N

N

Gromov-Witten theory and Brane actions I:
categorification and K-theory

Etienne Mann, Marco Robalo

» To cite this version:

Etienne Mann, Marco Robalo. Gromov-Witten theory and Brane actions 1: categorification and K-
theory. 2015. hal-01151061v1

HAL Id: hal-01151061
https://hal.science/hal-01151061v1

Preprint submitted on 12 May 2015 (v1), last revised 1 Dec 2017 (v2)

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-01151061v1
https://hal.archives-ouvertes.fr

GROMOV-WITTEN THEORY AND BRANE ACTIONS I:
CATEGORIFICATION AND K-THEORY

ETIENNE MANN AND MARCO ROBALO

ABSTRACT. This is a draft version. Let X be a smooth projective variety. Using the idea
of brane actions discovered by Toén, we construct a lax associative action of the operad of
stable curves of genus zero on the variety X seen as an object in correspondences in derived
stacks. This action encodes the Gromov-Witten theory of X in purely geometrical terms and
induces an action on the derived category Qcoh(X) which allows us to recover the formulas
for Quantum K-theory of Givental-Lee. This paper is the first step of a larger project. We
believe that this action in correspondences encodes the full classical cohomological Gromov-
Witten invariants of X. This will appear in a second paper.
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1. INTRODUCTION

Gromov-Witten invariants were introduced by Kontsevich and Manin in algebraic geometry
in [KM94, [Kon95]. The foundations were then completed by Behrend, Fantechi and Manin

in [BM96], [BF97a] and [Beh97]. In symplectic geometry, the definition is due to Y. Ruan

E.M is supported by the grant of the Agence Nationale de la Recherche “New symmetries on Gromov-Witten
theories” ANR- 09-JCJC-0104-01.
M. R is supported by a Postdoctoral Fellowship of the Fondation Sciences Mathematiques de Paris.
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2 ETIENNE MANN AND MARCO ROBALO

and G. Tian in [RT94], [Rua96] and [RT97]. Mathematicians developed some techniques to
compute them: via a localization formula proved by Graber and Pandharipande in [GP99],
via a degeneration formula proved by J. Li in [Li02] and another one called quantum Lefschetz
proved by Coates-Givental [CGOT7] and Tseng [Tsel0].

These invariants can be encoded using different mathematical structures: quantum prod-
ucts, cohomological field theories (Kontsevich-Manin in [KM94]), Frobenius manifolds (Dubrovin
in [Dub96]), Lagrangian cones and Quantum D-modules (Givental [Giv04]), variations of
non-commutative Hodge structures (Iritani [Iri09] and Kontsevich, Katzarkov and Pantev in
[KKPO08]) and so on, and used them to express different aspects of mirror symmetry. An-
other important aspect concerns the study of the functoriality of Gromov-Witten invariants
via crepant resolutions or flop transitions in terms of these structures (see [Rua06], [Per07],
[CIT09], [CCIT09], BG09], [Ixril0], [BCR13|, [BC14], [CLI14], etc).

The goal of this project is to study a suggestion of Manin and Toén:

Can the Gromov-Witten invariants of X be detected at the level of the derived category
Qcoh(X)?.

We first recall the classical construction of these invariants. Let X be a smooth projective
variety (or orbifold). The basic ingredient to define GW-invariants is the moduli stack of

stable maps to X with a fixed degree 8 € Ha(X,Z), My, (X,3). The evaluation at the

marked points gives maps of stacks ev; : M, (X, ) — X and forgetting the morphism and
stabilizing the curve gives a map p : My, (X, B) — M.

To construct the invariants, we integrate over “the fundamental class” of the moduli stack
ﬁgm(X , B). For this integration to be possible, we need this moduli stack to be proper, which
was proved by Behrend-Manin [BM96] and some form of smoothness. In general, the stack
ﬁgm(X , B) is not smooth and has many components with different dimensions. Nevertheless
and thanks to a theorem of Kontsevich [Kon95|, it is quasi-smooth - in the sense that locally
it looks like the intersection of two smooth sub-schemes of smooth scheme. In genus zero
however this stack is known to be smooth under some assumptions on the geometry of X,
for instance, when X is the projective space or a Grassmaniann, or more generally when X
is convex, i.e., if for any map f : P! — X, the group H' (P!, f*(Tx)) vanishes. See [FP97].

Behrend-Fantechi then defined in [BF97a] a “virtual fundamental class”, denoted by [M, (X, 8)]'!,
which is a cycle in the Chow ring of mg,n(X , ) that plays the role of the usual fundamental

class. Finally, this allows us to define the maps that encoded GW-invariants as

(1.0.1) I HY(X)®" — H* (M)
(@@ ®an) = o ([My(X.8)] ™ U Uievi ()

and we set

(1.0.2) I;fn =Y I;fnﬁ
3
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This collection of maps verifies some particular compatibilities as n and 8 vary, summa-
rized in the notion of cohomological field theory [KM94, §6]. Recall that the collection of
homology groups {H.(M,,),g,n € N} forms a modular operad [GK98, §6.3]. By definition,
a cohomological field theory is an algebra over this operad (see |[GK98|, §2.25]). In this case,
the maps I ;,(m g, written in the more suggestive form

(1.0.3) H,(M,.,) @ H*(X)®"=Y 5 H*(X)

are only expressing the action of {H,(M,,),g,n € N} and the conditions to which they are
submitted are then controlled by the rules of operation of gluing curves along marked points
My X Mgrim = Mgtg/ npm—2:

1.1. Main results. This operadic viewpoint is at the heart of this paper as our original goal
was exactly to study the existence of this action before passing to cohomology. In fact, the
definition of the I, , g evokes the diagrams of stacks

(1.1.1) Mg (X, B)

(WMV evn

Mg x X"71 X

and as explained in the pioneering works of Kapranov-Getzler [GK98| the operadic structure
on the homology groups H, (ﬁg,n) is induced by the fact that the family of stacks Mg,n forms
itself an operad in stacks M®, with composition given by gluing curves along marked points.
One can hope to investigate if the diagrams (L)) seen as morphisms

Mynx X" oo X

in the category of correspondences in stacks can themselves be seen as part of an action
of M and if the action in (C03) is induced by this new one after passing to cohomology.
There is however an immediate problem that appears if we restrict ourselves to work in
the setting of usual stacks: the resulting yoga of virtual classes does not agree with the
one Gromov-Witten theory requires. In fact, as it understood today, virtual classes are
not natural to this setting but instead, they are part of the framework of derived algebraic
geometry [Toéldl [TVO8]. Thanks to Schiirg-Toén-Vezzosi [STVI1I], the Deligne-Mumford
stack M, (X, B) has a natural quasi-smooth derived enrichment RM, (X, 8) whose structure
sheaf ORﬁg,n( X.9) is expected to produce to the virtual cycle of Behrend-Fantechi via a Chern
character yet to be defined - see the discussion at the end of this introduction and [Toél4),
§3.1].
In this case one can replace the diagram (LI by its natural derived version

(1.1.2) RMg (X, 5)

M,
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Notice that as Mg,n and X are smooth algebraic stacks they don’t have non-trivial derived
enhancements.

The new problem posed by working with derived stacks is that we are pushed into the
realm of higher categories [Lur09, Lurl4] where everything works up to specifying homo-
topies, homotopies between homotopies, and so on. In this setting the process of assembling
the diagrams (ILI.2]) as part of an action of the operad of stable curves becomes more sophisti-
cated. In practical terms, operads have to be replaced by oco-operads [Lurl4] and actions can
no longer be constructed by hand. The only solution is to prescribe some assembly mecha-
nism that produces and ensures these coherences for free. For this purpose we will explore the
idea of brane actions discovered by Toén in [Toél3, Theorem 0.1]: if O is a monochromatic
oo-operad in spaces that is coherent - in the sense introduced by Lurie in [Lurl4] - then its
space of binary operations, seen as an object in the category of co-correspondences in spaces,
has a natural O-algebra structure. The idea that brane actions produce Gromov-Witten in-
variants was first suggested in [Toé13] where the present work was first announced.

Warning 1.1.1. All the results in this paper concern Gromov-Witten invariants in genus zero.
To adapt this results to higher genus one would first need to developed the foundations of
modular co-operads, replacing dendroidal sets by a more general notion of graphical sets. We
believe that our results will also work in this setting, in particular the idea of brane action,
but we leave these questions to a further stage of this project. In any case, it is known after
the works of Costello [Cos06] that Gromov-Witten invariants in genus zero determine the
invariants in higher genus.

In order to make the spaces of stable maps and the correspondences (I.I.2]) appear as part
of the brane action we need to consider a certain modified version of the operad of stable
curves, introduced by Costello in [Cos06]. Denote by NE(X) C Hy(X,Z) the class of effective
curves in X. For any (n, 3) € NxNE(X), denote by 9y ,, 3 the moduli stack classifying nodal
curves of genus 0 with n marked points where each irreducible component comes with the data
of an element of NE(X) and the sum of all these gradings is 5. Depending on these gradings
we impose certain stability conditions. These are smooth Artin stacks. See Section BTl
The collection of these moduli spaces defines a graded oo-operad in the oco-topos of derived
stacks M®, with grading given by NE(X). Moreover we have maps RMo (X, 8) — Mo .5
sending a stable map (C, f) to the curve C' (without stabilizing) and marking each irreducible
component C; with the grading 3; := [(f |¢,)«Ci] € NE(X). In this case we have diagrams
given by evaluation at the marked points

(1.1.3) RM,.n(X, )

—

Mo.ng X xn-l X

Our first main theorem is the following:
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Theorem 1.1.2. (See Cor. [31.7). Let X be a smooth projective algebraic variety. Then
X, seen as an object in the oco-category of correspondences in derived stacks, has a natural
structure of M®-algebra induced by the brane action of this operad, given by correspondences

in the formula (I1.3).

We believe that this result is the fundamental mechanism behind the organization of
Gromow-Witten invariants.

To prove this theorem we first give a more conceptual proof of the Theorem 0.1 of Toén
in [Toé13] - see the Theorem B.I1.2] below.

Our second main result explains how to pass from this action to a lax action of the usual
operad of stable curves MZ. There is a map of operads IMM® — M” obtained by stabilizing
the curve and forgetting the gradings. The key observation is that at the level of correspon-
dences in derived stacks this map can also be seen as a lax associative map of operads in

A ® ®
correspondences from M~ to IM¥, given by correspondences

(1.1.4) L5 Mon,p

SN

mgﬂl HB m07n75

This is not strongly associative, as the natural maps

(1.1.5) Mo,n,g X Mo,m,pr —> Mo,ntm—2,6+5 X5 (Mo,n X Mo,m)

MO,n+m72

are not invertible. On the right hand side we have pre-stable curves that are glued via a
tree of P!’s with two marked points whereas for the left hand side of we only have pre-stable
curves that are glued directly. After stabilizing the two become the same.

We will denote this lax associative map as MZ o M2,

We show that:

Theorem 1.1.3. By composition with the lax associative map MZ IM®, the brane action
of M® on X produces a lax associative m(@—algebm structure on X, with multiplication given
by the correspondences

(1.1.6) [15 R My (X, B)

.

My x X1 X

and with lax associative structure given by the gluing maps
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(1.1.7)
(LR Mon (X, ) xx (I1s RMomn (X, B)) —= (s R Monsm—2(X, 8)) x57, .., Moz x Mom)

Vn,m > 2. Moreover, this action respects the gradings.

As we shall explain in section 2] this lax associativity is the origin of the metric terms
introduced by Givental-Lee in Quantum K-theory [Lee04l [Giv00] to explain the splitting prin-
ciple. Essentially, it measures the failure of the lax structure to be an equivalence.

Remark 1.1.4. To give a concise sense to this lax action one would need many aspects of
the theory of (00, 2)-categories and operads therein. As this is not currently available in the
literature the Theorem [[LT.3] will be formulated in a less evident but equivalent form - see
Theorem B3Il We hope to improve this formulation in future versions and in particular to
include more (0o, 2)-categorical details.

In Section [41] we address the categorification of Gromov-Witten invariants as suggested
by B. Toén in [Toé09]. We explain how the actions of the Theorems and [LT3] both pass
to the derived category Qcoh(X) by taking pullback-pushforward along the correspondences
(CIE) and how these actions restrict to coherent and perfect complexes.

Corollary 1.1.5. Let X be a smooth projective algebraic variety over a field k of character-
istic zero. Then the (dg)-derived category of perfect complexes (resp. cohomological bounded
complexes with coherent cohomology) on X, Perf(X) (resp. Coh(X)) carries a laz associative
action of the operad in dg-categories {Perf(Mon)}n (resp. {Coh(Mo)}n) induced by taking
pullback-pushfoward along the correspondences (IL1.4).

This was in fact the main motivation to this work. More recently, Y. Manin suggested us
that this action could be happening at the level of non-commutative motives - see also [Man)].
This is now a consequence of our results and the theory developed in [Robl15]. However, it
seems in fact more interesting that this action happens before motives, and even before the
world of derived categories. It happens in the geometric world of derived stacks and corre-
spondences between them.

Recall that by definition the G-theory of X is the K-theory spectrum of the dg-category
Coh(X). Our last main result is the following:

Corollary 1.1.6. Let X be a smooth projective algebraic variety over a field k of characteris-
tic zero. Then the action of the Corollary[I.1.3 produces a laz associative {G(Mo ) }n -algebra
structure on the spectrum G(X). This action recovers the formulas of Quantum K-theory of
Givental-Lee of [Lee04), IGiv00]. The lax structure explains the metric.

At this point we do not claim to have a complete proof that the K-theoretic GW numbers
obtained in the Corollary are the same as the GW numbers introduced by Givental-Lee.
We know that they satisfy the same axioms and that the two obstruction theories that pro-
duce them are the same. However, we don’t have a full proof that the two virtual classes
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produced are the same. The situation is the following: let Y be a derived quasi-smooth
Deligne-Mumford stack and let Y; be its truncation. Then the derived structure of Y can be
used to produce virtual sheaves on Y in two different ways: one by restricting the derived
structure sheaf of Y to Y; and, second, by using the cotangent complex of Y to induce a
perfect obstruction theory on Y which then can be used to produce a virtual sheaf using
the intrinsic normal cone. In the case when Y is a quasi-smooth derived scheme these two
virtual objects are known to be the same - [CEFK09, Proof of Thm 3.3] and [LS12, Section
7.2.2]. The main technical ingredient is deformation to the normal cone for derived schemes.
At the present moment this is not written for derived DM-stacks. However, it is clear that
the same argument will also work in this case and allow the identification of the two virtual
classes in a near future.

