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HOLDER CONTINUITY OF SOLUTIONS TO HYPOELLIPTIC
EQUATIONS WITH BOUNDED MEASURABLE
COEFFICIENTS

C. IMBERT & C. MOUHOT

ABSTRACT. We prove that L? weak solutions to hypoelliptic equations with
bounded measurable coefficients are Holder continuous. The proof relies on
classical techniques developed by De Giorgi and Moser together with the aver-
aging lemma and regularity transfers developed in kinetic theory. The latter
tool is used repeatedly: first in the proof of the local gain of integrability of
sub-solutions; second in proving that the gradient with respect to the velocity
variable is leote; third, in the proof of an “hypoelliptic isoperimetric De Giorgi
lemma”. To get such a lemma, we develop a new method which combines the
classical isoperimetric inequality on the diffusive variable with the structure
of the integral curves of the first-order part of the operator. It also uses that

the gradient of solutions w.r.t. v is leots.
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1. INTRODUCTION

1.1. The question studied and its history. We consider the following non-
linear kinetic Fokker-Planck equation

(1.1) OWf+v-Vof =pVy-(Vof +0f), t>0, z€R veR?,
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(with or without periodicity conditions with respect to the space variable) where
deN*, f = f(t,z,v) > 0and p[f] = [ga f(t,x,v)dv. The construction of global
smooth solutions for such a problem is one motivation for the present paper.

The linear kinetic Fokker-Planck equation 0;f +v -V, f =V, - (V,f +vf) is
sometimes called the Kolmogorov-Fokker-Planck equation, as it was studied by
Kolmogorov in the seminal paper [11], when z € R?. In this note, Kolmogorov ex-
plicitely calculated the fundamental solution and deduced regularisation in both
variables z and v, even though the operator V- (V, +v)—v-V, shows ellipticity
in the v variable only. It inspired Hormander and his theory of hypoellipticity
[10], where the regularisation is recovered by more robust and more geometric
commutator estimates (see also [15]).

Another question which has attracted a lot of attention in calculus of varia-
tions and partial differential equations along the 20th century is Hilbert’s 19th
problem about the analytic regularity of solutions to certain integral variational
problems, when the quasilinear Euler-Lagrange equations satisfy ellipticity con-
ditions. Several previous results had established the analyticity conditionally to
some differentiability properties of the solution, but the full answer came with
the landmark works of De Giorgi [2, 3] and Nash [13], where they prove that
any solution to these variational problems with square integrable derivative is
analytic. More precisely their key contribution is the following': reformulate the
quasilinear parabolic problem as

(1.2) Of =V (AW, t)Vyf), t>0, veR?

with f = f(v,t) > 0 and A = A(v,t) satisfies the ellipticity condition 0 < AI <
A < AT for two constants A, A > 0 but is, besides that, merely measurable. Then
the solution f is Holder continuous.

In view of the nonlinear (quasilinear) equation (1.1) it is natural to ask whether
a similar result as the one of De Giorgi-Nash holds for quasilinear hypoelliptic
equations. More precisely, we consider the following Fokker-Planck equation

(1.3) hf+v-Vuf =V (A(z,0,t)V,f), te(0,T),(z,v) €,

where Q is an open set of R??, f = f(t,x,v) > 0 and the d x d symmetric matrix
A satisfies the ellipticity condition

(1.4) 0<A <A<AI

for two constants A, A but is, besides that, merely measurable. We want to
establish the Holder continuity of L? solutions to this problem. In order to do so,
we first prove that L? sub-solutions are locally bounded; we refer to such a result
as an L? — L™ estimate. We then prove that solutions are Holder continuous by
proving a lemma which is an hypoelliptic counterpart of De Giorgi’s isoperimetric
lemma.

lwe give the parabolic version due to Nash here.
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Given zy = (x9,v0,%0) € R2*1 Q = Q,(20) denotes a cylinder centered at z
of “radius” r: it is defined as Q = B,s(wg) X B,(vo) x (to — R?,to] where B, (z¢)
and B;(vg) denote the usual Euclidian balls in z and v.

