes Q2 of dimension 2 starting from 0, such that £Lg(75(a), ) is equal to
Q3(a — ) for every x € [0,a]. Consequently, using (3.16) and the independence of B and W,
there exists a 2-dimensional Bessel process (2 such that

LIH (7 (b)), 7] = e V"D QR[A(H () — A(x)] 0 <& < (o). (3.17)
In order to evaluate this quantity, the idea is to say that loosely speaking, Q3 grows almost

linearly. More formally, we consider the functions k(t) := €2 ¢ q(t) := 4¢(t) and b(t) =
6k 1¢(t)e" and define the following events

+00
Ay = {Aoo = / Ve @) dy < k:(t)} ,
0

A = {Vu e (0,k(1)], Q3(u) < 2eula(t) + 4logloglek(t)/u]] },

.AQ = {inf[O,Tf(ht)] VVH > —b(t)}.
We know that P(As > y) < Cry " for y > 0 since 2/A is a gamma variable of parameter (x, 1)
(see Dufresne [16]), so P(Ag) < Cyk(t) ™" = Ce 29 Moreover, P(A;) < Cy exp[—al(t)/2] =
Cre 29 by Lemma 6.5. Also we know that — inf{g 7+ (n)) Wi, denoted by —f in (Faggionato
[19], eq. (2.2)) is exponentially distributed with mean 2+~ sinh(xh/2)e"/2 ([19], eq. (2.4)). So,

P(Ay) = P[—inf[g () Wi > b(t)] = exp [ — b(t)r/(2sinh(rhy/2)e/?)] < 7200

for large t.
Now assume we are on A4g N .A; N Az. Due to (3.17), we have for every 0 < x < 77 (h), since
0 < A(ry(he)) — A(z) < Ao < (1),

LIH (7§ (b)), 2] < e Ve @2e[A(7] (b)) — A(x)]{a(t) + 41oglog [ek(t)/[A(r] (b)) — A(x)%]g}is)
We now introduce .

fi =1inf{z >0, Wy(z) < —i} = 7V (—0), 1 €N,
and let 0 < x < 77(ht). There exists ¢ € N such that f; <z < fiy1. Moreover, we are on As,
s0 i < b(t). Furthermore, 2 < fiy1, 50 Wy(x) > —(i 4+ 1) and then e="Wr(®) < il = e=Wulfi)+1,
All this leads to

—W(2) . W) ) 7 (ht)
e WO A(r (he)) — A()] = e ~x/ e»wmugg/

T

Ve =Wulfiqy.  (3.19)

i
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To bound this, we introduce the event

[b(2)]
As = ) {

1 (ht) _
/ W) WaF0) gy < 1) b(t)nte”5¢(t)}.
1=0

i

We now consider 77 (u, ht) := inf{y > u, Wy(y) —infj, ) Wi > hi} > 71 (ht) for u > 0. We have

T (h i ik
: [

by the strong Markov property applied at stopping time f;, where 5y(h) := E < i (h) eW*”"(“)du).

0
We know (see [3] eq. (3.38), in the proof of Lemma 3.6) that Bo(h) < Cye('=%" for large h.
Hence for large t by Markov inequality,

[b(t)] 7 (ht)
> P( / W)W ) gy > e(ln)htb(t)ntem(t))
=0 i
[b(t) + 1]Bo(ht) <O
- e(l_“)htb(t)ntemml’(t) - nte“‘;d)(t).

IN

P(A;)

Now, on ﬂg?:OAj, (3.18) and (3.19) lead to

LIH (77 (he)), 2] < 22Ty (1)n,em?0 La(t) + 41oglog [ek(t)/[A( (he)) — A(2)]] }. (3.20)
For any 0 < z < mj(h), inf(o 7+ (ny) W 2 —b(t) so
71 (ht) - 71 (ht) - b X
A(ry (b)) — A(z) = / Ve dy > / Vs du > e D[} (hy) — mj(hy)] > 7@
T m] (ht)

on the event N7_yA; with Ay := {7 (h4) —mj(h¢) > 1}. Since my = mj(h¢) and 71(he) = 75 (he)
on {My < 0} by definition of hi-extrema, we have

P(X4) < P(O<Mg<m1)+P[Tl(ht)*m1<1]
< 2khge™ 4 P(19(hy) — 79(he/2) < 1) < 26hse " 4+ O exp[—(c_)h?]
due to ([3], eq. (2.8), coming from Faggionato [19]), Fact 2.1 (ii) and (6.85).

c_ is a positive constant that may decrease from line to line in the sequel of the paper. Now, we

have ek(t)/[A(5 (k) — A(z)] < ek(t)e?™ on NLyA;, and then, on this event, (3.20) leads to
LIH(7{(ht)),z] < 262+(1*“)htb(t)nt6“5¢(t){a(t) + 4log log [ek(t)eb(t)] }.

< C+tqb(t)e['{(1+5)_l}¢(t)emw(t)ht,

since ¢(t) = o(logt), hy = logt — ¢(t) and ny = |1+ | We notice that for large t,
Co(t)hy < €M) since loglogt = o(¢(t)). Hence, for large t,

LIH(7E(hy)), 2] < tels0+30)-1o(t)
on ﬂ?‘:ofli for every 0 < x < mj(h;). This gives for large t,

Cy

P (sUpefom ) CLH (7 (), 2] < 1" R0 700 ) > (o) > 1~ e,

due to the previous bounds for P(Ai), 0 <14 < 4. This proves the lemma. O

With the help of the previous lemma, we can now prove Lemma 3.2:
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Proof of Lemma 3.2: The method is similar to the proof of Lemma 3.7 of [3]. Recall the
definition of L} < L; just above (2.8), also let

Tiy1(he) := inf {u > E;‘, We(u) — inf[i*,u] W, > ht} < Tiv1(he), i>1,
i (he) i= inf {u > Lf, Wy(u) = inf[h 71 (ho)] Wy}, i>1,
./45 = ﬂ { +1 ht = Tz+1(ht)}
X;(u) := X(u + H(L)), Xf(u) =X (u+ H(L})), uw > 0. (3.21)

By the strong Markov property, X; and X are diffusions in the environment Wy, starting
respectively from L; and L}. We denote respectively by Lx,, Lx», Hx, and Hx: the local times
and hitting times of X; and X. We have for every z > [2;,

L(H (1), @) = LIH(Li), ) < L(H (i), x) = LOH(LY), ) = Lxz (Hxp (i), ).

Consequently, on As N Ag with Ag := ﬂ”t 1{HX (mjy1) < Hx, (L*)} for1 <i<mns;—1,

sup (L(H (i), 0) = L(H(Li),2)) = s (L(HGRi) ) — £(H (L)) )
z€R Ly<z<mii1
< osup Lxp(Hx: (M), )
Ly<z<miy1
S 3 sup EX;(HX;(?i’:_l(ht)),x), (3.22)
Ly <esimi,,

since My = Mmit1 < Tip1(hy) = 751 (hs) on As. Now, notice that the right hand side of (3.22)
is the supremum of the local times of X — E;k, up to its first hitting time of 77", (hs) — f);‘, over
all locations in [0, ; — L¥]. Since X; — L} is a diffusion in the environment (WH(IN/;‘ +x) —
We(LY), z € R), which has on [0, +00) the same law as (Wy(z), = > 0) because L is a stopping
time for W, the right hand side of (3.22) has the same law, under the annealed probability P,
as SUPye(0,ms (hy)] £[H (71 (ht)), z]. Consequently,

P(’U {Sup (C(H i), 2) — L(H(L).2)) > te[n(1+36)—1}¢(t)}>

i—1 zeR

IN

n¢ {P (supze[()’myf(ht)] ﬁ[H(Tik(ht)), .’L'] > t6[5(1+36)_1}¢(t)) + P(X5) + P(XG)}
< CpeR0o® (3.23)

by Lemma 3.3, since ]P(A5) < Cynghie™ M by ([3], eq. (3.41)), P(Ag) < Chnpe /16 by
(3], Lemma 3.3), and since ¢(t) = o(logt). Notice that, as before, m; = m1 = mj(h:) on
V, N {Mp < 0}. Finally,

Cy
eﬂad’(t)

C _
P( S[(l]llz ]C(H(ﬁzl),x) > te[ﬂ(1+36)_1]¢(t)> < enéi;r(t) +P(Vy) + P(0 < My <my) <
xe|0,mq

also by Lemma 3.3, Lemma 2.2, and since P(0 < My < m1) < 2xhse™" due to ([3], eq. (2.8)).
This and (3.23) prove the lemma. O

3.2.2. Local time in the valley [f/;, f/]] but far from m;.
Let

D; = [mj — 14,1y + 1), with ry = (¢(2))% (3.24)
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Bim) =) s (CH(E),2) — LH), ) < te 0§ m>1
j=1 | «€D;n[r; (h),L;]

with D, the complementary of D;.
Lemma 3.4. There exists Cg > 0 such that
P[B4(nt)] > 1 — Cgnge 200,
Proof: We make the proof replacing r(t) = (¢(¢))? by r(t) = Cop(t) with Cy a constant large
enough, this is a little more precise than what we need here and may be used for other purposes.

Let j € [1,n4]. As we are interested in the local time at x after the process reaches m; we work
under IP’W” So first, under ]P’W” there exists a Brownian motion (B(s), s > 0), independent of

V(]) such that
L[H(Ly),2) = e V@O LprP(al(L), Al(@)], xR,

where AJ(z) = f VPO ds. Let BI = BI((AI(L;))%.)/AI(L;), by scale invariance, we see

that condltlonally to W,, B’ is a standard Brownian motion. Therefore, even if B/ depends on
the choice of the environment, it is probabilistically independent of the environment. We still
denote it by B7 in the sequel. We have

LIH(L;),z] = e V@ AL Lp[rB(1), A (x) /A (L)) z€R. (3.25)

In order to bound the terms £z [75(1),.] and AJ(Lj) in (3.25), we first introduce
Ap = {supyer Lp[TP (1), u] < D) Ay = {AI(L;) < 2eMH200/RY, (3.26)
We have P(A4;) < 2¢72¢M) for large ¢ by Lemma 6.4 eq. (6.93) and (6.94). Moreover on V;, we
have by Remark 2.3 and Fact 2.1 (ii) and (iii), A7 (L;) < [7;(he) — ;] el + féght) V() qs X
hirQ(hy) 4+ Gt (he/2, ht), where recall that Q has law BES(3,s/2) and is independent of

Gt (hi/2, ht), which is defined in (1.3), and with L; := inf{s > 7j(h;), V9 (s) = hy/2}. Conse-
quently,

P(As) < P(r9(hy) > 2O/%) 1 P(GH(hy /2, hy) > M H200/%) L P(V) < Oye™200

for large ¢t by eq. (6.86), Lemma 6.3 eq. (6.91) and Lemma 2.2, and since ¢(t) = o(logt) and
loglogt = o(¢(t)).