Connection with usual Gromov- Witten invariants in cohomology

We believe the action given by the Theorem [[LT.2]is the main mechanism behind the yoga of
Gromov-Witten invariants. In fact, if a theory of Chow groups for derived Deligne-Mumford
stacks were already available with the correct pushforward functoriality, then, applying these
Chow groups directly to the action in correspondences, by deformation to the normal cone
(also to be developed) we believe we would immediately be able to recover the usual Gromov-
Witten invariants in the sense constructed by Beherend-Fantechi-Manin using virtual cycles.
However, a more interesting question remains: can the usual cohomoogical Gromov-Witten
invariants also be detected directly from the categorical action of the Theorem using
some version of the derived category of X7 Our result gives us an action in the periodic cyclic
homology HP(X) but we don’t know how to identify it with the usual invariants. A first in-
gredient to achieve this comparison is a Riemann-Roch theorem for derived quasi-smooth
Deligne-Mumford stacks. However, even with this at our disposable, we don’t know how to
complete the comparison as the invariants obtained seem to live in the twisted sectors. We
will investigate this in the continuation of this project.

Acknowlegments: The original motivation for this project was the idea of categorifying
Gromov-Witten as suggested by Bertrand Toén in [Toé09]. This was the topic of a weekly
seminar “Gromov-Witten invariants and Derived Algebraic Geometry” organized in the Uni-
versity of Montpellier in 2012. It was there that the idea of brane actions appeared, together
with the insight of their connection to Gromov-Witten theory. The authors then took the
task of adapting these results to Gromov-Witten theory. We would like to thank everyone
involved in the seminars and in many posterior discussions: Anthony Blanc, Benjamin Hen-
nion, Thierry Mignon and B. Toén. We would particularly like to express our gratitude to B.
Toén for his multiple comments and mathematical insights and for the continuous support
during the long gestation period of this paper. The key idea of brane actions is due to him.
Also, special thanks to Benjamin Hennion who gave us crucial insights during different stages
of the project. Finally, we would also like to express our gratitude to D. Calaque, A. Chiodo,
H. Iritani, M. Kontsevich, Y. Manin, M. Porta, T. Schiirg, G. Vezzosi and T. Yue Ye for
conversations, email changes and many insights related to this project.
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We assume the reader is familiar with derived algebraic geometry (in the sense of [Toé14)
TV08]) and with the tools of higher category theory and higher algebra [Lurl4l Lur09], par-
ticularly with the theory of co-operads.

2. BRANE ACTIONS

We start by providing an alternative construction of the brane action of [Toél3l Thm
0.1] that has the advantage of being formulated purely in terms of co-categories, avoiding
stricitification arguments. This reformulation is crucial to the proofs given in this paper.

2.1. Brane actions for co-operads in spaces. The sphere S™ is a F,i-algebra in the
category of cobordisms of dimension n + 1. In the case when n = 1 the multiplication map is
given by the pair of pants. Recall that S™ is the space of binary operations of the topological
operad E,;1. These are the standard examples of the so-called brane actions, where an
operad acts on its space of binary operations. In [Toél3] brane actions were constructed
for any monochromatic oc-operad satisfying some mild conditions (being of configuration
type, or, equivalently, coherent). In order for this generalization to have a sense, we need to
understand brane actions not at the level of cobodisms but rather at the level of co-spans. The
construction requires some non-trivial strictification arguments. In this section we provide
an alternative construction that avoids strictifications. As we shall explain, this action is
deeply related to the definition of co-correspondences and to the definition of coherent operad
introduced by J.Lurie in [Lurl4].

2.1.1. Algebras in Correspondences and Twisted Arrows. Let € be an (oo, 1)-category with
finite limits. Then we can form an (oo, 2)-category of correspondences in €, which we will
denote as Spans;(C). This was constructed in [DK12, Section 10]. Moreover, admits a
symmetric monoidal structure where every object is fully dualizable - see [Haul4, Thm 1.1].
Dually, if € has finite colimits one can also form an (oo, 2)-category of co-spans in €. We
dispose of two canonical functors

€ — Spans,; (C)

and

C? — Spans; (C)

both given by the identity on objects. The first sends a map f : X — Y in C to the
correspondence X = X — Y and the second sends Y — X in € given by f,to Y + X = X.
The canonical functor C°? — Spans; (€) has a universal property - it is universal with respect
to functors out of €% to an (0o, 2)-category and satisfying base-change pullback-pushfoward.
More precisely, whenever we have an co-functor F': C? — D with D an (0o, 2)-category such
that

(1) for every morphism f: X — Y in €, the 1-morphism F'(f) has a right adjoint f, in
D;
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(2) for every pullback square in C

the canonical 2-morphism in D

6.0 F(f) = P(v) o u.
is an equivalence.

then F' extends in a essentially unique way to an co-functor of (oo, 2)-categories Spans; — D,
informally defined by sending a correspondence

Z
N
X Y
to the 1-morphism in D given by b, o F'(a).

A precise proof of this fact will appear in [GRb]. In our case we will be mostly concerned
not with functors out of Spans;(€) but instead, with functors with values in Spans;(C).

We now recall a characterization of the maximal (oo, 1)-category inside Spans;(€) (which
we will denote as C° for simplicity). For this purpose we have to recall some notation: Let
D be an (oo, 1)-category. In this case we can define a new (oo, 1)-category Tw(D) as follows:

e objects are morphisms in D;
e a morphism from u: X — Y tov: A — B is a commutative diagram

X A
Y~—B
This definition can be made precise and defines a new (oo, 1)-category - so called of twisted

arrows in D. See [Lurl4, Section 5.2.1]. It is also important to remark that the assignment
€ +— Tw(C) can be seen as an oco-functor

—

Tw : Caty, — Catoo

which commutes with all small limits [Lurl4, 5.2.1.19].
The main reason why we are interested in twisted arrows is the following universal property:

Proposition 2.1.1. Let C be an (oo, 1)-category with finite limits and let D be an (oo, 1)-
category. There is a canonical equivalence between the space of co-functors F : D — G and
the space of oo-functors F : Tw(D) — € having the property that for any pair of morphisms
inD, f:x—yand g:y— z, the object F'(go f) is the fiber product of F(g) and F(f) over
F(Idy).
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Remark 2.1.2. A dual result holds when we replace correspondences by co-correspondences.
This corresponds to replacing € by C°P.

This result can be used as a definition of €. See [Bar13| and more recently [Haul4] The
result also appears in the appendix of [Ras14].
For our purposes we will need a monoidal upgrade of the previous proposition: As €

has finite limits, G**

acquires a symmetric monoidal structure (remark that it won’t be a
cartesian monoidal structure). Let us denote it as C°™®x_ Let now D have a symmetric
monoidal structure D®. Then [Lurld, 5.2.2.23] shows that Tw(D) inherits a symmetric
monoidal structure induced from D, Tw(D)®. Objectwise it corresponds to the tensor product
of l-arrows in D. Notice now that as Tw commutes with products, it sends algebras to

algebras

Tw : CAlg(Cats) — CAlg(Catoo)

and that the same time the construction mapping a category with products to its category of
correspondences can also be interpreted as an co-functor (=)™ : Cat?° — Cat, which also
commutes with products and therefore sends algebras to algebras. Prop. 2I.1] can now be
understood as saying that the constructions Tw and (—)™ are adjointl. By this discussion,
the adjunction extends to algebras and we have the following corollary:

Corollary 2.1.3. Let € be an (oo, 1)-category with finite limits and let D® be a symmetric
monoidal (0o, 1)-category. There is a canonical equivalence between the space of monoidal
oo-functors F : D® — @O™®x and the space of monoidal co-functors F Tw(D)® — €*
having the property that for any pair of morphisms in D, f:x — y and g : y — z, the object
F(go f) is the fiber product of F(g) and F(f) over F(Id,). Here C* denotes the cartesian
monoidal structure.

Remark 2.1.4. Again replacing € by C° (if € has pushouts) we can replace correspondences
by co-correspondences.

We will now discuss how this result allows us to describe algebras in correspondences. To
start with, let O® be a oc-operad in spaces. For the moment, let us suppose that O® has
a unique color so that we can think of O® in a more traditional form as a family of spaces
{O(n)}nen together with certain operations. In this case, intuitively, an O®-algebra in €'
consists of an object X € C®™ together with operations t,(0) € Mapecor (X", X), indexed
by o € O(n). These operations are required to satisfy some coherence conditions encoded in
the fact that the assignments

tn . O(’I’L) — Mapecorr (Xn, X)

form a map of operads up to coherent homotopies. To give a formal definition, we will see the
spaces O(n) as mapping spaces in a multicategory with a single color. This is the strategy of
[Lurl4]. In this case the data of an O% algebra in C°°' is given as a commutative diagram
that preserves inert morphisms:

corr

IMore precisely, one can proceed as in [Haul4] and see that Tw has a right adjoint and (—) is a sub-

functor of this adjoint.
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(2.1.1) 0® eorT,®

~N 7

N(Fin,)

and we recover the object X as the image of the unique color of O®. We will assume that
the reader is familiar with this language. We will also assume that O% is a unital co-operad
(recall that this means that the space of nullary operations is contractible).

As shown in [Lurldl 2.2.4.9], the functor that sees a symmetric monoidal (oo, 1)-category
as an oo-operad has a left adjoint: if O% is an ooc-operad, then we can define a symmetric
monoidal (oo, 1)-category - the symmetric monoidal envelope of O, which we will denote
as Env(0)®. Explicitely, if we model oco-operads as (oo, 1)-categories over N(Fin,), then
Env(0)® is the pullback 0% Xy(pin,) Act(N(Fin.)) so that EHV(O)(?U is the subcategory 0%,

of 0% spanned by all objects and active morphisms between them (see [Lurl4, 2.2.4.1]).
In this case, to give an O-algebra in C°™"®x is the same as giving a monoidal functor

Env(0)® — Qoo®x

But now, using 2.1.3] this corresponds to the data of a strongly monoidal functor

Tw(Env(0))® — €~

such that the underlying functor Tw(Env(0)) — C satisfies the pullback condition. By [Lurl4),
Prop. 2.4.1.7-(2)], this corresponds to an oo-functor

Tw(Env(0))® — €

satisfying the conditions of a weak Cartesian structure (see [Lurldl Def. 2.4.1.1]).

Our main interest is the case of co-correspondences. Suppose that € admits finite colimits.
Then we can apply this discussion to C°? and the data of an O-algebra in G~ := (CP)cor
is equivalent to the data of an oco-functor

Tw(Env(0))® — €

satisfying the conditions of weak Cartesian structure in C°? and the conditions of the Corollary

213

2.1.2. Construction of Brane Actions. We can now use this to construct brane actions. In
this section we work with oo-operads in spaces and in the next section we will extend these
results to oco-operads enriched in a topos. Let us introduce some notation. Let O% be a unital
oo-operad and let o : X — Y be an active morphism. An extension of o consists of an object
Xy € O% together with an active morphism 6 : X & Xg — Y such that the restriction to
X recovers o. If p denotes the structural projection O® — N(Fin,), then the canonical map
X — X @ X is defined over the inclusion (n) := p(X) — (n+ 1) that misses the last element



12 ETIENNE MANN AND MARCO ROBALO

in (n+ 1>|§ The collection of extensions of o can be organized in a (oo, 1)-category Ext(o).
See [Lurldl, Def. 3.3.1.4].

Remark 2.1.5. In the case O% is monochromatic with color c, O%) is an oco-groupoid and o is

an active map (c,...,c) — c over (n) — (1), Ext(o) is a space and it is equivalent to the fiber

over o € O(n) of the map O(n+1) — O(n) obtained by forgetting the last input. This makes

sense because the operad is unital. Here O(n) := Mapé® ((¢,...,c),c). In the case where O(1)
act

is contractible, we have Ext(Id.) ~ O(2)
We now recall the notion of a coherent oo-operad [Lurl4, 3.3.1.9]:

Definition 2.1.6. Let O% be a co-operad. We say that OF is coherent if:
(1) O% is unital;
(2) The underlying (oo, 1)-category (‘)%> of 0% is a Kan Complex;
(3) Suppose we are given two composable active morphisms in O%

X—Y —7
f g
Then the commutative diagram

Ext(Idy) —— Ext(g)

| |

Bxt(f) — Bxt(g 0 /)
s a pushout.
Theorem 2.1.7. (Toén) Let € = 8§ be the (0o, 1)-category of spaces. Let O® be a unital

coherent monochromatic oo-operad with a unique color ¢ and O(1) ~ x H Then the space
Ext(Id.) ~ O(2) is an O-algebra in 8°°~°™. More precisely, there exists a map of co-operads

Sco—corr,(g)]_[

N 7

N(Fin,)

(2.1.2) O®

sending the unique color of O to the space Ext(Id.).

Proof. This theorem is proved in [Toél3, Thm 0.1] using non-trivial stricification arguments.

Here we suggest an alternative proof that avoids those arguments and gives a more conceptual

explanation. Moreover, this new strategy will be very useful throughout the rest of this paper.
As discussed above, we are reduced to construct an oco-functor

Tw(Env(0))® — 8

2As the operad is monochromatic it is enough to consider the inclusions that miss the last element
3Recall that the of being unital condition is equivalent to say that O(0) is a contractible space
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sending the identity map Id. : ¢ — ¢ seen as an object of Tw(Env(0))® to the space Ext(Id..)
and satisfying certain conditions. To produce the functor we can use the Grothendieck
construction and instead, construct a right fibration

BO
Tw(Env(0))®

such that the fiber over an object o : (c,c,...,c) — ¢ in Tw(Env(0))?® is the space Ext(o).
We construct it as follows: Start with the source map

Fun(A[1], Tw(Env(0))®)

l evg

Tw(Env(0))®

which we know to be a cartesian fibration via the composition of morphisms (see [Lur(9,

2.4.7.5, 2.4.7.11]). By definition, we have Env(0) ~ 0%, so that we can identify objects of

Tw(Env(0))® with sequences ((n),o1 : X1 — Y1,...,0, : X, — Y,) of active morphisms
in O®. We let BO denote the (non-full) subcategory of Fun(A[1], Tw(Env(0))®) defined as
follows:

(1) its objects are those twisted morphisms

o:=(n),o1: X1 = Y1, .,0n: Xpn = Y) S P (1), :U—=V)

over the unique active map (n) — (1) such that the corresponding twisted arrow

®i€<n)° Xz :13_) U

l@i(z(n)"ai ‘(5

@z‘e(mo Y; <y— Vv

satisfies the following two conditions:
(a) the active map z : @;c(nyo Xi — U is semi-inert in O%® and is defined over the
map

(m) == p( @ Xi) = (m+1)
1€(n)°
corresponding to the inclusion that misses the last element in (m + 1);
(b) the map y is an equivalence.