Theorem 1 (Holder continuity). Let f be a solution of (1.3) in Qo = Q(z0, Ro)
and Q1 = Q(z0, R1) with Ry < Ry. Then f is a-Hélder continuous with respect
to (z,v,t) in Q1 and

[fllca@u) < Cllfllz2Qo)
for some « universal, i.e. « = a(d,\,A), and C = C(d,\, A, Qo,Q1).

In [14], the authors obtain an L? — L® estimate with completely different
techniques; however they cannot reach the Holder continuity estimate. Our tech-
niques rely on averaging lemmas [6, 7] in order to gain some regularity H, s > 0
small, in the space variable x from the natural H} estimate. We emphasize that
such H; estimates do not hold for sub-solutions. From this Sobolev estimate,
we can recover a gain of integrability for L? sub-solutions, and we then prove
the Holder continuity through a De Giorgi type argument on the decrease of
oscillation for solutions.

In [17, 18], the authors get a Holder estimate for L2 weak solutions of so-called
ultraparabolic equations, including (1.3). Their proof relies on the construction
of cut-off functions and a particular form of weak Poincaré inequality satisfied by
non-negative weak sub-solutions. Our paper proposes a new, short and simple
strategy, that, we hope, sheds new light on the regularizing effect for hypoelliptic
equations with bounded measurable coefficients and provide tools for further
applications.

We finally mention that Golse and Vasseur proved independently a similar
result [8].

1.2. Plan of the paper. In Section 2, we first explain how to get a universal
gain of regularity for (signed) L? solutions; we then exhibit a universal gain of
integrability for non-negative L? sub-solutions; we finally explain how to derive
from this gain of integrability a local upper bound of such non-negative L? sub-
solutions by using Moser iteration procedure. In Section 3, we prove that the
v-gradient of solutions is L%Ots. In Section 4, the Holder estimate is derived by
proving a reduction of oscillation lemma.

2. LOCAL GAIN OF REGULARITY / INTEGRABILITY

We consider the equation (1.3) and we want to establish a local gain of in-
tegrability of solutions in order to apply Moser’s iteration and get a local L*
bound. Since we will need to perform convex changes of unknown, it is necessary
to obtain this gain even for (non-negative) sub-solutions.

In the two following theorems, we consider cylinders with a scaling correspond-
ing to the hypoelliptic structure of the equation. For zo = (zo, vo,to) € R2d+1,

Qr(20) = Brs(z0) x Br(vo) x (to — R?, to).
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The next theorem is stated in cylinders centered at the origin.

Theorem 2 (Gain of integrability for non-negative sub-solutions). Consider two
cylinders Q1 = Qr,(0) and Qo = Qr,(0) with Ry < Ry. There exists q¢ > 2
(universal) such that for all non-negative L? sub-solution f of (1.3) in Qo, we
have

(2.1) 11l La@r) < Clf L2

where

_ 1 Ry 1
c=cC < + + >
. Ri—Ri  Rj—R{  (Ro—Ri)?
and C' = C(d,\, ).
This result is a consequence of the comparison principle and the fact that,
for weak signed solutions f, we can even get a gain of regularity. This gain of
regularity will be important in the proof of the decrease of oscillation lemma to

get compactness of sequences of equi-bounded solutions. This is the reason why
it is necessary to state it in cylinders not necessarily centered at the origin.

Theorem 3 (Gain of regularity for signed solutions). Consider zy € R and
two cylinders Q1 = Qr,(20) and Qo = Qr,(20) with Ry < Ry. There exists s > 0
(universal) such that for all (signed) L? weak solution f of (1.3) in Qq, we have

(22) 1715, 0y < iz
where and C = C(d,\, A, Qo, Q1).

2.1. Gain of integrability with respect to v and ¢t. The gain of integrability
with respect to v and t is classical. It derives from the natural energy estimate,
after truncation.

We follow here [12] in order to get the following lemma.

Lemma 4 (Gain of integrability w.r.t. v and t¢). Under the assumptions of
Theorem 2, the function f satisfies

(2.3) / vopsef

19122000 <C [ £
Qo

2
1722y <C [ F°
Qo

for some ¢ > 2 and C = C <R3iR% + Rg}ioRf + (Ro—1R1)2) and C = C(d,\,\).