Now, we would like to bound the term e

Az = {7 [kCoo(t) /8] < 1ij + Cod(t)}, A= { inf v > an(b(t)/lG}.
(75 [<Co(2) /87 (ho)]

V(@) that appears in (3.25). To this aim, we define

We can prove using Fact 2.1 (see [3] Lemma 2.5 for details) that P(Asz) < C e~ K Cod(1))/(16v2) <
e~2¢() if we choose C large enough. Moreover with Fact 2.1 again (see [3], eq. (2.31) applied with
h = Cod(t), « = /8, v = /16 and w = hy/(Cod(t))) we get P(Ay) < e~ Cod(D)/16 < o=20(1)
for large t. We notice that infjs, 1 coe().7(h) V) > kCoh(t)/16 on Az N Ay NV, thanks
to Remark 2.3. We prove similarly that P(Z5) < C+e_“200¢(t)/(16‘/§) + P(Vt) < 2e720(1)

where A; = {mf[ ~ (he) iy —Cod (1)) v > H00¢(t)/16}. Also by ([3], Lemma 2.7), P(4s) <
e~/ with Ag i= {inf 2y V) 2 he/2}. We also know that V0)(2) > he/2 for all
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7j(ht) < & < Lj by definition of L;. Consequently on NY_, A; NV}, for all 2 € D; N [i'j_(hf), L),
we have e~V @) < ¢ rCod(1)/16
Hence on N%_; A; NV, we have under IP’?L/;, by (3.25) and (3.26),
ze€D;N[7; (), L]

if we choose Cy large enough. So, conditioning by W, and applying the strong Markov property
at time H(m;), we get

P sup (C[H(Lj),z] — L[H(m;),z]) < te”2%®)
zeﬁjm[fj—(h;r)ij]

> E(Pr (NS AinV)) > 1 - Cpe 20

uniformly for large ¢ due to the previous estimates and thanks to Lemma 2.2. This proves the
lemma. O

3.3. Convergence of the main contributions. 3 3
In this section we make a link between the families {[U; := H(L;) — H(m;), L(H(Lj),m;)],j <
n}, and the i.i.d. sequence {(H;,£;),j < ny} described in the introduction.

Let Fi¥(a), F5(a) and F5(a) independent copies of F*(a) also independent of G*(a, b).

Proposition 3.5. Lett > 0 large, for § > 0 small enough (recall that 6 appears in the definitions
of ne and ki) there exists di = dy(6, k) > 0, D1(d1) > 0 and a sequence {(S;(t), R;(t),e;(t)),j <

n¢} of i.i.d. random variables with S;, R; and e; independent and Sy i FF(h) + GF (b, he/2),
Ry i Fy (he/2) + F5 (ht/2) and ey i E(1/2) such that

P (m?tzl{’Uj — ;| < ey, |L(H (L), i) — 5] < €t€j}) > 1—e P with

— Q.o PR . o—diht
fj = Sje], Hj = ijj, €& = e .

The proof of the above Proposition, which is in the spirit of the proofs of Propositions 3.4 and
4.4 in |3] makes use of the following Lemma:

Lemma 3.6. Let t > 0 large,

i) There exists a sequence (e;(t),j < ng) of i.i.d. random variables with exponential law of mean
2 and independent of W, such that there exist constants d— > 0, D_ = D_(d_) > 0 possibly
depending on k and § such that

ne
P | (U —Hy| < e MHy, L(H(Ly), iy) =Ly} | > 1—e P, (3.27)
j=1

— o, [Li VO () — (T2 g6 ()
where L; = e; fmj e dr, H; := L;R;, R; := f e dx. Moreover the random

7; (he/2)
variables {(ILj, H;),j > 1} are i.i.d.
ii) Also there exists a sequence of independent and identically distributed random wvariables
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(Sj,J < ny), independent of (Rj,j < ny) and (ej,7 < ng) such that

pﬁ{

J=1

L _
/Jevm(m)da:—sj

J

< e—dhtsj} >1—e DN and S; E FH(hy) + G (he, he/2).
(3.28)

Proof of Lemma 3.6
For (3. 27) by the strong Markov property, formula (1.5) and (1.6) the sequence
{U;, L(H(Lj),mj),j < mn} is equal to the sequence {H;(L;), £;(H;(L;),m;),7 < ng}, where

L j ‘7 y y . ~ .
(L) = [ V0L [ (L), A,

Li(Hj(Ly), ) = L7 (A1(L)), 0], A (u) := / 7@ gy (3.29)

m;
with (B7, j < n;) a sequence of independent standard Brownian motions independent of Wy, such
that BJ starts at A7(m;) = 0 and is killed when it first hits AJ(Lj). Also Lp; is the local time
associated with BJ. Define A; := {max,_;- Lpi[r?’ (AJ(L;)), A (u)] = 0}, we can prove with
J

exactly the same method than in the proof of Lemma 3.2 in [3] (see the estimation of PW=(&,))
that there exists c- > 0 (possibly depending on  and §) such that P(N7L;A;) > 1 — e~¢-ht. So

n

P ﬂ {Hj(f/j) = hj} > 11— e rht

j=1
with h; = f eV [TBj (AJ(L;)), A (u)]du. We also notice that (hj, £;(H;j(L;),;))

are strictly functlon of B/ and (VU (x + f};r_l), 0<z< ﬂj - ﬂj_l), where by construction
L < L so the random variables (h;, £;(H;(L;),m;),j < ny) are i.i.d by the second fact of
Lemma22'~ ' ~ ~ o _ ' L
(L[ (A9(E5)), (), B> < w < L) is equal to (49(E;)L, [P (1), 49 (u) /A3 ()], E5 <
u < Lj), where BJ := BI((A(L;))?.)/A7(L;). Again by scale invariance, we see that condition-
ally to W, B’ is a standard Brownian motion. Therefore, even if B depends on the choice of
the environment, it is probabilistically independent of the environment. We still denote it by B’
in the sequel. In particular

(hj, L(H;(L;), m5))=(hj, L;),
L _ , o i . .
hy = Al(L)) / e VW Lo 178 (1), AT (w) A (L))|du, L= AT(L;)Lpi (75 (1),0). (3.30)

Then let ej := Lg; (7% (1),0) and recall that by the first Ray Knight theorem, e; has for law an
exponential variable with parameter 1/2. Note then that £; = L;, so to finish the proof of 3.27

we only have to approximate fzj in probability. This is what is done in the proof of Lemma 4.7
of [3] : for any 1 < j <mn; and € >0

- o Fh(he/2)
P < hj — AJ(Lj)ej/]( e VW gy >

77 (ht/2)

J
Recall that Cy (resp. c_) is a positive constant that may grow (resp. decrease) from line to line
along the paper. For (3.28), the proof can be found in [3] at the end of the proof of Proposition
44 n

7T (he/2)
— —3€e t T J
e~ (73 /6A”(Lj)ej/ (

7 (he/2)

evm(u)du) < C+efc_eht'
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Proof of Proposition 3.5
By the first part i) of Lemma 3.6 the sequence (e, H;,L;,j < n) is i.i.d, moreover e; is inde-
pendent of (S;, Rj). By Lemma 3.6

P (ﬂ?;{lUj —€;S;R;| < ee;S; Ry, |L(H(Ly),m;) —e;9;] < eteij}) >1—e Pl
with S; independent of R;. Then as (mj,j > 1) is a subsequence of (m;,j > 1), using Fact 2.1

for any j we have (S;; R;) 1 (Ff“(ht) + Gt (hy, he/2); Fy (he/2) + F5 (he/2)).

4. CONVERGENCE TOWARD THE LEVY PROCESS ()1,)2) AND CONTINUITY

4.1. Preliminaries. We begin this section by the convergence of certain repartition functions,
key results that are essentially improvement of the second part of Lemma 5.1 in [3].

Lemma 4.1.

2" OP (615 /t > z) — cz\ =0, (4.31)

lim sup
t—+o00 w€fe=(1-209() oo
e OP (6151 Ry /t > y)) — CoE [(Re)"]

lim sup =0, (4.32)

t——+o0 ye[e*(1*3€)¢(t>v+°°[

with C2 > 0 a known constant [see below (4.39)].
For any a > 0, e WP/t > x,H1/t > y) converges uniformly when t goes to infinity on
[a, +00[x [ar, +00[ to v ([z, +oo][x[y, +00[) [see Section 1.1].

