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Abstract

In this paper we design a numerical scheme for approximating Backward
Doubly Stochastic Differential Equations (BDSDEs for short) which represent
solution to Stochastic Partial Differential Equations (SPDEs). We first use a
time-discretization and then, we decompose the value function on a functions
basis. The functions are deterministic and depend only on time-space variables,
while decomposition coefficients depend on the external Brownian motion B.
The coefficients are evaluated through a empirical regression scheme, which
is performed conditionally to B. We establish non asymptotic error estimates,
conditionally to B, and deduce how to tune parameters to obtain a convergence
conditionally and unconditionally to B. We provide numerical experiments as
well.

Keywords: Backward Doubly Stochastic Differential Equations, discrete Dy-
namic Programming Equations, empirical regression scheme, SPDEs.

MSC2010: Primary 60H10, Secondary 62G08

1 Introduction

Backward Doubly Stochastic Differential Equations (BDSDE in short) are classic
tools to give Feynman-Kac representations for stochastic semilinear PDEs, see the
seminal work of [PP94]. The BDSDE (Y?,Z%) of our interest is of the following

form
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where (Xé’z)tgng is a d-dimensional diffusion process starting from x at time ¢
driven by the finite d-dimensional brownian motion (W;)o<i<7. Here T > 0 is fixed
and the differential term with @t refers to the backward stochastic integral with
respect to a [-dimensional Brownian motion B independent from W. In addition
W and B are defined on a filtered probability space (Q,}" , IP’) where we define the
sigma-fields F), = o{W, — Wy,t < r < s}, ffT = o{B, — Bs,s < r < T},
FW = .7:(%,, FB .= ]:(fw F = F" v FB, all completed with the P-null sets. To
account for the measurability of the solution to , we need to define the collection
of sigma-fields (for fixed ¢ € [0,T1])

t._ W B
Fsi=Fis VFsms

and we know that the solution is such that Y& is Ff-measurable for any s € [, T]
and Z&" is Ft-measurable for a.e. s € [t,T].

Moreover, the random map (¢, z) — (Yf’z, Zf ") provides the solution of the following
SPDE and its gradient times o at point (¢, x):

T
u(t,x) = (I)(.%') +/t [Eu($7x> + f(S,.CC, U(S,CC), (VI’U,U)(S, x))]ds
T
+/t g(s,x,u(s,w),(VxUU)(37$))§§S

where £ is the infinitesimal generator of X (see [PP94, Theorem 3.1] for details).
Such SPDEs appear in various applications like pathwise stochastic control prob-
lems, the Zakai equations in filtering and stochastic control with partial observations.
Several generalizations to investigate more general nonlinear SPDEs have been de-
veloped following different approaches of the notion of weak solutions, namely,
Sobolev’s solutions [K99, BMO01, IMS02], and stochastic viscosity solutions [LS98],
BuMO01l, [LS02]. Generally, the approaches used to solve numerically SPDEs are an-
alytic and based on time-space discretization of the equations. The discretization is
achieved by different methods such as finite difference, finite element and spectral
Galerkin methods [GN95, [G99| W05, [GK10, [JTKI10]

Only recently some works have paid attention to the simulation and approxi-
mation of (I]): See [Abo09, [Amal3, BBMMI3] for time discretization under various
assumptions, see [Aboll] for an attempt to an implementable numerical scheme us-
ing regression methods without full convergence results, see [SYY08] for a scheme
based on random walks.

In this work, we consider an empirical regression scheme (also known as re-
gression Monte-Carlo method or least-squares Monte-Carlo method) for solving the
discrete time BDSDE arising in [BBMM13]: This approach (inspired by [GLWO05,



LGWO06] and more recently by [GT15b]) is increasingly popular and known to ac-
count well for high-dimensional problems, as a difference with scheme based on
random walks. Our original contribution is the analysis of the regression scheme
for approximating BDSDEs and its proof of convergence, with some non-asymptotic
error estimates in order to have the most accurate control on the convergence w.r.t.
all the parameters. Here, we adapt the tools for the regression error analysis, arising
from discrete BSDE’s approximation, developed recently in [GT15b] in a quite gen-
eral context. These tools will allow us to analyse the regression error in the doubly
stochastic framework.

We recall the different strategies of approximation using least squares algorithms,
to better motivate our approach. For the sake of clarity, assume standard Lipschitz
and boundedness assumptions (detailed later) and ¢ = 0, then start with the case
h = 0, i.e. the usual BSDE case, and consider a time discretization scheme which
takes the form (in [LGWO06]) of One step forward Dynamic Programming (ODP for
short) equation: Y;, = ®(X;,) and for all i € {N —1,...,0}

Yti = ]ED/ti+1 + f(tiathYtz‘Jrl’ Zti)Ai ‘ ‘F(Y,[;]’ (2)
AiZy = E[}QiHAW; | ng[; ’

where T denotes the transpose operator and where t; € 7, 7 := {tg:=0,...,ty:=T}
being a discrete time grid of the time interval [0, T, A; := t;11 — t; and AW, := W,
Since (X3,); forms a Markov chain, there exist deterministic measurable functions
yi(.) and z(.), but unknown, such that Y;, = vy;(Xy,) and Z;, = z;(Xy,). The func-
tions y;(.) and z;(.) are solutions of least squares problems in Lo($2, P, F;,) and can
be approximated on a finite dimensional subspace, which coefficients are computed
using Monte-Carlo simulations. Now for the case h # 0, in [Aboll] a similar algo-
rithm is proposed where the equation for Y}, is replaced by

Yy, = E [Yir, + f(ti, Xeo Yaoers Ze) i + W(ts, Xe,, Yooy Zay ) AB; | Foy, V Fop)

it19

where AB; := By, ,,
designed an empirical least-squares algorithm by taking approximations in the space
of functions w.r.t. the variables (X¢,, By, ., — By, : i <k < N): Thus, the dimension
of this problem is dim = d+1x N and goes to infinity as the discretization parameter
N — +oo. Since we know [LGWO06, [GT15D, [GT15a] from the usual error analysis
on BSDE that the convergence rates are of the form N—¢t/(c2+(dim) where ¢, ¢y are

— By, and similarly for the Z-component. Then, the author has

positive constants and dim is the dimension of the explanatory variables, it seems
hopeless to conclude to the convergence of the above algorithm.

