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HOLDER CONTINUITY OF SOLUTIONS TO
QUASILINEAR HYPOELLIPTIC EQUATIONS

C. IMBERT & C. MOUHOT

ABSTRACT. We prove that L? weak solutions to a quasilinear hypoellip-
tic equations with rough coefficients are Holder continuous. The proof
relies on classical techniques developed by De Giorgi and Moser together
with the averaging lemma developped in kinetic theory. The latter tool
is used in the proof of the local gain of integrability of sub-solutions
and in the proof of an “hypoelliptic isoperimetric De Giorgi lemma”,
obtained by combining the classical isoperimetric inequality on the dif-
fusive variable with the structure of the integral curves of the first-order
part of the operator.
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1. INTRODUCTION

1.1. The question studied and its history. We consider the following
nonlinear kinetic Fokker-Planck equation

(1.1) Wf+v-Vof =pVy- (Vof+vf), t>0, 2T veR?
where d € N*, T? is the flat d-dimensional torus, f = f(t,z,v) > 0 and
plf] = Jga f(t,z,v)dv. The construction of global smooth solutions for
such a problem is one motivation for the present paper.

The linear kinetic Fokker-Planck equation d;f +v-V,f = V- (Vo f +vf)
is sometimes called the Kolmogorov-Fokker-Planck equation, as it was stud-
ied by Kolmogorov in the seminal paper [9], when = € R In this note,
Kolmogorov explicitely calculated the fundamental solution and deduced
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2 C. IMBERT & C. MOUHOT

regularisation in both variables x and v, even though the operator V,,-(V,+
v) — v - V, shows ellipticity in the v variable only. It inspired Hérmander
and his theory of hypoellipticity [8], where the regularisation is recovered by
more robust and more geometric commutator estimates (see also [13]).

Another question which has attracted a lot of attention in calculus of vari-
ations and partial differential equations along the 20th century is Hilbert’s
19th problem about the analytic regularity of solutions to certain integral
variational problems, when the quasilinear Euler-Lagrange equations satisfy
ellipticity conditions. Several previous results had established the analytic-
ity conditionally to some differentiability properties of the solution, but the
full answer came with the landmark works of De Giorgi [2, 3] and Nash [11],
where they prove that any solution to these variational problems with square
integrable derivative is analytic. More precisely their key contribution is the
following': reformulate the quasilinear parabolic problem as

(1.2) Of =V (AW, t)Vyf), t>0, veR?

with f = f(v,t) > 0 and A = A(v,t) satisfies the ellipticity condition
0 < M < A < Al for two constants A, A > 0 but is, besides that, merely
measurable. Then the solution f is Holder continuous.

In view of the nonlinear (quasilinear) equation (1.1) it is natural to ask
whether a similar result as the one of De Giorgi-Nash holds for quasilinear
hypoelliptic equations. In order to avoid unnecessary generality we shall
focus on the following equation motivated by physics:

(1.3) Of+v-Vof =V, (Alz,t)V,f), te(0,7),(x,v) €,

where Q is an open set of R??, f = f(¢t,z,v) > 0 and the d x d symmetric
matrix A satisfies the ellipticity condition

(1.4) 0<A <A<AI

for two constants A, A but is, besides that, merely measurable. We want
to establish the Holder continuity of L? solutions to this problem. In order
to do so, we first prove that L? sub-solutions are locally bounded; we refer
to such a result as an L? — L™ estimate. We then prove that solutions are
Hoélder continuous by proving a lemma which is an hypoelliptic counterpart
to De Giorgi’s isoperimetric lemma. We denote by B;(xo) and B, (vg) the
usual Euclidian balls in z and v.

Theorem 1 (Holder continuity). Let f be a non-negative solution of (1.3)
in a cube Qo := Ba(vg) X Ba(xg) x (—1,0). Then f is a-Hélder continuous
with respect to (z,v,t) in Q1 = B1(vo) X Bi(xg) x (—=1/2,0) and

1 fllce@uy S 12 o)

for some a only depending on dimension and ellipticity constants.

lwe give the parabolic version due to Nash here.
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Remark 2. Cubes of general size are then obtained by scaling. Note also
that the equation is translation invariant in x but not in v which explains
why we keep track of the centers of the balls (we could however have reduced
to zg = 0 without loss of generality in the statement but preferred not to).