Proof:

Proof of (4.31)

We first prove that z%e**()P (S;/t > x) converges uniformly in z € [e_(1_5)¢(t), +00] to a con-
stant ¢, that is, we prove that

lim sup 2" e POP (St > ) — c‘ = 0. (4.33)

t—+o0 $e[67(175)¢(t)7+oo[

For that, let y = e1=99() 2 we have to prove that

ynene¢(t)P (Sl/eht+5¢(t) > y) _ C‘ =0, (434)

lim sup
t——+oo yE[l,-‘rOO[

but this is equivalent to prove that for any function f : ]0,4o00[— [1, 400,

lim  (f(t))<em O (51 Jelted(®) 5 f(t)) —c (4.35)

t—+o0

First by definition (see Proposition 3.5), S1 can be writen as a sum of two independent functional,
that we denote, for simplicity, as the sum of two generic functionals

Syt = (B (he) + G (hy, b f2)) Jt = e=#0) (e—hth(ht) + e Gt (hy, by /2)) (4.36)

Since we know an asymptotic for the Laplace transform of F*(h;)/e and G*(h;/2,h;), the
proof of (4.35) is similar to the proof of a Tauberian theorem. First by (6.82) and (6.83) we have

vy >0, wre(y) = (1= B [ SUUOSTIN]) ()7L oy (f(e) e, (487)

t——+00
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with ¢ a positive constant. Now as wy, is the Laplace transform of the measure Uyp; :=
Ir, (2)P (S1/(f(t)ee®) > 2) dz, from (4.37) we have

N 0
7>, wro(1) toteo

From this we can follow the same line as in the proof of a classical Tauberian theorem (see for
example [21] volume 2, section XIIL.5, page 442). So as for the proof of Theorem 1 in [21] we
can deduce that
U 1-k

pll0s) e

wjgt(l) t—4o0 ['(2 — K)
Then as in the proof of Theorem 4 of the same reference page 446, we deduce from the monotony
of the densities of measures Uy, that
P (S1/(f(t)ehTeev) > 2) 1-k

—K

— —_.
wy (1) t—+00 & ['2—k)

Vz > 0,

Vz > 0,

Considering this convergence with z = 1 we get exactly (4.35) for ¢ = (1 — k)/T(2 — k), so
(4.33) follows. Let a := e“?® for any 2 > 0

2" e P (e181/t > &, e < ay) = 21/ (z/u) e OP (S /t > x/u) u e " ?du,
0

because e; has law £(1/2). Taking  arbitrary in [e~(1729¢(®) 00|, we have z/u € [e= (17990 oo,
Vu €]0, at], so thanks to (4.33) we get

=0. (4.38)

lim sup

+00
2" OP (e, )/t >z, e < az) — 2_16/ e
t——+o00 x€[€7(1726)¢(t)7+oo[ ’

Now for any > 0 and ¢ large enough such that Vy > 1,y"e O P (S1/t > y) < 2¢, we have

2" OP (151 /t >z, e1 < a) — 2" DP (15 /t > 33)‘

= grertOp (e1S1/t >z, e1 > ;)

+oo
= 2_1/ 2" WP (S /t > x/u) e 2 du
at

“+o0o
= 21/ w(z/u) e OP (S /t > z/u) Lpcye " ?du

at

+o0
+ 271 / w (z/u) e OP (S /t > z/u) Lysye " 2du
at
+o0 +oo
< 2_1e”¢(t)/ wFe 2 du + c/ ufe 2 du.
at at

For the second term in the third equality we used the fact that (z/u)*e"*®P (S} /t > x/u) < 2¢
when # > u. Since a; = e“® the last quantities converges to 0 when t goes to infinity.
Combining this with (4.38) we get

=0, (4.39)

lim sup

+o0
2" OP (1S /t > ) — 216/ e
700 2efe-(1-296() too]

0

and this is exactly (4.31) with Cy := 27 te f0+°° ufe %2y,
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Proof of (4.32)
Let pg, the distribution of R, for any y,a > 0 and ¢ > 0 by independence of e;57 and R

y"e" P (e1S1 Ry /t >y, R <a)= / (y/u)e VP (e181/t > y/u) u* g, (du).
0

Taking a = a; = e“*®) and y arbitrary in [e~ (173921 1o0[, we have y/u € [e~ (172990 fo0[,Vu €
10, a¢], so, thanks to (4.39) we get

+o0
lim sup y e *DP (e S1 R/t >y, Ry < as) — Cg/ u upR, (du)| = 0.
0

t—+o00 ye [e_(1—3e)¢(t),+oo[

Also, as f0+oo u”pR, (du) converges to E[(R«)"], when ¢ goes to infinity

y e OP (181 R/t >y, R < a;) — CaE[(R,)"]| = 0.

lim sup
t—+o00 ye[€7(1736)¢(t)7+00[

Finally, as the family (R)¢>0 is bounded in all LP spaces, we can proceed as before to remove
the event Ry < a; and we thus get

ynemﬁ(t)[@ (elisl/t > y) — CE [(RN)”]

lim sup
t—=+oo ye[e=(1-396(0) oo

which is (4.32).

=0, (4.40)

We now prove the last assertion. For any x,y,a and ¢ > 0, we have

e OP (€18, /t > x, e S1 R/t >y, Ri < a)

:/ e"OP (e1S1/t > x, e1S1/t > y/u) pr, (du),
0

a

an(y/x)
- / e"*OP (e181/t > y/u) pg, (du) + / " OP (15 /t > ) g, (du),
aA(y/x)

y/w)
/ D(y/u)"P (e1S1/t > y/u) u" g, (du)

+7 " PO P (15 /t > ) g, (du).
an(y/x)
Taking a = a; = e“®® and z, y arbitrary in [a,+oo[ (for some a > 0), we have y/u €
[e=(1=299() oo, Vu €]0,a;] whenever t is large enough, so, thanks to (4.39) we get that
e"MP (€181 /t > x,e151R1/t >y, Ry < a;) converges uniformly in (z,y) € [a, +00[x[a, +00]
toward
" P(Ri > y/z) + ¥y "E((Rr) " Tr<y/a)-
Then as before we can remove the event {R; < a;}, we get the last assertion. O

4.2. Proof of Proposition 1.4.
We start with the finite dimensional convergence

Lemma 4.2. For any k € N and s; > 0,i < k, ((Y1,Y2)%,,i < k) converge in law as t goes to
infinity to (V1,d02)s;,1 < k).

Proof:

Proof is basic here, however we give some details as we deal with a two dimensional walk which
increments depend on ¢ itself. As Y{(s) and Y(s) are sums of i.i.d sequence we only have
to prove the convergence in law for the couple (Vi,Y3)! for any s > 0. Define (Y°,V;?)
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obtained from (Y1,Y3) keeping the increments larger than b, Y%(s) := ZLSBW@)J ULy, s>,
Ro(1) | '
and Y;70(s) := ZLSE o %j]lﬂj/bb- Also let V=" := ¥; — Y>*. We first prove that for any
s >0,
<e v <e\t 1-k(2-kr)\
lim T B()|(5, 155)L| > 70 =0, (1.41)
where for any a € R?, ||a|| := max;<g |a;]|, and 1 — k(2 — k) > 0 as kK < 1.

We compute the first moment of ¥=¢(s) and Y;=~(s). Let > 0 such that x — (1 — 37) < 0,
applying Fubini we have

B} / . elS
e o(t )E( 1]161/t<e) =e (b(t)E [ lt ! ]1e1$1/t<e]

€

e"OP (e1 51/t > x) da

IN

S— S

o—(1=2m)8(t)

eKOOP (018, /t > 2) du + / OB (0,5, /t > x) do
(1=2n)¢(t)

< lr—(1=20)6(0) / z R OP (6,9, /t > ) dx.
e—(1=2m)6(t)

The first term converges to 0 when ¢ goes to infinity because k — (1 — 2n) < 0 and, according to
(4.31), for t large enough, we have
27 e OP (e181/t > x) < 2Co, Va > e~ (172M00),

For such ¢, the second term is less than

1—k

2C2/ xz "dx = 2Cy ¢
0 1-

so we get that

vt > 1,Ve €]0,1], PR <€1]1€1 /t<5> < = (=2m)o(t) 4 o =, (4.42)
Using the same method and applying this time (4.31), we get that
vt > 1,Ve €)0,1], "R (71111%1 /t§€> < e 1=3mIelt) L ¢ 1 r, (4.43)
We thus obtain
E <Y1S6(3)> < seli=(1=2m)t) | 0 gel=r, (4.44)
E (Yfe(s)) < seli=(=3m)olt) | ¢ gl =", (4.45)

then a Markov inequality yields (4.41).
The next step is to prove that (Y€, Y5 €):

S
which converge to the desired limit. We have

(Y76, Y56 </ / x P} (dx, dv) / / o P? (dx dv)
r>e€ T>e€

where the measures P} and P? are defined by P} := S 4,- 19, e—ro(t);, and the same for P?

replacing ¢ by H. Recall that P} and P? are dependent and now prove that (P}, P?) converge to
a Poisson point measure. For that just use Lemma 4.1 together with Proposition 3.1 in [28] after

can be written as the integral of a point process
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discretization, it implies that (P}, P?) converge weakly to the Poisson random measure denoted
(P, P?) with intensity measure given by ds X v.

Then using that for any € > 0, and T' < 4 oo, on [0,7T) x (€, + 00) X (¢,+ 00) dsv is finite, we
have that (Y7, Y5 ) converge weakly to

(VP4 V5)s = (/ /xPl(dx,dv),/ /sxP2(dx,dv)).
r>e JO z>€ JO

We are left to prove that (V7€ V5 ) converge to (Vi,)2) when e | 0. This is a straightforward

computation, that we detail for completeness. Let vy ([x, +00[) := 0+°° v ([z, +oo[x[y, +-00[) dy,

we have
E </ / l‘Pl(d.T,d’U)) = s/ zvy(x) = Ce* ™",
z<e JO r<e

Then a Markov inequality, proves that for any s > 0, the process fx <e f(f 2P (dx, dv) converge to
zero (when € goes to zero) in probability. The same is true for [ __ [ 2P?(dz, dv), so we obtain
that in probability (V7€ V5 )s converge to (Y1, )a2)s when € — 0. O

We now prove tightness of the family measures of the processes (Y1, Y2)! denoted (D(Y7, Y2)!):.
Lemma 4.3. The family of laws (D(Y1,Y2)!) is tight on (D(]0, +00), R?), J1).

