soﬁﬁsmoahﬂu@umazm@ oY ,H be\:auw%@p 7zH L ~ (1g)/*m
pue zHY 6'T ~ (£g)/Tm ore serouenbalj SUOIJR[IOSO [RUIP
-NJI8UO0] pur 9sIdAsSURI} dsoym del) DIUOULIRY € Ul WINLI
-qimbe eurtoy) e ‘eye)s punoid (7 = dw ‘g = | oy
ur swoje oredord am ‘Surjood oaryerodess Suisn ‘[gg] U
POqLIDSOp S ‘SPLO[ 3, P[odeI}n (J-Isenb o[uls osife
-o1 om ‘quowtrodxo diyo-woye ue Juis()  puwWLLIATL
“IOAOSSOID 91[} 9ZLIOJORIRYD O} UOLIOILID
aarjeyriyuenb e osodoid om ‘Afreurq -siojeurered 3urljyg
OU 9A[OAUT suosLIedwod 9sat ], ‘suorjenuils (DINE)) ofre))
9JUOTN WInjueny) M JUOWI9ISe PoO3 Ul 91 IOAOSSOID
oY} Ul ejep oy} o[iym ‘sopouwt ojerrdordde yjm [om ared
-woo ejep Ino ‘sewrdar onjojdwdse yjoq ul  [1g] Iop
-10 93urI-3UO[ Isenb I0 onI) Yim suwolsAs 10j pojoodxo
eiuowow 931s0ddo weam)a(q SUOIPR[oLI0D dATIISOd oY) 1M
sysenyuod SIy, ‘[0g] ur pejorpeid se ‘ejuomiont JULISPIP
SUIYRID0SS® SUOIJR[AILIOD dAIYRSOU JO 9oussald o) Aq pozl
-1910RIRYD IoADMOTY] ST oWIdal DD oy, ‘sowdol [[e ul
Uo0s ST ‘9ords WNIUSOTWOW UT SUOIYENION]J [@I0] URIUOSSIOJ
-1odns ‘Suoa)s £q J[osi1 ssojIuRT YOIYM ‘Uousmouayd Sur
-ounq 9y, ‘PWISeI HFT oY) 03 swiser HHgh oY) wox
Suto3 ‘[gT] sesed esog (IT Jo wreiderp aseyd a1} Jo UOISaI
Surjoeroqur Ayeom o1} Ueds eyRp IN() SUOI}IPUOD [BIUSU
-110dX0 IRIWIS Iopun Uoxe) S9[jold WNIUSTWOW JO $79S JO
SISATeUR OSIOU [BOI3STIR])S O} UO A9l SJUSOUIOINSLIUW O[T,

Ltk Yo vrJg . T v

SUOI}OUN] UOIPR[AII0D 91} JO UOIIN[0AD 9WI} 97} U0 poariod
-0I U09q SBY J00J0 du0d-qy3I oy} ‘ojdurexs Io ‘SOTUIRU
-Ap wN1IqIMbo-JO-1No 9qLIdSOP 0 [RIJUSSSO OS[R 91 SUOT)
-OUNJ UOTYe[II0)) *[LT] S9IBIS [RULIDY) WOU AJIJUSPT 0) JTUI
-10d SUOT)OUN] UOTIR[SIIOD IOPIO IOYSIY ofIym ‘[9T] oursar
NHGP o) ul AIjomwiourIat} I0j Pasn aq ued pue [GT] Ul
poinseaw wWeaq sey sed asog Surpuedxe uUr Ul UOIOUNJ
uorye[o110d Apoq-omy oy, ‘[1][2] (Surpunquyue Suois
Aq POZLI9)ORIRYD) SIL3I POZIUOTULISY oY) WoI] (Suryoung
Jo eouesqe o) i) aurrdar (HHgh) ayesuspuootsenhb oy
wolj (Sunpung £q paziejoereyd) swridal (H]) ses asog
[eOpI o1 SoySMBUIISIp 9oeds [eal Ul UOIJOUNJ UOTIR[III0D
ApoQ-0om] [eD0] O} ‘©0URISUI IO ‘POOURYUD SI SUOIIRN)
-ON JO 9[01 o) dIoYM ‘soses ([T I10J onIg Afremoryred st
sty C[e7] Mquuxe uweo we)sAs oty soserd JUOISPIP o1y
QZLID)ORIRYD A[[RjUSUIRpUN] A9([) S ‘W)SAS ® Jo so1sAyd
977} 9QLIOSOP 0% S[007 [RIJUASSS dI8 SUOIIOUIL] UOIIR[OLIO))
[e1-0T1 ‘8] syusmiLIodxe WOYR-P[OD [RISASS AQ A[)U900T
posseIppe ‘SOIURUAD WNLIQIMbo-Jo-1N0 oY) SI SWDISAS
Apog-Auewr wnjuenb jo sorjredoid poojsiopun jseo] oy
Buowry ‘[g—g| suoryorpaId [BI1I0I09T) 022UL @D PUR SHNSOT
[ejuowIIodxo UMoOMIO( JUDUWSDITE JUI[[99Xd ) AQ UMOYS
se ‘pajenuuls A[ojemmooe are Iemoljred ur seseS ((T)
reuotsuotuip ou() ‘[1] sosAyd Apoq-Auewr wmiuwenb ur
S[epow Jo sIoje[nuils wnjuenb se AdusIolfe 1107} usrold

‘wnLqImbe [ewey) e sed asog (1 © Jo ooeds WMIUOW  oARY  SJUSWLIOdXe  WOIR-P[OJRIY()  “UOLIINPOLIU]

P-'G8°L9 I'GL'E0 STOqUNT SOV

"SUOTIR[NORD 012UL-QD M JUSUWIOdISe POOS Ul oIe rjep In() ‘ejuswow 9)1soddo ueemiaq
suorye[a1109 aA1sod Surjorpaid ‘sejesuspuod 8sog 10 AI09Y) AOQNATOS0E 07 JSRIIUOD Ul ‘BRJUSUIOW
TUSIOYTP UOOMIO( SUOTIR[OLIOD OAIJRIOU JO 90udsaId oY) A( POZLI9ORIRYD ISAIMOTY] ST dWI30I 9)RSUOP
-uoorsenb oy ], ‘sewtdar [[& ur juesald ST ‘edrds WNJUSWIOW UI SUOIJRNIONY [RIO] URIUOSSIOJ-Iodns se
J[OSH sysojTuew YOIYM ‘uoustousyd Suryoung o) ey} A[[RIUSWILIDAXS MOYS 9A\ OUWI30I 9)RSUOPUOIIS
-enb oy} 09 owda1 se3 osog [eapl o) o) woly Sutod ‘wreiderp oseyd oY) JO UOLZLI FUIORIIUT A RoM
a1} ueds ejep IN(O "UOIJOUNJ UOIR[DIIOD WNJUSWOW APOJ-0M) 9T} 0} Paje[al are yorym ‘(Iugdug)
SUOT)R[OLIOD A)ISUSP 90vdS-TUNIUSWOW [[Nf S} JO JUSWINSROW [RjUomLIdOdX oY) juosold om ‘sosed
950 [RUOISUSWIP-9UO JO SUOIJRZI[RAI J[SUIS JO So[Joid wmjuswowr Sy} Ul asIou o) SurzA[euy

(910¢ ‘9z Areniqay :pare(])
WUDY] ‘SUD GOOGL ‘TPYIUN-FUIDG PIDAIINOG £O] DOUDL] P dMDNSIINUY]) INJUSU]
puv 2ouDL] 79£69-d ‘UOAT ‘uvILp 2211y 97 ‘UOAT ap 21sioaruy)