Our strategy of approximation is different from the above and it leads to a
convergent scheme. This is inspired by the "SPDE” object seen as a PDE driven
by an auxiliary independent noise (here the Brownian motion B), i.e. we are to
compute Y;, as a function z — y;(AB,z) for given Brownian increments AB. As

— W,



a consequence, the dimension of the problem is still d, but the regression schemes
and the error analysis are to be performed conditionally to B. This raises new
difficulties, in particular because the theory of BDSDE is well posed unconditionally
to B. Moreover and as a difference with [Aboll], we incorporate in our scheme an
additional improvement inspired by [GT15b] in the BSDE setting, where the discrete
BSDE is considered in the form of a Multi step forward Dynamic Programming
(MDP for short) equation given by

N-1

Y;‘/i =K CD(XtN) + Z f(tk’Xth;ka’Ztk)Ak’ ’ ]:(‘]/}21 )

k=i
and similarly for Z;,. Using the tower property of conditional expectations, we
note that ODP (based on (2))) and MDP coincide. But combined with empirical
regression approximations, they are different and it is proved in [GT15b] that the
MDP scheme leads to better error estimates than the ODP scheme, in particular
for the Y-component. Indeed, the quadratic error is the average of local error terms
rather than the sum.

In this work, we specialise our analysis to the case where f and h do not depend
on z, i.e. we only approximate Y. We guess that this simplification makes the
reading easier for the reader (even in the ”simple” BSDE case as in [GT15bl IGT15a],
the analysis is rather tough) and the essence of our methodology remains unchanged
if f and h depend on z. This simplified setting already raises new issues (about a
priori estimates and stabilities) which we partly overcome but which will still deserve
deeper investigation in the future to handle more general f and h.

The organisation of the paper is as follows. In Section 2 we give preliminaries
on BDSDESs and the assumptions we will use. Then, we define the discrete BDSDE
to be solved, in the MDP form. After that, we establish a priori estimates that will
be useful in the regression error analysis. In Section 3, we present the Least Squares
MDP algorithm designed to approximate the solution of the discrete BDSDE of
Section 2. Then, we give the full analysis of the regression error conditionally and
unconditionally to the Brownian motion B. Section 4 is dedicated to some numerical
tests.

Usual notations. If x is in an Euclidean space E, |z| denotes its norm. If ¢ is a
vector-valued function defined on E, |¢|~ denotes its sup-norm. If v is a probability
measure on E, |.|, stands for the Ly-norm w.r.t. the measure v. If X' is a E-valued
random variable with distribution v, we may write |.|x := |.|,. Last, if A is a matrix,
|A| stands for its Hilbert-Schmidt norm.

2 Preliminaries and notations

This section gathers preliminary results to be used in order to discuss the approxi-



mation of the solution and its convergence. Actually, in the sequel we consider only
the solution (X', Y, Z') with initial condition ¢ = 0: Extending the results to other
t is rather straightforward. Thus, from now on, we omit to indicate the dependence
w.r.t. ¢t by simply write (X,Y, Z), the starting point Xy is given.

2.1 Forward Backward Doubly Stochastic Differential Equation

Recall the setting related to the filtered probability space given in the introduction.
Let 2 € R? be given and consider (X s)o<s<T as solution of the following SDE

dXs = b(X5)ds + o(Xs)dW, for s € [0,T], Xo ==, (3)

where b and ¢ are two given functions on R? with values respectively in R? and
R? @ R?, that satisfy the following standard Lipschitz assumption.

Assumption (H1). There exists a non-negative constant K such that
b(z) — b(a)| + |o(z) — o(2')| < K|z — 2|, Vaz,2’ € R%

This implies the existence of a unique strong solution to . Besides, we consider
the following BDSDE defined by

(4)

—AY, = f(s, Xy, Yo)ds + (s, Xs, Ys) B, — Z,dW,, s € [0,T],
Yr = ®(Xp)i=¢,

where f and h are respectively real-valued and R'-valued functions on [0, T] x R? x R
and ® is a real-valued function on R? (h is considered as a row vector).
Our standing assumptions to study are the following.

Assumption (H2). There exist non-negative constants Cy,Cp,C¢, Ly, Ly, and Lg¢
such that

i) |f(s1,1,00) = flsz,@2,2)| < Ly (It = sl + o = @a] + [ys — ] for
all 51,89 € [0,T], x1,72 € R? and yy, 92 € R,
ii) [h(s1,21,91) — h(s2,2,42)] < Ly, (\/ |s1 — s2| + 21 — 2| + |y1 — yz\) for
all s1,s2 €[0,T], x1, 22 € R and 41,32 € R,
iii) |f(s,z,0)| and |h(s,z,0)| are uniformly bounded on [0, 7] x R? by C; and
C}, respectively,
iv) |®(z1) — ®(z2)| < Le|1 — 2] for all 21,29 € RY,

v) ® is uniformly bounded on R¢ by Cs.

Pardoux and Peng [PP94] Theorem 1.1] proved that under the previous assumptions,
there exists a unique solution (Y, Z) € S%*([0,7]) x HZ([0,7]) to the BDSDE ({4),
where



e H2([0,77) denotes the set of (classes of dP x dt a.e. equal) R-valued jointly
measurable processes {¢s;s € [0,T]} such that E [fOT |1/)3|2d5] < 400 and s

is FO-measurable, for a.e. s € [0,7].

e S%([0,7]) denotes the set of real-valued continuous processes such that

E | sup [¢s]*| < +oo and 1 is FO-measurable for any s € [0, T7.