Proof:

We only have to prove that the family law of the restriction of the process to the interval [0, 77,
((Y1,Y2)"]j0.77): is tight. To prove this we use the following restatement of Theorem 1.8 in [8]
using Aldous’s tightness criterion (see Condition 1, and equation 16.22 page 176 in [8]) also used
in [9] page 100. We have to check the two following statements:

1) for any € > 0, there exists a such that for any ¢ large enough P(sup,co 17 |/(Y1, Y2)4l| > a) < e
2) for any € > 0, and 1 > 0 there exists §, 0 < § < T and ¢y > 0 such that for t > ¢,

P(w((}/hY?)t?év T) = 77) < e

with w((Y1,Y2)",6,T) := supgc,<pw((Y1,Y2)",8,T,r), and w((Y1,Y2)",8, T, r) is defined by
SUPQy (r—8)<uy <u<us<(r+8)ar 1IN (Y1, Y2)5,, — (Y1, Ya)i Il |[(Y1, Ya2);, — (Y1, Ya)y, )} Also

)i
P(v((V1,Y2)",0,6,T) > ) < ¢, and P(u((V1,Y2)",T,6,T) > 1) < e
where U(()/l’ Y2)t7 u, 5’ T) = Sup(ufé)\/ogulSugg(u+6)/\T{| ’(Yi ’ YQ)Zl - (Ylv }/Z)UQ | ‘}

We first check 1) since the process is monotone increasing,

P( o (Y1, Y2)il| > a) = P(|(Y1,Y2)7]| > a) SP(YA(T) > a) + P(Ya(T) > a).  (4.46)

Define Y1>b obtained from Y; where we remove the increments ¢;/t smaller than b. That is to

() | we(t) |
say Y7U(s) = ZL“ ' ng Jisb- Also let Y= = ¥, — Y70 and Nt = yolue I, b

Let 0 < 91 < 1, Markov inequality yields
POVIT) 2 a) <P (VD) 2 5) +P (¥7H(T) = 5)
2 1
<ZiE [Yfl(T)} + E (N7 +P <Y1>1(T) > 2 N2l < a51) . (4.47)
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On {N7!' < a%} there is at most @’ terms in the sum Y;"1(T) so

P(YUT) > a/2, N7 <a®) < 30 P(L/t> (@ 2)l6/t > 1)

1<i<af1
< a’'P (el/t > (a0 /2) |0/t > 1)

CQe—mi)(t)a—n(l—él)Qn

626*"{(1)(1‘/)
for all ¢ large enough thanks to (4.31) and d; such that 6; — k(1 —d1) < 0.

< a’2 = glFr i—r(1=01) (4.48)

Also, as for any positive b, N7 follows a binomial law with parameter (|Te"®*® | P(¢;/t > b))
using (4.31) again, and (4.44) we obtain for ¢ is large enough

E(N") <2616, E[Y(T)| < 20,70, (4.49)

Collecting (4.48), (4.49) and (4.47) we get the existence of ¢; > 0 such that
lim sup P(Y1(T) > a)=0. (4.50)

a—=+00 >,
The same arguments holds for Y (using (4.32) instead of (4.31) and (4.45) instead of (4.44))

so (4.50) also holds for Y5 instead of Y;. We conclude the proof of 1) by putting (4.50) and its
analogous for Y3 in (4.46).

We now check 2) First as usual we write

{w((Y1,Y2)!,8,T) > n} € {w((V=",¥5"),6,T) > n/2} U {w((¥Y7?, Y58, 6,T) > n/2}.

For Y= we have
Pw((Y7™",Y5")",6,T) 2 1/2) < Pw(Y™",6,T) 2 1/2) + Pw(Y5",8,T) > n/2)
moreover by positivity of the increments
P (w(¥i,6,T) > 5/2) <P (Upeizys (Y (k + 1)9) — Vi (k) > n/2})

< 3 P (YU 1)8) - Y (k0) 2 0/2) (451)
k<|T/4]

For any k, Y="((k + 1)8) — YS"(k6) is the sum of at most [de"*® | + 1 i.i.d. random variables
having the same law as ¢1/t. We get that for any integer k

P (V= ((k +1)0) = Y{ (k) > n/2) <P (Yi(20) > n/2) < 8Ca86' %/,

where the first inequality holds for ¢ large enough so that de"®(®) > 1 and the second from the
second expression in (4.49) (replacing T' by 260). Combining with (4.51) we get for large ¢

P (w(ylﬁb, 5,T) > 77/2) < 8C,T(1+ 8)b' " /n, (4.52)

[note that ¢ will be chosen later (and will be less than 1)]. T and 7 are fixed so we choose b small
enough so that the right hand side of (4.51) is less than €/4. A similar estimate can be proved
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for P(w(Y5",0,T) > 1/2).
For Y=, again we have

Pw((Y7",Y57"),6,T) 2 1/2) < P(w(Y7",6,T) 2 1/2) + P(w(Y5",6,T) > 1/2).

Let us decrease b in order to get b < /2 so that {w(Y>%,6,T) > 1/2} implies that two
jumps larger than b occur in an intervall smaller than 26. That is {w(Y%,8,T) > n/2} C

Terd(t) Terd(t) .
U]L:1 y 1L>j,(i7j§/e“¢<t)§2§ {€; Nl;/t > b}. Applying (4.31) for t large enough

|Teré(®)] | Terd(®)] o o
i <uj:1 UL notrcas Ll N/t > b}) < 8Co0Th 2,

which can be small choosing this time § = §(b) properly. Again the same argument can be
used for w(Y2>b, 0, T). To finish the proof, we have to deal with v(), as again our processes are
increasing,

P(v((ylvn)t707 o, T) 2 77) < P(H(Y].,Yﬁfsﬂ 2 77)

we can then proceed as for 1) decreasing § if needed, this also applies to P(v((Y7, Y2)!, T,5,T) >
n). O

4.3. Continuity of certain functionals of (),)%), in J; . In this section, we study the
continuity of functionals of the Lévy processes (Y1, V2).

For our purpose we are interested in the following mappings, first the two we have already
mention in the introduction which are the basics

J: D(R—HR) — D (R-l-aR) I: (D (R+7R) ) Jl) — (D (R+,R),U)
f — f f — !
Then we also need the compositions of these two : let J; and J,
Jr: D(Ry,R?*) — R J7: D(Ry,R*) —R
f=hf) — f (W) F=h) = ()7

Jr (respectively J; ) produces the largest jump of fi, just after (respectively before) fo reach 1.
We also define K7, K;, K; and K,

Kr: D(Ry,R?) — R K;: D(R4R?*) —R
f=(ffo) — A1) f=(ffo) — A7)

K;: D(R4,R%) —R K;: D(Ry,R?) —R
f=(fF) — h(f511) f=(ff) — A7)

Finally let F* define by
F*: D(Ry,R*) —R
f=(ffo) —inf{s €0, £ (V) AR() = £ (' (D)) ]
we need this variable for the characterization of the favorite sites.
Lemma 4.4. J is continuous in the Ji topology.
Proof:

This fact is basic, but as we have not found a proof in the literature, we give some details. To
prove the continuity on D (R, R), we only have to prove it for every compact subset of Ry, (see
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[35] Theorem 12.9.1). So let f € D (R4,R) and 7" > 0 for which f is continuous, let us prove
that Jp defined by
Jr: D([0,T),R) — D([0,T],R)
g — g

is continuous at the restriction fip 7). Let € > 0 and g € D ([0, T], R) such that dr(fjo,71,9) < 5
dr is the usual metric d of the Ji-topology restricted to the interval [0,7]. By deﬁnltlon of dT
there exists a strictly increasing continuous mapping of [0, 1] onto itself, e : [0,7] — [0, 7] such
that

l\D\m

, and  sup g (e(s)) = fiom(s)| <
s€[0,T]

sup |e(s) — s| <
s€[0,T7

l\D\m

So for every s € [0,T] we have
|Ag (e(s)) = Afjor(s)] = [ (g (es)) = g (e(s)=)) = (i, T](S) ~ fomy(s-))]
< ‘9(6(3)) fijo,m (s }—i‘ ‘9 (e(s )_f|[O,T](3_)‘

where Ah(s) = h(s) — h(s™). This implies dr (Jr (fio1) , Jr(9)) <. O

Lemma 4.5. The mappings J; , J;, K;, Ky, f(; and K| are continuous for Jy-topology for
every couple (f1, f2) € D(R4,R?) such that

(1) For any € > 0, f1 and fa have a finite number of jumps greater than € on every compact
subset of RY |

(2) fo is strictly increasing, with a limit equal to +o0,
(3) f2(0)=0
(4) f2 has a jump at I(f2)(1) and fo(I(f2)(17)) <1 < fo(I(f2)(1)).

Proof:

This fact may also be known as we are looking at randomly stopped process, but once again we
did not find what we need in the literature ([31],[35]).

Let (f}, f2), a sequence of D(R* R) which convergeb to (f1, f2) for the J; topology, to prove
continuity we prove that the sequence (J; (f1, f2)), converges to J; (f!, f?), and the equivalent
for Jj.

The first hypothesis guaranties that there exists neighborhoods of I(f2)(1) for which f! makes no
jump greater that 1/4 times its higher previous jump, that is to say there exists § €]0, I(f?)(1)]
(notice that I(f?)(1) exists tanks to (2) and is positive thanks to (3)) such that f' makes no
jump greater than (1) (T(/2)(1)—8)/4 on [I(f2)(1) 3, I(f2)(1)[ and on 11(2)(1), T(f2)(1)+4].
Note also that J(f!) is constant on [I(f?)(1) — &, I(f2)(1)[ and on JI(f?)(1), I(f?)(1) + §].

Also 6 can be made smaller (if needed) in such a way that I(f?)(1) + d is a point of continuity
of (f1, f?) and (fp, f2)n for every n € N. By hypothesis d ((f1, f2), (f', /%)) —n—s400 0 50

dn, := djp 1(£2)(1)+) ((fmf N0,2(£2)(1) (f 12 N0I(£2)(1) 45 }) —n—s+o00 0,

where |0, I(f2)(1) + 6] in index means restriction to [0, (f2?)(1) + §]. Also by continuity of .J
(see Lemma 4.4) we also have d (J(f), J(f!)) —n—+oo 0 and therefore

n

— 1 1
diy = dio 1(52)(1) 4] ((J<fn))|[0,l(f2)(1)+6] (IS ))|[0,I(f2)(1)+6]) —ntoo U.
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Let h~ (respectively h*) the largest jump of f! just before (resp. just after) I(f?)(1). By
definition of § we have

h™ = J(fY) (I(f2)(1) = 8) i = J(fY) (1(f*)(1) + ).
We have two cases, either J(f1) is continuous at I(f?)(1) or it makes a jump.
Case J(f') makes a jump, in this case the size of the jump is ht —h™ > 0.