‘ol 9p 2umaripdng IDWLION 91095 ‘GLIS YN SYND ‘onbisfiyg op auopvioqoy
UDL] ‘NDISIWIDT LEGTI6 ‘1PusaL] usnbny anuaay ‘g ‘I] Png SUDJ A1)
‘onbndQ,p 1sul ‘1098 YW SUND ‘fuqg $214vy) 2430904090
[9[NOYONOG O[[9qeS] PUR (. OP[IOSOY OSRWWIO], ‘ UOSUYO[ SUISIY ‘ Bug] ssog

sed asog [eUOISUWIP-9UO € JO SUOIJR[AII0D ddedsS-UINIUDUWIOTA



Suons wBosm. (INOPN @) dewr UOIE[eLIOd Y} ‘ISAOSION
‘[1¢] Sunpoung oruosoq o1} Jo uotssoxddns o1} Aq pozLIOY
-orIReyD ST owWIdel DN D o) o1oym ‘0oeds [BoI Ul IoIARYq
oYY T[IIM JSBRIJUOD JIR)S UL ST SIYJ, ‘OUO[R [9AS] 9SIOU-)OYS
O} 2AO(R (oM ST (/A79) poInseaut oy 010y juosord ose
St 9ords WNjUOWOW Ul SUIYouUn(g SUOI)S B e} OAIISYO
181 opp “(gD) Ul g— = 0 pue g = © Juo[e o [eUOTRIP
syt pue (1)) T "SI, Ul SUOIIR[EIIOD WNJUSWIOU POINSBOUL
o[} MOUS oA\ °[LT ‘ZT] o[quiesue sqqrr) o} WOI UOIJeIA
-op woyy Sutwod A[qissod eoueIPIp oyl ‘(MU €01 = .I)
amjerodue) IoY3IY AYSIS ' sejesrpul s[gord Ajsuop
weowr oYL, “(3U GL ~ I ‘000FT = N) owisar Hygb
9T} UI SoI ) ®je(] eyl smoys ‘[9z] suoryenjony Asuop
n31s Ul YY) Jo SIsA[eur oy, -owbos 9IDSUIPUOIISDN()
PRop o1) Jo 3so1 ot Aq pouriof soprired pue AS10
U9 JO IIOAI9SAI 9} UM wWNLIqImbe je woyshsqns e Aq
paqusep aq Aew [oxid e 7 /y K v <K ?/y 9duts ayew
-19139] SI SISATRUR [BIIUOURD-PURIS 9A0QR 9} 1R[] 9JON
oye1ouasop A[USiy st HET sy pery Sumoys () = (d)g
Suryjes Aq pourejqo SI YOIYM ‘[OAJ] OSTOU-)OUS O} dAO(QR
[[oM dI' SUOIJEeNION 9], "JUOWAINSLIUW 9T} JO IOLId [edI)}
-s1pe)s 01 dn quemiesise poos e puy pue ‘suoridripaid [eo
-13010017} 0} (FA7¢) PoInseswt oy Ae[10a0 om (V) T "Siq
ul [9z] JNS U3 Ul POsSNOSIP ST IOIARYD( SUI[RdS 9SOUM
(ZN9) W0} [RUOSRIP O} SI UOIJRULIOJUT JURAD[L ATUO
a1[} ‘[0g] ouoTe WOTINTOSAI 931UY O3 A POINPOIIUT dIR S[O
“x1d JUSIOPIP ULeM)d( SUOIR[LI0D oulg ([ 8yw)/d y
= ¢ otoym ‘?1/yg Jo (INHM) WNWIXEUW Jleq Je [qipims
[N} JO URIZIUDIOT ® :S9SRS N[ 9)RISUSOP A[U3IY I10J
anfea s11 £q AEVHANN\NV Suryewrrxoxdde (g) by ojenead
om a1 (gV-TV) T "S1q Ul UMOYS Se ‘S)ueuIaInseatl
INO SoqLIdSOP AJoArjeiryuenb uororpald [d139100Y) o1 T,

(6) “(“tugtug)(dg)y(d )y dpdp \ \ — (N9°NO)

dewr TOT}R[DIIOD-TUNUSTIOUT 9T} 0F PRI[ UOTYRZIIDIISIP
pue Surunyq ‘Aeul] T < AQVHAN.N:V Q0UIS ULID} OSIOU
-10US 97} URYY) IoSIe] YONUI ST W) Juryoung oyl ‘(d)u jo

UIPIM 9} UM d I0J ‘pnod 93eISUSOP © I0] 1B} I0N

(@) @ Qaep [ vz = @g

aroua (0 — d)o(d)g = (d*d)g worew
-ixoxdde o) oyew WeD 9UO ‘Q 3> 7T /Yy 9I9Y 20U T /Y JO
19pI0 oy Jo |d— d| 10 ATuo senyea oxoz-uou seyey (,d‘d)g

.A&v@wz dp [ = d 01 peziewizou ‘d AysuSp IRAUI PUR

e 0 T g [ S A A e S e e

uey) Io[ews yonw st ((,2)qR(z) ) Jo YISus] uoneeLI0d
oy} 9duIs pIfeA ‘[9g] NS oY) Ul paul[ino st ‘(y(T) uoreu
-ixoxdde Aj1suep [eo0[ ® ySnoiyy spnop der) Imo jo osed
9YJ) 0} OSI[RIOUDS SJNSOI SNOIADIJ "WLIO) JUIYOUN] SNOouW
~J o1} ST UL} PU0dds oYy o10Ym ‘(UN7) + () = ({N0)
are d wnjueuIow Jo oje)s oy ur 97 IJoqunu uoryednodo
9Yj} JO SUOIYen)ON} ‘ISAOQIOJN SUIYSIUBA 9I€ BIUSWOU
JUOIOJIP UO0M)O( SUOTIIR[IIIOD 9} “BIUSWOUL PIUYSP [[om
9ARY S91RISUSGIO O[013Ied-0[SUIS O} 9OUIS :O[qUIOSUS [BOl
-TIouRd purid o7} Ul H] SN0oUZ0WOY € I0] Pajoadxd St
JRTM [JIM JUDISISTOD ST ST, *[Qg] oue[d o) Jo 1soI1 o1y
Ul SoN[eA JIJRIIO I9YJeI pUR I9[[Ws A[[RIJUBISNS SO e)
(INQPN Q) BTIYM ‘g = © [eUOSRIP 9]} UO SUOIFR[DIIOD 95 Ie]
OAIOSCO 9A\ "SUOIJR[OIIOD WNJUOWOW FUTPUOdSIIIOd 91}
ssoys (TV) T 81 °[9g] (3TU 60T = .L ‘0061 = A7) owI3a1
DT o) UM ST Y BIR(] )R} Sojedrpul so[goid A}rsuop
791S UL UO Poseq AIJoWOWIdY ], ‘dwbos svb asog jvop[
[Le] T'T = v/¢ st wonmposex oy, *y_wl ¢T0 =Y/V
ooeds wnjuswowr ut 9z1s [oxIid ® 0} SUIPRS[ ‘SW G7, = L SI
owIr) SuUISNOO0J oY) ‘I19139] ST} Ul pojuesald ejyep oy} I0q
-owtdo1 DHD oY) ut deap (D pue ‘10a0ss0I10 HAT-DHIP
oy ul ({ ‘ewrrder ngy oY) Ul (y Aparioedsar Sul] spnoyo
JUOIOYIP 99IT) I0J synsor oY) smoys (mox doj) 1 -Siq
(INQPNT9) detI WOTYR[OIIOd-TINIUSTIONT Y] J0RI)XS A[[ell
-7 op (PN) — PN = PN¢ suoryenjonyj o1) Surnduroo
oI10Joq ‘9FeloAr SUIUUNI 9YY) JO IOQUINU WOJe 9} 0} 9
-01d oeo OZI[RULIOU oM ‘I9A0I0]N (PA7) o[goxd weow Jut
-puodse1100 o1} 93nduiod 0} 98rIoAe SUTUUNI B 9STL oM ‘O
-01d [o®Re I10J ‘pPUR ISQUINU WOJR I} 01 SUIPI0dde so[gord
IOPIO 9M ‘109J8 IIeY) 91eSIIIWL OF, "SSIIISUSD MO[ 18 %(F
01 SeIISUap YSIY e 94F WOIJ SoSuel SUOIIRNIONY IoquINU
-woje JOS-01-)0US JO UOIIBIAOD PIepUR)S OYJ, ‘SUOIIP
-0d [RjUOWILIOdXe JR[IWIIS IOpPUN Uoye) So[goId Wmjuou
-OW JO }9S © WIOIJ PIONPIP SI UOIPOUNJ UOIPR[DII0D IOPIO
-puo29s oy J, .Aﬁ\/e\ﬁ%mv\m@L&Tm bp cd% = (d0)y
a1ayM ‘(d‘0)y (d)u dp [ = ©pr snpy st o [oxtd Ul parnseat
IoqUINU WOJR dAIJO[ Y, ¢ YIPIM oTenbs-ueour-1001 jo
uornouny asuodsel osndwr weissner) e Aq psEpow ‘JuLl
-myq 10§ sqrsuodser a1e osnd Furgewt sy) SULINP UOIIOUT
OTWIO)® 91} PUR WISAS [€d13do 91} JO UOIIN[0SAI 1] ‘ISAO
-0IOJ 'Yy 9oeds WNJUOWIOW UL 9ZIS [oXId ® [[IIM POZI}OId
-SIp 9I% SO 9801 ], *[gg] UOTINLIISIP WNJUSTIOW [RITUT
97 S309OI UL} PNO[D WOJR Y} JO UOTINLIISIP [R1yeds oY)
:[9g] (INS) Tetroyewr Arejuotuarddns o1y UT payreIap se ‘(g
‘g ‘gc) enbrurpey Suisnooj oty SuIsn Sus[ JIjPUTRW © JO
oue[d IOLINOY 9Y} Ul PNO[O oTwoje 9y} surdewr £q pourey