We make a rather strong assumption on A by assuming that it does not
depend on v. Indeed, in [12], the authors obtain an L? — L™ estimate with
completely different techniques and for A depending on v; however they
cannot reach the Holder continuity estimate in such a general setting. Our
techniques rely on averaging lemma [4, 5] in order to gain some regularity
H?, s > 0 small, in the space variable z from the natural H; estimate. We
emphasize that such H; estimates do not hold for sub-solutions. From this
Sobolev estimate, we can recover a gain of integrability for L? sub-solutions,
and we then prove the Holder continuity through a De Giorgi type argument
on the decrease of oscillation for solutions.

In [16] (see also [15, 17]), the authors get a Holder estimate for L? weak
solutions of so-called ultraparabolic equations, which include (1.3) with v-
depending A’s. Their proof relies on the construction of cut-off functions
and a particular form of weak Poincaré inequality satisfied by non-negative
weak sub-solutions. However, we were not able to check their proof entirely
and the meaning of the latter estimate is not clear to us. We hope that the
method presented in the present article, in a more restrictive setting, sheds
a new light on the regularizing effect for hypoelliptic equations with rough
coefficients and provide tools for further applications. With this respect, we
mention that we plan to use the main result of this paper in a future work
to study (1.1) thoroughly.

We finally mention that Golse and Vasseur told us that they proved in-
dependently a similar result [6], also assuming that A is independent of
.

1.2. Plan of the paper. In Section 2, we exhibit the scaling of the equa-
tion, introduce some notation and recall an averaging lemma. In Section 3,
we explain how to get a universal gain of integrability for non-negative L?
sub-solutions; we also explain how to get a gain of regularity for (signed)
L? solutions. Section 4 is dedicated to deriving a local upper bound of such
non-negative L? sub-solutions by using Moser iteration procedure. In the
final section 5, the Holder estimate is derived by proving a reduction of
oscillation lemma.

2. PRELIMINARIES

2.1. Scaling and neighbourhoods. The scaling

3

z,v,t) — (r— x,r_lv,r_2t
(

only changes A(z,t) into A(r~3z,r~2t) which still satisfies (1.4). We use it
to construct local neighborhoods around a point z := (z,v,t):

(2.1) Q... = B,s(z) x B.(v) x (t —r%t].
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2.2. Truncation. For zy = (xg,vg,%0) and 0 < R < S and 0 < r < s and
0<7T<o0< \/gT, we consider

X0 (2,0,1) = XR,s (¢ — 20)Xr,s(v — v0)8r,5(t — to)
where
o for 0 < a<b, Yap: R? = [0,1] is C°°, equals 1 in B, and 0 outside
By;
efor 0 <7 <o, 0, R— [0,1] is C®, equals 1 in [—7,0] and 0
outside [—a,0].
Lemma 3 (Truncation of sub-solutions). Given a cube Q, if f: @ — R
solves
(O +v-Vo)f <Vy- (AV,f)
and x: Q — R is smooth, non-negative and compactly supported in Q, then
f = fx satisfies
(B, +v- Vo) f < Vu(AV,f) + Vo (fT) + of
where
I'=2AV,x and «a=(0+v-Vz)x— Vu(AVyX).

Remark 4. The proof is a straightforward calculation. Note that we use
here the fact that A does not depend on v. This is the only moment in the
proof where it is used.

2.3. An averaging lemma. This result is a consequence of [1] for instance.

Lemma 5 (An averaging lemma). There exists n > 0 universal (n = % )
such that for all h € L? . satisfying

t,x,v

(O 4+v-Vu)h=V2H, +V, - H + Hy
where V?)Hg = 0y Oy, Héj with Hy, Hy, Héj € L?, the function

pottea) = [ hit.. )0 do
(for ¢ € C%(RY)) satisfies
Ioollzziy < Call ol ma { 73,1 7 (Wil + [ Holl + N+ [ el
where Cq only depends on dimension and Ry > 0 is such that supp ¢ C Bg,,.