Proof. Consider ¥ € C®(R?! x R) and integrate the inequation satisfied by f
against 2fW? in R?? x [t;,0] = R with t; € (—R?,0] and get

/8t(f2)\112+/ v Vo (f2) 02 gz/ Vo(AV, f) fU2,
R R R
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Add fR f20,(¥?), integrate by parts several times and use the upper bound on
A in order to get

| o ¥ 2 [ (av.s- V.
R R
g/ f2(8t+v~Vx)(\I/2)+2/ UVAV,f- fVAV, U
R R

2 . 2 . 2 2 .
S/Rf (O +v - V) (¥ )+/R(Avvf Vo, f)¥ +/Rf (AV, ¥ -V, ¥).
We thus get

/ Oh(f212) 1 A / IV, P
R R

< (Jo¥l + RV IV FIL) [ p
supp

with C = C(A,d). Choose next ¥? such that ¥(t = 0) = 0 and supp¥ C Qo
and get

P21 + A / V202 < CCos / 1.
x,v Qo

If U2 additionally satisfies U2 = 1 in Q1, we get (2.3). The Sobolev inequality
then implies the estimate for ||f||%%L2Lg(Q1). If now t1 € [to — 7%, t0] is arbitrary,

we get the estimate for || f H%?o 1212(Q,)- Lhe proof is now complete. O
2.2. Gain of regularity with respect to x for signed weak solutions.

Lemma 5 (Gain of regularity w.r.t. ). Under the assumptions of Theorem 2,
if f is a signed weak solution to (1.3),

(2.4) Dy

L2y = ClliA Nl 2o

with C = C <R§iR% + RgliORﬁ’ + (Ro—1R1)2) and C = C(d,\,\). In the case ¢ > 1
with Q7 instead of QQ1, we have

25) |2224],,10,, = CNV e

L1(Q;
with C' = C(d, )\7 A, Q07 Ql)

Proof. Let R1 = m and Q1 = Qr, . In particular,
2 b

Q@1 C Q1 C Qo

For ¢ = 1, %, consider f; = fx; where x1 and x 1 are two truncation functions
such that

1
2

x1=1in @7 and x; =0 outside Q1
2
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=1in@Q: and x:1 =0 outside Q.
2 2

We get

(O +v-Va)fi = V- Hy + Hy in R* x (—00;0]

Hy = XlAvvf%
with HO = —val . Ava% + Oélf%
a; = (0 +v-Vy)xi.

The previous equation holds true in R2¢ x (—o0; 0] since f1, Hyp and H; are
supported in Qp. We remark that using (2.3),

[Holl2 + [ Hillz2 < Cllfll22(qo)

with C as in the statement. Applying [1, Theorem 1.3] withp =2, r =0, 8 =1,
m =1,k =1and Q = 0 yields (2.4). To get (2.5), we simply use a cut-off
function such that ay = 0 and we apply [1, Theorem 1.3] with p = ¢, r = 0,
=1, m=1,k=1and Q =0. The proof is now complete. O

2.3. Gain of integrability with respect to = for non-negative sub-solutions.

Lemma 6 (Gain of integrability w.r.t. ). Under the assumptions of Theorem 2,
there exists p > 2 such that

(2.6) £ 2222300y < ClFN L2

with C = C (ke + ko + 7 ) and C = C(d ), A).

Proof. We follow the reasoning of Lemma 5. The function f; now satisfies the
following inequation

(0 +v-Vo)fi <V, H 4+ Hyin R* x R.

If ¢ solves

(O +v-Vi)g=V,-H + Hy
g(w,v, _R%) = fl(:EvU) _R%)

then the comparison principle implies that f; < ¢ in R2¢ x [—R%, 0]. Applying
Lemma 5 and Sobolev inequality, we get

Iillzzzeny < lgllzzzzny < CCoullfoll

(where p = 2d/(d — 2/3) > 2) which yields the desired estimate. O
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2.4. Proof of Theorems 2 and 3.

Proof of Theorem 2. Combine Lemmas 4 and 6, use interpolation to get the re-
sult through a covering argument. O

Proof of Theorem 3. We first prove the result when cylinders are centered at the
origin. In this case, it is enough to combine Lemmas 4 and 5, Aubin’s lemma
and use interpolation to get the result.