R L LA R Y LJuad s

Ul poonpal A[3U0I)S 91 SUOIJeN)ON]J IOqUINU-UO0IR O],
"I9pIo 93url SUuO[
ONLI) JO 9OUASCR 9]} JO 90UNDISU0D IBI[D B SI SUOIPR[IIIOD
aaryisod d-oytsoddo jo eouesqe oy, ‘[9g] ejuoUIOUT 9918
-oddo ueemya( suorye[arIod aA1Isod Jo eousserd o s1OIp
-01d A1001) AOQNI[OTOE dIOYM ‘9)RSUIPUOD UID)SUI-9S0
SurjorIdIUL A[RoM © I0] pojoodxe INOIARYS(q oY) [IM
SISRIU0D 19938[ Oy, “ejuowowl 9ysoddo usemjoq Ien
-oraed Ul ‘SUOTIR[OILIOD dAT)RSU JO 90UsaId oY) Se [[om se

@mosw se o81e[ st 901M) JNOqR OI' SUOIIRIONY NOL) 9 pue
‘de1y OTUOULIRY ® Ul WOPOAI] JO SO9ISOP [RUIOIUI 91} WOI]
pa1dnoosp st uorjowr (NO))) SSBW-JO-I9JUD S} BT} ION
ejep [ejuowIadxo M JuaueaISe oATyejjuenb ur ore
“(€D-¢D) T 81 ut payyord ‘suonorpard esor, *(g) by Sut
-SNl JUNO0D0® OJUI USR] ST uoryezioxid pue UOIJN[OSOI 9)IUY
oY) JO 199y oI, *?1/Y INHA\A JO UOIOUNJ URIZJUSIOT ©
£q A&v@v: Sunnjrsqns pajenteas st (d‘d)g pue ‘[og] jo
(62) ‘P £q ULAIS WOIPOUN] SSO[UOISUSWIIP S} SI 4 SISTM

"JTWI] 9SIOU-JOYS Y} SAIS SOUI] POJIOP-USep Y], [eI13ISI}e)S oIe SIeq IOLId
o], ‘soul] (pa11op) paysep ul [opout £I1007) 9A110edsal Iy} 1im poreduwod ore (A[uo ) pue { eje(] 10] g— = © I0J sorenbs)
¢ = 0 10J SOOI Ul BJeP [RIUSWIIOAXS oY} :SIND [eUoSeIP 9y} SMOYS MOI WO03)}0(q Y], 'SUOIPE[SII0d Wnjuswow pajnduod oy}
SOAIS MmOl o[pplwt oY, ‘[9g] spoylew Arjewourioy) juepusdopur Aq pauluLIejop ®iep oY) jo amjeroduwe) oY) Je ‘A[oarjoadsal
L1001 DD pue ‘suorjemored HNG ‘A1007) HET oY) Yam paredwod are ) pue g ‘y eie ~mol doj o9y} ur umoys aIe ejep
[eyuowtrodxe oy Y, *,_wrf GT°( = Y/ v st ozis [ox1d oy, *(UWN]0d S[PPIW ‘¢ eye(]) 104088010 HIT-DHID oY) Ut pue ‘(uwmn[od yysL
‘D eye(]) ewidar HHGD oY) Ul ‘(uwnjod o] ‘Y 'IR(]) oWISeI N oY) Ul sed ® 10J (A 9PN Q) SUOIIR[DIIOd WNIUSWON ‘T "HIJ

0C oL 0 0l- 0c-

T T T T T
Y i 0
RS A

T T
BE
o
=
=
=
———
P
.
=
e
—
—a—
=S
=N
S
=
=
1
o
o
o
0,
(INg"NO)

e 0 ¢ - )
- - oz
)

ot
T
1
T
—.l-
L s
50 H oo L
o b dE do o UL
i e
- S0 HI-
50 H| de
L
- (20) I~
-| o o
(01 ! ! ! ! ! (,01) 1 |
T T T T T T T
L 4 o1-
- I- I~
L s
50 H oo L
0 r nm o 0o HF
H N
- S0 HI-
50 H| de
!
- (10) ~
—- @ 1,
(01 ! ! L ! ! (,01) | |



"SAU "POIN "A9Y ‘109810M7 A\ pue ‘preqIre( [ ‘Yoord T [1]