Let o =8 ' min (h™,6,1 — f2 (I(f*)(1)7), f2 (I(f*)(1)) — 1), and ng such that for any n > ny,
d, < aand d!, < a. T=I(f?)(1) + 6, there exist two homeomorphisms e,, €/, : [0,7] — [0, T]
such that :

® SUP,c[o 7] len(s) — s| < dp,

o supyeor) || (fa (€n(9)), fa (en($))io.r2)0)+0) — (F1(8)s P20,y (1401 || oy < e

e sup,cpo,7) len(s) — s| < d,

® SUDgeo,7) ’( (f%)) [0,1(£2)(1)+0] (en(s)) — (J(fl))‘[07[(f2)(1)+5] (5)’ < dj,.
The second inequality implies that for any n > ng,

i (en (I(f(1)7)) < 1< £ (en (1)) 4
so as we also have f2 (I(f2)(1)7) <1< f2(I(f2)(1)) we get
I(f2)(1) = en (1(f*)(1)) - (4.53)

The fourth point implies that for any n > ng,

583 (e (107900 = 38) ) 2 760 (120 = 38) ~a =" —a>gim. @50

The second point and the argument of the previous proof imply that for n > ng, each jump of
71 on fea (I(£2)(1) = 8) ,ea (I(£2)(1)) [ is 2a-close to a jump of f1 on [I(f2)(1) - 8, I{f2)(1)],
but such jumps are less than h~ /4 because of the definition of §. Thus, f! makes no jump larger
than h™ /2 on [e, (I(f?)(1) — &), en (I(f?)(1)) [ Moreover, the increases of €], and the first and
third points imply that

en (I(f2)(1) =8) < e, (L(f*)(1) = 6/2) < en (I(f3)(1)),
so, combining with (4.54) we get that J(f,}) is constant on [e], (I(f?)(1) —6/2) ,en (I(f?)(1))).

Now by definition of J;, with (4.53) and then collecting what have just done above yields

v > mo, J; (£ £2) = J(D) (TG2)(0)7) = T (en (1)) )

= J(f) (en (L(f2)(1) = 6/2)) - (4.55)
From definition of J; and the constantness of J(f1) on [I(f2)(1) — 6, I(f2)(1)[ we also have
Ty (F1 07 = I (L) )=) = J(FH) (1) (1) = 6/2) . (4.56)

Combining (4.55), (4.56) and the fourth point we obtain that J; ((f\, f2)) converges to J; ((f*, f?))
as n goes to infinity.

For J;, we prove in a similar way as above that J(f}) is constant on [e, (I(f?)(1)),
e, (I(f?)(1) 4+ 6/2)] so, as in (4.55) we have for n large enough

Tr((fas ) = I (fa) (e (105 (D) +6/2))
which, combined with the analogous of (4.56)
Ji(fL %) = I (L)) +6/2)
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allows us to conclude, using the fourth point, that J; ((f}, f7)) converges to Jr ((f, f?)) as n
goes to infinity. Therefore, both J; and J; are continue at (f!, f2). The continuity of the other
functionals are proved similarly. O

Lemma 4.6. For any (f!, f?) in D(R*,R?) that satisfy the hypothesis of lemma 4.5 and such
that the sizes of the jumps of f* are all distinct, F* is continuous at (f', f?) in the Ji topology.

Proof:

The proof follows mainly the steps of Lemma 4.5, we keep the same notations. The jump which
takes place at the instant F*(f!, f?) has value h~. With the additional hypothesis that the values
of the jumps for f! are all different we have unicity for the value h~. Let us define //, the second
highest jump f! before instant I(f?)(1). With the additional condition that o < $(h™ — h') we
have with the same arguments than in the proof of the continuity of J that for any n > ng, f!
effectuates at e, (F*(fl, f2)) a jump larger than A~ — 2a, and larger than all the other jumps
of £} before e, (I(f?)(1)—) = I(f?)(1) which are smaller than k' +2a. So for n > ng, the largest
jump of f1 before I(f2)(1) is obtained for e, (F*(fl7 f2)), that is to say for any n > ng,

F*((fa £2)) = en (F*(f'. %) ,
this implies F'* ((fhfg)) — oo FE(fL, 12).

5. SUPREMUM OF THE LOCAL TIME - AND OTHER FUNCTIONALS

5.1. Supremum of the local time (proof of Theorem 1.3).
We start with the proof of the following proposition which makes a link between the supremum
of the local time and the process (Y1, Ya)!.

Proposition 5.1. For any € > 0 and large t,

P —v(e,t) <P (sup L(t,x)/t < a> <P+ (e, t)
z€eR
with - ~
Upre — Upre— ,
NE T NG gati, max ﬁﬁati ;
(Hae — Hae—1) 1<G<NE-1
with Hy, := Ya(ke W) = 138 94, 0 = Yi(ke "0®0) = LS8 4, N o= inf{m > 1, H,n >
1 —¢€}, of == a(l £ (loglogt)~"/?), and v a positive function such that lim;_, o v(e,t) <

const x e N1=K)

PE = P |(1— Fug)

The proof of this Proposition needs the three following Lemmata, the first one deals with the
local time at the h;-minima for which the process has enough time to escape from it. The second
deals with the local time at the last h;-minima in the remaining time before the instant ¢. Finally
the last one is a technical point.

Lemma 5.2. For any larget > 0, 2 <k <ny, any 0 <z <1 and v > 0 possibly depending on
t, define the repartition function

k—1
F(z):=P <1S%§_1£(H<Lj),mj> <, 2_; U; < xt) :
then

FW_(I') — e_Dlht < ny($) < Fj($) +€—D1ht’



RENEWAL STRUCTURE AND LOCAL TIME FOR DIFFUSIONS IN RANDOM ENVIRONMENT 26

where Ff(:z:) =P (maxlgjgk_l 0; < it Zf;ll H; < mft) with v = y(1 £ 2¢), 2 = z(1 £

2¢;), € and Dy are given in Proposition 3.5.
Lemma 5.3. For any t > 0, define for every v > 0 and 0 < z < 1 possibly depending on t,
fo(@) = B [PR (Lo (H(1 = ), 1) < ot B (Ly) > (1 — @), H'(L) < B'(L7))]
there exist co > 0 such that
£y (@) —o(ng) < fy(w) < [ (2) +o(ng ) (5.57)

with fF(z) = P (R% <L Ee),H >t(1—2)(1F eé)) and €, = e~ For any t > 0,
define also

fy(z)=E (Pﬁ”{f (Sup Lxi(t(1—),y) <t H' (L) > (1 —x), H'(L1) < H'@I))) :

y€D,

with Dy defined in (3.24), then f,(x) satisfies also (5.57). X' is an independent copy of X
starting at my, definition of H' for X' is the same as definition of H for X.

Lemma 5.4. For any 0 < a < 1, we have for any t > 0
> P[He>1-0a/2,1-2a<Hp1 <1—a] <s(at), (5.58)
k<ni
with s(a,t) such that limy_, 4 s(a,t) = const x a. For any e >0 and t > 0
P(et < H(mp,) < (1 —e)t) > 1— 3(e, t). (5.59)

with §(e,t) such that limy_, o0 5(€, 1) = const x e(1=RN%,

We postpone the proof of these Lemmata after the proof of the Proposition.

Proof of Proposition 5.1 : Recall that IV; is the largest index such that sup,<, Xs > my,. The
main idea is to use the fact that the supremum of the local time until the instant ¢ is achieved
in the neighborhood of the h;-valleys.

Starting with the upper bound using (3.12), (3.13), (3.14), (5.59) and Lemma 2.2 we have
for t large enough

P (sup L(t,x) < at) < EPWr [( max  L(t,m;) < at)} < (5.60)
z€R 1<7<N:

E [P% (KI,Ig}gc L(H(Ly).my) < ot £t my,) < at, Q,By(ne). Ba(n). w)]
<j<Ni—
+ 5(e, t).
with Q 1= {et < H(mp,) < (1 —e)t, Ny < ny} and § satisfying lim;_, 1 o 5(¢,t) < Cpell=rINn,

Define, for every 0 < y < 1 measures v}'* and vy * as:

k—1
v (y) = 1" ([0,y]) :==P"= (Kr]r,lg]gc_lL(H(Lj), ;) < at, H (i) = Y Ui < by, H(mg) < yt>
- i=1

vV (y) = ([0, ) =PI (L0 (11 = ), i) < at, H' (i) > 01 = ), H (i) < H'(E7),

H' (1) = H'(Li) < 3)
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with X’ the diffusion starting from m;, independent of X (conditionally on Wy), and H' has the
same definition than H (see (1.1)) but for X’. Also all or v above and in the sequel depend on k
but we do not make appear this dependence for notational simplicity. Partitioning on the values
of Ny, and H (1), we obtain by the strong markov property (under P"=), that probability below
(5.60), is smaller than

1—e€

) / B (@ @) = 3 B MH Ve () d? “(x)} . (5.61)

k<ng € k<n¢

The next step is to prove that the previous expectation can be approximated by a product of
expectations. First notice that both y — V{/V“ (y) and y — V;/V” (y) are positive increasing. So
integrating by parts

1—e r —€ 1—e
[ r@at @ = e @] - [ @l

r —€ 1—e
< @ @] - [ A @@

= [ @) (@) - = @)] 1 (5.62)

€

with 7} (2) i= P (G, H (i) = S5 Ui < 00, S5 Ui+ 61 < ),
Cr = {max1<]<k 1 L(H( ]) mj) < at} and

1—e 1—e
T, = / W (2)din (x) < / oA (@) ¥ (2) =: T,

k—1
ng“(a:) = PpWe (Ck, ZUi + 0 < xt) .

=1

=4

First we deal with what is going to be a negligible part, that is to say the first term in (5.62).
As V}/V'“ (a:) < ]P’W" (Ck, H(ﬁlk) — Zéc:_ll Uz < 1~)t, Zf:_ll Ui < w),

k—1
Ve (x) — V% ()] < PWe (Jst - < ZUi < xt) =: h(zx).

i=1

50 [y " () (1] " (&) = 1" (2))]E7° < vy "(1 = e)h
Wlth respect to o(Xs,0 < s < H(Lp_ 1); Wi(z),
vy/® belongs to o(X2,0 < s < min(H'(L;), H' (Ly)); W,

X'’ an independent copy of X starting at M.