3. LOCAL GAIN OF REGULARITY / INTEGRABILITY

We consider the equation (1.3) and we want to establish a local gain
of integrability in order to apply Moser’s iteration. Since we will need to
perform convex changes of unknown, it is crucial to obtain this gain on (non-
negative) sub-solutions. We will see that we can in fact also obtain a gain
of regularity for signed weak solutions.
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Theorem 6 (Gain of integrability for non-negative sub-solutions). Consider
two cubes Q1 CC Qq, both centered at (xq,vo,ty) € R2? x (0,400). There
exists ¢ > 2 (universal) such that for all non-negative L? sub-solution f of
(1.3) in Qo, we have

(3.1) 1 Loy < ClFllL200)
where and C' = CCOCOJ with

1 d d—1
Co = max {(Juol +r0)%, ([vol +10)%, (Joo] +70)F" }

1
Cop =[(ro—m) "+ (Ro—Ri) "+ (ro—r) 2+ (ro—r1)™")]?

where C = C(d,\,A\) depends on d and upper bounds on A and A\~', and
Q; = BRi(azo) X Bri(UO) X (tz' —Ti,ti], 1=0,1Tand0<rg<ry and0 < Ry <
R;.

Observe that the result extends to weak signed solutions f to (1.3) im-
mediately by observing that then fi = (|f| £ f)/2 are sub-solutions (1.3).
As a matter of fact, for weak signed solutions f, we can even get a gain

of regularity. This will be crucial in the proof of the decrease of oscillation
lemma.

Theorem 7 (Gain of regularity for signed solutions). Consider two cubes
Q1 CC Qo, both centered at (zo,vo,to) € R?? x (0,400). There exists s > 0
(universal) such that for all (signed) L? weak solution f of (1.3) in Qq, we
have

(32) 17150y < iz
where and C = C(d, \, A, Qp, Q1).

3.1. Gain of integrability with respect to x. In order to prove Theo-
rem 6, we first show how to improve the integrability with respect to the x
variable.

Lemma 8 (Gain of integrability w.r.t. x). Under the assumptions of The-
orem 0, there exists p > 2 such that

(3.3) £l 22220101y < CColro =) (1 Fll L2qo)

with Co = max {(|vo| + 7‘0)%, (lvo] + 7‘0)%} and C = C(d,\) depends on d
and an upper bound on A.

Remark 9. We can choose from the proof: p = (2d)/(d —2/7) > 2.

Proof. For i = 0,1, consider f; = fx; where x; are two truncation functions
that we previously introduced associated with parameters

(R17 R07 1,70, 71, TO)‘
In particular, y; equals 1 in Q; for i = 0,1. We know from Lemma 3 that

(B 4+v- Vo) fi < V- (AV,f1) + Vo (fol'1) + a1 (fo) in R x R
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't =2Vyx1.

The previous inequation holds true in R?? x (—oo; tg] since oy, 81,1 and f;

are supported in Qo := Qr,(20).
If g solves

(0 +v-Vai)g = Vu(AV, f1) + Vi (fol'1) + a1(fo)
g(x,v,to — 1) = fi(w,v,t0 — 11)

it {al = (0 +v- Va)x1 — Vu(AVix)

then the comparison principle implies that f; < g in R?? x [ty — 71, t0]. We
now write
Vo(AVyf1) + Vo(fol'1) + 1 (fo) = VoHsy + Vo - Hy + Hy
with
Hy = Af, Hy = fol'h, Hy = a1 fo.
We now apply the averaging lemma 5 with ¢(v) = Xy, .r, (v —vp) and use the
Sobolev inequality to get
Ifillzzers < lgllzzrery

= llpgllrzrz

< C(ro —71)Col foll2
where p = 2d/(d — 2n) > 2 and C = C(d,A) and Cy = max{(|vg| +
70)¥2, (|vo| 4 70)(@1/2}. The proof of Lemma 8 is now complete. O

In view of the previous proof, we notice that the following lemma also
holds:

Lemma 10 (Gain of regularity w.r.t. x). Under the assumptions of The-
orem 6, if f is a signed weak solution to (1.3) (instead of a non-negative
sub-solution), then there exists s > 0 such that

(3.4) 1D Fllz2(@ry < CColro — 1) 21 f [l 2(q0)
with Cy and C as above in Lemma 8.