(UOATT SNH) 12IS[ NINSd
o1} uo pouriojiod weaq ARy suoremls DN (100loid
(OMIY,) YNV o3 jo jroddns seSpajmouspe T, “L09I
190[01d YNV-HM A YOUeI-011sNy 9} AQ pue JpJ Ouru))
Aq perioddns weaq sey Iom SIYJ, ‘SpUWbPIIMOUYIY
“)sonb SI) 10 JueAd[Rr ATurelrsd are reded sup)
Jo sjmsal o) pue ‘[gg] o[oy-}oR[q OTUOS ® Aq pojeIousd
uorjeIpeI oyI[-sursime Jo 9qoid e se pasodoid uooq os[e
aART] 90vdS WNJUOWOW Ul SUOIJR[OLIO)) b jue)suod Jur(d
-n0d 813 Jo Youenb e woy ‘eoidurexs 10y ‘SulSLIR SOTIIRU
-Ap wnuqimba-jo-4mno jo Jey) pue $9je)s [euLIDY)-UoU JO
UOIYBSIISOAUT 91} 10 9OUSISJOI B SB 9AISS P[NOD WINLIYI]
-mbo euray) e 9ovds WNJUSWIOW UT SUOIIR[IIIOD JO APNIS
OUJ, 'S100Jo 9[eInseoul dARY JUSIUL ‘sosed SurjorIojul
Aeom 103 00eds WNJUOTOUW UT AIISCO 0F YNOLFIP ‘SUOI)
-enjong wnjuenb oIoym ‘soses osog ([T JO OWISOI PoZI
-UOTULIO] 9Y} SUIOUO0D 99edS WNIUSTWOW UL SUOIIR[IIIOD
Apog-om) Jo Apnjs INO JO UOISUDIXO 9INN] Y 'Y00)IN()
*?1/¢ J0 sonyes JULIAPIP 09 puodsarrod
A9U} 90UIS 93RII[OP ST $99S BJRP JUSIOHIP Surredwod ‘I9A0
-OIO[N "Bjep [RjUOWILIOdXo o) M 90Ide APArjeirjuenb
09 pajoadxe jou a1e suol}oIpald [RO1191097) AO(R JY[) ‘S}aS
BIRP INO I0J PAYSTILS J0U ST\ K ¢ <K 9]/ 90UIS ‘ToAdMOT]
"DV ere 10§ 230 jo senfea ejuowiizodxe oy sAeldsip
osfe g 81 ‘[2€] 0001 = 2 9e (04 pue 3 uo spuodop mou
A0 eroym) HET ue 10§ uondIpard oy SOAIS oul] Pr[os
9T, "¢ "S1,] Ul Soull Po}jOpP pue PAYSEP Sk UMOYS dIe SIOl
-aeqaq onopdwdse osoy T, ‘DA © 103 (27)/82°C— ~ O
seazoym ‘(2)/80'T = O puy om ‘DHE 0yeIULTP AYSIY
® 10 (0 = 2)k = 0L pue 7 uo A[uo spuadep ) ‘v K ¢
pue ?)/y > ‘e yuuy oy ut ‘[9g] NS oY) Ul poALap sy

(9) (ON) /("N eNe) { =D

Ayryuenb (ejuowitiodxo oY} IOPISUOD SN} OA\ "ULIO)
Suryounq oy} Jo ey} WOoIj 4 JO UOIINJLIJUOD ) 9Ye[OST
joutred suo ‘1osdmot ‘Iaded SI} Jo UOIIN]OSAI [ejuowrIod
-x0 o} 10 (T > A pue T > N\mfv awtdar HYEb o1y ut
[0g] 30 (6T) DA Pue (T < ;/ets pue T < 3) owisor HEJ
oy ur () weamjaq sarejodiyur 4 ((2)dy) /bw = (2)L
Iojourered uoroRISIUL oYY pue (Hw)/ 189y.yg = ¢ oy

\led) PHE \6d) L 2w Be VRS AR VYL — L UUUL — )
g ere( jo siojewrered oY) I0J sjnsar oy, ‘dew uorje|
-91109 PAsTIPIdSIp oY) ajenyead Aprodoxd oy (Augdug) wo
uotsoald [eolrewmu Y3y A1ea e Surpuewsp ‘[gg] wormo
-sol1 TejuowLIodxo oY) JO [9A9] 9} 1B INO Poysem AJurewt
ore (Augdug) jo sarnyesy o T, *(g) ‘b 09 Surproosoe pard
-de wayy st uoryestpoxtd pue Surumig - (Augdug) suory
-e[o1100 WNJUSWOW oY} 9NduWod 0} dUO smoffe drepdn
door-pagoaaip a[qnop ® ‘remorired uy ‘[gg] seyepdn dooj
-Po300IIp 3IM UoIsuURAXH SOLIOG JIISRYD0IG Y} BIA PoJRT
-WIS 9 URD YOIYM ‘[gg] [PPOW pIreqqn-9sog © Jo ULIOJ o)
Ul [opow I93TUIT-OT 97} ISBIAI 03 smoe ddeds Surzroro
S "[pg] suotyemmores HINE) [BOTUIOURD SN M ‘IDAOSSOID
oY3} oI10[dxo O, ‘U00M)9( Ul JOAOSSOID 93} 93eJ1)SoAUl O
nued jou op Aoy ‘Db pue Hgr Jo sewgar 21109
-dwfse om) oY} [[om A[QRUOSLII 9LISOP SAO(R SOSATRUR
[BO130100Y} O} O[IYA 420085040 HFT-DHID 2y) uf

"SUOI)EeNIONY I9qUINU-UOJ. ST} JO 9SLIINIP [BIO] B S109jol
sny) dew uorje[RIIod o) Jo jred oA1yRSOU O, "IaqUUINU
woYe [B)0} O3 JO UOIJRZI[RULIOU 91} AQ PIONPOIJUL 9SO
Uy} IOFUOIIS YONW oIt SUOIJR[SIIOdIUR FUITPUOdSIIIOD
oY) PUR ‘IIOAISSII © SB S108 PNO[D d1[} JO 1S0I 9} S© 9[qUIS
-uo Tedtuoued pueid oy Aq paqrosep [om st 1T °[(g) by
098] 1s8Ie] oy ST ¢ oxoyMm ‘pnop o1) Jo red [eIjUAD
91} WOIJ UOTINLINN0D Y} Aq pajeurwop axe 303(.dypdug)

(0L pue H ur) somsiye)s pue (7 ur) Sur)y Yloq Ioj JUNOdOR
sxeq 10110 oY, (06 ‘09LT ‘0LTT = 4 03 Surpuodsor1od) H-y
'IR(] I0J SINSaI [ejudmLIddXe aTe so[oIr) *(000T = 7 e pand
-woo ‘aut[ Pr[os) HEI pue (dull payjop) DHAGD ‘(oul paysep)
ngJ oyereusldep A[ysiy 1oj penord are [97] v K ¢ K ?1/y
TTII] T} UT SUOTIOIpald [ed139I001) O], PNO[D O} JO IIUD
oy} je tejeuwrered uonorIOjUI oY} ‘OL snsioa X3H ‘g ‘DIA

o
L0 100 10070

I Hg| djelsuabap

0
%410




“(€002)

GOVOTO ‘T6 10T A9y 'sAyd ‘podsy 'y pue ‘1ednog ‘g
“req3ny N ‘UOSSIMAYT, "H [ ‘IOIqIor) . ‘pIeydry ‘S
(¥102)

L09EE0 ‘06 V A9y "sAUq ‘ojjosnie]y ‘[ pue 1zzeulq 'S
"S)ueuI

-9INSeaUI 91} JO UOIIN[OSAI SIROD O} JO 92UANDISU0D ©
se A[urewr ‘suorje[nored DN INo jo uorsooaid o) puok
-9 I9APMOY ST /) JO uoryeInduiod [eoLIOWNU 8} )Ry} 9)0N
‘Teuogerp oy} uo 3uryoung oy3 Ap@3e[dwod jsowye
S[eOURD UOIIR[OIIOD WNJUSWOW 9Y) Jo 1Ied Iemngor oyJ,
"(£002) TOL9¥0 ‘L9 | "AdY "sAyd ‘wesen(jAg g 'O

‘[0g] ur suop se ‘yoeoidde ppey [eoIsse[D ' Julsn

WOIJ UTRIJoI 910J010T) 9\ “[gg] @reImooe aq 0} suorpdrpaid
PleY-ueow oY) I0] Jeam A[JUSIOIPNS JOU dIe UIOISAS INO
Ul SUOIORIUI oY) ‘siojouwrered [ejuowtodxo [eordA) 104
-8uIsnooj 10§ pesn [erjuejod IUINOLY 8y} JO

8ur1e11( 09 oNp 9 OS[e JYSITW SUOIJRNION] POINSBOUIL O,
‘PO 9y} JO I9JUAD 9Y) Je PajenyeAs sI ) pue ‘pnop oy}
JO INHMA 9U3 ST 7 010Uym ‘Ge0°0 = 7/ PU® ((4)5) /2|2
Se S9SLAINdP UOI}DUN] UOIJR[OII0D IoPIo-1siy oy}) ?7 Aq
woAld st Db f-oNuyg e ur [jsus] UOIJR[IIOD YT,
'(9002) £0v0€ET