0<s<T

2.2 Time-discretization scheme for decoupled Forward-BDSDE

In order to approximate the solution of the Forward-BDSDE —, we introduce
the following discretized version. Let

T={ty=0<t1 <...<ty:=T}

be a partition of the time interval [0,7] with time step A; 1= t;41 —¢;, 0 < ¢ <
N — 1. Throughout this work, we will use the notations AW; := W, — Wy, and
AB; = By, ., — By, fori=0,...,N — 1.

The forward component X is approximated by the classical Euler scheme:

i+1

X, ==,

X5, =X[+ b(XT)A; +o(XT)AW;, fori=0,...,N —1.

It is known that as maxo<;<y—1A; — 0, one has sup E [|X;, — XQ\Q] — 0.
0<i<N

The solution Y of is approximated by Y™ defined by the following Multi step-

forward Dynamic Programming (MDP) equation: For i = N —1,...,0, we
set

N-1
YT =B [O(XF) + 3 (Flt XT YDAk + hltesn, XT Y DABL) | (5)

k=1

= By |V, + Sl XTYE DA + Wt XTI, YL )AB,
where E; [.] denotes the conditional expectation w.r.t. G; defined by
Gi=0(AW;,0<j<i—1)vF~B

with FA8 = ¢(AB;,0 < j < N —1). Observe that (G;)o<i<ny_1 is a discrete
filtration associated to the time grid m. We recall from [BBMMI13| Theorem 4.1]
the following convergence result for the time discretization error. Set

N—-1 tiv1
Errory(Y,Z) := max sup  E[|Y; —Y/7]?] + Z E {/ |Zs — Z[|*ds| .
i=0 ti

0<iSN—14;<s<t;yy

Thus, we have



Theorem 1 Under Assumptions (H1)-(H2) and assuming in addition that b, o,

®, f and h are of class C* with bounded derivatives up to order 2, there exists a
non-negative constant Cg) (independent on ) such that

E Y,Z)<C A;. 6

mory (Y, Z) < Cg max A (6)

We note that in the case we are dealing with (i.e. the drivers are independent from

the variable z), we do not have to approximate the control process Z, since it does
not enter in the approximation of Y.

Extra notations. Our aim being the Monte-Carlo approximation of the discrete
BDSDE solution for a given time grid w, we shall alleviate the notation by simply
writing X;,Y; for X7, Y;". Furthermore, we shall write

AB:={AB;0<j <N —1}.

With this notation and since the data are Lipschitz (coefficients of the BDSDE and
of the Euler scheme), it is easy to check the following lemma, by combining the
Equation with a recursion argument.

Lemma 1 Under Assumptions (H1)-(H2), for each i € {0,..., N} there exists a
locally Lipschitz function y; - (RH)N x R? — R such that

Y = yi(AB, X;). (7)

2.3 A priori estimates

In this section, we establish a priori estimates on discrete BDSDEs. These estimates
will be needed later for the regression analysis. In the case of pure BSDEs, they
are rather standard (see [GT15b] among other references): on the one hand we take
advantage of the driver independent of Z to provide slightly stronger estimates than
usually. On the other hand, the BDSDE setting with the AB contribution is a
source of difficulty in the analysis.

We aim at comparing two discrete BDSDEs, Y7, and Y3 , defined as follows. For
j=12,weset Y;y=¢ andforalli=N—1,...,0

Vi =Ei[Yiis1 + f1i(Yiir1)Ai + hji1 (Yjir1)ABi] (8)
where

° IEZ [[] is the conditional expectation w.r.t. G; V g~, where 5 is a sigma-field
independent of W and B,

o (w,y) = frilw,y) := fri(y) and (w,y) = fai(w,y) := fa2i(y) are real-valued
and [G; V G] ® B(R)-measurable functions on R,



o (w,y) = hiiti(w,y) == hiita(y) and (w,y) = hoiti(w,y) = haiyi(y) are
Rl-valued and [G;y1 V G] ® B(R)-measurable functions on R.

The above choice of measurability is coherent with the MDP equation and
with the further feature that solutions to posterior times are built using extra in-
dependent Monte-Carlo simulations (to be associated to the sigma-field G). We
set

0V :==Y1; — Yo,
08 =& — &,
Ofi = f1,(Y1i41) — foi(Y1,i41),
0hit1 = h1ip1(Yii41) — hoiv1(Yii41)-

Now, we are in a position to state the following lemma, which gives a local estimate
on the solutions of two discrete BDSDEs.

Lemma 2 We assume that for j € {1,2}, & belongs to La(Gn V G) and that for
1€ {0, o, N— 1}, fjJ(Yjﬂ'_i_l) and hj,z‘-&-l()/},i-i-l) belong to LQ(QiH V C;) In addition,
we assume that fo; and ha ;1 are Lipschitz continuous with Lipschitz constants L Foui
and Ly, ,,, (possibly Go V G-measurable). Then, we have

‘5}/2‘ S(l + LfQ,z'Ai + LhQ,i+1 |ABZ|)I~E1 H(“/H-l”
+Ei [[0fil] Ai + E; [|[6hig1]] |AB;|. 9)

Proof. From , we have

0Y; = B; [0Yi1 + {6fi + fri(Yiip1) — fri(Yaip1) }A]
+ B [{0hig1 + hoiy1 (Viis1) — hoipr (Yaip1) FAB].

Applying the triangle and Jensen inequalities, then using the Lipschitz assumptions
on fa; and ho; give the estimation @D O

By propagating the above result, we obtain a global stability result on the solu-
tions of two discrete BDSDEs. The proof is easy and left to the reader.

Proposition 1 Under the notations and assumptions of Lemma [, the following
estimation holds a.s. for alli € {1,...,N}:

N-1
Dylo¥i| < TN (18] + S T (Bi 10£l] Ax + B ke[| |ABK])
k=i

where T'; 1= H;;B(l + Ly, ;Aj+ Lp, . |ABj|) and Tg := 1.
As an application of the above proposition, we can derive an a.s. upper bound

for the solution of the discrete BDSDE . Such an upper bound is required in the
subsequent empirical regression algorithm.