(2) A morphism in Fun(A[1], Tw(Env(0))®) over a morphism

A= (<'7>7)‘1 : Al — Bl, ---7)\'y : A,y — B,y) g—) o

in Tw(Env(0))® is a commutative square
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A\ g
over
id
(1) —=(1)
p(t) T p(f) T
g
(V) —=(n)
such that

(a) both t and f satisfy the conditions of item 1);
(b) in the induced diagram

w U

| |

Dactyye Ao = Dicnye Djeg-11y A Dicmy Xi

the map h sends the unique element p(W) — p(eaaE(“/)* Ag) to the last element
in (m+ 1).

It follows now from [Lurl4l Def. 3.3.1.4] that the fiber of the composite = : BO C
Fun(A[1], Tw(Env(0))®) — Tw(Env(0))® over an object o := ((n),o1 : X1 — Yi,...,0p :
Xy — Yy) is the space Ext(@;c e 0i) ~ [ic(nye Ext(o;). We remark now that 7 remains
a cartesian fibration under the composition of twisted morphisms. We will check it in the

case when we have a single active morphism as the general case can easily be reduced to this
one. Let 0 : X — Y be an active map, and 6 : X’ — Y be an extension of ¢ with X — X’
semi-inert over the inclusion that misses the last element (n) — (n + 1) and

Ui>X

.

V~—"29Y
92

a twisted morphism from an active morphism A to 0. We remark that as the operad has a
unique color and O(1) is contractible, the space of factorizations

(2.1.3) U - - "= >

where the map U — U’ is semi-inert over the inclusion that misses the last element p(U) :=
(k) — (k+ 1) and h satisfies the conditions in (2)-b), is contractible. Clearly, as the operad
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has a unique color and O(1) is contractible, there exists and is essentially unique, a semi-inert
morphism U — U’ over the inclusion that misses the last element (k) — (k + 1). Moreover,
the definition of oco-operad tells us that

Mapg (U, X') = Maph” (U, X) x O(1) = Mapge (U, X)

showing that h is essentially unique once ¢ is given. This implies that 7 is a cartesian fibra-
tion.

To conclude we have to show that the functor associated to 7

Tw(Env(0))® — 8%

satisfies 1) the condition of the Corollary 2Z1.3] and 2) it is a weak Cartesian structure in
8% (in the sense of [Lur09, 2.4.1.1]. But this is exactly where the coherence conditon plays
its role: 1) is equivalent to the definition of coherent co-operad and 2) follows from the fact
that Ext((o1,...,0n)) ~ Ext(®;0;) ~ [[; Ext(o;) (this is clear from the construction and from
the definition of Ext(—) in [Lurl4, 3.3.1.4, 3.3.1.7]). In particular we have Ext(Id, . .)) ~
1, Ext(Id.).

O

Remark 2.1.8. It follows from the cartesian morphisms in the theorem that co-correspondence

[T Ext(dc) — Ext(o) < Ext(Id,)

induced by o € O(n) can be canonically identified with the pullback of the diagram considered
in [Toé13, Thm 0.1]:

1, 0(2) x O(n) —= 0(n +1) =<— 0(2) x O(n)
\ O(l | /

along the map o : * — O(n). See the Remark 2Z.T.5l Following [Toé13l, Prop. 3.5], we say that
a monochromatic unital co-operad in spaces O is of configuration type if for every n > 2
and m > 2, the natural composition diagram

O(n) x O(m + 1) Ho@)xom)xom) O(n +1) x O(m) —— O(n +m)

| |

O(n) x O(m) O(n+m—1)

is a pullback. Notice that in this case the condition of O® being of configuration type is
equivalent to being coherent - the compatibility between the spaces of extensions of two
operations o : * — O(n) and p : * — O(m) is obtained by taking the fibers of the diagram
218 over the map o x p: x — O(n) x O(m).
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Ezample 2.1.9. As shown in [Lurl4, Thm 5.1.1.1] the oc-operads E? are coherent. In this
case, for o € E,(i), the space Ext(c) is equivalent to a wedge V;S™ ! and the brane action
is given by the usual cobordism-style action. When n = 1, the co-span

[15" = visSt < S
k
can be identified with the usual pants with n-legs.

2.1.3. Functoriality of Extensions. Let F : O® — O® be a map of oo-operads and suppose
both O® and O'® are unital monochromatic with O(1) ~ O(1)’ ~ *. Then we have a natural

morphism of right fibrations induced by F'

(2.1.4) BO BO'

T

Tw(Env(0))® —= Tw(Env(0'))®

Indeed, as we know, both constructions Tw and Env are functorial. As the construction
Fun(A[l],—) is also functorial and the source map evy is a natural transformation, we know
that F' induces a commutative diagram of right fibrations

(2.1.5) Fun(A[1], Tw(Env(0))®) —= Fun(A[1], Tw(Env(0’))%)
Tw(Env(0))® r Tw(Env(0'))®

More generally, the same argument gives us an oo-functor B : OpZ, — Fun' (A[1], Cats)
where Op}, is the full subcategory of Op., spanned by the oo-operads satisfying the con-
ditions at the beginning of this section and Fun’/(A[1], Cats,) is the full subcategory of
Fun(A[1], Cats) spanned by those functors that are right fibrations. We are now left to
check that if F'is a map of operads then the induced map of right fibrations sends the
full subcategory BO to BO’, or in other words, F' preserves the conditions (1) and (2) in
the proof of But this follows immediately from the fact F' is a map of co-operads and
maps of oco-operads preserve semi-inert morphisms. This follows from the fact inert edges
are cocartesian by definition. It also follows from the proof of the Thm. that F' sends
m-cartesian edges to m'-cartesian edges.

2.1.4. Some Ezamples and Remarks.

Remark 2.1.10. (From Co-spans to Spans) Let O® be a unital coherent monochromatic oco-
operad with color ¢. Then the Theorem tells us that the space Ext(Id.) is an O-algebra

co—corr,®
in 8 II. Fix now X a space . Then we have a functor Map(—, X) : 87 — 8. We
can use the definition of correspondences to see that this functor produces an oco-functor
(8§eo—corryor — §¢ which is monoidal with respect to the opposite of ®H and ®. In this
case the space Map(Ext(Id.), X) becomes an O-algebra in 8 by means of the composition
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Tw(Env(0))® — 8P — §

Ezample 2.1.11. (n-Loop Stacks) Let € be the oo-topos of derived stacks over a field of
characteristic zero, considered with the cartesian structure. See [TVO0S8, [Toél4]. As C is
presentable we have a canonical monoidal, colimit-preserving oco-functor

§* — %

By the universal property of correspondences, this functor provides an oo-functor

co—corr,® CO—COIT,&
S e I

In particular, for any unital coherent monochromatic co-operad (in spaces) 0%, we can

. . co—corr,® . .
consider Ext(Id.) as an O-algebra in € I via the composition.

O® N Scofcorr,®H _ ecofcomr,®]_[
In this case, for any derived stack X, the mapping stack Map(Ext(Id.), X) becomes an

corr,®
O-algebra in € II. In particular, when 0% = E®, as E,(2) ~ S""!, we find that the
mapping stack Map(S”~!, X) becomes and E,-algebra in correspondences.

Ezxample 2.1.12. At the same time, when working with derived stacks which have compactly
generated derived categories of quasi-coherent sheaves, Qcoh provides a monoidal co-functor
(dstz)? — DGCatP™ where DGCat®™ is the (0o, 2)-category of k-linear presentable dg-
categories together with continuous functors as 1-morphisms. For nice enough derived stacks,
this functor factors through the sub-category of dg-categories having a compact generator and
satisfies the pullback-pushfoward base-change and the (oo, 2)-monoidal universal property of
correspondences tells us that Qcoh factors as a monoidal functor

Spans, (nicedsty) — DGCat§o™

We restrict to the maximal (oo, 1)-categories and obtain a monoidal functor

nicedstE™ — DG Cat§o™

As a corollary of the theorem and the previous example we deduce that if X is a nice enough
stack, the dg-category Qcoh(Map(S™, X)) is an E,,1-monoidal dg-category. In [Toél3l, Corol-
lary 5.4] this is used the prove higher formality.

2.2. Brane actions for co-operads in a co-topos.

2.2.1.  We want to be able to work with operads enriched in derived stacks. The first task
is to define what these objects are. Thanks to the works of [MWO07, HHEM13\, [(CM11, [CM13al,
CM13b] we can model oco-operads in the sense of Lurie [Lurl4], using the category of non-
planar rooted trees €, either via dendroidal sets (i.e. presheaves on 2) or dendroidal Segal
spaces, i.e. oo-functors N(Q)? — § satisfying a local condition with respect to certain Segal
maps. We use this as an inspiration to define co-operads in a hypercomplete topos.

4Recall from [Lur09] that hypercomplete topos can always be described as oo-sheaves over a site.
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Definition 2.2.1. Let T be hypercomplete co-topos. The (00, 1)-category of co-operads in T
18

Op.(T) := Fun®&(N(Q), T)

Of course, when T = 8, the comparison theorem of [HHM13] tells us that Op,,(8) ~ Opy,
and in this case, when T is the topos of sheaves in a oco-site (C, 7), we have

Opo. (T) := FunSe (N(Q), Sh(€)) ~ Fun®&™(N(QP) x €, 8) ~ Sh(€, Op..)

so that, according to our definition here, an operad in 7 is just a sheaf of co-operads on the
site €. Equivalently, one can also describe Op_ (7T) as the (oo, 1)-category of limit preserving
functors T — Op,,: when T is a oo-topos, the Yoneda inclusion provides an equivalence
T~ Fuan”'tS(‘J"’p7 S).

Let us now explain the construction of brane actions for an co-operad in a topos. Later
on we will be interested in the co-topos of derived stacks over a field of characteristic zero.
Let M® € Sh(€,Op,,) be an oc-operad in T = Sh(€). For the rest of this section we will be
working under the following assumption:

A) For each Z € €, the co-operad M®(Z) € Op,, is unital, coherent, has a unique color,
which we will designate by cz and the underlying (oo, 1)-category of M®(Z) is a
contractible oco-groupoid.

In this case we know from the discussion in the previous section that each M®(Z) admits

8§ Qur task now is to understand the compatibilites between these

a brane action in
brane actions. For that purpose we will need some preliminaries. The first observation is that
as M® has a unique color, we can use the equivalence 6 : Op,_(T) ~ Fun® (N(QP), T) (see
the details in [HHM1I3]) to think of M® as a collection of objects in T, {M,, },>0, defined by

means of the following universal property: for every Z € €, we have canonical equivalences:

Maps(Z, M,,) ~ 0(M®)(T;,)(X) ~ MapM®(Z)act((cZ, ey C7),CZ)

where T,, € ) is the non-planar rooted tree with n-leafs. Of course, in this case, the Yoneda’s
lemma gives us canonical maps in T

M,, x Mil X ..o X Mln — MilerJrin

that determine the composition operations in M®. In other words, we can think of M® using
our familiar intuition of operadic objects and their standard operations. This machine cap-
tures all the necessary coherences. Moreover, as M® is unital, we will have Mg ~ * so that
we will also have operations M,,+1 — M,, which correspond to forgeting the last input. Our
assumption A) implies also that My ~ x.

It follows from the Remark 2.1.8] that a monochromatic oco-operad in a oco-topos T is
coherent if and only if the commutative diagram in T
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Mn X Mm Mn+m—1

is cartesian.

Given Z € @, the brane action by : M®(Z) — 8 of the Theorem en-
dows the space of extensions Ext(Id.,) in M®(Z) with a structure of M®(Z)-algebra in
co-correspondences of spaces. Following our assumptions, and as explained in the Remark
218, for a given Z this space is given by Mapg(Z, Ms). To describe the action we can also
mimic the arguments of the Remark [ZT.8] Indeed, Yoneda’s lemma ensures the existence of

cofcorr,®H

universal diagrams in T

(222) Hn Mn X M2 Mn+1 Mz X Mn

~.u7

n

with the universal property: for a given ¢ : Z — M, the effect of the action of ¢ on
Mapg(Z, Ma) ~ Mapg,(Z, Z x Mz) is the co-correspondence obtained by pulling back the
universal diagram along ¢ and taking sections over Z, namely

[IMapy,7(Z, Z x My) = Mapy,(Z,Cy) <= Mapg,(Z, Z x My)

where

(223) Ca =7 XM, Mn+1

Remark 2.2.2. The coherence criterium of the diagram ([2.2.2)) can now be measure in terms
of the objects C,. In fact, M® is coherent if and only if for any Z and any two operations
o:Z— M, and 7: Z — M,,, the map induced between the fibers

(224) Ca HZ><M2 CT Caor

| |

My, X Myt Tty sty vty M X My ——— My,

| |

Mn X Mm Mnerfl

is an equivalence.

This two-step description (pulling back along o and taking sections), suggests that in fact
this algebra structure in 8~ exists before taking sections, or in other words, that the
space Z X My is itself an M®-algebra in (T/Z)°~ T, Intuitively, given o : Z — M, the
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action of o0 on Z x My is simply the co-correspondence over Z given by the pullback along o
of the universal diagram 2.2.2], namely

(225) Hn Z X Mz —— Cg e Mz X Z

7

Z

so that the brane action in co-correspondences in spaces can be recovered by applying the
monoidal functor

((J"/Z)CO—COI'I' — SCO—COI'I'
which applies Mapq /Z(Z, —) both at the level of objects and correspondences.

Let us explain how to construct this action over Z. We start with the following nice
consequence of Rezk’s characterization of co-topoi:

Proposition 2.2.3. Let T be an co-topos. The construction

co—corr

,®
Z € €% (T/2Z) I e op,,
is an oo-operad in T.