‘96 1107 A9y SAYJ ‘o[noyonog ‘I pur  ‘YOOIqISOM
1D ‘pedsy Yy ‘wwnydg CJ, ‘RIqQel], ‘g- [ ‘@AdISH [
‘sTox1d JUDIOPIP UooM)oq SUOIPR[DIIOD J[qISI[3oU Seonp
-OIVUT U9} SUTYDUNC 8T} 1) YONS ‘T /Y K Y/ 9ARY 9\
“Jueun

-oUPUOD [RUINIXD o1 Jo odeys o1 JO SSo[pIe3al ‘sosed Jul
-jorIeyur 09 oiqedridde st yey} yoeordde [eIousd o10W ® SI
orgm ‘YT oyl 1dope 03 10jo1d om Inq ‘HgT ue 10J A[)0R
-xo pojnduod aq ued [erpuajod STUOULIRT B JO 199]J0 O],
‘WISl AJISUOP-MO[ STU} Ul

SUOIeNION IoqUINU-WO)R 93IR] 9} AQ PIONPUI 100 SO
-umds a1} 0} anp o AeW SUOIINGLINUOD [RUOZRIP-JO O],
*(HE] UO SUOISSNOSIP 99S) SUO[R UOIIN[0sAI Furdewl o) Aq
poonpojur are s[Xid JUSISJIP U9M)d( SUOI}R[DII0D 9T}
pue ([euoSerprue o) o} E[ered ‘o'1) juejsuod = d+d
9IoYM UOTYOIIP o) Ul (HF]) V BIR(] JO SUOIR[OLIOD POINS
-ROWI 9} JO SIND 9} U AQ POYRUITISO ST UOTIN[OSI Y,
"ATuo [eejewr Arejuouroiddns o) ut pasn st (O]
Q0USISJOY 'S9)RSUSPUOD (JT I0J AIOST) AONA[0S0g [m
uostreduod e (g {SUOIYR[AIIOD 9SIOU UO UOTINLIISIP Wny
-USTIOW [} JO UOIJRZI[RULIOU JO 109]j0 oY) (G ‘ejep [rjuowl
-11adxe a1[] JO sjusWaINSeaW aanjeladurey o) (§ ‘uorjouny
[ 9Y) JO suorje[no[ed po[relap oY) (g ‘suorjounj uolyeol
-100 WNJUSUWIOW 91} JO SUOIJR[NO[RD Po[IRIdP 9] (g ‘uor)
-NQLISIP WNJUSWOW 97} dINSeoW 0} anbrurpe) Jursnooj
o) (T :JO SUOISSNOSIP ISY}IN] SOPN[OUl [RLISIRIA AIejuotl
-orddng oy T, *(g10g) "doy 'yo9], ‘ypesagpus fiuvjuswa)ddng

[6€]

[8¢]

[2€]

[9€]
[ce]

vl

[eg]

(z€]

€]

[0g]

l62]

)

[22]

‘anoypnog ‘T pue  ‘ep[soy ‘I, ‘uosuyol 'y ‘Sueq ‘g
“(z102)

709TE0 ‘g8 V "A0Y 'SAYJ ‘UeASIUnISYSL " A Pue ‘UINI(]
ueA ‘(N ‘UeSuolewy ueA ‘H'Yy ‘enyelq ‘g'd ‘stae [N
"(2002) TOF0LT ‘68 130T "A0Y

SAYJ ‘usArI[ep\ "IN L[ pue ‘aoyrudeA[yug ‘- A°¥) ‘SuIzIyg
UOA “A\ ‘ONOOLY, "©)" ], ‘UURWIWDY "]\ ‘ISMONUOIZ ‘N
‘auewryool(] 3 ‘A0Ipd ‘S ‘O[8dng ‘YD ‘Yonyoreays ‘|
*(L002) 102£9T

‘86 "1197] A9Y 'SAT ‘O[norpnog I pue NOOIq)sop I
' ‘uessnipuIo)) Y ‘IeZ[y OpLLIer) ‘T D) ‘@lqqedl, ‘g-'[
“(3102) 929670 ‘98 V "a0Y 'sAYJ ‘e[norpnog I
‘op[osoy "I, ‘epelrsq 1, ‘Sueq g ‘urwboer -1,
“(6002) 60910 ‘6L V

"AQY SAUJ ‘Uew)[y H puR ‘yjeuemysip Yy ‘AoyieN T
"(2102) 929€€0 ‘98 V "a0Y "sAyq ‘ypreSued) ‘N "q

pue ‘ueAsjunioyy ‘A ‘M ‘Saosewrezry ‘| ‘omoyonog |
"(L002) 90910 ‘GL V "a0Y 'sfyd ‘Aoyu

-deA[yg ‘A ‘D pur ‘ueAS(UNIOYI] "A M ‘omoyonog ‘T
“(2102) TOV02ZT ‘60T 130T

A9y 'SAUJ ‘YOOIqISopN T ') Pur ‘uodiog ‘(] ‘[epneny ‘r
‘sodorT "y ‘neouuog ‘N ‘08pLIjIRd ‘g Y ‘®ysel ‘D-
(G102) L0Z ‘0T 9oudg ‘Iodewporuydg -

‘Tozuoser) T, ‘spezelN ‘o T ‘10SuLIyoy A\ ‘Heuynd N
‘I9[BremyDg T, ‘Teney '{ ‘I08Ier) "y ‘euly ‘g ‘ussuer| ",
"(6002) 709€€0 ‘08 V "0y 'sAyd ‘Iodewrporuryog -

pue ‘rowe( H{ ‘wwnyo§ “J, ‘YMOqISPOH 'S ‘ZUe\ ‘S
‘ADSILIN) "A ‘A0IIRd 'S " ‘S1OZRIN H T ‘Aoyoquuew] ‘Y
“(z107) 6T

‘R "SAYJ -jeN ‘IeAewIpalwuyog ‘[ PuR ‘wwnydg ', ‘Uos
-STd ", ‘9703 "D Z19d ", ‘ZURN *§ ‘Ioong Y ‘U™ 'Y
"pajesty

-SOAUT ST UOI}OUTJ UOIIR[OIIOD APOQ-0M) ST JO [RIZOIUT [}
oIoym ‘[g] Ul payIjULpUl US9( OS[B OARY SOWILSAI 9SOV J,
“(¥002) €09€T0 ‘0L

V a9y sAUd ‘U @A Pue L[ H URWIY H
“(F102) TOESGE0 ‘€TT "¥107 Ay

‘sAJ ‘e[noypnog ‘[ pue ‘uosuyof ‘y ‘os[re)) ‘r) ‘surfg ‘g
“(£T0Z) 079 ‘6 SAUJ yeN ‘Todewporuryog -

‘reney g ‘greuyny] ‘N ‘I188er) -y ‘uelduer ",
"(2102) ¥87 ‘I8% oanjeN ‘ayny g pue

‘qYeoy] "D ‘YooIg T ‘sso1) D ‘ereynynyg ‘I, ‘MeYPS
‘serpuy] N ‘1M8[0d ( ‘Ie[eunreyg ‘d ‘NeauLy)) ‘N
“(0T0Z) L6¢ ‘99% oanjeN ‘[108eN ‘D-'H

pue ‘o[idng ‘) ‘ejuowr[e(] ‘J\ ‘UOSSARISNE) “JA ‘ISU[[OSYDI
oY T ‘TFeed D LT YMTRIN LW WRH Y ‘BIRH H
"(9002)