Proposition 2 Under Assumptions (H1) and (H2), the solution of the discrete
BDSDE — has an a.s. upper bound, uniformly w.r.t. 1 € {0,...,N}:

N-1
i(AB, oo < O2B 1= LTI 5 A5 [ 0 04T 4 €, Y |ABY|
§=0
Proof. Apply Proposition [1| by setting Y7 ; := 0 (with & =0, f1; =0, h1; =0)
and Yo ; :=Y; =y;(AB, X;) (with & := ®(Xn), f2,i(y) := f(t;, Xi,y) and ha 11 (y)
h(ti+1, Xit1,v)): Combined with Assumption (H2) this gives

N—-1
Tilyi(AB, )]ose STNCe+ Y Ti (CpAg+ ChlABy|) .
k=i

We obtain the announced result by observing that

i—1 N-1
I'; <exp E[LfAj + Lp|AB|] | <exp | LT + Ly, Z |AB;| | . (10)
=0 =0

O
Observe that unfortunately this a.s. upper bound explodes in probability as
N — oo because

N-1 N-1

) |2 |~ )
Zo |AB;| > (Zo |AB,| )/OSIJ%%Sl |AB;| T/OS%%(A |AB;j| — +00
= j=

in probability. On the other hand, it is valid in rather great generality under the
assumptions of our setting (f and h Lipschitz). Nevertheless, an easy improve-
ment can be obtained provided that f and h are uniformly bounded, avoiding the
exponential factor: Indeed, from we directly have

N-1

[9/(AB, oo < Ce + T floo + |hloc Y |AB] as.,

j=0

yielding another upper bound which still explodes as N — oo but at a slower rate.
Lastly, we know that supys; supg<;<y Elyi(AB, X;)|* < 400, see [BBMM13],

which shows the gap between a.s. and Lo estimates. This is a difficulty intrinsic to
the study of pathwise property of BDSDE: To our knowledge, having good pathwise
estimates is an open question.

3 Regression Monte-Carlo scheme

In this section, we design an algorithm to approximate conditional expectations
involved in (|5) using linear least squares methods (empirical regressions). We also

analyse its convergence.



Since we are to consider regressions conditionally to AB, it is clearer to write
(9, F,P) as a product space (Q2W x Q8B FAW @ FAB PAW @ PABY where FAW =
o(AW; : 0 < j < N—1)and FAB = ¢(AB; : 0 < j < N — 1), coherently with
the discrete BDSDE to solve. This is our convention from now on. Then the
conditional expectation w.r.t. F28 is denoted by Eap [.].

3.1 Preliminaries on Ordinary Least-Squares (OLS)

In the following, we recall the definition of the Least-Squares regression as stated
in [GT15b] and specialise it to our framework. The next general probability space
(Q x Q2B F @ FAB P @ PAB) (which will be larger than (Q, F,P)) is to account
for the extra simulations used in the regression Monte-Carlo algorithm.

Definition 1 Let n > 1. We consider the two probability spaces (SN) X QAB,]? ®
FAB P PAB) and (R™, B(R"),v). Let

o S be a FQFAB@B(R™)-measurable R-valued function such that S(&, AB,.) €
Ly(B(R™),v) for P@PAB-g.e. (1, AB) € Q® QAB,

e K be the linear vector subspace of Lo(B(R™),v) spanned by FAB @ B(R™)-
measurable R-valued functions {p’(AB,.),j > 1}.

The least squares approximation of S in the space I with respect to v is the P®
PAB @ v-a.e. unique and F @ FAP @ B(R™)-measurable function S* given by:

S*(w,AB,.) := arg1nf/|S @, AB,z) — ¢(z)*v(dx).
e
Then, we say that S* solves OLS(S, IC,v).
In the same manner let M := MAB be a positive integer-valued FAB -random vari-
AB
able and vy 1= MAB ZM dym) be a discrete probability measure on (R, B(R™)),
where 6, is the Dirac measure at x and (X Q) — R m > 1) is an infinite
sequence of i.i.d. random variables. For an F ® FAB @ B(R"™)-measurable real-
valued function S such that |S(@, AB, X" (@))| < +o0 for all m and P @ PAB-q.e.
(@, AB) € Qx QA8 the least squares approzimation of S in the space K with respect
to vy is the (PRPAB-qa.e.) unique, F @ FAB @ B(R™)-measurable function S* given
by
1 MAB
S*(@,AB,.) —argmf TAE > IS@, AB, XM @) — p(x™ @) (11)

m=1

Then, we say that S* solves OLS(S, KC, vyy).

Due to , the MDP equation is interpreted in terms of Definition |1 as follows:

10



For all i € {0,...,N — 1}, y;(AB,.) is the measurable function given by:
yi(AB,.) = solution of OLS <yi(AB, ), Ki, y) (12)

where v; :=Po (X;,..., X N)_l, K; is any dense subset in the real-valued functions
belonging to Lo(B(R%),Po (X;)~1) and

N-1
Vi(AB, zin) :=®(xn) + D <f(tk,93k,yk+1(AB,96‘1<:+1))Ak (13)
pa

+ h(tpt1, Trs1, Y1 (AB, $k+1))ABk>

with 2y = (24,...,2x) € ROV To make the algorithm implementable,
the infinite-dimensional space K; and the exact measure v; in are replaced
respectively by a finite-dimensional space and an empirical measure.

3.2 Notations and algorithm

The solution y;(AB,.) of will be approximated in a finite dimensional functional
linear space, defined hereafter. Because the algorithm and the regression analysis
are performed conditionally on AB, it is important that the number M of data to
be used and the functions space K depend on AB in Definitions [I] and [2] This is a
significant difference with [GT15b] where K and M are not stochastic.

Definition 2 (Finite dimensional approximation spaces) Foreachi € {0,..., N—
1}, the finite dimensional approzimation space IC%B (of cardinality KQZB which is a
finite FAB -random variable) is given by:

IC%? = span{pg(AB, D,i=1,... ,KQlB}

where for all j, the FAB @ B(RY)-measurable function pf cQAB @R — R satisfies
the condition Eap [[p{(AB,X,;)P} < 400.