Proof. Recall that T/Z is again an oo-topos [Lur09, 6.3.5.11]. Thanks to Charles Rezk’s
characterization of oco-topoi [Lur09, 6.1.6.3], the assignment Z € C? — T/Z is a sheaf
with respect to the topology in € and admits a classifying object, which we shall denote as
T/(—) € 7. In this case, as both (=) and (—)°"" are functorial and are right adjoints (see

— 7®
section [ZI.T]), they commute with limits so that the assignment Z € C? — (T/Z )CO R =
Op,, will also be a sheaf and representable in J. We will denote this operadic object as

((‘T/(_))cofcorr,(gu‘ 0

In this case, the compatibilities between the different brane actions when X varies are
encoded by the following result:

Proposition 2.2.4. Let T be an oco-topos and let M® be an oo-operad in T satisfying the
assumptions in the beginning of this section. Then there exists a map of occ-operads in T
co—corr,®
M = (7))
encoding the brane action informally described as follows: given Z € C, it sends an active
map o € M®(Z) to the operation given by the diagram (2.2.3).

Before giving the proof of this proposition let us recall a technical fact which will be used
several times throughout the paper.

Remark 2.2.5. Let m : X — S° be a cocartesian fibration between (oo, 1)-categories clas-
sifying a oo-functor p : S’ — Caty. Then the cartesian fibration that also classifies p,
Joare P — S can be obtained as follows: define a new simplicial set Y over S° such that
maps of simplicial sets over S°, Mapgop(T,Y) are in bijection with maps of simplicial sets
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Map(T X gor Y, 8). In particular, an object of Y over a vertice s € S° is just a presheaf on
X, Let Yy C Y be the full subcategory of Y spanned by those vertices corresponding to
representable presheaves and let Y — S denote the opposite of the projection Y — S°P.
Then this map is a cartesian fibration that classifies p. Conversely, if a: X — S is a cartesian
fibration classifying a diagram p then the cocartesian fibration classifying the same diagram
can be obtained by applying these steps to the cocartesian fibration o’ and then taking the
opposite of the output.

Proof of Prop.

As (‘J’/(—))CO_Com IT is a sheaf, the data of a morphism of operadic sheaves M® —
(T/(—))CO?COH@H equivalent to the data of a morphism in Fun(C,Op,,). Using the ad-
junctions

Env
Fun(C°P, CAlg(Catoo))(: Fun(C, Op,,)
and

Tw
Fun(C°, CAlg(Cat)) O Fun(C°P, CAlg(Cats))

this is the same as the data of a natural transformation

Tw (Env(M®)) = (T/(=))™)*

But as in B1.2] this is the same as a natural transformation in Fun(C%, Caty)

(2.2.6) Tw(Env(M))® — ((T/(=))°P)

objectwise satisfying the conditions of a weak Cartesian structure and the conditions of the
Cor. 2. 1.3 It will be more useful now to see them as functors T — Cat,, via Kan extension.
In this case to give ([Z22.6]) is equivalent to construct a map between their associated cartesian
fibrations over T

(227) fCart TW(EDV(M))® fCart(((‘T/(_))Op)

T~

T

preserving cartesian edges. Here the symbol [, denotes the unstraightening construction
of [Lur09, Chapter 3]. We now remark that the cartesian fibration [, ((T/(=))??) = T
can be described by applying the discussion in the remark to the cocartesian fibration
X = [ocat(T/(=))P) — S := T°?. But this we can easily see, verifies canonically
Jeocart (T/(=)P) ~ (Jeare T/(=))P where now [o,. T/(—) — T is the cartesian fibration
classifying the categorical sheaf X — T/X. For this one we have an explicit description,
namely, it is given by the evaluation map ev; : Fun(A[l],T7) — TJ. Therefore, and using the
notations of the Remark we have [, ((T/(—))%) = Y;? so that the data of a map
(227)) is uniquely determined by the data of a oo-functor
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(2.2.8) ( Tw(Env(M))®)? x gop XP — 8§
Cart

which, unwinding the notations, can be written as

(2.2.9) . Tw(Env(M))® xg Fun(A[1],T) — 8%

or, in other words, as the data of a (fiberwise over T) left representable right fibration

(2.2.10) B(T,M)
Joars Tw(Env(M))® xq Fun(A[1],T)

We will now explain how to construct the correct right fibration. First we let BM denote
the image of M® through the composition

(2.2.11)
Opoo(T) € Fun(T%, Catoo) ——o—— > Fun(T°, Fun’f (A[1],8))

evg

Fun(TP, Catwo)

where B is the functor constructed in section 213l By construction, BM comes equipped
with a natural transformation

(2.2.12) BM — Tw(Env(M))®

and the transition maps preserve cartesian edges. In this case it is an easy exercise to see
that the map induced between their associated cartesian fibrations

(2.2.13) / BM — [ Tw(Env(M))®
Cart Cart

is again a right fibration.

Let now m : X — S be a generic cartesian fibration between (oo, 1)-categories and let
Fun(A[1], X)®t denote the full subcategory of Fun(A[l], X) spanned by the 7-cartesian
edges. Then it is also an easy exercise to check that the natural map

(2.2.14) Fun(A[1], X)%* — X xg Fun(A[l1], )

sending x — y — (y,m(x) — 7(y)) is an equivalence of (oo, 1)-categories. Indeed, the fact
that it is fully faithful follow from the definition of 7-cartesian edges and the fact that it is
essentially surjective follows from the definition of cartesian fibration. In this case it admits
a section s.

Back to our situation we apply this discussion to the cartesian fibration X = [, , Tw(Env(M))® —
S = T and composing the section s with the evaluation at 0 we obtain a map
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(2.2.15)

. Tw(Env(M))® xgFun(A[1],T) — Fun(A[l], . Tw(Env(M))®)Cart . Tw(Env(M))®

Finally, we define the right fibration B(7, M) in (22I0) to be the pullback

(2216) B(Ta M) fCart BM

| |

Joare TW(Env(M))® xq Fun(A[1],T) — [y Tw(Env(M))®

It is clear from the construction that the fiber over an object (o over Z,u : Y — Z) is the
space of extensions Ext(u*(c)) in M®(Y). In the case when o consists of a single active map
(n) — (1) in M®(Z) classified by a map Z — M,, in T, then we have canonical identifications

(2.2.17) Ext(u*(0)) ~ Mapy (Y, C, xzY) =~ Map,(Y,C,)

where C, is defined as in (Z2Z3]). More generally, if o classifies a list of active maps o; :
(n;) — (1) in M®(Z) corresponding to maps o; : Z — M,,,, then by the defining properties of
extensions and because u* is a map of operads, we have Ext(u* (o)) ~ [], Ext(u*(0;)) which
we can write as

(2.2.18) Map (Y, Cy) =~ 11 Map (Y, Cy,)
=1

where we set

(2.2.19) Co =] Co,
%
in T/Z (as we can always assume Y to be affine and therefore, absolutely compact).

The formula ([Z.2.I8]) gives us the representability condition specified in the Remark

To conclude let us remark that the map (Z27) thus obtained, preserves cartesian edges.
Indeed, if ¢ — o’ is a cartesian edge in [q,, Tw(Env(M))® over a map f : Z — Z’, by
definition, this means that o ~ f*(¢’). By construction we then have Cy ~ Cy X z» Z, which
is exactly what characterizes cartesian edges in [, ((T/(—))?).

It remains to show that the map (Z2.6]) produced by this construction indeed satisfies
1) the conditions of weak cartesian structure and 2) the conditions of the Corollary 213l
objectwise. But 1) follows from the formulas (Z2.I9) and 2) from the fact that as M® is
coherent the compositions are classified by pushouts as in the formula (Z2Z.7]).

O

Remark 2.2.6. To conclude this section let us mention that as in the Remark[2.T.8], and thanks
to the Yoneda’s lemma, to check that a monochromatic unital co-operad M® in T having a
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single color with M®(Z)(cz, cz) ~ *, is coherent, it is enough to check that for every n > 2
and m > 2, the composition diagram in T

M, X My 11 [1 M1 X My, —— My
Mo XM, X My,

l

Mn X Mm Mn+mf 1

is a pullback diagram.

2.2.2. From Co-Spans to Spans. In this section we explore the content of the Remark Z.T.10I
in the case when we fix an object F € T and consider branes mapping to E. As in the
Remark, fixing F we have a natural strongly monoidal map of co-operads in T

RHom(_(—, B x (-)) : (7/(=)" """ = (7 (=)yome

mapping the induced coproduct structure in co-spans to the product structure in spans. ﬁ
We can now compose with the brane action of the Prop. ZZ4to produce a map of oco-operads

—corr,®
(2220) ME = (/=) s (7 (o
Intuitively, this map is defined by the formula sending an operation ¢ : Z — M,, to

RHom 4 (I, Z x Mg, E x Z) <— RHom z(Cy, E X Z) — RHom ;(Z x My, E' x Z)
where C, is the pullback

Co =2 XMy, My11 —— My4q

l |

Z 7 M,,

This correspondence is of course equivalent to

(2.2.21) [T, EM2 x Z <— RHom (Cy, E x Z) —= EM2 x Z

where EM2 .= RHomg(Ma, E).
In this case, and using the adjunction (— x Z) : T — T/Z, (ZZ2Z])) is equivalent to the
data of a correspondence in T

5This is indeed a strongly monoidal map of co-operads because T is an co-topos
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(2.2.22) RHom ,(Cy, E x Z)

/\

(I1,, EM2) x Z

Again, by Yoneda, we have a universal diagram when Z = M,, and o is the identity map:

(2223) RHOHI/M n+1,E X M

- / \

so that for any o : X — M,,, the correspondence assigned to o is the pullback of this universal
one, along o.

Remark 2.2.7. Using the discussion in the Remark and the arguments in the beginning
of the proof of the Prop. 224 the composition ([Z220) is determined by the data of a
(fiberwise over TP - left representable) left fibration

(2.2.24) B(T,M, E)

|

fcoCart TW(EHV(M))® XJop Fun(A[1]7 ‘I)Op

where [ o Tw(Env(M))® — T is the cocartesian fibration classifying the categorical
presheaf Tw(Env(M))® and Fun(A[1],T)% — T° is the opposite of evi. Indeed, to define
a natural transformation Tw(Env(M))® — T/(—) is equivalent to have a map between their
associated cocartesian fibrations

(2225) fcoCart EHV coCart ( )

\/

that preserves cocartesian edges. Applying the discussion in Remark 2Z.2.5]to the cocartesian
fibration X := ([fc,,¢ T/(—))? — T, such a map is equivalent to a oo-functor

(2.2.26) / - Tw(Env(M))® xger Fun(A[1),T)7 — §

or, in other words, to a left fibration (2.2.24]). Informally speaking, the fiber over (¢ over Z, u :
Y — Z) is the mapping space Map,(Y,RHomz(C,, E x Z))

2.3. Brane actions for graded co-operads. In this section we discuss the notion of graded
oo-operads and explain how to construct graded brane actions. We will first deal with graded
oo-operads in spaces and at the end of the section we explain how to extend these results to
graded oo-operads in a topos.
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2.3.1. Graded co-operads and graded brane actions. Intuitively, a graded oo-operad is an co-

operad 0¥ — N(Fin,) such that for every n > 0, the space of operations Mapye ((X1, ..., X,),Y)
act

has a natural decomposition

[T Mapl, ((X1,.... Xn),Y)

3eB act
where B is a monoid in sets. In other words, every operation is indexed by some 8 € B.
Moreover, if ¢ : X — Y is an active map of degree S and for 1 < ¢ < n, og; : Z; — X, are
active maps of degree f3;, then the composition @®;Z; — Y is of degree S+ >, 8;. In order
to formalize this idea, given B, we will construct an oo-operad in spaces N(Fin?) — N(Fin,)
which, essentialy, adds gradings to the morphisms in N(Fin,). Then, we define a graded
oo-operad to be an oo-operad O® equipped with a map of oo-operads O%® — N(Fin*B).

Construction 2.3.1. Let B be a monoid in sets with indecomposable zero. We define a category
Fin? as follows:

(1) its objects are the objects of Fin,.
(2) a morphism (n) — (m) is a pair (f, ) where f is a map in Fin, from (n) — (m) and
B is a function 8 : (m)° — B
(3) the composition is dictated by the following rule:
e given (f,[): (n) — (m) and (g, A) : (m) — (k), then Ao 3 : (k)° — B is defined
by the formula
. R
(ho B)() = {A@’ e =g
A#) + 2 jeg1(qay) B(4),  otherwise
It is clear from this definition that the composition law is well-defined. It is also clear that
Fin? has a forgetful functor Fin® — Fin, which simply forgets the grading functions f.

Remark 2.3.2. Tt follows from the construction and from the assumption that B has indecom-
posable zero that a map (f,3) in Fin? is an isomorphism if and only if 3 = 0 and o is an
equivalence. Moreover, it is also clear that a map in Fin? is inert if and only if it is inert in
Fin, and its grading function is zero. The same for semi-inert morphisms.

Proposition 2.3.3. Let B be a monoid with indecomposable zero. Then the map N(Fin*B) —
N(Fin,) s an co-operad.

Proof. We verify the three conditions of [Lurl4, 2.1.1.10].

(1) Every inert morphism f : (n) — (m) € N(Fin,) has a coCartesian lifting. Indeed, we
can lift f by choosing the grading given by the zero function (f,0). The grading has
to be zero because of the fact B has indecomposable zero. It is easy to see that this
is a coCartesing lifting: given (u, ) : (n) — (k) and a commutative diagram in Fin,

(n) —~ (m)

Nk

(k)
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we can show that there exists a unique dotted arrow in N(Fin?)

() 2 (m)

|

| (g,A
(UR v(g )

(k)

that makes the diagram commute. Choose \ = (5.
(2) Fixing f : (n) — (m), we have

Mapé(pin*B)«n% <m>) = :!:[) Mapﬁz(oénf)«n% <1>)
1€(m

where p’ : (m) — (1) is the inert map that sends i — 1 and all the others to 0. In
this case we have

Map, i (), (1)) = {£} x Homsers((m)°, B) =

{f} x Homges( H (1)°,B) ~ H {f} x Homges((1)°, B) ~

e(m)° e(m)°

which is equivalent to

[T (' o ) x Homsen((1%, B) = [T Mapel s ((n), (1)
i€(m)° 1€(m)°
(3) N(Fin? )iny = N(Fin? )¢y~ This is obvious from the definition.
g

Definition 2.3.4. Let B be a monoid in sets with indecomposable zero. A B-graded oo-
operad is a map of co-operads p : O° — N(Fin?).