So independence of X and X', and independence of the two portions of the environment involved
(Lemma 2.2) imply independence between I/;/V ~ and h, so

+ vy " (€)h(e). Zk_l U; is measurable
), and the event in the definition of

—€)
< Ly
w(2) = Wi (m k),Lk <z< Lk), and recall

(1
)

Elwy™ (2) (1" () — i1 (@)]s = E [[V%W“ (@) (" () = 57 (@)~

< E[5y"(1 — ¢)|E[h(1 — €)] + E[py = (e)]E[h(e)].  (5.63)

with 7y *(z) = E”?{f[ﬁy(lﬁ(l —x),my) < at, H' (fg) > t(1 — x), H'(1hg) < H'(L7), H'(1hg) —
H'(Ly) < %]. As E(iny)*(z)) < P[U; > t(1—x) — ] and for every small € > 0 and t large enough
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hiz) <PWs ((x—e)t < kol U; < xt) we can apply Proposition 3.5, we get
i=1 pPpPLy p ) g

B[y (1 — €)| E[h(1 — ¢)]
k—1

<P <(a? —6)/(1+¢)< ZH’ <z/(1- et)> P(Hy > (t(1 —z) — 0) /(1 + &)) + e D1l
i=1

Now with Lemma 4.1 and basic computations (see Feller 21| pages 470-472, or first part of
Lemma 5.1 in [3]), we prove that

> E[ (1 - e)Eh(1 - €)] < Cy - ulte)

k<n

with u a positive function such that lim o u(t,€) = €%, A similar argument also works for
the second term in (5.63), which yields

2 [[W (@) 04" () = 7' ()|

k<ng

1—e
€

} <20 - u(t,e). (5.64)

We now deal with Z{, by independence between X and X', and the independent parts of the
potential W, involved in vy *(x) and vq "(x),

1—e¢
E(I)) = / vo(x)dvs(x), (5.65)

with va(z) == BE(0y *(x)), and v3(x) := By (x)).
Again as y — 15(y) is positive increasing and v3 is a repartition function, integrating by parts
together with the upper bound in Lemma 5.2 with F,(x — 04 /t) = v3(z) gives

1—e 1—e
/ o) dvs () < / va(@)dEy (@) + [(3(z) — Fy (@)va(@)] " +e P (5.66)

We can prove in a similar way we have obtained (5.64) that:

3" [(ws(x) — Fy (2))wa(x)] . < Cy - ult,e),

k<ng

with as usual a possibly enlarge C.. So the important term in (5.66) comes from the integral,
notice also that we do not make appear the little correction —@;/t in this main contribution in
order to simplify notations. We see, indeed, that due to the fact that e <ax <1 — ¢, with e > 0
and limy_, o, ¢/t = 0 that, this kind of correction has actually no importance. We now have to
work on vo(x)

va(z) < E(PYF[Lxr(t(1 — x),1m1) < at, H'(L1) > t(1 — z) — &, H'(L1) < H'(L})))

Then, as F, (z) is positive and increasing in x, using Lemma 5.3, we obtain

1—e 1—e
/ vo(x)dF, (z) < fH(x)dF; (x) + o(nt_l). (5.67)

€

Again for the same reason as above and to simplify the expression, we do not make appear the
dependence on the small 9/t correction. Now, as f(z) can be written

flH(z)="P <(1 - x)f& <oa(l+e),Hy>t(l—2)(1— 62)) ,
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by independence of the variables {(¢;,H;),j < n}

1—e
/ AF; (2) ()

Ek—ﬁk 1 - 5 y
— _ > 7< <1-—
[(1 Hi1)= . <ol +&k),Hy>1— (5t,1<r]n<alz<l , a Hi—1 <1—e€+4,

with §; = 20, /t, and &(k) = 9, (a + % k), and we have integrated back the correction o /t.

The idea now is to make appear the event N = k in the above probability (recall the definition
of NV. given in Propositon 5.1) and sum over k.

We first prove that the sum over k < ny, of the above probability is small if we intersect its event
with the event N # k. In other word let us prove that

Z Z [Hy > 168, Hy1 <1— e+ 0, NF # k]

k<ng
is small. As {N?€ # k} = {Hp < 1—-2e}U{Hi_1 > 1—2¢}, and that for ¢ large enough {H; > 1—
SN {Hr < 1—2€} = ¢, we have that >, < E,M [(He>1-06;,1—2e < Hj_y <1—e+6],
and therefore for ¢ large enough >, < 7, . [”Hk 1—€/2,1—2e < Hjq <1—€] <s(et)
by (5.58). Finally collecting all we know,

Y BE@m) <

k<ni

Pl(1-H )ENQE_EN% L <a(l+&WE) 4 < + 5(e, 1) (5.68)
— € (0] € max — oy S| € . .
N1 HNQE /Hj\ffe—l B P ’1<]<N2e 1t t ’

To finish we have to deal with &(N?), a basic computation partioning on the values of on N7,
shows that P(&(N2€)) > \/5;) < CyP <R1 < \/32) = o(1) as Ry converges in distribution to Ry

which is almost surely positive. Collecting this last fact, (5.68), (5.64), (5.61) and (5.60) finishes
the proof of the upper bound.

The lower bound

The proof here follows the same line than the upper bound. The main difference comes from the
fact that we can no longer use the obvious inequality sup,cg L£(t, ) > supy< <y, £(t,m;). So for
this part of the proof we stress on what is different here and refer to the previous computations
when very few changes occur.

Assume for the moment that P ({sup,cr £(t,x) > 2w} =: &) > 1 — o(1), with

Wy = te(F1430)=1)2(®) and recall that § is chosen small enough in such a way that x(1+36) < 1
(see Lemma 3.2). This fact is a direct consequence of the upper-bound of P(sup,cgr L£(t,z) < at)
[see the end of this section for the proof]|. Recall (3.24), define for any I > 1

Es(l) == &3 (1) N E2(1), with

-1
E3(l) := ﬂ { sup [L(H(L;), ) — L(H(1n;),x)] < tdt} ,

j=1 CBED]'

() = {sup [L(t,z) — L(H(my),z)] < t&t} ,
z€D;

with &; := (at — 21;)/t. Recall the definitions of the events B, in Sections 3.1 and 3.2, we have

that {sup,eg L£(t,z) < at} N {V:NE Ni, Bi(ny), Ny < ny} contains

E(Ny)N {Vt N &Ny Bi(ny), Ny < nt}. Notice that by Lemmata 2.2, 3.1, 3.2, 3.4 and the above
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assumption P(V; N & N, Bi(ny), Ny < ng) > 1 —0(1). We now deal with P(E3(N;) N By (Ng) N
Ba(ng) NV, Ny < ny), using Lemma 2.2, the fact that H(Ly) < H(my1) and the strong Markov
property with respect to P"» we obtain

(gg(Nt ﬂ Bl(Nt) n Bg(nt) NV, Q)
1—e¢
/ )ABY (£3(k), Ba(K). Balk — 1), H(mp) /1 < 9) ) — o(1)
with

Ve (y) = IP’ﬁVZZ (Seug) Lx/(t(1 —y),z) < tay, H' (L) > t(1 —y), H' (L) < H’(i;)) ,
x€Dy,

Now by similar computations than for the upper bound in particular what yields (5.64) and
(5.65) we have

(Ss(Nt ) N By (Ny) N Ba(ng) NV, Q)

1—e 1—e
/ y)dvg " ( / y)dvs(y) — o(1).

with vz " (y) = PW=x (Eé(k),Bl(k),Bg(k— 1),2;:11 Ui/t < y), vy = E@W)"), vs := EW).

The next step, is to remove By (k) in the above expression, for that we only have to prove that

. k-1
/1 ( y)dP"x <531(k),61(k:),82(k—1),ZUi/t<y))
€ =1

is negligible, one can check that this quantity is smaller than

ne k—1 k
< ZIP (Z Ui/t <1,) Ui/t > 1, Bl(k)> <P (Bi(n)) < Covy = o(1),
k=1 i=1 i=1

where the last inequality comes from (3.12). Therefore collecting the above computations yields

P(supﬁ(tx <a> /61 ) dis(y) — o(1)

z€R

with 5(y) = e =0 S P (E1(R), Balk — 1), 005 U/t < ).

We start with an estimation of the repartition functlon U5(y). Recall that like in the proof
of Lemma 3.6, by the strong Markov property, the occupation time formula (1.5) and (1.6)
the sequence (Uj, {L(H(L;),z)),x € D;},j < ni) under By(k — 1) is equal to a sequence
(H;(Lj),{L;(H;j(Lj),x), :L’ED}j<nt) with this time

Hy(Ly) i= A1(Ly) [ eV Ly e (1), 40 (0) 40 L),

Ci(H(Ly),x) = A9 (Ly)e™ @) Ly (7B (1), A9 () A9(L)], A9 () = / 7@ gy,

mj
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Using the fact that the sequence (1, j) is a subsequence of (mj, j), Fact 2.1 and then (6.86) for
any j,
P(inf{s > m;, VU (s) > kry/8} > mj +r¢) < Cre ", and

P(sup{s < mj, VW (s) > kr/8} < m; — 1) < Cye . (5.69)
with ¢ > 0. Therefore for any j, P(D; C [7; (kr¢/8),7j(kr:/8)]) > 1 — 2cie”“=". Then on

{D; C [7] (kr1/8), 7j(kre/8)]} for any @ € Dy, L;(Hj(Ly),x) < AI(Ly)Lps[rP (1), A (w) /AT (Ly)).
Also on {D; C [7; (kr¢/8), Tj(kre/8)]}, for any x € D;,

Aj(%j*(/irt/8)) < Al(z) < AV (F(kre/8)). (5.70)
With Fact 2.1 and Lemma 6.3, we obtain with a probability larger than 1 — e %"t

_e—ht/4 S _eﬂTt/'?e—(l—l/Q)ht S A](%ji(lfrt/s)) S A](%](’ij"t/S)) S eHTt/76_(1_1/2)ht S e_ht/4'
A7 (L;) A7 (Lj) 5r1)

Therefore taking 6 = e /4 and € = §/3 in (6.92) we obtain with a probability larger than
1—e ¢ Tt

sup AY(L5) L (7 (1), A (2) AT (L)) £ A (Ep)Lps (77 (1), 01+ 712, (5.72)

Collecting the different estimates we then obtain,

k—1
vs(y) = P (15}?,5_15]'(}1;‘(%)77%) < t&t,ZHj(Lj)/tg y> e,

with a; := a(1 + e_ht/lz)_l. We can then inverse the equality in law we have used above, and
then obtain

Us(y) > Fa,(y) — Cre ",

with Fj, defined in Lemma 5.2. Then we can follow the same lines than for the upper bound
(especially computations after (5.64)), and obtain via Lemma 5.2:

1—e 1—e
/ va(y)dis(y) > / vi(y)dFZ (y) — o(n;).