For cylinders that are not centered at the origin, we use slanted cylinders of
the form:

Qr(z0) = {(z,v,t) : |z — zg — (t — to)vo| < R>,|v —vo| < R,t € (to — R%,to]}.

Now we cover Qg and ()1 with such slanted cylinders, we get the gain of regularity
(whose exponent remains universal) and we get the desired result. O

2.5. Local upper bounds for non-negative sub-solutions. In this subsec-
tion, we iterate the local gain of integrability to prove that non-negative L?
sub-solutions are in fact locally bounded (with an estimate).

Theorem 7 (Upper bounds for non-negative L? sub-solutions). Given two cylin-
ders Qo = Qr,(20) and Qs = Qr..(20), let f be a non-negative L? sub-solution
of

(E?t + va)f < VU(AVUf) m Q().
Then

?pf < Clfllz2qo

for some C = C(d,\, A, Qo, Qo).

Proof. We first prove the result for cylinders centered at the origin. To do so, we
first remark that, for all ¢ > 1, the function f9 satisfies

(E?t + va)fq < VU . (Avqu) in Q().

We now rewrite (2.1) from Q, = Qr,(20) to Qq+1 With Ryy1 < Ry as follows:

2.7) 1D 720y < CorlF T30,

where k = p/2 > 1 and

K

1 R

+ !
2 3
RZ-R2,,  R3-R3,

Ci1=C +

(Rq — Rq+1)2

with C' = C(d, \, A).
Choose now q = g, = 2" for n € N, simply write @,, for @, and C,, for Cy,
and get from (2.7)

(2.8) ||fq"“\|%z(QnH) < C'n+1||fqn||2L§(Qn)‘
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Moreover, we choose

1
Rpys1 = Ry — ———
i a(n +1)2

for some a > 0 so that
Cy ~ C(a*n* + bn?)~

with b = 6}5%‘;. Applying iteratively (2.8), we get the result if

400 1
H 2" < 400
n=0
which indeed holds true. This yields the desired result in the case of cylinders
centered at the origin.
For cylinders that are not centered at the origin, we argue as in the proof of
Theorem 3. The proof is now complete. O

3. GAIN OF INTEGRABILITY FOR THE GRADIENT W.R.T. THE VELOCITY
VARIABLE

This subsection is devoted to the proof of the following theorem.

Theorem 8 (Gain of integrability for V,f). Let f be a solution of (1.3) in
some cylinder Qo = Qr,(20). There exists a universal € > 0 such that for all
Qi = Qr,(20), i = 1,2 with Ry < Ry < Ry, Vof € L*7(Q2)

24

2te 2 2
(3.1) /Q2 Vo fl"dz < C </Ql Vo fl dz>
with C' = C(d7 )‘7A7 Q27 Q17 QO)

The proof follows along the lines of the one of [5, Theorem 2.1]. It consists in
deriving a reverse Holder inequality which in turn implies the result thanks to
the analogous of [5, Proposition 1.3].

Lemma 9 (A Gehring lemma). Let g > 0 in Q) such that there exists ¢ > 1 such
that for all zp € @ and R such that Q4r(20) C Q,

q
][ gldz<b ][ gdz | +96 gl dz
QRr(20) Qsr(20) Qsr(20)

for some 0 > 0. There exists 0y = 0y(q,d) such that if 0 < 6y, then g € LI (Q)

loc
forpelg,q+¢) and
1 1
p q
<][ gpdz> §c<][ quz> ,
Qr Q4r

the constants ¢ and € > 0 depending only on b, q,0 and dimension.
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The proof of Lemma 9 is an easy adaptation of the one of [4, Proposition 5.1],
by changing Euclidian cubes with cylinders Qg.