The best approximation error of y;(AB,.) on the linear space IC%3 is given by
]
The computation of the OLS involves the law of X;, ..., X, which is replaced
by the empirical measure, defined as follows.

A = it Ban | [u(AB.X) - (X)

qbelce,ff

Definition 3 (Simulations and empirical measure) For any i € {0,...,N —
1}, let MZAB beE| the number of Monte-Carlo simulations used for the regression at

'MAE may depend on AB to allow an optimal tuning of parameters as a function of AB, see
Corollary To avoid overfitting, we assume w.lo.g. MAE > K}é’?.

11



time t;: namely, we sample independent copies of X;.n = (Xj,...,Xn), that we
denote by

C; = {ngzzgfm),m > 1}
and that we call cloud of simulations at time t;. For the algorithm we will use only
the first MiAB simulations of C;, however for the sake of clarity in the analysis error
it 1s more convenient to write C; with an infinite sequence.

In addition, we assume that the clouds {C;;i =0,...,N — 1} are sampled inde-
pendently. The random variables (XZ( ™). <i < Nf 1,m > 1) are supported by a
probability space (Q(M),]:(M), JP’(M)) and we define the empirical probability measure
associated to the cloud C;:

1 MED
ViM ‘= W Z 5(Xi(i,m)’.”7XI(\7;,m)).

The La-norm w.r.t vy will be denoted as usually as |.|y, ,, (and |.|, for another
measure v).

Then, the full probability space used to analyse the following algorithm is
(Q,F,P)=(Q,F,P)® (Q(M),}'(M),IF’(M)). Within this extended probability space,
we keep the same notation for probability and expectation, whenever unambiguous,
for the sake of simplicity.
The algorithm is defined as follows.
Algorithm 1 (Least-Squares MDP (LSMDP) Algorithm) We define yi(M)(AB, ),
for all i, by a backward induction. We start with

M
N (AB,.) = ()
and fori =N —1,...,0, we define

wz(M)(AB, .) as the solution of OLS <y(M)(AB ), Kﬁ?, ui7M> (14)
where for any xin = (z;,...,zy) € (RHN=HL we set
VM(AB, in) :=®(xy) + Z < tkaxkayk_t,_l)(AB Tht1)) Ay (15)

+ h(tes1, Try, y;i]\fl)(AR $k+1))ABk> :

After that, we set
uM @B, = [ @B, (16)

where [.]; is the soft thresholding operator defined by
)i = —C2Pvyncp?, (17)
CyAB being the bound computed in Proposition . Any other (and better) upper bound

on |yi(AB, )| could advantageously replace C’yAB.

12



The further statements Will be made in terms of the squared approximation error
of y; in the linear space IC Wlth respect to the empirical measure v; ps, defined by

inf |y (AB,.) - ¢>2 ] (18)

EICY Vi, M

AB)Y
M = Eap

A simple argument based on the inversion of Eap and inf and on the independence
between simulations (X', m > 1) and AB yields the following bound.

Lemma 3 For all i€ {0,...,N — 1}, we have

ABY _ _ABY
TaM =Tis -

3.3 Main result: non-asymptotic error estimates for the regression
scheme

The following theorem gives the conditional regression error of Algorithm [I] for
approximating solutions of : It is measured in terms of

Y,AB
771M = \/EAB[

UZ’AB = \/EAB [

Actually by using uniform concentration-of-measure estimates, we can switch from

w(AB,) -y ™ aB, )| ] (19)

Vi M

yi(AB, X;) — " (AB, X;)

2] . (20)

one error to the other, up to a small error term; see later Proposition [4]in our specific
setting or more generally Proposition

Theorem 2 Under Assumptions (H1-H2), for any i € {0,..., N — 1} we have

N-2
marl <0+ V2exp (V2LyT + V2L, Z |ABy|) > (LyAg + L|ABg|)6kt1,
k=1
(21)
where for all k in {0,...,N — 1}
ABY card (K F)\ 5
(5k = (leM) + <]\4,?B> O’yk(AB)
N-2 AB
card(K + 1) log(3M
+V2028C5F YT (LyAj + Ly | AB)) (eard( Y”l])wAB) ( J“), (22)
=k Jj+1
with
N-1
0y, (AB) := C¢ + T(LyC3P + Cp) + (L, C3P + Cn) > |AB;]. (23)

)
=

J
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Theorem [2] gives explicit non asymptotic error estimates for the algorithm, since
the constants of the error upper bound depend explicitly on the time grid = and on
the path (ABg)o<k<n—1. Asin [GT15b], it allows an easy tuning of the convergence
parameters IC%;B and MZ-AB to obtain an a.s. convergence given the external noise B
as in the spirit of SPDEs. The subsequent convergence result (Corollary [1)) is made
possible owing to the Lipschitz regularity of the unknown solution = — y;(AB, ),

which is stated as follows.

Proposition 3 Under Assumptions (H1-H2), for any z,2’ € R? and iy €
{0,...,N — 1} we have

[¥io(AB, z) — yio(AB, )| < Cffjla — | (24)
N1 N—-1
where Cg = Cgge™™ 2= 8Pl (Le 4 LT+ 1, |AB)).
=0

Proof. Set leio,z = x for i < iy and let (X-io’m)izio be the Euler scheme start-

(2

ing from x at time ig. We apply Proposition |1| by setting Y1; := y(AB, Xiio’w)
(with & = ®(XY°), fii() = f(t uXZ” Dy hrita(l) = h( i+1, X;%7,.)) and
Yo, = yl(AB X)) (with & = ®(Xy X0 ) f2,i() == f(ti, X ’0’ ,.) and hgit1(.) =

h(t ZH,XZj’rf ,.)). With Assumption (H2), we get

Llyi(ABX[ ") = yi(AB, X[)| < Ty LeE; || X" — X0
N—-1 ' '
+ 20 T (B X0 - X | A L I} - X 1B )
k=i