006 ‘0FF oInjeN ‘ssop| “( Pue ‘ToSUop\ T, “eyysoursy T,
*(002) 907061 ‘¢6

130T "AY "SAUJ ‘SSIOAA (] Pue ‘IoSudpA T, “ejyysoury ‘',
“(v002) GT1T

‘GOE POULIOG ‘SSIBAN 'S (] PuR ‘IaSusp) "I, ‘ejrysoury| T,

pue

pue

[9z]

(4]

[yl

ted
&d
[12]
[oz]

[61]

81

[21]

[971]

[g1]

1)
le1]
[e1]

[11]

[01]

[9]



SUPPLEMENTARY MATERIAL: Two-body correlation function in momentum
space of a one-dimensional Bose gas

(Dated: October 25, 2015)

I. FOCUSING TECHNIQUES TO ACCESS THE
MOMENTUM DISTRIBUTION OF THE CLOUD

Measuring the longitudinal momentum distribution of
1D gases is a priori possible by switching off all confine-
ments and performing the so-called time-of-flight mea-
surements. Transverse expansion occurs in a time of the
order of 1/w,, where w, is the initial transverse con-
finement frequency, much shorter than the time scales of
the longitudinal motion. This ensures that interactions
are effectively switched off almost instantaneously with
respect to the longitudinal motion. The atoms then ex-
perience a ballistic flight in the longitudinal direction.
For a sufficiently long ballistic expansion time, the cloud
size becomes much larger than its initial value and the
density distribution is homothetic to the momentum dis-
tribution. However, reaching this far field regime re-
quires a long time of flight, which is difficult to imple-
ment in practice. This is most stringent in the qBEC
regime. Indeed, the width of the momentum distribu-
tion of a qBEC of temperature 7" and peak linear den-
sity po is of the order of mkpT/(hpo), while the initial
size of the cloud, harmonically confined with a frequency
w,/(2m), is about \/gpo/m/w,. Thus, one finds that the
far field regime is obtained only for times much larger
than ¢ ~ \/gpo/mhpo/(ksTw.). Since in the ¢BEC

regime, +/gpo/mhpo/(kgT) > 1, one has 75 > 1/w,.
The far field is reached only after very long times.

To circumvent this difficulty, we image the cloud in
the Fourier plane of an atomic lens, using the focusing
techniques [1, 2], whose implementation in our experi-
ment is detailed in [3]. The idea is to apply a pulse of
strong harmonic confinement in the longitudinal direc-
tion, of frequency w. and duration 7, which is sufficiently
short that the atomic displacement is negligeable during
the pulse. This is in practice possible on our experiment
by using magnetic field generated by a combination of
DC and AC (modulated at 200 kHz) currents, allowing
an independent control of the longitudinal and transverse
potentials [4]. The effect of this harmonic pulse is then to
imprint a momentum kick on the atoms Ap = —mw?z7,
which is proportional to their distance z from the center
of the harmonic potential, and to the pulse duration 7.
After a time 74 = 1/(w?7) of ballistic expansion, called
the focusing time, the effect of the initial spatial spread
of the cloud is effectively erased, and the density distribu-
tion is homothetic to the initial momentum distribution.
We use w, ~ 27 x 38 Hz, 7 ~ 0.7 ms, and 7y = 25 ms
for the data presented in this article. The above classical
analysis also holds at the quantum level since the quan-
tum evolution of the Wigner function in phase space is
the same as that of a classical phase space distribution as

long as only quadratic potentials are involved. Note that
an alternative way to measure the momentum distribu-
tion is the Bragg scattering method (see e.g. [5] and ref-
erences therein). However, this method does not provide
the full momentum distribution within each experimen-
tal shot and thus cannot be used to measure momentum
correlations.

II. MOMENTUM CORRELATIONS USING THE
LOCAL DENSITY APPROXIMATION

Here, we outline the derivation of the key equations in
the main text.
Expressing n(p) in terms of the field operator, we find

(Grpdny) = [dbz eirta—sa)/ngiv' Ga=z)/n (1)

1
(27h)2

(twlwnvlin) — lvadwlun)).

where d*z = dz1dzadzsdzy and ; is a short-hand nota-
tion for ¢(z;). Let us assume the gas has a finite corre-
lation length, that we denote .. Note that this is true
for a finite temperature gBEC and a highly degenerate
IBG, and [, is of the order of the phase correlation length
ls = h?p/(mkgT). The four-point correlation function
can then be written as a sum of singular and regular
terms [6],

(Wlawita) — (W) (Wiva) = (D]ea)d(22 — 25
(] va) (W)
3,

)
+G2(]—a27

) (2)

The first term on the right-hand side is the shot noise.
The second is the bunching term, describing the exchange
process due to Bose quantum statistics. In infinite uni-
form systems, both give rise to singular momentum cor-
relations. The last term is what remains and gives a
regular contribution to (dn,dn,) as soon as the gas has
a finite correlation length. It describes the binary elastic-
scattering processes, and goes to zero whenever one of the
relative coordinates is much greater than the correlation
length. Isolating the contribution of each of these three
terms in Eq. (1), we write

(Onpony ) = S(p,p') + B(p,p') + (6np0np hreg.  (3)
The contribution of the shot-noise term S(p, p’) is
S(p,p') = 0(p —p'){nyp)- (4)

To compute the contribution of the bunching term
B(p,p'), we use a local density approximation (LDA),



which relies on the fact that the correlation length is
much smaller than the cloud size L. We then find that

B(p,p) '/dz p+p)/2)> e
(5)

Here, uéhr}(p) is the momentum distribution of a ho-
mogeneous gas of linear density p, normalized to

[dp v82(p) = p. For a given p, (V') (0 +1)/2))
has an extent in z on the order of L. B(p,p’) thus has
a width in p — p’ on the order of /L. Since the typical
size of our 1D gases is L ~ 100 pm, and our resolution in
momentum space d is §/h ~ 0.15 pm~! > 1/L, one can
make the approximation

B(p,p') ~d(p—p')B(p), (6)

where B(p) = 27h [dz Z/p(z) .
main text.

It is instructive at this stage to look at the scaling of
the experimental signal predicted by the above results.
The effect of discretization and resolution is taken into
account through Eq. (3) of the main text. Within the
approximation of Eq. (6), all information lies in the di-
agonal, which writes

<w§z/@ﬁmmwm+wm. (7)

For an infinite resolution, i.e. § — 0, we find that the
bunching term is on the order of (JN2) ~ AL(pl.)?. We
recover here the prediction from a semi-classical anal-
ysis for an IBG: the typical occupation per mode is
n ~ Nl./L = pl., and the number of modes contribut-
ing to a pixel is M ~ AL/(2r), such that the bunching
phenomenon should produce atom number fluctuations
(§N2) ~ Mn? ~ AL(pl.)? ~ pl.(N,). We thus find that
as soon as the gas is highly degenerate, i.e. for pl. > 1,
the bunching term is much larger than the shot-noise
term.

To compute the contribution of the regular term, we
apply LDA again. Together with dimensional analysis,

we have
13p° 2p 2gp’
_ ¢ ¢P 2lgD
<5np6np'>reg_/dz (271'77,)2]:< h ’ h 7t7’7>7 (8)
where Iy = l4(2) = h?p(2)/(mkgT), F is a dimension-
less function, t is the reduced temperature parameter,
and v = y(z) = mg/(h?p(2)) is the local interaction pa-
rameter. In the IBG regime (i.e. for ty3/2 > 1 and
t > 1), Wick’s theorem ensures that G5 vanishes, such
that

(p))? is also given in the

F(q.q') = 0. (9)
In the ¢BEC regime (i.e. for +y3/2 < 1 and v < 1), the
results obtained for homogeneous gases in [6] show that
256
F(g,q) =
) R P P 16 (10)
x [(¢® +3ad + d*)ad’ —2(¢* — qd' +¢"*) — 7] .