Remark 2.3.5. As the inert morphisms in N(FinZ) are exactly the inert morphims of N(Fin,.)
endowed with a zero grading, thanks to the Remark any map of oco-operads 0% —
N(Fin?) is a fibration of co-operads [ m particular, and thanks to [Lurl4, 2.1.2.22], our
definition 2:3.4] is equivalent to the data of an (co,1)-category O% together with a map to
N(Fin*B ) satisfying the obvious graded analogues of Lurie’s definition of oco-operads [Lurl4,
2.2.1.10).

There exists a combinatorial simplicial model structure in the category of marked simplicial
sets over N(Fin*B ) such that the fibrant objects are exactly B-graded oc-operads. H We let
OpoBofgr denote its underlying (oo, 1)-category. It is clear from the definition that we have
OpZ9" ~ Op,./N(Fin®). Notice also that we have a functor

(e o]

6See [Lurl4] 2.1.2.10] for the definition of fibration of co-operads.
"For instance, one can use the theory of categorical patterns of [Lurldl Appendix B] as in the proof of
[Lurl4l 2.1.4.6] using the pattern in the proof of [Lurl4l 3.2.4.3].
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(2.3.1) OpZ~9" — Op,,

that forgets the graded structure and admits a right adjoint, namely, the pullback along the
map N(Fin?) — N(Fin,). This functor admits a section that sees an operad as a graded
operad with zero gradings.

Remark 2.3.6. There is also a dendroidal approach to graded occ-operads. Indeed, we can
define a category g of trees where each vertice v comes with the extra data of an element
By € B and the morphisms of contraction sum the 5’s. A graded dendroidal segal object in
spaces is then an oo-functor N(Qp)?% — 8 satisfying the analogue of the Segal conditions for
dendroidal spaces. One can show that the (0o, 1)-category Fun®®# (N ()%, 8) is equivalent
to OpZ~97. Indeed, consider the equivalence Op,, ~ Fun®°#*(N(Q)°, 8) and remark that the
last is also equivalent to the full subcategory of Catso/ N(€2) spanned by those functors that
are right fibrations and satisfy the Segal condition after the Grothendieck construction. In
this case the co-operad Fin? produces a right fibration over N(€Q) whose fibers are discrete
spaces. Its total category can be identified with Qp and the map Qp — € is just the
functor that forgets the gradings of the vertices. Following this discussion we have a chain of
equivalences

(2.32)  OpZ 9 ~ Op,/N(Fin®) = (Catzf S/ N(Q)) (v = Fun®# (N(Q5)?, )

We now discuss the notion of coherent oo-operad [Lurl4] in the graded setting. This time
we want the extensions to fix the gradings. Let O® — N (Fin*B ) be a graded oo-operad. Given
an active morphism o : X — Y € 0% over (f : (n) = (m),8 : (m)° — B) we want to
study the space Ext? (o) of all active morphisms & : X @ Xy — Y such that the composition
with the semi-inert map X — X & X is o0 and & is also of degree 5. As discussed in the
Remark 232 every semi-inert map in Fin? must have zero grading. This condition forces
the grading function of any extension & to be necessarily equal to the one of ¢ so that the
definition of the space of extensions Ext®(c) is just the same Ext(c) as in the non-graded
case ([Lurld, 3.3.1.4, 3.3.1.9]). It is also obvious from this that the coherence of a graded
oo-operad is determined by the coherence of its underlying oco-operad.

Let O® be a B-graded coherent oo-operad. Let us now deal with the construction of brane
actions for O%, compatible with the gradings. For that purpose we need to construct a map
of B-graded oo-operads

(2.3.3) 0® 8" I Xy (i) N(Fin?)

N
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but using the adjunction (23.1)) this is the same as a map of co-operads O® — §© O Eeoprod
where we forget the grading of O®. In other words, a diagram

CcO—COorT,®
b S H

0¥ ——

P

N(Fin?) N(Fin,)

sending inert morphism to inert morphisms. But as inert morphisms in Fin? have always
zero grading, being inert in the graded sense is equivalent to being inert when we forget the
gradings.

Following this discussion, the construction of brane actions can be performed exactly as in
Thm B.1T.2

Corollary 2.3.7. Let O® be a B-graded oco-operad such that its underlying co-operad is unital,
coherent and has a unique color c. Then there exists a map of B-graded oco-operads (2.3.3)
encoding the brane action for O%.

The functoriality arguments of section 2.1.3] carry over to the graded context providing an
oo-functor B : OpZ~9"* — Op?_, — Fun"/(A[1], Cat,,) sending

0% = (BO — Tw(Env(0)®)

2.4. Graded oco-operads in a oo-topos and Brane actions. The arguments of Section
carry over to the context of B-graded oc-operads in an oo-topos T = Sh(C), which as
in Section 22, we can define as objects in Sh(C,OpZ~97). One can also combine the ar-
guments of Section 23] and to produce brane actions for a graded-coherent co-operad
M® ¢ Sh(€, OpZ-9m).

As in 22 and as M® is monochromatic, we can think of M® as a collection of objects in
T, {M,, s}n>0,8cp with the following universal property: for each Z € € we have canonical
equivalences

M(X)(n, B) := Mapfm(z)act((cz, sCz),¢z) =~ Maps(Z, M, 3)

and again, by Yoneda, the composition laws of M® are represented by maps in T

My g X M7 = Mtm—1,5+5

satisfying the expected coherences up to homotopy.

To construct the associated brane action we can proceed as in the Section and obtain
a map of B-graded oo-operads in T

co—corr, X

M® = (T/(-)) I ein.) N(EFn?)
which, as in the proof of the Prop. 2.2.4] sends an operation o : Z — M,, 3 to the object
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(2.4.1) Co = Z XM, 5 Mni1,5

in T. Moreover, the same arguments of Sections 2.2.2]tell us that the brane action of a graded
oo-operad M® with respect to a fixed target I,

co—corr,® X corr,®x .
M® = (T/(-)) I % piny NFIin?) = (T/(=))9% xqpi.) N(Fin®)

informally given by the assignmentﬁ

(0:Z— M) — RHom 7 (Co, E x Z)

is induced by universal correspondences in T of the form

(2.4.2) RHom/Mn,B (Mn+175, F x Mnﬁ)

T

IL, EMz0 % M,, 5 FEMz,0

3. STABLE ACTIONS

From now on, T will denote the co-topos of derived stacks dsty over a field of characteristic
zero k, with respect to the étale topology. We set € := dstiﬂ.

3.1. The operad 9M® of Costello and its brane action.

3.1.1. The Stacks My g of Costello. Here we follow [Cos06]. Let X be a smooth projective
variety and let NE(X) C Hy(X,Z) be the Mori cone of X, generated as a monoid by the
numerical classes of irreducible curves in X. The Mori cone satisfies the following properties:
(1) NE(X) has indecomposable zero : 8+ 3/ = 0 implies 5 = 3 = 0.
(2) NE(X) has finite decomposition : for every € NE(X), the set {(51, 52) € NE(X) x
NE(X) | B1 + B2 = B} is finite.

The Mori cone will play the role of the semi-group in [Cos06] and will be our grading
monoid B.

We now recall the definition of the pre-stack in 1-groupoids My ,, g of [Cos06]. It classifies
(possible unstable) connected nodal genus 0 curves C' with n-marked smooth points and an
index f3; € B attached to each irreducible component C;. Moreover, we impose the following
stability conditions:

e 3=305.

e if 5; = 0 then C; has at least three special points, meaning, marked or nodal points.

8See the Remark 227
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Moreover, we set Mg 2 s—o = Mo, 1,3—0 = * which we think, respectively, as a P! with two
marked points and one marked point, and considered only with the identity automorphism.
This is not the definition of [Cos06, Section 2] as the stabilty conditions would force 9y 1 5=
and 9g 2 s—¢ to be empty. By imposing this we will have to modify the gluing operation of
curves. See below.

Remark 3.1.1. Notice that if 8 = 0 then 9 ,, g is the usal Deligne-Mumford stack of stable
curves ﬁo,n. In particular, Mg 3 3—o = *, classifying P! with three marked points.

The following proposition summarizes the main features of the pre-stacks My ,, g

Proposition 3.1.2. The following holds:

(1) For alln >0 and B € B, the pre-stack My, 5 is a smooth and proper algebraic stack
in 1-groupoids, locally of finite type.

(2) Forgetting the last marked point and stabilising the curve gives a morphism Mo 41,8 —
Mo, 3 which is the universal curve when n > 3.

Proof. |Cos06, Pag. 2, Propositions 2.0.2 and 2.1.1] O

Remark 3.1.3. The property (2) means that the object C, in (Z4.2]) associated to a map
o:Z — My ppis exactly the curve over Z classified by o when n > 3. When n =2, C, = Z.

3.1.2. The collection {Mo n 5 }nen,ger as a graded co-operad in derived stacks. In this section
we show that the collection {Mo 5} nen,gepy forms a B-graded (symmetric) oo-operad in
derived stacks. We proceed as follows: recall that the 1-category of stacks in groupoids
embeds fully faithfully in the (0o, 1)-category of derived stacks dst/E. In general, this inclusion
commutes with colimits but not with products. However, the compatibility with products
holds when the stacks involved are smooth, as smoothness implies flatness, which means, the
derived tensor product is isomorphic to the ordinary one. In our case smoothness follows from
the Prop. B.I.2l Therefore, it will be enough to show that the family {9 s} {nen, sep) forms
a B-graded operad in classical 1-stacks. Intuitively, the composition operation corresponds
to gluing curves along the marked points. The last point is thought as the output of the
operation. For this we need to make a shift in our notations: We set

(3.1.1) M(n, B) = Mo nt1,4
and with this definition we have (0, 5) ~ M(1,0) ~ *.

Proposition 3.1.4. The collection {?M(n, B)}{seBneny forms a unital B-graded (symmetric)
operad in classical 1-stacks. The unit is the unique element of Mo 2o given by a P! with two
marked points. Moreover, as 9MM(2,0) := My 30 s the moduli of stable curves with 3 marked
points, it is contractible.

Proof. The proof is the same as remarked in [GK98|]. Composition is given by gluing curves
along marked points. To force the projective space with two marked points to be the identity
one declares the maps My, g X Mo 20 — Mo, to be the identity. The operad is unital as

9Compose with the Nerve functor from groupoids to simplicial sets and take the Kan extension along the
inclusion Affe'assic C JAff



32 ETIENNE MANN AND MARCO ROBALO

Mo,1,0 is contractible and My 1 g is empty for B # 0. The maps Mg 41,3 — Mo, 5 are given
by forgetting the last marked point and stabilizing. O

This B-graded operad in classical smooth 1-stacks can be written as a graded dendroidal
segal object (see the Remark 2:3.6]) with values in stacks in 1-groupoids , sending a graded
tree T € N(QF) to the stack [T, evert(r) Mo,n(w),8, Where n(v) is the number of edges attached
to the vertice v and 5, is the grading of the vertice v. This satifies the Segal conditions and
as the inclusion of smooth stacks in derived stacks is monoidal for the cartesian product we
find that the collection {9M(n, B)},, 53 forms a monochromatic unital B-graded co-operad in
derived stacks. We will denote it as IM®.

Remark 3.1.5. Given an object Z € C, the graded co-operad in spaces M®(Z) — N(Fin?)
verifies

Map&@(z)act((cz, Ex3) CZ)’ CZ) = MapT(Z’ DJt(n,ﬁ)) = MapT(Z’ mtO,n—I—l,ﬁ)

It is also important to remark that by definition of the operadic structure in the moduli
spaces of Costello, the composition of two active morphisms in IM®(2)

(£,8) (g:N)

(n) (m) {1

corresponds to a gluing of curves over Z. More precisely, if f classifies a family of curves over

Z {C}}Z‘e<m>o with C} with grading f3;, and ¢ classifies a curve Cy with grading /3, then the
composition g o f classifies the curve of total grading 8 + > 5; obtained by gluing the last
marked point of the C% to the i-marked point of Cy.

Contrary to what the reader could expect at this point, the operad 9%, althought it
satisfies all the conditions in A), it is not coherent. This occurs essentially because if o and
T are two composable operations classifiying two curves C, and C,, the gluing of these two
curves along a marked point, which classifies the composition C.,, is not equivalent to the
pushout C, ], C; in the (0o, 1)-category of derived stacks (as expressed in the Remark 2.2.2]).
Indeed, the inclusion of schemes in derived stacks does not commute with pushouts in general,
even along closed immersions. All we have is canonical map

Sch
6:C,]]e = ][er = Croo

Neverthless, part of the proof of the theorem still makes sense. Namely, we don’t need
coherence to have the natural transformation

(3.1.2) Tw(Env(9))® — T/(—)?

Remark 3.1.6. This map sends an operation ¢ consisting of a single active map over Z to
Cy as defined in the formula (ZZJ]). Moreover, it sends a twisted arrow 7 — ¢ to a map
Cy — C.. Thanks to the description of compositions in IM®(Z) as gluing of curves (see the
Remark B.I.5) we known that the data of a morphism 6 : 7 — ¢ in Tw(Env(9(Z)))® consists
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of a way to express C; as obtained from C\, by attaching some components determined by 6.
For simplicity, consider the case where 6 is encoded by a commutative diagram ¥

(3.1.3) (n) —— (m)

The commutativity of this square in 9% (Z) means that in fact the curve C; classified by
7 is equivalent (in this case isomorphic) to the curve obtained from the curve C, classified
by o by attaching the curves {Cz}ie(m)o classified by u. This pushout (in schemes!) attaches
the last marked point of C}, to the i-marked point of C;. The commutativity of the diagram
is given by the data of an equivalence ¥ between C, and the result of this gluing. In this
case the canonical map C, — C; can be naturally identified with the inclusion, composed
with W.