The proof of Theorem 8 is a consequence of some estimates involving weighted
means of the solution. Given zy € R?¥t1 they are defined as follows of f are
defined as follows:

for(t) = (cR4d)_1/f(t,x,v)ng(x,v,t)dxdv
(for some ¢ defined below) where y2p is a cut-off function such that
X2r(2,0,t) = dps((x — z0) — (t —to)(v — v0))dr(v — v0)
with ¢r(a) = ¢(a/R) for some ¢ such that /¢ € C°(R?) and ¢ = 1 in By and
supp ¢ C Bs. In particular,

(O +v-Vi)xr=0 and /XR(a:,v,t)dxdv:/¢R3/¢RZCR4d

with ¢ = ([ ¢)%2. We now introduce “sheared” cylinders Qr(z9) = 20 + Qr Wwith
Or = {(z,v,t) : |z — tv| < R, |v| < R,t € (—R?,0]}.

Remark that

(3.2) Qo135 C Qr C Qoijap.

Remark also that yog =1 in Qg and xar = 0 outside Qap.

Lemma 10 (Estimates). Let f be a solution of (1.3) in Qy. Then for Qsr(zo) C

Qo,

(3.3) [ waPdzor® [ jf s
QRr(20)

Qor(20)

I L AN VGRSl NN

te(to—R2 to) Q3r(20)
where Qb (20) = 20 + {(x,v) : |z — tv] < R3, Jv| < R}.
Remark 11. This lemma corresponds to [5, Lemmas 2.1 & 2.2].

Proof. For the sake of clarity, we put zg = 0. Consider o € C*°(R,R) such
that 0 < mr < 1, g = 0 in (—00,—(2R)?] and mp = 1 in [-R%,0]. Use
2(f — far)x2rT2r as a test function for (1.3) and get

/(f(O) — ng(O))z)(gR dxdv + 2 /(Avvf . vvf)XQRTQR dz
= /(f — far)*X2r(0i72R) —/U -V [(f - fm)z} X2RT2R

— 2/(f — ng)AVUf - VuX2RT2R.
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Remark that the definition of fg gr implies that the remaining term

—2/(3tf2R)(f — far)X2rT2R

vanishes. This equality yields

/(f(o) — f2r(0))*x2r dzdv + A/ Vo f|*x2rT2R dz

~ A2
< /(f — for)? <X2R\3thR\ + |v - VaXar|m2r + T‘Vv\/X2R’27'2R>

which yields (3.3). Changing the final time, we also get
sup /(f(t) — far(t))*X2r(t) dadv < CR_z/ |f — for|* dz.

te(—R2,0] QoRr

Now the function F = f — fop is such that [ F(z,v,t)dzdv = 0. In particular,
we have

/ (f — for)?dz < C (R%*|V o f|? + R*|D: f|?) dxdvdt.
Qar Q2R

Arguing as in the proof of Lemma 5 with a cut-off function y; = yor which
satisfies (O + v - Vz)x1 = 0, we get

R*|D? f|? dzdvdt < C R%|V, f|? dzduvdt.
Qor Q3R

Combining the three previous estimates yields
sup /(f(t) — far(t))*x2r(t) dzdv < C'RZ/ Vo fI? dadvdt.
te(—R2,0] Q3R
Finally, we write for t € (—R2, 0]

3 | O = Falt)Pxant) < [ (70) = Forl)xar(®)

3 3

+ / (Far(t) — Fa(t)*xan(t)
Q%
S/(f(t) — far(®)*x2r(t)
2
Q| ((aR‘*d)—l [ = Fenteycate .t dmdv)

<C o (ft) — for(t))*x2R(t)

and we get the second desired estimate since xsrp = 1 in Or. O

We now turn to the proof of Theorem 8. The use of (2.5) is the main difference
with [5].
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Proof of Theorem 8. Pick p > 2 and let ¢ denotes its conjugate exponent: %—F% =
1. We follow [5] in writing (omitting the center of cylinders zp),

/ \f — farl|?
Qor
1 1
N 2 tO _ 2
< swp / f — Forl? / dt / f — Forl
te(to—(2R)?,t0] \J Qbp to—(2R)? g
% to _ ﬁ B %
5R(/ rvva) / dt / f — Forl? / f — Forl?
Qur to—(2R)? Qlp Ar

where (3.4) and Hoélder inequality are used successively.
We now use Sobolev inequalities and Holder inequality (twice) successively to

get
/;QR | | /Q4R | |

1 1

to 2q 4
x / dt / RIV,f|" + RV°|D}/ )7 / RV, f[2 + R¥* DY f?
to—(2R)? Qbn o1 8

5R</Qm|vvf|2>é

2q—1

1 g 2q
2q to 2(2¢-1)
X ( RIV, f|?+ Rq/3|D;/3f|q> / / RV, f* + R*3|D,/3 f|?
Q2R to—(2R)2 oLy