Note that in [6] the crossover between the IBG and the
gBEC regimes is investigated by treating v as a classi-
cal field, in which case F reduces to a function of three

parameters only: F(q,q';t,7) = F(q,q', 3/4/(t*3)).

III. IBG TO QBEC CROSSOVER: C FUNCTION

To investigate the behavior of the function C defined
by Eq. (6) of main text, let us first assume that i/L
is much smaller than all other momentum scales. The
momentum correlations can thus be written as

<5np§np/> =d(p— p/)(<np> + B(p)) + <5np5np’>regv (11)

where (01,00 )reg is given by Eq. (8). Separating the
contribution of both the shot-noise and the bunching
terms from that of the regular term, we can write U =

C(Ny) =U; + U,., where
w:/@nmmww+wm, (12)
u;:::/ﬁ/“dpdp'7z<p,p0<anp6n¢/xeg, (13)
and

/) = ZA(O&,I))A(-O@p’). (14)

For a given value of p’+p, the function R(p, p’) is periodic
inp: Rlp+ A,p —A) = R(p,p'). Its width in p’ +
p, depending on the distance of p to a pixel center, is
typically on the order of max(d, A).

The following asymptotic expressions can be deduced.
In the limit of A, 6 < h/l., we have

U, ~A / dp (0npdn_p)reg, (15)

regardless of the resolution (i.e. of the ratio §/A). In the
same limit, we also have
Us ~ A{no) + BO))I, (16)

where Z = [dp R(p,p)/A. The value of Z depends on
d/A, and the asymptotic behavior is given by

Z=1for§/A <1,
T~ 1 for§/A>1.

Finally, for i/l. > 6 > A, one obtains

O = 1+ B(0)/{no) + /dp (0np0n_p)reg/(no). (18)

(17)

2

Using LDA and transforming integrals over z into in-
tegrals over the chemical potential y, we find that C'
is an intensive quantity which only depends on ¢ and
v = v(z = 0). For a highly degenerate IBG, using the

equation of state p ~ kpT+/m/(h\/2|u]) and V( )(O) ~
hp?/(mmkpT), we find that C' ~ 0.54h2 2/(kaT) For
a qBEC, using p ~ u/g and 1/( )( 0) ~ 2hp?/(mmkgT),
we find C' ~ —1.14h2p2/(kaT)
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FIG. 1. Thermometry of data sets (from top to bottom, Data A, B and C). Left: density profiles. A, = 2.7 um is the pixel
size in real space. Fitting the measured mean profile (circles) with the MYY theory (dashed lines) yields 7' = 109 nK for
Data A, T' = 144 nK for Data B and T = 103 nK for Data C. The dotted lines are the contribution of the transverse excited
states. We also include the zero-temperature Thomas-Fermi profile (solid line) for Data C. Right: atom-number fluctuations.
Experimental data (circles) are compared to the prediction from MYY equation of state at the temperature deduced from the
profile. The dash-dotted lines show the shot-noise limit. For Data C, the fit to the gBEC predictions (solid line) gives T' = 75

nK.

IV. CHARACTERIZATION OF THE DATA

The data are characterized using a statistical ensemble
of about 100 n-situ images taken in the same experimen-
tal conditions. Temperature is extracted by analysing ei-
ther the mean density profile or the density fluctuations.
With our resolution in the atom-number calibration and
the fluctuation measurements, we estimate the accuracy
of our temperature measurement to be of about 20% [7].

Data A and B. The mean in situ density profiles. for
Data A and B (N = 1900 and N = 7000) are shown in
Fig. 1 (A1) and (B1) respectively. We fit our measure-
ments (circles) to the MYY theory (dashed lines), and
obtain 7' = 109 nK and 7' = 144 nK. The density fluctu-
ations, shown in Fig. 1 (A2) and (B2), are in agreement

with the thermodynamic predictions using the MYY the-
ory at the temperature obtained from the profile. For
Data A, the density fluctuations at large densities do
not saturate, which is characteristic of the IBG regime.
On the other hand, the measured fluctuations are well
above shot-noise level (dash-dotted line), indicating that
the gas is highly degenerate. Data B shows the onset of
saturation of the density fluctuations at large densities,
indicating that this data set lies within the IBG-qBEC
Crossover.

Data C. The mean in situ density profile of this
data set (N = 14000) is shown in Fig. 1 (C1). We fit
our measurements (circles) to the MYY theory (dashed
lines), and obtain 7' = 103 nK. However, the central
part of the profile follows very well the zero-temperature



Thomas-Fermi (TF) profile (grey solid line, nearly over-
lapping with the MYY profile). The information about
the temperature lies in the (small) wings, where the
MYY profile differs from the TF profile. The uncer-
tainty on the temperature obtained from a fit of such
a density profile is large, and more precise informa-
tion can be extracted from density fluctuations, shown
in Fig. 1 (C2). The MYY predictions in the qBEC
regime suffer from two weaknesses at large linear den-
sity. First, this model does not account for the infla-
tion of the transverse wave function of the transverse
ground state, which becomes noticeable when pa ap-
proaches unity. Second, the treatment of the first trans-
verse excited states as an IBG no longer captures the
real behavior when p becomes sizable, with the predicted
density even diverging as pa approaches 1/2. For these
reasons, it is preferable to consider the qBEC equation
of state p = hw (\/1 + 4pa — 1) instead of that of the
MYY model in the qBEC regime at large densities. The
fit (solid line) of the measured density fluctuations gives
T = 75 nK. Note that the failure of the MYY model is
first visible on the predicted fluctuations [see the diver-
gence of the dashed line in Fig. 1 (C2)], proportional to
the derivative of the equation of state, before the pre-
dicted density profile is affected.

V. EFFECT OF NORMALIZATION

The experimental realizations of 1D Bose gases as sin-
gle systems do not correspond to the grand-canonical-
ensemble description: the atomic cloud is not in contact
with a reservoir of energy or particle at a well defined
temperature or chemical potential. The shot-to-shot fluc-
tuations of the total atom number are linked to the prepa-
ration procedures. We remove such fluctuations by nor-
malizing each experimental profile to the total atom num-
ber of the corresponding mean profile. This procedure
would be exact if the momentum distribution satisfied
a scaling form of the kind n(p; N1)/N1 =~ n(p; N2)/No.
However, this is not the case in degenerate 1D Bose gas,
since the width of the momentum distribution is pro-
portional to 1/p. One then expects that the normalisa-
tion procedure induces extra-fluctuations whose variance
is proportional to the variance of atom number within
the set of data used to compute the averaged profile.
Note that one also expects that this normalisation pro-
cedure introduces negative correlations between small p
and large p’ components. This may partly explain the
difference between theoretical and experimental data in
Fig. 1 of the main text.

Moreover, the normalization procedure ensures a van-
ishing sum of the momentum correlation map (6 N,0Ngz),
and hence it introduces additional negative regions. Since
the area covered by such negative regions in the plane
(v, B) scales typically as Na? (where N is the width
of the momentum distribution in units of pixels), their
amplitude is negligible as long as Na > 1. While the

condition Na > 1 is well fulfilled for the Data A, one
may worry about the effect of normalisation for the Data
C. In this appendix, we show that the negative correla-
tions observed in Data C cannot be accounted for solely
by the effect of normalization.

We first compute the anticorrelations that would arise
due to the normalization procedure for a gas confined in
a box, showing that it would be difficult to differenti-
ate between the effect of normalization and the expected
anticorrelations within the grand-canonical-ensemble de-
scription of a homogeneous ¢BEC. The experimental re-
alization of the gBEC is however inhomogeneous, and in
the second part of this appendix, we make several numer-
ical checks to confirm that the normalization procedure
does not account for the negative correlations observed
in the data. In fact, the observed anticorrelations arise
mainly due to the central part of the cloud, where Iy is
the largest.