The main problem with ([B.I2)) is that it doesn’t satisfy the conditions of the Cor. 213l
But in fact, to our purposes, this is not a real issue. In fact, although the map 6 is not an
equivalence in T, any derived Artin stack will see it as an equivalence. More precisely the
inclusion of schemes in derived Artin stacks commutes with pushouts along closed immersions
and therefore, if we fix £ = X the smooth projective variety fixed at the beginning of this
section, we know that RHom(—, X) will see 6 as an equivalence. In this case the composition
with the natural transformation RHom_y(—, X x —)

Tw(Env(IN)® — T/(=)? — T/(-)

gives a map satisfying the conditions of the corollary 2Z-T.3] and therefore a map of co-operads

M (T/(<)) >

Corollary 3.1.7. Let X be a smooth projective algebraic variety. Then X is an IM®-algebra.
The algebra structure is encoded by the correspondences

(3.1.4) RHom/m07n+175 (mtom_,_lg, X x 9)?07714_175)

/ \

X" x 9)?0m+1,5 X

3.2. The stable sub-action of 9®. We now want to consider a certain sub-action of
the one constructed in the previous section. Following the Prop. and the Remark
B.13] the stack 9y 41,5 is the universal curve over My, 5. In this case the derived stack
RHom jgn, . (Mo p41,8, X x Mo, g) classifies pairs (C, f) where C is classified by My ,, 5 and
fisamap f:C — X. Inside this stack there is an open sub-stack Rﬁovn(X ,0) (in fact, a
connected component) that classifies stable maps to X of total degree f,[C] = 5 - see [STV11],

101y fact we can always reduce to this case.
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Def. 2.7]. Moreover, by loc.cit. we know that this stack is a proper derived Deligne-Mumford
stack which is quasi-smooth. The reason we are interested in the derived stack Rmo,n(X ,B)
is the fact that its structure sheaf is the origin of all the virtual phenomena in Gromov-Witten
theory. We will come back to this later on. For now we are merely interested in producing a
new brane action - a stable action - where the universal correspondences ([B.I.4]) are replaced
by (L3 where the arrows are obtained by composition the maps of ([B:L4]) with the open
immersion RMpy (X, 3) C RHom gy, . , (Mo 41,8, X x Mo, 3). Our goal in this section is to
show that this restriction still carries all the coherences defining an action of 9M®. We start
with the brane action to the fixed target X, encoded by the map of B-graded oco-operads in
T

M® — T/(=)*" Xx(pin.) N(Finl)
of the Corollary B.I.7l By adjunction, this is the same as a map of co-operads in T, IM® —

(T/(—=))™®x which, by repeating the arguments in the Remark 2.2.7]is given by a (fiberwise
over T - left representable) left fibration

(3.2.1) B(T, M, X)
JeoCart TW(Env(9))® xqgop Fun(A[1], T)°P

whose fiber over (o = (01, ...,0,) over Z,u: Y — Z) can be described as the mapping space
Map,(Y,RHomyz(Cy, X x Z)) where now C, is the coproduct []; C, where each C,, is defined
as in the formula (2.4.]).

To construct the stable action we consider the full subcategory

B (7,91, X) C B(T,M, X)

whose fiber over an object (0 = (071, ...,0,,) over Z,u : Y — Z) is spanned by those maps

(3.2.2) Y

RHomy(Cy, X x Z)
Z/

such that for each ¢ the map ¥ — RHomy(C,,, X x Z) factors through the open su-bstack
(in fact, connected component) RHomSgb(Coi,X x Z) classifying families of maps

such that for each geometric point z of Z, the base-change f, satisfies (f)«([Cs,,.] = B in co-
homology. Here §; is the degree associated to the active map o;. It follows from the definition
of My, g that such f; are necessarily stable maps. In particular, when Z = 0y, 3 and o is
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the identity of the unique color, we see that the derived stack RHomgﬁE - (Mo nt1,8, ZxX)is
exactly the derived enhancement of the stack of stable maps Mo, (X, 8) of [STV1I] Def. 2.7].

The main result of this section is the following:

Proposition 3.2.1. The composition

(3.2.3) BS™ (T, 9, X) C B(T, M, X) — Tw(Env(9M))® X g0 Fun(A[1],T)%

coCart
is a (fiberwise in TP) left representable left fibration. Moreover, it defines a new map of
B-graded co-operads in T

(3.2.4) M — T/(—)" Xn(Fin,) N(Finl)

explicitely given by the correspondences in the formula (I13). We will call it the stable brane
action.

Proof. Let t : (cover Zyu :' Y — Z) — (¢’ over Z',v : Y' — Z') be a morphism in
Jeocart TW(Env(9))® Xgop Fun(A[1],T) over a map f: Z — Z' in T% and let

(3.2.5) Y xzC, X xZ
VA

be an object in BB~9"S% (T 90, X) over (o over Z,u : Y — Z). As part of the data of t we
are given a commutative diagram in T

(3.2.6) vV — Y

Bt
Z’#Z

and by construction of 7x, cocartesian liftings of ¢ are given by first taking the base-change
of the diagram (B.Z7) under f: Z' — Z

(3.2.7) (Y xXzCp)XzZ' =~ (Y xzZ") Xz Cf*(a)

\/

Z/

and then composing with the canonical map Y’ — Y xz Z’. The conclusion now follows
because the pullback of a family of stable maps is stable as stability is determined at the
level of geometric points.

To conclude the proof we have to justify why (B.23]) provides again a map of co-operads.
The condition of weak cartesian structure follows by the arguments used in the proof of the
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Prop. 224t the tensor structure in Tw(Env(90))®(Z) corresponds to the disjoint union of
curves. The conditions of the Corollary 21.3] follow because the compositions of operations
are classified by the gluings of curves along marked points as in the formula (Z24]) and the
gluing of stable maps is stable, as stability is a local condition.

0

3.3. Gromov-Witten lax action. So far we have been using the operad 9M® that assembles
the moduli stacks of Costello. The reason is merely technical: it provides a natural context
where the moduli of stable maps appears as part of the brane action. One would now like
to extend this to an action of the usual operad of stable curves provided by the family of
smooth and proper Deligne-Mumford stacks of stable curves with marked points ﬁo,n- The
composition operation is given by gluing curves along the marked points as in 9M®. It is well-
known after [GK98| and [KM99, Section 1.3.9] that this family forms a (symmetric) unital
operad in 1-stacks by declaring ﬁog to be a point thought of as a copy of the projective space
with two marked points and only the trivial automorphism and, by modifying the composition
law by performing stabilizations after gluing the curves. As in section and repeating the
shifting of notations in the formula B.I.T] this provides an operad in the co-topos of derived
stacks, which we will denote as M. We will leave it to the reader to verify that the canonical
maps Mg, 3 — Mom x {8} given by stabilization, assemble to a map of graded operads in
1-stacks and as these are smooth, to a map of graded co-operads in derived stacks. More
precisely, this is a map of B-graded oc-operads in T

me — M” XN(Fin,) N(Finf)

which by the adjunction ([2:31]), we can also write as a map of oo-operads

(3.3.1) Stb: M — M°
given by the maps

H SD/IO.n,B — ﬁo,n
B
Our goal in this section is to explore the interaction of the stable action ([3.2.4]) with this

stabilization morphism. Our main result is the theorem [[T.3] written in a somewhat less
natural language. To present the results as written in the theorem [L.T.3] one would need
many aspects of the theory of (0o, 2)-categories that are not yet available in the literature.
We found a way to avoid those aspects that allows us to still give a precise statement while
remaining in the setting of (oo, 1)-categories and without changing the content, at the cost
of a less evident formulation.

To explain the result, the first observation is that the sheaf of oo-operads in T given by

T/(—)m®x is in fact the 1-categorical truncation of a sheaf of symmetric monoidal (oo, 2)-
categories

(3.3.2) Spans(T/(—))®* : Z € T s Spans(T/Z)%*
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This follows from the same arguments as for correspondences, as the construction of spans
commutes with products (see [Haul4]).

We claim that any such sheaf can be presented as a sheaf of categorical operads in T. Re-
call from [Toé13] that a categorical operad in spaces is an oo-functor Q% — Cat, satisfying
the Segal conditions. Of course, the inclusion § C Cat., produces a fully faithful functor
Op,, — Op(Caty,) := Fun®®(Q Cat,,). Informally speaking, these correspond to multi-
categories where the collections of n-ary operations form (oo, 1)-categories. A natural source
of categorical operads in spaces are symmetric monoidal (0o, 2)-categories: let €® be a sym-
metric monoidal (0o, 2)-category. One can define a categorical operad as follows: to a corolla
T,, one assigns the disjoint union of

H Mape(X1 ® ... ® X, Y)
(X150 Xn,Y)
where the (X1, ..., X,,,Y) runs over all the lists of n + 1 objects in € and Mape is the (oo, 1)-
category of maps in €. For a general T one imposes the Segal conditions. This construction
can be made functorial using the tensor products in €. For the moment being we will avoid to
give a precise construction of this assignment and we will just assume it has been constructed.
We hope to give a precise construction in a later version of this project.

In this case we can exhibit the data of Spans(T/(—))®* as a limit preserving oo-functor
TP — Op(Cate,) which we will again denote as Spans(T/(—))®x. At the same time, both
M? and M" can be presented as categorical operads via the inclusion

TP — Op,, C Op(Cate)

and the map of co-operads in T encoding the brane action IMM® — T/(—)@x is equivalent
via the universal property of the 1-categorical truncation to a map of categorical operads
IM® — Spans(T/(—))®x that factors through the maximal (oo, 1)-category. As a result we
find a correspondence of categorical operads in T

(3.3.3) M7 <— MO —— Spans(T/(—))®~

Using the Grothendieck construction, each categorical operad in T can also be presented
as a coCartesian fibration over Q° x C° and the maps of operads in (ZI.10]) produce maps
that preserve cocartesian edges and the segal conditions

(3.3.4) IME <2 rom® o [ Spans(T/(—))®x
\ lq /
P
QP x QP
We can now present our formulation of the Theorem [LT.3t

Theorem 3.3.1. There exists a p-relative left Kan extension of the brane action along Stb
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(3.3.5) JM® —— [ Spans(T/(—))*x

Pl
lStb P lp

-

S e e

given informally as follows: for each Z € € and for each corolla T,, it sends a curve o : Z —
ﬁom to the correspondence

(3.3.6) [, X x Z ~— 1150

T

over Z, where the disjoint union ]_[&/(7 is taken over all pre-stable curves 6 : Z — [[3 Mo n p
together with an isomorphism between their stabilization and o.

Hom%(C, X x Z) —= X x Z

|

Z

Moreover, this map does not send r-cartesian edges to p-cartesian edges.

Proof. The existence of a relative left Kan extension follows from the Corollary [Lur(9, Cor.
4.3.2.14] and the theory in [Lur09, Section 4.3.3], as each fiber of the cocartesian fibration
p has all small colimits (the fibers are comma categories in a co-topos and therefore are oo-
topoi) and the base-change commutes with small colimits (Giraud’s axioms for oo-topoi). We
now check that the standard formula for Kan extensions [Lur09, Lemma 4.3.2.13] reduces to
the one presented. This follows from the fact that both [9® and [ M? are fibered in Kan
complexes so that for each o in [ M over (T, Z), the comma category ([9M®),, consists of
all pre-stable curves ¢ which stabilize to o.

To conclude we observe that this map does not send cocartesian edges to cocartesian edges.

Stb

To simplify the notations notice first that [];,, Hom 7z (Cs,X x Z) can also be written as a

G/o
fiber product in derived stacks

(3.3.7) R Mg, (X) == (TR Mon (X, 8)) x5, Z
B

using the stabilization map and o : Z — Mom.

Let T be a tree in §2 of consisting of a gluing of a corolla T,,_1 to a corolla T;,_1 where the
root of T}, is attached to the first leaf of T},_1. Then, because of the Segal condition we
can think of an object in [ MZ over (T, Z) as a pair (o, 7) of composable curves over Z where
o has n marked points and 7 has m marked points. Then by the previous discussion, the
relative Kan extension sends the object (o, 7) over (T, Z) to the pair of arrows (R ﬁgm(x ) —
X",Rmam(X) — X™) - here we use again the Segal condition for Spans(T/(—))®* to
identify objects over (T, Z) as pairs. By definition, a r-cocartesian lifting for the contraction
map (Ty4m—2,2) — (T, Z) in Q gives the gluing of the two curves (o,7) — Too. Its target is
sent to the map Rﬁgf m_2(X) — X"T™m=2 while by definition of the cocartesian fibration
p, a p-cocartesian lifting of the same contraction map has target the map Rﬁg,n(X ) Xx

ng,m(X ) — X"*+™=2_ The universal property of p-cocartesian morphisms then gives us a
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N~ TO0

canonical map Rﬁg,n(X ) Xx Rﬁ&m( ) = RMp 1 m—2(X) which corresponds to the gluing
of the two stable maps. This is not an equivalence in general.

0

Following the terminology of [Toé13] we will say that this map obtained via Kan extension
is a very lax map of categorical operads from M to Spans(T/(—))®x, and we will denote
it as M° ~ Spans(7T/(—))®x. Unwinding the definitions this encodes the coherences of an
action, given by universal correspondences

(3.3.8) [T RMo.n(X, B)

N,

and satisfying a lax associative law given by the gluing maps

(3.3.9)
Mo x Mom (115 R Mo (X, 8) x (15 R Mom(X, 5)) X7 x X™ = X771 x X x X x X1
‘ T —II/ id" I x Axid™ !
Mo % Mo (115 R N0 (X, 8) xx (L1 R Mo (X, 5)) X1y X x XL

|
| ‘
Y

ﬁ0.,n X ﬁo,m — (Hﬁ ]RMO,TH—M—Q(X’ 6)) Xﬁ[},n#»m—Q (ﬁo,n X ﬁO,m) Xn_l x X X Xm_l
Lu l idn L xxxidm—1
mo,n+m72 Hﬂ Rﬁ(),n#»me (Xa B) Xn_l X ® X Xm_l

which are non-invertible.

Remark 3.3.2. Let us also remark that all the derived stacks involved in this action are
derived geometric stacks stacks. This follows from [TVO08, 1.3.3.4, 1.3.3.5] which shows that
the notion of being n-geometric is local, stable under pullbacks and in particular closed under
small disjoint unions. Another important consequence of this is that we have the base-change
formula for the two pullback squares in the diagram - see [DG11] Cor. 1.4.5] or [HLP14] B.15].