Remark also that (5.72) implies the concentration of the local time at the hi;-minima : with
probability larger than 1 — C' e "

sup L;(H;(Ly),y) — L;(H;(L;),m;)
y€D;

< e MM2Li(Hi(Ly),my).

We now work on v4(y), by the second part of Lemma 2.2 it is equal to

B (P (sup Lxo(0(1 = 9).2) < 160 H'(E0) > o1 =) H'(B0) < H'E7) ) ) = o)
2€Dy
and by Lemma 5.3, 74(y) > f5,(y) — o(n;1). Therefore

1—e 1—e
/ w@)dis(y) > | f5W)dFL () — o(ng ).

€

From now the computations are very closed from that of the upper bound (see (5.67) and below)
and we do not give more details. O
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Proof of the Lemmata

Proof of Lemma 5.2: This is a direct consequence of Proposition 3.5. U

Proof of Lemma 5.3: To obtain the result we use a similar method than in [4]. That is to
say we study the inverse of the local time at 1, and use our knowledge about H (il) Also
for our purpose only the upper bound of f, and the lower bound of fy are needed, so we only
present the proof for them. However few modifications of the proof we present below also lead
to respectively the other lower and upper bounds.

e For f, let o(u,my) := inf{s > 0, L(s,m1) > u}, just notice that
E [P,YX; (L(HL - z),11) < 7t, H(L1) > t(1 — x), H(L,) < H(E;))}
—F [Pg;(a(yt,ml) > (1 —a), H(L) > t(1 — 2), H(Ly) < H(i;))} . (5.73)

On {H(Ly) > t(1 —2),H(L;) < H(L])}, X remains between L] and L; until the instant
t(1 — ). On this event considering (1.5) and (1.6) , the inverse of the local time can be written
for X starting at m; as

Ly _
o(yt,m1) :/ e VY@ Lp(op(yt,0), Al (2))de =: 1,

Ly

where Al(z) = f;“ ev(l)(y)dy and B is a standard brownian motion independent of W, such
that B starts at A'(77;) = 0 and is killed when it first hits A'(L;). We have

Ly _
= »yt/ VU@L (04(1,0), a(e))de

Ly
with a(z) = (vt)"tAYN(z) = (1)t f;:zl VY Wdy and where B := B((vt)%.)/(yt). By scale
invariance B is also a standard brownian motion that we still denote by B in the sequel. Also
oy(r,y) :=inf{s > 0, Ly(s,y) > r} for r > 0, y € R is the inverse of the local time of the process

U. Since X is here starting at 71, we have H(Ly) = H(L;) — H(1n;) for which Proposition 3.5
gives

P ({\H(El) — H(iy) — e1S1Ry| < qelisl} = gl) >1— e Dbt with ¢ := e~BM, (5.74)

so we only deal with I. (y¢)~'I can be split into two terms (yt)~'1 := I} + I with

F(he/2)
I = / e VY@ Lp(0p(1,0),d(z))dx.
7 (he/2)

We now prove that the main contribution in (y¢)~'1 is given by I and obtain its approximation
in probability. First using Fact 2.1, (6.89) and (6.89) we have for any 7 € {7] (ht/2),71(h¢/2)}
and € > 0,

P(|A1(7A')’ < eht(1+e)/2) >1— CJre_Keht/Q.

Therefore by monotony of a(.) (depending on wether its argument is larger or smaller than my)
P(Vx € [ (he/2), 71(he/2)], |a(x)| < e~(oe)(1=39/2) > 1 _ O, e7reh/2 Also, using (6.96) we
have

_e€(logt)/20

P sup ’ﬁB(UB(la 0)72/) - 1‘ > ét <e (575)
0<y<e~

(logt)(1—3¢)/2
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with ¢ = e~ 108)(1-€) G5 we obtain

P (|Il — R1| < e*(logt)(lfe)R1> >1-— C«_i_efneht/27

with Ry := f;i((}://?) e VY@ dz. Then we prove that I is negligible compared to the integral
1 t
in the previous equation. First thanks to (6.97), we have P(supxe[if i) Lp(op(1,0),a(x)) >

eclost) < 2¢€logt Qo with probability larger than 1 — 2e~¢1°8? we have

77 (he/2) I
Iy < eflost /1 evm(’:)dx—i-/ VY@ g |
iy 71(ht/2)

We now want to prove that both integral in the upper bound of I is smaller than e~ (1=2¢) log?/2[R -
and obtain a lower bound for R;. Both of these estimations can be found in [3| : in the proof
of step 2 of Lemma 4.7 (estimation of what is called [J2), we find that with a probability larger
than 1 — e~

L
/ ef‘/(l)(x)dw‘ S C+h?ef(17€)ht/2
71(he/2)

and the same is true for the first integral. For Ry, by Fact 2.1 it has the same law as R; (which is
the same R; than in 5.74), which law is given by the sum of two independent copies of F~(h:/2).
So using (6.90), with a probability larger than 1 — e—c—<*hi/2

R i Ry > e M,
We deduce from the last two inequalities that with a probability larger than 1 — e~¢-ht,
Iy < Rye—(1-59he/2.
Finally collecting what we have done for the inverse of the local time o(.,.)
E (P (lo(vt, i)yt | < 2e” 0752 () Ry H(Ly) > (1 — @), H(Ly) < H(LT))]
>1—Cpe . (5.76)
So collecting (5.73), (5.74) and the above inequality, for any 0 < z < 1 and ¢ large enough

1—=x
Y

fy() <P (R1 >

(1-50)he/2.

(1 —-2&),e151R1 >t(1 —x)(1— 2€t)> + o(nt_l)

with € := 2e~

e For f,, here again we work on the event {H (L) > t(1 —z), H(Ly) < H(L)}. We express
the local time at the inverse of the local time in term of the standard brownian motion driving
the diffusion and use scale invariance : for any z € Dy,

L(o(yt, ), 2)=(yt)e VD Lp(op(1,0),a(z)) (5.77)

m

with a(x) = (yt)~! ffl VY ®dy. Remember also that thanks to Fact 2.1 and (5.69), we can
obtain an upper bound of f;nl ev(1>(y)dy for z € Dy by estimating [; eQB)ds for z € [0, 7r(ry)].

Also as by (6.89) P(fJR(”) eQB)ds > eht) < e=¢~<ht with the same probability a(z) < (yt)~teht
and with the same method we have obtained (5.75),

FE (P?L/f (zseug)l ‘cB(UB(l,O),EL(Z)) — 1| < ét)) >1-— 26—cfeht.
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(5.77) together with the above estimate imply
E <IP’mWf <{Vz € Dy, |L(o(yt,m1),2) — yte*f/(l)(z) < 2yte*‘7(1)(2)€t}>>
>1—2e ¢ he, (5.78)

Let us take y = (1—x)/(R1(1—¢€)) then using (5.76) (with v = y) implies that with a probability
larger than 1 — C e “~" (1 — 2) < o(yt,m1). Then as the local time is increasing in time,
with the same probability (eventually increasing C.), by (5.78), for any z € Dy, L(t(1 —x), z) <
L(o(yt,my),z) < yte_v(l)(z)(l + €;) < yt(1 + é). Collecting all this gives

. (ng; ({supzepl Lt —a).2) _ (1—x)1+ gt} _ g2>> = o), (5.79)

t - R 1-¢
Collecting (5.74), (5.79) and (3.13) we obtain,

fy(z) > E (P;V; (zseug L(t(1—2),2) <ty,H(L1) > t(1 —x), H(L1) < H(LY), G1, g2>>

1) 14e 1- _ _
> E (PY- ML? <v,e1tS1Ry >t x7H(L1) < H(L{),G1,G2
m Rl 1—6t 1—6t

Rl 1_€t_ 1—6t

This finishes the proof. O

1-— 1+¢€ 1-—
2]P’<< 7) +€t<%e15’1R1>t x>—0(nt1).

Proof of Lemma 5.4:

For (5.58), independence between Hi—1 and Hy, — Hy_1 yields

1—a
Z P [ﬂk >1—-a/2,1-2a<Hp1<1— a] = / dut(x)em(t)ﬁl’ [?’-_[/rC —Hpoy >1—x— a/Q]
kﬁnt 1—2a

(5.80)

where measure 4 is defined as [ du(y) = e~ ret) > k<n, P [Hr—1 < ], and we know that s
converge vaguely to the measure p which has a density with respect to the Lebesgue measure
equal to (I'(1 — k)Cy) 12" 1,0 (see Lemma 5.1 in [3]). Also we know from Lemma 4.1
that e®*®) P[(H}, — Hyp_1)/t > z] converge uniformely on every compact subset of (0,+00) to
Cwx™"/T'(1 — k), therefore

tlg_noo P[Hi>1-a/2,1-2a<Hy_1 <1—d]
k<nt
1 1—a )
= 2" (1l —x—a/2) "dx
I(r)I(1 = k) /ma

< const x a' 7",

Also (5.59) is a direct consequence of Corrolary 1.5, eq. (1.2) in [3]. O

Proof of Theorem 1.3

The proof of this theorem is a direct consequence of Propositions 5.1, 1.4 and Lemmata 4.4 and
4.5. Notice that the proof of the upper bound is independent of the proof of the lower bound, but
we use the upper bound for the proof of the lower bound, in particular from the upper bound we
have that : imy_, oo P(L*(t) < 200, /t) < P(YH(V; 1(1)7) < &) for any & > 0 as limy_, o 10/t = 0.
From that as yE (V5 1(1)7) is positive we obtain that limy_, oo P(L*(t) < 2t¢) = 0, which proves
the assertion at the beginning of the proof of the lower bound in Proposition 5.1.
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5.2. Favorite sites (proof of Theorem 1.5).