A. Effect of normalization on a homogeneous cloud

Let us consider a cloud confined in a box potential of
length L, whose momentum correlations are assumed to
be purely described by the bosonic bunching. For sim-
plicity, we will disregard the effect of resolution, assuming
0 = 0. The number of momentum states contributing to
a pixel of size A is M = AL/(2x). Thus, for A > h/L,
the fluctuations 0 N, of the atom number in a pixel, which
fulfill

(ONZ) = (Na)?/M, (19)
are small compared to (N,)?. Linearizing in §N,, the
normalization procedure to a total atom number N,
changes the momentum profile to N, = (N,) + N, —

% >3 0N, leading to

(NadNg) = (IN2)3a, — LeH(ONZ) — L (ON)
ARl 57 (5N2)
(20)
Replacing (N,) by a Lorentzian with a FWHM of 2h/14
in Eq. (19) and (20), we obtain (§N,dNg) = (IN2)50 5+
(AL/(27))2Fn(2l4p/h, 20sp" /B)(ple)® /N where

 —64(1+¢*) —64(1+¢*) +16(1 + ¢*)(1 + ¢*)

/

Fula,q') (1 + q2)2(1 ¥+ q/2)2

(21)
This function is plotted in Fig. 2 (a). For a homogeneous
gBEC in a grand canonical ensemble, one expects similar
fluctuations, but the function F,, should be replaced by
the function F of Eq. (10), plotted in Fig. 2 (b). These
two functions have the same integral in the (g, ¢’)-plane,
and their value at ¢ = ¢ = 0 is identical. Although
they differ slightly in shape (F,, is even in both ¢ and
¢’ whereas F is not), it would be difficult to distinguish
between them in practice.
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FIG. 2. (a) function F, [see Eq. (21)] that describes the

effect of normalization to a given total atom number, for a
homogeneous gas that exhibits only the bosonic bunching in
its momentum-space fluctuations. F, is even in both ¢ and
¢, so that it has a symmetry upon reflection about the lines
g=0and ¢ =0. (b) function F [see Eq. (10)] that describes
the momentum-space anticorrelations of a homogenous ¢BEC
in grand canonical ensemble. These two functions have the
same integral in the (g, q’)-plane, and the same value at the
origin, and would be difficult to distinguish in practice.

B. Effect of normalization on a inhomogeneous
cloud

Here we focus on Data C, and present different anal-
yses showing that the negative regions observed are not
accounted for by the normalization of the data.

Firstly, we numerically simulate the effect of normal-
ization, assuming a statistical ensemble that would ex-
hibit a pure bunching. The negative correlations induced
by the normalization are lower than those measured by
about a factor of 5.

Secondly, the total atom number of the experimental
data fluctuates with a standard deviation of ~ 4%. With-
out normalizing, the momentum correlations are shown
in Fig. 3 (a), which has similar features as Fig. 1 (C1) of
the main text but differ slightly in the extreme values.

In addition, we see that the normalization procedure
applied to Data A does not introduce anticorrelations
as large as those observed in Data C. Since Data A lies
within the IBG regime, the anticorrelations are mostly a
consequence of the normalization, whose effect depends
on the values of Al and dl., where i1/l is the width of the
momentum distribution. In order to compare Data A and
C on equal footing, we blur and rebin Data A (which has
a broader momentum distribution) such that its values
of Al. and [, are similar to those of Data C, and show
the resulting momentum correlations in Fig. 3 (b). We
observe that the anticorrelations are much weaker than
the positive correlations in rebinned Data A than those
in Data C, seen as the absence of dark blue in Fig. 3 (b).
This further eliminates the possibility that the normal-
ization is responsible for the observed anticorrelations in
Data C.

We remark that a similar procedure could in principle
be employed to compute numerically (with QMC calcu-
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FIG. 3. Effect of normalizing the data. (a) Data C analyzed
without normalization procedure. The total atom number of
the experimental data fluctuates with a standard deviation of
~ 4%. (b) Momentum correlations for Data A, rebinned and
blurred in order to have similar value of Al. and dl. as Data
C. The color scale of these two plots are symmetric so that
that the zero-crossing occurs at the same color. The absence
of the dark blue regions in (b) indicates that the negative
correlations introduced by normalization applied to Data A
would not explain the negative correlations observed in Data

C.

lations) the value of the quantity C' in order to compare
across different data sets on an equal footing. However,
the smaller [, value of Data A and the convergence of
function C' requires to access the momentum distribu-
tion at larger momenta and at a higher signal-to-noise
ratio. Both items are beyond the current data sets and
will be reserved for future investigations.

VI. PREDICTION FOR TRUE OR QUASI
LONG RANGE ORDER

In [8], Mathey and colleagues derived the noise cor-
relations G(k, k'), where k = p/h, assuming true long
range order (TLRO) : expanding the field operator up
to the second order around its mean value, G(k, k) is
computed with a Bogoliubov treatment. G(k, k') is then
the sum of two singular terms, the diagonal in §(k — &)
and the anti-diagonal in 6(k + k), each of them being
positive. The prediction of a positive antidiagonal can
be understood, at zero-temperature, as the result of the
elementary process of condensate depletion, namely the
momentum-conserving production of opposite-momentm
pairs leaving the k£ = 0 condensate. We applied this for-
mula to a homogeneous one-dimensional Bose gas with a
temperature and linear density equal to those found at
the centre of the cloud of Data C. The resulting corre-
lation map, after convolving with our imaging response
function, is shown in Fig. 4. The result is approximately
symmetric around the k¥ = 0 and &’ = 0 lines, which is
expected deep in the phononic regime. In particular, the
anti-diagonal is about the same as the diagonal.

The Hohenberg-Mermin-Wagner theorem prevents



TLRO in a 1D gas at thermodynamic limit. At zero tem-
perature however, the correlation length Iy of the first
order correlation function ¢(*) diverges, ¢! decreasing
only algebraically. In such a case the results obtained
for TLRO are still qualitatively correct, as shown by the
Luttinger Liquid calculations presented in [8], although
the singularities around the anti-diagonal and the lines
k=0 and k' = 0 get broadened.

For our experimental data, the temperature is suffi-
ciently high so that [, is much smaller than the size of
the cloud, such that the condition for the above calcu-
lations is not satisfied. Indeed, Fig. 4 differs strongly
from our experimental data. The most salient difference
lies in the symmetry of the correlation maps : whereas
Fig. 4 is symmetric around the lines k = 0 and &’ = 0,
the anti-diagonal and the diagonal being equal, the ex-
perimental correlation map shown in Fig. 1 (C1) of the
main text does not show at all this symmetry the antidi-
agonal being of opposite sign compared to the diagonal.
Our results thus confirm the theoretical prediction of [6]
that the positive anti-diagonal disappears in the case of
a finite correlation length. More precisely, it is shown
in [6] that one expects the positive anti-diagonal to van-
ish as L/ly where L is the system size. Moreover, for a
system in the thermodynamic limit, a Luttinger Liquid

approach shows that G(k, k') is a regular function except
for a singular diagonal bunching term. It is mainly nega-

tive, in particular around the anti-diagonal, for momenta
k<1

10 T T T 0.6

Tol C | - m= e
x 0.1
| 0

S K 01

0.2

-10 1 | ! -0.3

-10 -5 0 5 10
K@)
FIG. 4. Prediction for true long range order : G(k, k') com-

puted with the Bogoliubov approach in [8], for the tempera-
ture and peak linear density of Data C, convolved with the
imaging response function.
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