To conclude this section we will also show that our lax action admits a graded version. This
will be more useful to us in the next sections. Indeed, we can start with the correspondence
of graded operads

(3.3.10) M” X (pin.) N(Fin?) me T/ (=)™ XN (Fin,) N(Fin))

and replacing the category of trees 2 by the category (2p of the Remark [2.3.6] we can con-
sider the corresponding notion of graded categorical operads in T. The definitions apply
mutatis-mutandis. Like in (AII0]) we have a correspondence of such objects which using the
Grothendieck construction we can exhibit as cocartesian fibrations
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(3.3.11)
SV xx(pin,) N(Fin) «<—— [0 —— [ Spans(T/(=))®* xx(pin,) N(Fin?)
QF x e
We have the following graded version of the lax action:

Proposition 3.3.3. There exists a pg-relative left Kan extension of the graded brane action
along Stb

(3.3.12) Jom® J Spans(T/(—))®* xx(Fin,) N(FinZ)
lStb /////// LPB
S M Xx(rin,) N(Fin?) r Q%P x @oP

given informally as follows: for each Z € € and for each corolla T,, it sends a curve o : Z —
Mom together with the choice of an element [3, to the correspondence

(3.3.13) [, X % Z ~— 1150

T

over Z, where the disjoint union ]

Hom%(C, X x Z) —= X x Z

|

Z

/o s taken over all pre-stable curves 6 : Z — My g
which stabilize to o.

Moreover, this map does not send r-cartesian edges to p-cartesian edges.

Proof. The proof follows from the same arguments as in the theorem B3Il In this case the
lax structure is given by the gluing maps

~O0OT

ng,n(Xwﬁ) XX ng,m(Xa /81) — RMO,n+mf2(X’5 + IBI) X mo,n X MO,WL)

ﬁ0,n-§—m—2 (

where ngm(X ,8) is the open component of ngm(X ) consisting of all stable maps with
total degree 5.
U

4. CATEGORIFICATION OF GW-INVARIANTS AND QUANTUM K-THEORY

4.1. Categorification. We know from the theorem that any smooth projective alge-
braic variety X, seen as an object in correspondences, carries a natural action of the graded
operad M®. We now explain how to extend this action to the derived category of X and
that this action restricts to both perfect and coherent complexes.

Let Sp® denote the symmetric monoidal (oo, 1)-category of specta and let D(k)® :=
Mody (Sp)® denote the oo-categorical version of the derived category of k with its standard
symmetric monoidal structure. We set



GROMOV-WITTEN THEORY AND BRANE ACTIONS I: CATEGORIFICATION AND K-THEORY 41

DGCati™" := Modp ) (Pré,)

Moreover, we observe that the site € := dstif is equivalent to CAlg(D(k)=Y) for the natural
t-structure in Sp. In this case, and following [Lurl4l, Section 4.8.3, 4.8.5.22, 8.1.4.7, 8.1.2.6,
8.1.2.7, 8.1.2.3], taking modules defines an co-functor

Mod : € — CAlg(DGCat§™)

informally described by the formula A — Mod(D(k))® ~ Mod4(Sp)®. Thanks to [TV0S,
Thm 1.3.7.2] this co-functor has fpqc descent and therefore, by Kan extension, provides a
limit preserving functor Qcoh : T — CAlg(DGCat§™) E

One can also consider the compositon

eor XU GAlg(DGCate) ML CAlg(PrL)

which, thanks to [Gail, Appendix A] or [Toé12bl, Remark 2.5], satisfies fppf descent. Again, it
can be Kan extended to a limit preserving functor DGCat®™ : TP — CAlg(Prl).

We start this section with the construction of a (lax monoidal) map of (co, 1)-categories
over T

(4.1.1) (T/(—))? — DGCatc
informally given by the following formula: for Z € C, the map

(T/(2))°P* — DGCat®™™(2)
sends f: Y — Z to the (00, 1)-category Qcoh(Y) seen as a Qcoh(Z)-module via the action
by f* := Qcoh(f).

Consider first the functor Fun(A[1], 7%) — Fun(A[1], CAlg(DGCat§°™)) obtained by com-
position with Qcoh. Now, recall now from [Lurl4, Section 3.3.3] the construction of a
generalized oc-operad Mod(DGCat{™™)® — CAlg(DGCat{™) x N(Fin,) whose fiber over
(VO (1)) € CAlg(DGCat{™) x N(Fin,) is Mody (DGCat{*™). In general, an object in
Mod(DGCat{*™)® over (1) can be thought of as a pair (V®, M) where V® is a presentable sta-
ble k-linear symmetric monoidal (oo, 1)-category and M is another presentable stable k-linear
(00, 1)-category equipped with a structure of V®-module. There is now a natural co-functor
over CAlg(DGCat{om)

Fun(A[1], CAlg(DGCat™)) Mod(DGCat{o")%

(1
evo /

CAlg(DGCatom)

U1t is well known that for schemes and classical stacks this definition agrees with the usual one using
complexes of Ox-modules with quasi-coherent cohomology. Indeed, the two constructions satisfy descent and
agree on affine objects
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which to a symmetric monoidal functor F': V€ — W® assigns the pair (V®, W) where W is
now seen as a V®¥-module via F. See for instance the discussion in [Rob14, pag. 249]. Finally,
by composition with Qcoh we obtain a commutative diagram

(4.1.2) Fun(A[1], TP) —— 1\Aod(DGcatgmt)?1>
L |
gor N G Alg(DGCate™)

To conclude the construction of [@II]) we observe that

e we have

L@ /)

and the last is given by Fun(A[1], T°) together with the evaluation at zero to T°P;
DGCat®™ can be canonically identified with the fiber product

® JeoCart

JoP XCAlg(DGCatEO““) N[Od(])GCationt)%@1>

Therefore, the commutativity of (£I.2) and the universal property of pullbacks give the

map (@ELI).

For technical reasons we will need to impose some conditions in the derived stacks we work
with. As in [Toél3|, we consider the full subcategory V C T spanned by all the derived Artin
stacks of the form Y/G where Y is a quasi-projective derived scheme of finite presentation
and G is a smooth linear algebraic group action on Y over k. We will now summarize the
nice features of V.

(1) Any derived affine and any smooth and quasi-projective scheme of finite presentation
belongs to V. In particular, X belongs to V;

(2) The inclusion V C T is closed under products and V is a generating site for T. More-
over, the oo-functor

V/(=):ZeCPw— (V/Z)*
is a stack of symmetric monoidal (0o, 1)-categories and the inclusion V < T induces
a natural transformation

V/(=) = T/(=)

which induces a new natural transformation of strong monoidal functors

rv/(_)corr,®>< N T/(_)corr,®><
This one being faithful but not full.
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(3)

The morphism encoding the stable action on X

9ﬁ® N T/(_)corr,(g)><

factors through the (non-full) inclusion

V/(_)corr,®>< N 7/(_)corr,®x

This follows from Lurie’s representability theorem for derived Artin stacks [Lur04].

The restriction Qcoh : VP — T — CAlg(DGCat§®™) has values in the full subcate-
gory CAlg(DGCatzont’C) spanned by those dg-categories having a compact generator.
In this case Qcoh is a strongly monoidal functor. Thanks to [Toé12bl Thm. 0.2
and Remark 2.9], the full sub-prestack of dg-categories with a compact generator
DGCat®"¢ C DGCat®™ is also a stack for the fppf topology. Moreover, this inclu-
sion is monoidal and in this case the composition V/(—)* — T/(—)* — DGCat®"*°
defines a monoidal map of stacks in symmetric monoidal categories.

Notice that DGCat (™" is the I-categorical truncation of (oo, 2)-category- following
the results [Toé07, Thm 1.4 and Cor 1.8] the hom-categories are given by bi-modules.
In the same way, DGCat®" is a sheaf with values in symmetric monoidal (oo, 2)-
categories. The composition V/(—) — DGCat®"¢ satisfies the base-change condi-
tions of section [ZI.1] - base change for derived Artin stacks - see [DG11l Cor. 1.4.5]
or [HLP14, B.15]. By the (o0o,2)-universal property of correspondences (to appear
in [GRb]) applied object-wise, it extends in a essentially unique way to a strongly
monoidal (0o, 2)-functor

Spans(V/(—))®* — DGCat®":c

Finally, combining (3) and (5) we find a map of oo-operads in T

(4.1.3)

m@ SN v/(_)corr,@x C Spans(\?/(—))®x N DGCatCOnt’C

exhibiting an algebra structure on Qcoh(X). By construction, over each Z affine, the map

of graded oo-operads

M (Z) — (V/Z)™E% - DGCat™™<(2)

is defined by sending a stable curve o : Z — 9y ,, g to the correspondence over Z

(4.1.4)

[l 1 X X Z<~—Z x5 RMon(X,8) —= X x Z

VA
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and then, unwinding the universal property of correspondences, to the functor in DGCat®™(Z) =
Modgeon( Z)(DGCatzont’C) given by pullback-pushforward along (Z.1.4)

(4.1.5)
QCOh(Z X Mo, 5 Rﬁo’n(X, ﬂ)) = QCOh(Z XM, n, 8 Rﬁoﬁn(‘)g 6))
Qcoh(T],,_1 X x Z2) Qcoh(X x Z)

By the items (1)-(5) above, this is equivalent to a map of compactly generated dg-categories
over Z

(4.1.6) Qeoh(X x 2)%%

Qcoh(X x Z)

and as the base change Qcoh(Z) ® — : DGCat{*™° — DGCat®"(Z) is monoidal and
admits a right adjoint given by the forgetful functor, this is equivalent to the data of a map
in DGCat§om

(4.1.7) Qcoh(X)®"

Qcoh(X) ® Qcoh(Z)

Corollary 4.1.1. The map (4.1.3) makes Qcoh(X) an algebra over the graded categorical
operad {Qcoh(My ,, 8)}tns. The algebra structure is completely determined by the pullback-
pushfoward maps in DGCat§™

(4.1.8) Qcoh(X)®" "

Qcoh(X) ® Qcoh (Mo, 3) =~ Qeoh(X x My, 3)
forn >2 and 8 € NE(X).

We can now repeat the strategy used to construct the lax action of section B3l As
DGCat{”™"° has a natural structure of symmetric monoidal (co,2)-category, we can also
encode the data of the limit preserving functor DGCat®"° : TP — CAlg(Pr’) as the
1-categorical truncation of a categorical operad in T, DGCat®"¢ : T — Op(Cats). Re-
peating the same arguments as in section B3] we obtain a diagram

(4.1.9) M Xx(Fin,) N(Fin?) <22 fone J DGCat®¢ Xy (in,) N(Fin®)

op op
Q5 xC

in the same conditions of the diagram (LI.I0). The next proposition establishes the categori-
fication of the lax Gromov-Witten action:

Proposition 4.1.2. There exists a l-relative left Kan extension of the brane action ({.1.3)
along Stb
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(4.1.10) [om® J DGCat®" x (i) N(Finl)

_ 7
lStb 7 Lz

S M XN (in,) N(FinP) — Q%P x @oP

given informally by pullback-pushfoward along the universal correspondences (IL.1.2)

(4.1.11) Qcoh(X)®n-1 —— Qcoh(X x My,,,)
Moreover, this map does not send r-cartesian edges to p-cartesian edges.

Notice that as the ﬁom is smooth and proper, the dg-category Qcoh(ﬁom) is dualizable
object in DGCat;”™° and also Qcoh(X x My ,,) =~ Qcoh(X) ® Qeoh(Mo,,). Therefore the
maps (LITIT]) are equivalent to the pullback-pushforward maps

(4.1.12) Qcoh (Mo ) ® Qcoh(X)®n—1 —— Qcoh(X)

To conclude we remark that this action is compatible with perfect and coherent complexes.
Of course, taking pullbacks preserves the condition of being perfect and coherent. We now
remark that as X and ﬁom are both proper algebraic varieties and Rmom(X , 3) is known to be
a proper derived Deligne-Mumford stack [TVO08| Section 2.2.4], the stabilization-evaluation
maps Rmom(X ,B) = X™ x ﬁom are therefore proper, in which case, as it is well-known,
preserve both the subcategories Perf and Coh - see [Toel2a] for perfect complexes and [GRal,
Lemma 3.3.5] for coherent, in the case of derived schemes.

4.2. Quantum K-theory from the lax action. In this section we explore how the cate-
gorified lax action obtained at the end of the previous section induces an action on K-theory.

We start by recalling that the K spectrum of an algebraic variety X is defined to be the
K spectrum of the dg-category of perfect complexes K(Perf(X)). Respectively, the G-theory
spectrum is defined to be the K-spectrum of the dg-category Coh(X) which by definition
is the full subcategory of Qcoh(X) spanned by those complexes of bounded cohomological
amplitude and coherent cohomology. By a well-known theorem of Serre, if X is smooth then
the inclusion Perf(X) C Coh(X) is an equivalence of (0o, 1)-categories and therefore the K
and G-theories agree.

Let F' = RM (X, 3) and let Ey, ..., B, € Ko(X) = Go(X) and P € Ko(Mo) = Go(Mo.»)-
The K-theoretic Gromov-Witten numbers that appear naturally from our lax action in the
Prop. are defined by

p«(ev™ (E1, .., En) ® Stb*(P))) = pu(Opsz, | (x,5) ® eV (B, . En) ® Stb*(P))) € Go(+) = Z

where p is the projection to the point. Alternatively, these are encoded by maps

(4.2.1) Tong : Ko(X)® — Ko(Mon)
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induced from the lax action, i.e., via pullback-pushfoward along (.I1.2]).

Let us now explain how the lax associative structure produces the metric terms intro-
duced by Givental-Lee to explain the K-theoretic splitting principle. We ask the reader
to recall the diagram B39l Let By = f1 + B2 and let n,m > 2. We have two differ-
ent ways to go from Ko(X"™! x X™ 1) to Ko(Mon, X Mo,y): either we use the space of
stable maps Rmo7n+m,2(X ,Bo) and the pullback diagram g or, we use the fiber product
Rﬁo,n(X ,P1) Xx Rﬁo,m(X ,B2) and the pullback diagram v. The lax structure measures
the difference between the two. Our goal for the rest of this section is to give a more accurate
description of this difference.

We start with some general preliminary remarks. The first observation concerns the derived
stack P(X) :=[]4 Mo,2(X, 3). This stack has natural structure of monoid-object over X given
by the gluing to stable maps

(4.2.2) P(X) x x P(X) — P(X)

This monoid structure can be obtained in a strict way as exists already at the level of
the moduli 1-stacks of Costello []53 Mg 2 5. By definition, this stack classifies unparametrized
rational paths on X and this operation corresponds to the concatenation. We then observe
that for every n > 2 the stacks of stable maps [[z RMo (X, 8) are modules over P(X)
(simultaneously on the left and on the right) via the gluing of stable maps along the last or
first marked point. In this case, given n,m > 2 we can have a simplical object in derived
stacks given by the associated bar complex

(4.2.3)
—= (LIs RMon(X, B) xx P(X) xx (I3 RMom(X, 8)) —_Z (LIsRMou(X, 8) xx (LR Mom (X, 5))

where the face maps are the gluing morphisms and the degeneracies insert stable maps of
degree zero whenever necessary.