Using and taking ¢ = ig in the above inequality, we get

(DB, ) — yip(AB.a)| < M TR IS (L [l - X
N-1

+ Y {LsE; [|X;i°’x - X" |} Ap + LpEq “X/@Ll - X% |} ]ABH}).
k=ig

Since the coefficients b and o are globally Lipschitz, there exists a non negative
constant C such that

sup E; [yx"w - Xio’x’y} < Cpglz — 2/|. (25)
10<k<N ' y y
By the last estimation, we conclude immediately. O
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3.4 Convergence of the algorithm and complexity

We are now in a position to study in details the convergence of the Algorithm
by choosing appropriately the approximation space IC}A/;3 and the number of simu-
lations MZ-AB. We are to handle the analysis conditionally to AB. To simplify the
presentation, A; = Cst = T/N and IC)A,f will not depend on 4; nevertheless less
restrictive investigations are possible in light of the general estimates of Theorem

Approximation spaces. Since the unknown function y;(AB, .) is Lipschitz (Propo-
sition , it is enough to consider piecewise approximations. Let D®F be a large
hypercube of R¢ centered on Xy = z, that is DAF = szl(.%'k — HAB 1, + HAB)
for some parameter HAB large enough. Then, D?F can be partitioned in a finite

AB AB :
number of small hypercubes C7 . of edge p=7 > 0 i.e.

yeeesdd

DAB _ U CAB

J1yeeesdd
Jisendd
where p
ChE =TTk — HAZ 4 Gsp™P g — HAP 4 (i +1)p2 7]
k=1
and jr € {0,..., QpIiiA; — 1}. To simplify the exposition we neglect the rounding

effect by assuming QfAABB is integer. The number of hypercubes is (2H2B /pAB)d,
which equals card(lCﬁ? ) since on each hypercube, the approximation is piecewise
constant.

Recall that under (H1), X; has finite moments at any order, i.e. for any ¢ > 0

sup E[|X; —z|L] <C, 26
JSup [l %] < Co.@9) (26)

for a constant independent of N. With Proposition [3| at hand, we easily upper
bound the squared approximation error as follows:

2
TIA,i{BMY < TlA,iB’Y = ¢€i’Ié£B EAB |: yl(AB, Xz) — (;S(Xl) :|
Y,i
2
< Ean { yi(AB, X;) I{XigDAB}:|
2
+ Z Eap [yi(AB’Xi) - yi(AB’xj17~--,jd) 1{X¢€C].A13mdd}]
j17"'7jd

: AB
in the hypercube Cj-

for an arbitrary point x;, . ; 7

d

< (CyAB)2CZ’(HAB)—2 + (CpAB)2

15



using the Markov inequality with ¢ = 2 for the first term and the Lipschitz property
of y;(AB,.) for the second. To get a squared approximation error TIA iBA’/[Y of order
N~! (in coherence with Theorem , it is enough to choose

1
B _ ~nAB,/ AB _
iCy N7 p 7C’T.
(24)

. . . . _Y,AB _. .
However, this is not sufficient to contrlbu‘ce in n; 3, with an error of magnitude

N~Y2 pecause of the summation over k in . An appropriate choice is

HABzeczsz—01|ABk|N3/27 pA _ czk \ABk|N 3/2

For ¢ large enough (and explicit w.r.t. model data), this shows that the TlA ,f 1\}/

errors contribute in an@B as CN~1/2 for a deterministic constant C. With the

above choice, we have

card(lcﬁ?) = (2¢*¢ PP IABk\Ng)d'

Number of simulations. A careful analysis of the upper bound shows that

N-1
MAB .= N34+5 exp (a > yABk\> (27)
k=0

for ¢’ large enough implies

log(N
77 <C. M, a.s, (28)

for some deterministic constant C > 0. We have proved the first part of the
following result.

Corollary 1 (Convergence of the algorithm) For the uniform time grid with
N time steps and for a.s. any discrete path (ABy)o<k<n—1, the empirical regres-
ston algorithm with appropriate choices of IC%E and MkAB yields an error in Lo

conditionally to AB bounded by C’.\/ M where C’. s deterministic.

N— 1MAB

Furthemore, the complexity of the algomthm isC~ N~ up to a de-

terministic constant. Thus,

e conditionally on AB, the complexity is of order

C = O(N3d+7);

e in expectation, the complexity is of order
E[C] ~ eN3H T exp(éV/N)

for some ¢ > 0.

16



It remains to justify the second part regarding the complexity C. The latter is
directly evaluated by counting the elementary operations as in [GT15b]. Then, its
evaluation conditionally and unconditionally on AB are easily obtained in view of
2.

As for simple BSDEs, the curse of dimensionality occurs. But here, the effect of
external Brownian motion is seemingly much more determinant, it is responsible for
the factors exp (c’ S \ABH) and exp(év/N). In other words, the convergence
holds, but in average at a logarithmic speed w.r.t. the accuracy. In a pathwise
sense, the approximation may be more or less accurate depending on the realization
of AB, which is intuitively meaningful.

3.5 Proof of Theorem 2]
The following proposition is useful to interchange the errors and .

Proposition 4 For alli € {0,...,N — 1}, we have

2 2 2028 (card(K3P) + 1) log(3MAB)
(nZY,AB> <9 (”Z}\?B) n (CyAB)Q ,]zwAB i)
i

Proof. Letie€ {0,...,N —1}. Write

27 2
Ens [ y(AB, X)) — ™8, x)[ ] < 2Eag [ y(AB,) — y™(AB,.) }
J Vi, M
2
4Eng [(E[ yi(AB, X;) — yi(M)(AB,Xi)’ | AB,{Cp: k > i}}
2
~2fu(an,) -y @Bl ) |,
vim/ +

and apply Proposition |5, with p =2, A = CyAB (owing to Proposition , K= Kﬁf,
M = MAB. O

To prove Theorem [2| we need few extra notations.