Indeed, instead of applying Lemma 5, one should apply for instance [,
Theorem 1.3] with p=2,7r=0,8=1,m=2, k=1 and Q = 0. This gives
s=1/5.

3.2. Gain of integrability with respect to v and ¢t. The gain of integra-
bility with respect to v and ¢ is more classical. It derives from the natural
energy estimate, after truncation.

We follow here [10] in order to get the following lemma.

Lemma 11 (Gain of integrability w.r.t. v and t). Under the assumptions
of Theorem 0, the function f satisfies

£ 72r2 p2() < C| (0 =)™ + (Ro = Ra) ™" + (ro — 7’1)_2} 0 f?
0
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with ¢ = (2d)/(d — 2) > 2 and

11z 2220 < C[(To —71) "+ (Ro— Ri) ™" + (ro — 7“1)_2] 0 ?
0

with C' = C(A, d) X (|’U0| —l—’r'o).

Proof. Consider ¥ € C°(R?? x R) and integrate the inequation satisfied by
f against 2f U2 in R2? x [t1,to] with t; € [tg — 72, to] and get

Joirw s [v-vaw < [viav.ne

Add [ f 20,(W?), integrate by parts several times and use the upper bound
on A in order to get

/8t(f2\112) + /(Avvf Vo f)¥?
g/f2(6t+v-vm)(\1f2)+2/\P\/Zvvf-fx/ZVU\1/

< [P+ +5 [0 9.0 42 [ £V

We thus get

65) [oirw)+3 [19uP0 <0 (Wl +100anc) [ F

supp ¥
with C' = C(A,d) x (Jvo| + ro). Choose next W2 such that W?(ty) = 0 and
supp ¥? C Qo and get
2 52 A 22 2
[ v+ 19029 < 0 (100 +19000) [ 7
z,0 Qo
If U2 additionally satisfies U2 =1 in Q, we get
| vt < el — ) o R -] [
Q1 Qo
with C = C(d, A,A\™1) x (Jvg| + ). The Sobolev inequality then implies
11172222901 < C[(To —71) "+ (Ro = Ri) ™ + (o — 7’1)_2} o f?
0
with ¢ = (2d)/(d — 2) > 2.

If now 1 € [tg — r%, to] is arbitrary, we get the second estimate, that is

Hf”%foL%L%(Ql) < C[(To — 1)+ (Ro— R1) ™" + (ro — 7“1)_2] 0 f2 0
0
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3.3. Proof of Theorems 6 and 7.

Proof of Theorem 6. Combine Lemmas 8 and 11 and use interpolation to
get the result. O

Proof of Theorem 7. Combine Lemma 10 and (3.5), Aubin lemma and use
interpolation to get the result. O

4. LOCAL UPPER BOUNDS FOR NON-NEGATIVE SUB-SOLUTIONS

In this subsection, we iterate the local gain of integrability to prove that
non-negative L2 sub-solutions are in fact locally bounded (with an estimate).

Theorem 12 (Upper bounds for non-negative L? sub-solutions). Let f be
an non-negative L* sub-solution of

(8t + ’va)f < VU(AVUf) m Q()

for a given cube Qo = Bpr,(xo) X Byr,(v0) X (to — 70,t0]. Given another cube
Qoo = Br.. (20) X By (v0) X (to — Too, to] with Qoo CC Qo, we have

%pf < Clflle2qo

where C depends on dimension, ellipticity constants, p’, Qo and Q.
Proof. To do so, we first remark that, for all ¢ > 1, the function f9 satisfies
(0 +vVy) 1<V, - (AV,f9) in Q.

We now rewrite (3.1) from Q; C Qo to Qq+1 CC Qg as follows:

(4.1) ICF) 12200y < CantllFll72(0,)
where k = p/2 > 1 and

K

Cyr1 = Co(qg+1) [(Tq - 7'q—I—l)_l + (Rq — Rq—!—l)_l + (rq — 7”q+1)_4]

(with |ry — 7441] < 1) and Cj only depends on d, upper bounds on A, A\~!
and Qg.