:
5R(/ \va\2>
Qur
> i,
><</ Rq\vver+Rq/3rD;/3frq) (/ RQ!va\erRz/?’!Di/gf!Q) Rl
Qor Qor

We now use (2.5) and get

/Qm f— onl < R </Q Vo fP )é </Q v.717) “ (/Q |vvf|2>}‘
< Rl </Q |V0f|2>% </Q |V0f|q>%-

Now use (3.3) and get for all € > 0,

1

v )’ V)
Q4R QR

I,

3 1
f Vof2 < R Qupl
Or
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3 3
51%%1(][ \va!2> <][ \vva)
Qur Qur
2
<o HMW+%Rm<f Pmﬂﬁ
Qur Qur

where v = (4d + 2)(% — b +2¢—1>0. Using (3.2), we finally get

2
fowarsef NJV+%mw<f vay.
Qr QsRr Qsr

Apply now Proposition 9 in order to achieve the proof of Theorem 8. O

4. THE DECREASE OF OSCILLATION LEMMA

It is classical that Holder continuity is a consequence of the decrease of the
oscillation of the solution “at unit scale”.

Lemma 12 (Decrease of oscillation). Let f be a solution of (1.3) in Q2 =
Bg(l‘o) X BQ(U()) X (—2,0) with |f| < 1. Then

OSCQ% f<2-2A
with Q% = B% (zg) X B%(vo) x (—3%,0) for some A € (0,2) only depending on
dimension and ellipticity constants.
Remark 13. The equation is “invariant” under the following scaling
(z,v,t) = (r 3z, r o, r7%t);
indeed, it changes A(x,v,t) into A(r~3x,r~tv,r~2t) which still satisfies (1.4).
This lemma is an immediate consequence of the following one.

Lemma 14 (Decrease of the supremum bound). Let f be a solution of (1.3) in
Q2 with |f| < 1. If

{f <0}n @il > sl
with Q1 = Bi(xo) X B1(vg) x (—1,0), then
supf<1-—A\

Q1
3

for some X\ € (0,2) only depending on dimension and ellipticity constants.

As explained in [16] for instance, this lemma itself is a consequence of the
following one. The details are given in Appendix for the reader’s convenience.
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Lemma 15 (A De Giorgi-type lemma). For all 51 > 0 and d3 > 0, there exists
a > 0 such that for all solution f of (1.3) in Qo with |f| <1 and

2 51nQi 24
{f <0}N@Q1| =62
we have

|{0<f<%}ﬂ621|2a.

Remark 16. It is important to emphasize that the lemma is stated for solutions
of (1.3), not sub-solutions.

Remark 17. The idea of proving such a generalization of the classical isoperimet-
ric lemma of De Giorgi is reminiscent of an argument of Guo [9]. See also the
very nice survey by Vasseur [16].

Proof. We argue by contradiction by assuming that there exists a sequence fj, of
solutions of (1.3) for some diffusion matrix Ay such that |fx| <1 and

2 510 2 6
{fe <0} N Q1] = 62

1
|{0<fk<§}ﬂQ1|—>0 as k — +o00.

Compactness in L2. Since the sequence f, is bounded in L?(Q3), Theorem 2
implies that it is relatively compact in L?(Q1) for any Q1 € Q2. With thus can
assume that fp converges in L?(Q1) towards f as k — 4oo. In particular, it
satisfies

f250nQl 2%
{f<0ynQi >%2
(4.1) o< f<gin@l =o

Moreover, the natural energy estimate for solutions of (1.3) implies that f €
L?ng by weak limit. Hence, by the classical de Giorgi isoperimetric inequality,
for almost every (¢,x) € By1(zo) x (—1,0), we have

either  for almost every v € Bi(vg), f(t,xz,v) <0
1
or for almost every v € By(vo), f(t,z,v) > 3
Truncation. Consider now a smooth non-decreasing function 7" : [-1,1] — R