1. We define the following o-fields G := ./_"AB\/O'(CZ‘_H, ...,Cn—1) and Qf’le =
g;vU(XZ.(’Vm) m > 1) foralli=0,...,N —1.

2. We define
¥i(AB,.) as the solution of OLS (yi(AB, ), Kﬁf, ui,M>,

for all ¢ = 0,..., N — 1. This is the OLS solution when the functions f and
h are computed with the right solution, as opposed to the definition of
vM(AB, ).

i
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We now turn to the proof of Theorem [2] In view of Proposition [2] and the
definition of the thresholding operator [.]; which is 1-Lipschitz, we have

7= fesnl[puam] - ]

(A
2
< EAB[ ]
Vi M

Then, inserting the gii’l:M-conditional expectations Eg;,l;M [W(AB,.)} and

Eg@lzm [wi(M)(AB , )} and using the triangle inequality, we get

m-Y’AB < \/EAB[

: \/EAB [Bgsaarlvi™ (a8, )] —* (a8, )

yi(AB,.) — " (AB, )

i

2
Y(AB,.) ~ Egira [:(AB, )|

Vi,]\{i|

(29)

2 i|
Vi, M

2 }
Vi, M

+ \/IEJAB HEQZ,LM [wi(AB, ) — M (AB, .)}

We separately deal with each term of the previous inequality.

2
B AB,.) ~ Egoiu [i(AB, )|

min{1,..., MAB}, Egin {%(AB, X»(i’m))} = yi(AB, Xi(i’m)). It follows from

a) Term , /Eap [ } in (29). We note that for all

Vi, M
P .. , ‘ A AB

roposition @(m) that E i [wz(AB, )} solves OLS (yZ(AB, ), Ky ,1/27M>,
that is '

2
AB)Y
| =5 (30)
Vi, M

EAB[

Y AB,.) — Egurr [@bi(AB, .)}

where TlAZ-BMY is defined in (18)).

b) Term \/EAB HEQ;,LA{ I:’IIZ)Z(M)(AB, Il = wZ(M)(AB, ) 2

Vi, M

are computed only using the clouds {Cy, k > i + 1}. Thus, we obtain by Propo-

sition [6} (iv)

2 card(K9P)
} : MAE

[P (AB, )]

w"(AB,) - B, o3, (AB), (31)

EAB[

Vi, M

where O'%;Z_(AB) is a F2B-measurable random variable bounding the condi-
tional variance Var(yl.(M)(AB,Xi:N) | AB,o(Cit1,...,Cn-1),X; = x;) uni-

formly in x;. A simple bound of the latter is sup,, D)i(M)(AB, z4.n)|? which

18

] in (29). The terms yi(M)(AB,.)



we now make explicit: starting from the definition (15)), since yZ(M)(AB, .) is

bounded by CyAB (see and (17)) and in view of the Assumption (H2),
we easily derive than we can take oy, (AB) as defined in (23).

c) Term ,/Eap HEQE’LM [%(AB, )= U)l(M)(ABa -)} i

| in @

We set EM(AB, ;) = E {yi(AB, Xin) = VM(AB, Xin) | Xi = 2, g;] As

YVi(AB, X;.n) — yi(M)(AB, Xi.n) are computed only with the clouds {Cg, k >
i+ 1}, we have for all m

Vi, M

7,m M i,m i,m
Egj’lﬁM [yi(AB’Xi(:N )) - yi( )(ABsz‘(:N ))] = 5%(AB,X( ))-

1

i
OLS (8%(AB,.),K%?,V¢7M>. Using Proposition @(ii) (the norm stability
property of the OLS operator), we get

2 2

) ]

2}
where we use at the last equality the independence (conditionally on F25)

between clouds of simulations. Using the triangle inequality on the conditional
Lo-norm and the definitions of and , we get

|

Thus, by Proposition @(i—iii), Eg?,l:lw [wi(AB, ) - w(M)(AB, )} solves

Eap HEQ?LM [a/)i(AR )= wa)(AB, -)}

IN

Eap Hg%(AB, )

Eap [\5%@3,&)

\/EAB [‘5%-(AB,X1‘)

N—-2 v 9
<3 (Lt Lh\ABkD\/EAB [a(AB,Xu) ~ 2B, X |
k=i

To summarise, by plugging the last estimation and the estimations and in
the inequality , we have

N—-2
(LyAy + Lo AB A",
k=1

1 AB 1

Y,AB ABY)\ 2 Card(lcy,-) 2
v = (Tl,i,M> + <7MA31 ) oy, (AB) +
A

Thanks to Proposition 4} the above conditional Lo-norms nZﬁB can be expressed

. Y,AB
in terms of 7,}5 ", namely

2028(card(KH7, 1) + 1) log(3M25)

k+1
AB
Mk+1

Y.AB Y.AB AB
M < V2.5 +Cy
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Therefore, we have proved

N—-2
773/]@3 < d; + Z \[ LfAk +Lh|ABkDT]k+1 Mo (32)
k=i

where ¢; is defined in . By setting C;11 := \@(LfAi + L,|AB;)), writes
under the form

N-1

Y,AB Y,AB

i M <4+ Z Cknk:M ) (33)
k=it1

i.e. , the error nf}@B is bounded by a local error term 9; and the sum of the errors

77:’]@3 arising before the steps k& > ¢. This inequality is a discrete Gronwall type
inequality, which leads to the following upper bound for all 7 in {0,..., N — 1}

N-1
mar <0+ Y TirCidy, (34)
k=i+1
where
N—-1
[T a+cp<exp (ﬂLfiH V2L, Y yABk|>, for i +1 <k,
L = i<j<k k=i

1, otherwise.
(35)

The proof of is postponed to Appendix while the proof of the upper bound
in can be undertaken similarly to . Making explicit the terms in readily
leads to , we are done. ]

4 Numerical tests

In this section, we aim to test the algorithm on an example where we know the
exact solution. In any case, since the solution is random (through B), checking the
accuracy is challenging and our theoretical results of Theorem [2| are useful to assert
the convergence in general.
We take a linear BDSDE of the form
{ dX; = Xy (udt + odWy),  Xo =z,
(b(l') given, f(y) = aoy, h(y) = b0y7

which is written in a one-dimensional setting (d = [ = 1). From [PP94, Remark
3.4], we know that the solution is given by

}/tescact —F |:¢(XT) ao(T—t)+bo(Br—Bt)— T t) ’FO]
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=E[®(X7) | X{] 00 (T—t)+bo (Br—Bt)—5b3(T—t)

To allow an explicit computation of the above expectation, we take ®(x) = —z+ K.
The parameters are set to K = 115, z = 100, o = 0.05, ¢ = 0.2, T = 0.25,
apg = bo = 0.5.