Choose now ¢ = ¢, = 2x" for n € N, simply write Q,, for @4, and C,, for
C,,, and get from (4.1)

(42) ||f4n+1 H%Z(Qn+1) < Cn+1||fqn||%‘;(Qn)

Moreover, we choose

for some a, b, c > 0 so that

Cp, = Co(26™ 4 1)(dn® + en®)®  with { g: Z4+ b
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Applying iteratively (4.2), we get the result if
00 1
H O™ < 400
n=0

which indeed holds true. This achieves the proof in the case p’ = 2. O

5. THE DECREASE OF OSCILLATION LEMMA

It is classical that Holder continuity is a consequence of the decrease of
the oscillation of the solution “at unit scale”.

Lemma 13 (Decrease of oscillation). Let f be a solution of (1.3) in Q2 =
Bg(l‘o) X Bg(vo) X (—2,0) with |f| < 1. Then

oscg, f<2—A
2
with Q% = B%(JEQ) X B% (v0) X (—%,0) for some X € (0,2) only depending on
dimension and ellipticity constants.
This lemma is an immediate consequence of the following one.
Lemma 14 (Decrease of the supremum bound). Let f be a solution of (1.3)
in Qg with |f| < 1. If
1
{f =0}nai] 2 5l@1]
with Ql = Bl(l‘o) X Bl(vo) X (—1,0), then
supf<1—2X\

Q1
3

for some X\ € (0,2) only depending on dimension and ellipticity constants.

As explained in [14] for instance, this lemma itself is a consequence of
the following one. The details are given in Appendix for the reader’s conve-
nience.

Lemma 15 (A De Giorgi-type lemma). For all 5y > 0 and d, > 0, there
exists a > 0 such that for all solution f of (1.3) in Q2 with |f| <1 and
1
{f = §}QQ1‘ >0
Hf<0}NQ1| =62

we have )
Ho< f < 5}0621] > a.

Remark 16. It is important to emphasize that the lemma is stated for solu-
tions of (1.3), not sub-solutions.

Remark 17. The idea of proving such a generalization of the classical isoperi-
metric lemma of De Giorgi is reminiscent of an argument of Guo [7]. See
also [14].
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Proof. We argue by contradiction by assuming that there exists a sequence
fx of solutions of (1.3) such that |fx| <1 and

H{fr > %}QQHE&
Hfk <0} NQ1] > 02
\{0<fk<%}ﬂQ1]—>O as k = 400,

In view of Theorem 7, we can get that fi converges (up to a subsequence)
locally towards f in the strong Lixm-topology as k tends to +o0o. Remark
that f still satisfies (1.3) and |f| < 1. Moreover, the strong L? convergence
implies convergence in probability, in particular,

F25nQlz6
<01 Qil 25

o< f<gn@il=0

Consider now a smooth function 7; : [—1,1] — R such that T/(r) = € in
[-1,0] U [,1] and T:(0) = 0 and T.(3) = 3. Hence, f. = T.(f) satisfies
(1.3) in Q. Arguing as above, we can also prove that f. — f as e — 0 in
L?, f solves (1.3) and

0 at points where f <0
% at points where f > %

Fefog) and fz{

Moreover, the natural energy estimate for solutions of (1.3) implies that
fe L?ng Hence, by the classical de Giorgi isoperimetric inequality, for
almost every (t,z) € Bi(xg) x (—1,0), we have

either  for almost every v € By(vg), f(t,z,v) =0

or for almost every v € Bi(vg), f(t,x,v) =

DO =

In particular, V,f = 0 a.e. in @ (i.e. the solutions is everywhere a local
equilibrium in the terminology of kinetic theory) and consequently,

Flt,a,0) = Ft.2) € {0, 3}

- 1 o1
Hf = §}ﬂ(—1,0) X Bi| > E

{F =0} By x (-1.0)] > o5
| B
Yo € B1(0), Of+ (vo+v) -Viof=0 in By x (=1,0).
In particular, rewriting the equation for —wv, summing and using all v €
By(0), we get
Orf +v9-Vef =0,V f=0
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which, in turn, yields that f is constant (i.e. is a global equilibrium in the

terminology of kinetic theory), which contradicts the lower bounds on the

measure of the sets above. We thus get the desired contradiction. The proof

is complete. O
APPENDIX A. PROOF OF THE AVERAGING LEMMA

Proof of Lemma 5. The Laplace-Fourier transform of h with respect to time
and space:

- +oo .
h(T7 67 /U) = / / e_tTe_“).é-h(ta xa U) dt d.Z'
0 R4

satisfies . 3 . .
(1+i€-v)h=AyHy +V, - Hi + H.
The function
o= [ il g v)ote) o
can be split into two parts:
pp = Ro + R
with
R* = /E(T,g,v)(b(v)l/}a(T +i€-v)dv

R, = /ﬁ(T,g,v)(b(v)(l — Yo ) (T + 1€ - v) dv

with the truncation function ¢, (r) = ¥(r/a) with ¥ € C*(C,[0,1]), ¥ =1
outside D1, ¥ =0 in D%.

If (¢) denotes /1 + |£|?, then we first remark that for n > 0,

2
2n p2 2n B
[1eprzarac < [ 1 ( oo ¢) ar g
2n B2 201 !
S /|£| </ dv) </|T+i§-v’|§a¢ (U )dv) deg

< 6|2 RE! / Q€211 R (7. €, v) dr de du

where Ry > 0 is such that supp ¢ C Bg,.
Write next that

RO — /(Avﬁ2+vv’ﬁ1+ﬁo)w

, ¢(v) dv.
T+ v
It is convenient to write W, (r) = ¥(r/a) with W(r) = ¢(r)/r and
Jrae / (AyHy + V- Hy + Ho)Ua(r + i€ - 0)(v) do.

We can thus write
R* = RS — R + Ry
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with

R

1\3@

_I/HQA o7+ i€ - v)g(v)) dv
_oz_l/Hlv o(T 4+ i€ - v)¢(v)) dv
- _I/HO‘I’ (7 + i€ - 0)o(v) do

We now estimate successively Ry, R{ and R§

. In order to do so, remark
that for r > 5,

[Wa(r)]

W (r)]

@ (r)]

AR ZA

2
R Rl =

ry| < 190 [ i evla
o [v]<Ry
R <L (u<z>||oo'5' ; ||v¢uoo> [ imla
[v|<Rg
2 ~
Ry <t (u<z>||oo‘§’ V6l 4 ||A¢uoo> [ il
[v|<Ry
The previous inequalities imply
1 =
[ 1€P1BS P < ol Rs [ 1P Ho(r. g0 ar de do
2
JGRE R AT ('5' ) Ty (7, €, 0)]2 dr dé du
4 2
[reenirs? s ot 16 (K5 + B L) 1 0P aragan,
Choosing o = (¢)1727 and n = %, we get
/ €7\ Ra? S 116]2 B3 RE
/ EPMR < 613 RS (1Hol3 + | 3 + | Ha) -

Recalling that py = R, + R%, the two previous inequalities yield the desired
result for the Homogeneous Sobolev space. But estimating the L?-norm
yields a similar estimate. The proof is now complete. O
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APPENDIX B. GETTING LEMMA 14 FROM LEMMA 15
Proof of Lemma 1/. We follow the nice exposition of [14]. Let Cy be the

universal constant such that solutions f of (1.3) in Q9 satisfy

[ f+llLo@1) < Coll f+ll2@)-

1
2
We now define f; = f and fry1 = 2fx — 1. Remark that
{fi<0tNQi] >
{fre1 S0} D {fe <0}

with 01 = |Q1]/2 (remark it is universal). Our goal is to prove that there
exists kg universal such that

{fro 20 N[ <62

with dy = (4C3)~1 (remark it is universal). Indeed, this implies

=

2

(i) sl1(0,) < ol fuo)s iy < o l{fio 2 0} N Gul| " <

N | —

which, in turn, yields
f<1—27k=l 4y Q1.
Assume that for all k > 1,
{fe 20} N Q1| = 02.
Since fr11 = 2f; — 1, this also implies
ez 3}n @il 28,
But we also have

{fe <0}N@1] = {f <0tNQ:[ = 61
Hence Lemma 15 implies that
1
HOsfes5inQil 2
Now remark that

Q1 > [fin <0}NQI = 1 OIN QI+ {0 < fi < )N QA

> H{fe <0}NQ1|+a
> ko

which is impossible for k large enough. U
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