The first two point of Theorem 1.5 can be obtained similarly as Theorem 1.3, they are in fact
easier to prove due to the presence of stopping times.

To obtain the result for the favorite sites, we first argue that we essentialy need to obtain the
asymptotic behavior of Nj/N;, where N := min{j > 1, L(m;,t) = maxp<n, L(my,t)}. Indeed,
define for any € > 0

Ki:={mn,(1—¢) <Xy <mn,(1+€)}, Ko:={mn:(1—€) <F <mpn;(1+€)}

then we have by the localization result Theorem 1.2 lim; ., P(K;) = 1, also we can prove
that lim;_, y oo P(K2) = 1 by using the same arguments than in the proof of the lower bound of
Proposition 5.1. So

Fr Fr
P [Xtt < m} =P [Xft < x,/Cl,’CQ} +v(e, t)

MmN 1+e€
<P < t). 5.81
B [mNt _xl—ﬁ]Jrv(E’ ) >80

where v(e, t) > 0, satisfies lim¢_, lim;—, o v(€,2) = 0. We now use two fact, the first one is
that N; and N; diverge when ¢ goes to infinity : in particular P(N; > e(1=9%¢(t)) = 1 — (1)
as it is proved in ([3]|, Proposition 1.6), and a similar analysis also works for N giving also
P(N; > eI=9)5e(t)) = 1 — o(1).

For the second argument, following the work of Faggionato [19], we know that (m; — m;_1,i >
2) are i.i.d. random variables with a known Laplace transform (given by (2.19) in [19]), this
allows to compute the first and fourth moments of Amy := mo — m; and therefore obtain
after an elementary but tedious computation that for large ¢, E(Am;) ~ Cref (C7 > 0) and
E((Am; — E(Amq))*) ~ Cge**ht (Cg > 0), which yields for ¢ large

E [(mk Jk — E(Amq))*| ~ Cgetthe /12,
These facts allow us to write by a Markov inequality that

P HmNt — E(Aml)Nt ‘ > eE(Aml)Nt]
< Z Pllm; — E(Amq)j | > eE(Amq)j] + o(1)

j>e(l=e)ra(t)
—4
< > % +0(1) < Cyete (1950 4 (1),
jeli—answy  ©

this yields that {|mpy, — E(Am1)N; | < eE(Amq)N;} as well as (with a similar computation)
{‘mNt* — E(Amq)N/ ’ < eE(Amq)N;} are realized with a probability close to one.
Now including these events in the probability in (5.81), eventually enlarging v(e,t) we get

Notice that the random variables involved now (N; and N;) only depends of what happens in
the bottom of the h¢-valleys, and we have to deal with

Ny Ny
P |:]\7t S y:| =P [Nt* = Nt] ]lyzl +]P) |:M S y7Nt* < Nt:| ]ly<1.
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With very closed computations than in Section 5.1 together with Lemma 4.6, we can prove that

lim P[N) =N =P[T; <Iy], and

t—+00
Nxe—td(t) F*
,dm P ﬁéyaNt*<Nt ZP[WS%EZE ;
t€ Vs (1)

where F™* is defined at the beginning of Section 4.3. To finish the proof we finally have to prove
the following Lemma

(yhyz

Lemma 5.5. The random variable D)
2

couple (Z1,Ts).

follows a uniform law Uy q) independent of the
[0,1]

Proof. For any s > 0, let Gi(s) := inf{u < s, V1(u) = sup, <, ylﬁ(v)} The fact that for every
5 >0, G1(s7)/s follows a uniform law Uy 1 is basic, as well as the fact that G (s™) is independent

of yf(s—), Vo(s7), V1(s7), Ya(s) — Va(s7), and Yy (s) — yl(s_). To obtain the Lemma we only
have to prove that this remains true when replacing s by y; . For that we can consider for
example the dyadic approximations of ¥, (1) : (¢, := max{k € N, 2% < ¥,'(1)},n). Then
partitioning on values of t,, using the independence we previously talked about and letting n
goes to infinity we obtain the result.

g

6. APPENDIX

We start this section with some known formulas for the processes we encounter in our study. The
following Lemma is about Laplace transform of the exponential functional defined in (1.3), the
proof can be found in (|3], Lemma 4.2). Recall that Cy (respectively c_) is a positive constant
that is as large (resp. small) as needed.

Lemma 6.1. There exists Cyg >0, M >0 and n; € (0,1) such that Yy > M, Vv € (0,m],
‘E (e_VFJr(y)/ey) —1-2y/(k+ 1)]’ < Comax(e™,43/?), (6.82)
‘E <€—7G+(y/2,y)/ey) —[1-T(1—-r)(2y)"/I'(1+ Ii)]‘ < Comax(yF e /2 ~). (6.83)
Moreover, there exists Cip > 0, such that for ally >0, E(F*(y)/e¥) < Cho.

Recall that @ is the (—#/2)-drifted Brownian motion W_, , Doob-conditioned to stay positive
(see above (1.3)), we have

Lemma 6.2. Let 0 < v < a < w. For all h large enough, we have

poh (TQ (’yh) <79 (wh)) < 2e~rlamNh, (6.84)
P (19(wh) — 79(ah) < 1) < Cyec-lwmalhl®, (6.85)
P(TQ( )> 8h/m) < Cyerh/(2V2) (6.86)
P(r®(h) < h) < C+e . ’3 (6.87)

P (r9(vh) <1) < hJ? (6.88)

Pt denotes the law of Q starting from ah.
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Proof:
The first 3 points comes from Lemma 2.6 in [3]. We give a proof for (6.87), the proof of (6.88) is

very similar. By formula (2.3) in [19] taking 4 = /2 and o = 1—k, we have E(e‘mQ(h)) ~hot 0o
consteM#/2=V20+r2/4) Then we apply a Markov inequality for P <6_MQ(h) > e_ah). U

We also need this second Lemma focusing only on some exponential functionals.

Lemma 6.3. Recall the definition of F*, and GT in (1.3). For all0 < (<1 and 0 < e < 1,
for t large enough,

= [eCht(lfs) < FH(Chy) < echt(1+s)} > 1 — 4er=Chi/2, (6.89)
P(F=(h) > e > 1 — 7o, (6.90)
P(GT(ah,h) < b(h ) My >1—Cy(b(h)™" 0<a<l, b>0. (6.91)

Proof: By Markov inequality and Lemma 6.1 P[F+(Cht) > eght(l“"f)} < ¢re~ Pt For the lower
bound, taking v = ((1 —¢/2), a = ((1 —¢) and w = ¢ in (6.84) we get with a probability larger
than 1 — Cye ",

FT(Chy) > e =9 [79(Chy) — 79(Chi(1 — €/2))].

Finally using (6.85) we get the result. For (6.90), first F~(h) > e~“"7(eh;), and using (6.88),
with a probability larger than 1 — 6_0*62}12, 7(eht) > 1. For the last estimation, we notice that
in law G (ah,h) < f0+o° e We@)de = Ay, by [16] 1.v. 2/As is a gamma variable of parameter
(k,1), and so has a density equal to e “z" !1g, (z)/I'(x) which yields the estimate. O

The following Lemma is exactly Lemma 4.3 in 3] which proof can be found in that paper.

Lemma 6.4. Let B a standard two-sided Brownian motion, for every 0 <e <1,0<d <1 and
x>0,

§1/6
P s 1a(r(0),) - L5700 > La(rP(1),0)) < O, (692
P(uz%?” Lp(rB(1),u) > :17) < 4e7/2, (6.93)
P <ili[8 Lp(rP(1),u) > :c> <1/z. (6.94)

The next Lemma deals with fluctuations for 2-dimension Bessel Processes :

Lemma 6.5. Let (Q2(u), u > 0) be a Bessel process of dimension 2, starting from 0, and two
functions a(.) and k(.) from (0,4+00) to (0,400), having limit +00 on +00. We have for large t,

P(Vu € (0,k(®)], Q3(u) < 2ela(t) + 4log log[ek(t)/u]]u> >1—Cyexpl—a(t)/2].

Proof: We consider for t > 0 and ¢ € N,

o) + 4logli + D] f, Axi= () v

1=0

Ari = { sup Q3 < Qk(t)
[%(

k(1) /ei+ 1 k(t) /€] e’
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We recall that there exist two standard independent Brownian motions (Bi(u), u > 0) and
(B2(u), u > 0) such that (Q3(u), u > 0) is equal in law to (B%(u) + B3(u), u > 0). So fori € N,

P(A1;) < 2P(Suppneivi gy e Bi > k(t)e 'a(t) + 4log(i + 1)])
< 4P(supjo (e B > VE(®)e=la(t) + 41og(i + )
= 4P <\B1 )| > Va(t) + 4log(i + 1))
< 8exp[—a(t)/2 —2log(i + 1)]

for large t so that a(t) > 1, by scaling, and since By = —Bl, supy,q] B1 = |Bl( )| and P(Bi(1) >
x) < e /2 for z > 1. Consequently for large ¢,

oo

Ay) <" P(Ay) < Sexpl-alt >/212

=0
Now, let 0 < u < k(t). There exists i € N such that k(t)/e'tt < u < k(t)/e’. We have,
et < k(t)/u, so et < ek(t)/u and then log(i + 1) < loglog[ek(t)/u]. Consequently on As,
Q3(u) < 2(k(t)/e")[a(t) + 4log(i + 1)] < 2eula(t) + 4logloglek(t)/u]].
This, combined with (6.95), proves the lemma. O

1

g = Crewl-a®)/2. (6.9

We also need some estimations on the local time of B at a given coordinate y € R within
the inverse of the local time of B at 0. Recall op(r,y) = inf{s > 0, Lg(s,y) > r} for r >
0, y € R. By the second Ray-Knight Theorem the processes (Lp(c(r,0),y),y € RT) and
(Lp(o(r,0),—y),y € RT) are two independent square of 0-dimensional Bessel process starting
at r. We have the following Lemma which proof can be found in [15] Lemma 2.3 page 2307.

Lemma 6.6. We denote by Qo a square of 0-dimensional Bessel process starting at 1. Let
M >0, u>0 andv >0 then

P (s 1u(0) 11> v) < 4 exp (500 4 0). (6.96)
P <Sl;1()) Qo(u) > M> =1/M. (6.97)
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