The domain of resolution is DAE = [60,200]. We use piecewise approximations
on hypercubes as explained in Subsection Below we report the values of the
error y(()M)(AB ,x) — Y at time ¢ = 0 and additionally, we provide the standard
deviation o™ of y(()M)(AB ,x) (conditionally to AB) by performing 50 independent
macro-runs of the empirical regression algorithms (with the same B). The value
ﬂ(()M)(AB ,x) stands for the mean over the macro-runs.

The following tables present the results for different choices of p~F and MiAB.

) . _(M) AB _Yexact
The relative error is |2 ( Yoe;?ct 0 .

Let N = 20: a first simulation of B gives Y{***" = 13.724. Then, by taking

pAB =1, we obtain

MAB gj(()M) (AB,z)(cM) | relative error
100 13.910(1.178) 1.3%
1000 13.792(0.309) 0.4%
5000 13.847(0.117) 0.8%
Now take N = 30 and another simulation of B yields Y*** = 14.115. By setting

p~B = 0.5 we obtain the following results.

MAB géM) (AB,z)(c™) | relative error
100 14.246(1.045) 0.9%
1000 | 14.195(0.337) 0.5%
5000 | 14.236(0.129) 0.8%

As predicted by our convergence analysis, we observe an improvement of accuracy
when p28 — 0 and MiAB — 400. Additional numerical experiments are available
in [Bacl4], also including z in the driver.

A Appendix

A.1 Concentration-of-measure inequalities

We state an upper bound result, for a sample deviation, uniformly on the function
spaces.

Proposition 5 Let n > 1, p > 1 and K be a finite dimensional vector space of
measurable functions from R™ to R. Let A\ € (0,400) be a threshold, ¥ a measurable
function from R™ to [—\, \] and set

Kx=A{lmo() =90 6() € K},
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where Tx¢(.) := =AV ¢(.) AX. Then, for any M > 1 and any XD, ... XM 4.
random variables distributed as a R™-valued random variable X, we have

E ( sup (/n g(z)Po X' (dx) — % f: g(x(m)))+>

9gERN m=1
(card(K) 4 1) log(3M)
i :

Proof. Apply |[GT15b, Proposition 4.9] with 1(x) = (Jz| A 2X)P which is Lipschitz
continuous with Lipschitz constant equal to p(2X)P~1L. O

< 507p2P~ AP

A.2 OLS: deterministic and probabilistic properties

For the sake of completeness, we recall a result proved in [GT15bl, Proposition 4.12],
gathering the important properties of the least-squares operator, and adapted to
our setting.

Proposition 6 Assume the notation of Definition[1] with a finite dimensional vector
subspace IC and consider the second case with discrete probability measure vas. Let
S* solve OLS(S, KC,vpr), according to . The following properties are satisfied.

7) LINEARITY: The mapping S — S™* is linear.
(i) pping

(11) EMPIRICAL L9-NORM STABILITY: |S*(0,AB,.)|,,, <|S(w,AB,.)

‘VIM ’V]W ‘

(77i) CONDITIONAL EXPECTATION SOLUTION: Assume additionally that Q is a o-
field such that {p?(AB, X)), j > 1,m > 1} is FAB v Q-measurable. Setting
So(AB,xX(M) = E [S(w,AB, xm)y | FAB v Q| for each m € {1,..., MAB},
then E [S* | FAB v Q] solves OLS(Sg, K, var).

(tv) BOUNDED CONDITIONAL VARIANCE: Suppose first that S(w, AB x) is G ®
FAB @ B(R™)- measurable for a o-field G C F independent of o(X(™ m > 1),
second that there exists a Borel measurable function k : R — E, for some Eu-
clidean space E, such that the random variables {p’(AB, X)) m > 1,7 > 1}
are FAB v H-measurable with H = a(/{(X(m)),m > 1), and third that there
exists a finite FAB-random variable ((AB) > 0 that uniformly bounds the
conditional variances

Var(S(@,AB, X)) | FABVGVH) < ((AB) PP*P —as.
for all m > 1. Then

card(K)
M

E[|5*() —E[S*()F2BVGVHZ, | FABVGV H] < C(AB).
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A.3 Proof of inequality (34)

The proof is made by backward induction on ¢ € {0,..., N —1}.

e For i = N — 1, by inequality (33)) we check that n]}\/,A{B v < 0n—1. Thus the

estimation holds.

e Now, let ¢ € {0,..., N — 1}, assume that is true for {i,...,N — 1} and
let us prove that it holds for {i — 1,..., N — 1}. Using and , we get
N-1

A A
Nt <0+ Y G

k=1
N-1 N-1

<d0j—1 + Z Ck (5k; + Z Fk,sCs5s)
k=1 s=k+1
N—1 s—1

=0;_ 1+ch5k+ Z ZCkaSC5

s=1+1 k=1

— i1+ Cidi + Z Ckék{lJrZCPsk}

k=i+1 =
Owing to Fz‘—l,k + Fi—l,kci—l = Fi—2,k and Fk—l,k =1, observe that

k—1
14 Clop =T 14,

s=1

and therefore
N-1

noth <01+ Cidi+ > Crokli1k.
k=i+1

Recalling that I';_1 ; = 1, we conclude that holds for 7 — 1.
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