such that 7 =0in [~1,0] and T = § in [, 1]. We have that f = T(fx) satisfies
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fr — fin L?(Q1) such that

either  for almost every v € By(vg), f(t,z,v) =

N —

or for almost every v € Bi(vg), f(t,z,v) =

In particular,

V,f =0in L*(Q))
i.e. the function is everywhere a local equilibrium in the terminology of kinetic
theory. Hence,

f(t7x7v) = .f(tvx) S {07 %}

and
{F =S nBx (-L0) > 2
2 |B1|
(4.2) ] ;
{f=0}NBy x (~1,0)] > —~
|Bi

Passage to the limit. The function f; satisfies in Q1,
(4'3) atfk +v- fok = Vv ' (Akvvfk) - T”(fk)Akvvfk : vak

For a test function ¢ supported in ()1, we can write

/ T (F) AeVo s - Vofed| < AT |oolé]c / Vo fil?

By

where )

By={0<fi < §}QQ1-
In view of (4.1), we know that |By| — 0 as k — +o00. In view of Theorem 8, this
implies that

(4.4) /T”(fk)Avafk Vofrd =0 asn— +oo.

We also know that V fj is bounded in L?(Q1). Hence, we can assume that
(4.5) Ek = Akvvfk — 71 in L2(Q1).
In view of (4.3), (4.4) and (4.5), we thus have

(4.6) O+ v Vo) f = Vyh.

Identification of h. Given ¢ € D(Q), we can on one hand use f¢ as a test
function in (4.6) and get after integrating in all variables,

%/(f)2(at+v-vx)¢:/hvv(ftﬁ)'
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On the other hand, we can use fx¢ as a test function in (4.3) and get at the limit
1 [ - , _
—/(f)2(8t +v-Vo)p= lim [ hy-Vy(fed).

2 k——o00

/h = lim /hk o(fr9)-

Since fi, — f strongly in L? we have

i [y foVod — / R 7V,

k—+o00

In particular,

and then since V, f = 0, this implies
lim Ek . Vv.fk(b =0.

k——4o00

Hence, for ¢ > 0,
/\h\% < lim inf/]ANkVUfklzqﬁ
k—+o00

<A lim AkVUfk : vak¢

k—+o0
< Akligloo hi - Vo frp = 0.
which implies that h = 0.
Conclusion. We deduce that
for a.e. v € B1(0), Of + (vo+v)-Vef=0 in By x (—1,0).

In particular, rewriting the equation for —v, summing and using all v € B;(0),
we get

Of+vo-Vof =0,V f=0
which, in turn, yields that f is constant (i.e. is a global equilibrium in the termi-
nology of kinetic theory), which contradicts the lower bounds on the measure of
the sets above. We thus get the desired contradiction. The proof is complete. [

APPENDIX A. ISOPERIMETRIC LEMMA IMPLIES DECREASE OF THE UPPER
BOUND

Proof of Lemma 1. We follow the nice exposition of [16]. Let Cy be the universal
constant such that solutions f of (1.3) in Q2 satisfy

Hf—i—”Lw(Q%) < Collf+llz2qu)-
We now define f; = f and fry1 = 2fr — 1. Remark that

H{fi <0}NQi =6
{frks1 <0} D {fe <0}
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with §; = |Q1]|/2 (remark it is universal). Our goal is to prove that there exists
ko universal such that

{fro 201 N1 <02

with 6 = (4C2)~! (remark it is universal). Indeed, this implies

N

IN
N | —

i)+t < Col Gin)i 2@ < o {fio = 0} N €A

which, in turn, yields

f<1—27%"1 inQ..
2

Assume that for all k> 1,

{fx =0} N Q1| = b

Since fr11 = 2f; — 1, this also implies

H{fe > %} N Q1| > 0.

But we also have

{fe <0}NQ1 > [{f <0} NQ1| > 01

Hence Lemma 15 implies that

|{0§fk§%}ﬂQ1|Zoz.

Now remark that

Q1 > [{fin <0} N Q| = [k <0} N Qi + {0 < fic < 5} N Q1]

>Hfe <01NQ1 +a
> ko

which is impossible for k large enough. ([l

(1]
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