This simplicial object is naturally augmented by the gluing map

(4.2.4)
— (s RMon(X, 8) xx (I1s R Mom (X, 8)) — (g RMo,n+m—2(X, B)) X3z (Mo.n x Mo,m)

JV,[O,’Hr+an—2

Let 5y € NE(X). By base-change along the open inclusion

RmO,n+mf2(Xa /80) - H RMO,nerf?(X, 5)
B
we obtain another simplicial object U(fSp)e informally described by

(4.2.5)
— Hﬂ[,:dl+d2+d3 Rﬁo,n(x) di) Xx RMO,Q(X-, da) X x Rﬁo,m()ﬂ ds) . Hﬁnzlerdz Rﬁoﬁn(Xy di) xx Rﬁo,nl(x) da)

with an augmentation U(By)e — U(By)—1 given the gluing map
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(4.2.6)
7 Mpp=dy+ds RMon (X, d1) xx RMom (X, d2) —>= RMontm—2(X, Bo) x57, ., (Mo X Mom)

More generally, the level [k] of U(5p)e is given by the derived stack

(4.2.7) 11 Zig....di s
ﬁ0:d0+...+dk+1

where we define

(4.2.8)

Zao,dnsr = RMon(X,do) xx RMo2(X,d1) xx ... xx RMo2(X,di) X x RMo (X, djt1)

di41

Again the face maps are the gluing maps.

Now we recall the well-known fact that the composition maps ¢ : Mo,n X Mom —
Mo.im—2 are closed immersions [Knu83, Cor 3.9]. By pullback, so is the map U(By)_1 —
R Mo ntm—2(X, Bo). It is also well-known that for any n, m > 0, the gluing maps RMg (X, 8) % x
Rﬁo,m(X, B8 — Rﬁo’n+m_2(X, B+ 3') are also closed immersions. For each k > 0 and for
each partition of fp = do+ ... + dg11 let fiay,...d;, 1)
face map composed with the augmentation Zg,,. 4, ., € U(Bo)r — U(Bo)-1-

denote the closed immersion given by the

Notice now that the augmented simplicial object (L2 lives in the full subcategory of
derived Deligne-Mumford stacks and due to the finite properties of the Mori cone, for each 3y
the simplicial object becomes constant after a certain level k£ > 0, in which case the diagram
is in fact finite. We claim that in fact for each Sy, this is a colimit diagram inside derived
Deligne-Mumford stacks. The inclusion of Deligne-Mumford stacks inside all derived stacks
does not commute with colimits. Moreover, not all colimits exist inside Deligne-Mumford
stacks. However, and thanks to [Lurllb, Thm 6.1] we know the existence of pushouts
along closed immersions. We now remark that the stacks Z4,, . 4,,,) can be organized in a
finite diagram where all maps are closed immersions and whose colimit is the same as the
realization of the simplicial object U(f5p)e-

Let A denote the non-full subcategory of A with the same objects but only the injective
maps as morphisms. We know from [Lur(9, Lemma 6.5.3.7] that the inclusion A% C A is
cofinal. In other words, to compute the realization of U(/5p)s we only need to care about face

maps. To describe the diagram with the Z 4, . we introduce an auxiliary 1-category Ag,.

.,dk+1)
Its objects are pairs ([k], Si) where [k] is an object in A and Sy, is a choice of a decomposition
Bo = do+...+dky1. The morphisms ([k], Sx) — ([K], Sk/) are given as in Ag by specifying the
generating face maps. A face map ([k], Sy = {do, ..., dx+1}) — ([k + 1], Sk+1 = {0, ..y Ag12})

12Here one has to show that the theory of derived DM-stacks viewed via the functor of points approach
is equivalent to the theory of DM stacks in the sense of [Lurlla] using ringed oo-topoi. This follows from
[Lurlial, Thm 2.4.1] together with the Representability Theorem [Luri2l 2] together with the fact that a map
of simplicial commutative rings f : A — B is étale if and only if the map Spec®(B) — Spec®(A) is étale .
We thank Mauro Porta for explaining to us a detailed proof of this result, without using the Representability
Theorem.
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is by definition, the data of a face map 0; : [k] — [k + 1] in A, together with the condition
that

dj = qQ; ifj <1
dj:aj+aj+1 lfj:Z
dj:Oéj_H ifj>i+1
The collection of the Zg,, .. 4,.,) and closed immersions between, appears in the form of

a A%ﬁ -diagram Wg, in the (oo, 1)-category of derived Deligne-Mumford stacks, together with
a cone (Agﬁ )" with vertex U(5p)—1. One can construct this diagram by first constructing a
similar diagram by hand in the category of usual 1-stacks using the moduli spaces of Costello.

We have a forgetful functor ¢ : Ag, — A. It follows from the definitions that the fibers
of ¢t are discrete and it is an easy exercise to check that ¢ is a right fibration. Its opposite
Ag’g — A% is a left fibration with discrete fibers and it follows that for every [k] € A%, the
canonical inclusion t~!([k]) C (A%ﬁ )/k) 18 cofinal by Quillen’s Theorem A for oco-categories
[Lur09, Thm. 4.1.3.1]. In this case, we conclude that the left Kan extension of Wg, along the
forgetful map ¢ : Ag’; — A% is precisely the simplicial object U(fp)s. Moreover, as colimits
are given as left Kan extensions along the projections to the constant diagram, the colimt
of Wg, is canonically equivalent to the colimit of U(Sy)e. Informally, this diagram can be
described as

Z(- / \Z<,>/----\Z<,;/ \Z< -)

where each arrow Z(do,---,di,dz‘+1,---dk+1) — Z(do,..,di digs ey diosr) is the gluing map.

k42 k+1
It is clear that the colimit of this diagram can be computed in a finite number of steps using

only pushout diagrams. In this case, by the discussion above, there exists a colimit internal
to the theory of derived Deligne-Mumford stacks, which we will denote as Zg,. It follows
that the canonical map Zg, — U(f5y)—1 induced from the universal property of the colimit is
also a closed immersion. In fact this map is an equivalence as the family of Z_ _  _) gives
the standard stratification of U(Bp)—1.

Finally, using [Lurllbl Thm 7.1] we deduce that the canonical map induced by the pullback
functors
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(4.2.9) Qeoh(U(Bo)—1) — limpgjenor Bgy—dy+...+dy 1 REON(Zay,....dy 4 1)

is fully faithful. The unit of the associated adjunction is an equivalence

(4.2.10) TdQeon(u(go)—1) = limpens( @ f(do,---,dk+1)*f(tlo,---,dkﬂ))
Bo=do+...+dp41

and a standard computation in a stable oo-category (as the diagram object is finite) now
implies an equality of G-classes

(4.2.11) [OU(BO)—l] = Z(_l)k Z [f(d07~~~7dk+1)* (OZ(dO AAAAA dk+1))]

k‘ ﬁ0:d0+....+dk+1

We are finally ready to describe the lax structure. Considering the pullback square p for
a particular grading 5y we obtain a pullback square pg that we can fit as

(4.2.12) Mo.n X Mo.m U(Bo)—1

g
A

RMO,nerf2()(7 /30) — XLk x XML

M _
0,n+m—2 Sth

The map Ko(X" 1 x X™ 1) = Ko (ﬁo,n X ﬁo,m) that we are interested in, is given by the
composition

(4.2.13) ¢*Stb,ev”

Using base-change for derived Deligne-Mumford stacks applied to the diagram pg, this is
equivalent to

(4.2.14) g«i*ev®

But now we know that in Go(U(By)—_1) the structure sheaf can be written as an alternated

sum ([LZTIT), and (A2I4) becomes

(4.2.15) > (-1F > 9oL (doyeesdi) S (o diy )t €V

k Bo=do+...+dp4+1

Let now Vy,,... 4,,, denote the stack R Mo.n(X,do) x RMo2(X,dy) X ... x RMoa(X,dg) x
R Mo, m (X, dg+1). We have pullback diagrams that fit in
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(4.2.16) Mo.n %X Mo.m

StbxStb

n—1 2 2 m—1
Vido,...dys1 X XX XX XX . x X" xXxX
k
Udg,-rdi41) 1 Ppr=idn— 1xA X oo XA xidm 1
k
Zdg,....djpin X lx X x X x Xxm—1
P(dg,..,djy1) %/—’

k

lpk::idn*x;}tmdm*l
Xl xow x X1
for each decomposition By = dy + ... + dxr1. We now notice that the composition (Stb x
Stb) o Udo,....d11) 18 equivalent to g o f(d07---7dk+1)

pullback diagram (E.2T6]), (£2.15]) becomes

and using the base-change formula for the

(4.2.17) > (=1F > (Sth x Stb)weviyy 4 1) (k)

k Bo=do+...+dp41

which we can write as

4.2.18 Stb x Stb).ev] 11)4p] + extra terms
(B1,82) 1

Of course, the first term in the last formula corresponds to the second map Ko(X™ 1 x
XM — Ko(Mo,n x Mo,m), obtained by using vg. The extra terms match the metric
correction given in [Lee04, [Giv00]. In our case they are induced by the structure sheaves of
the derived stacks R Mg 2(X, d).

4.3. Comparison with the K-theoretic invariants of Givental-Lee. In [Lee04) [Giv00],
Givental and Lee introduced Gromov-Witten invariants living in G-theory. The basic ingredi-
ent to define these invariants is the so-called wirtual structure sheaf which is an element OV
in the Grothendieck group G of the truncation to(RMq (X, 3)). Let j : to(RMon(X, 8)) —
Rmom(X ,3) denote the inclusion. Our goal in this section is to explain that the virtual
structure sheaf OV' constructed by Lee in [Lee04, Section 2.3] can be identified with the
restriction of the structure sheaf of Rﬁom(X , B) to the truncation. This in particular implies
that their numbers are the same as the ones obtained from our lax action studied in the
previous section. We must warn the reader that for the moment we do not claim to have
completed the proof of this comparison as some of the results we need are only yet known for
derived schemes. In some cases the generalization to derived quasi-smooth Deligne-Mumford
stacks is immediate but some aspects (namely the arguments that required deformation to
the normal cone) are non-trivial. We expect to work these details in later versions of this draft.

Let us start with some well-known general preliminaries. Let F' be a derived Artin stack
and j : to(F) — F its truncation. Then the structure sheaf O produces a family of sheaves
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on the truncation 7;(Or). In general these sheaves are not coherent but one can show that
when the base field is of characteristic zero and F’ is of finite presentation and quasi-smooth
then these sheaves are coherent and vanish for i >> 0 - see [Toel2al, SubLemma 2.3] for the
case of derived quasi-smooth schemes. Under these hypothesis one can show that the map j,
sends coherent complexes to coherent complexes and by devissage induces an isomorphism
G : Go(to(F)) =~ Go(F). Tts inverse (j,)~! sends Op € Go(F) to X;(—1)m;(OF) which is a
finite sum under these hypothesis. Recall also that the Euler characteristics x are defined by
taking pushfoward to the point

(4.3.1) to(F) ——

F
U
P
*
so that in G-theory, we have ¢.((j:) 1 (E)) ~ p«(j.(j«) "H(E)) = p«(E) for any E € Go(F).

Our main goal in this section is to explain that the virtual structure sheaf OV € Ko (to(F))
of [Lee04, Section 2.3] is given by (j.) '(Op). In order to explain this we will need some
further preliminaries concerning perfect obstruction theories in the sense of [BE97b) Def. 5.1].
These were introduced as an ad-hoc way to keep track of derived enhancements of classical
stacks. Let Y be an underived stack and Ly € Qcoh(Y") its cotangent complex. The data of
an obstruction theory on Y consists of a map of quasi-coherent sheaves t : T' — Ly satisfying
some conditions which we will allow ourselves to omit here. Informally, T is to be understood
as the cotangent complex of a derived enhancement of Y. It is said to be perfect if T is a
perfect complex. Suppose now that there exists a derived stack F' whose truncation to(F') is
Y. This produces a natural associated obstruction theory on Y: let Ly € Qcoh(F') denote
the cotangent complex of F. Then we have a natural map T := j*(Lp) — Lyy(r)- Following
[STV1I, Cor. 1.3], if F is a quasi-smooth derived Deligne-Mumford stack then this map
defines a [—1, 0]-perfect obstruction theory, meaning that T' is concentrated in degrees —1 and
0. One can also ask if this assignment is essentially surjective. This is not true and we can
identify the obstructions to produce a lifting [Schi4].

Every perfect obstruction theory on Y produces a virtual sheaf, namely an object in K(Y").
This a consequence of a more structured fact: we will show that to every obstruction theory
t on Y one can naturally associate a derived enhancement of Y, RObs(t) that splits. By
definition, the virtual structure sheaf associated to t is given by the recipe described above,
applied to the truncation map i : ¥ C RObs(t), meaning OV*(t) := (i) ' (Orobs(r))- In
general, 1Ly ops() Will be different from T, as, due to the splitting, it will always be of the
form Ly @ (something).

The construction of the derived enhancement R Obs(t) follows from the observation that
the construction of the virtual fundamental classes described in [BF97b] has a natural inter-
pretation as homotopy fiber products in derived algebraic geometry. Indeed, let Y be classical
Artin stack together with the data of a perfect obstruction theory ¢ : T'— Ly . Then let €(7")
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be the (classical) cone stack associated to T' [BF97b), Section 2] and let €y be the intrinsic
normal cone of Y. Then both €(T") and €y are cone stacks over Y, €y is a closed sub-stack
of €(T) and Y can be embedded in both of them via the zero section [BFI7bl, Prop 2.4, 2,6
and Def. 3.10]. We now use the inclusion of classical 1-stacks inside derived stacks and see
these three stacks as derived objects in a trivial way. We define a new derived stack R Obs(t)
to the pullback in the (oo, 1)-category of derived stacks

(4.3.2) R Obs(t) —— Cy

!

Y ¢(T)

where the map Y C &(T') is the zero section and €y C €(T) is the closed immersion produced
by the obstruction theory. In general the inclusion of classical stacks in derived stacks does
not commute with homotopy fiber products. In fact, in this case, the usual fiber product in
classical stacks is equivalent to Y (as Y can be embedded both in €(7T") and €y via the zero
section). The truncation functor however commutes with products, and therefore we deduce
that ¢o(R Obs(t)) =Y, or in other words R Obs(¢) is a derived enhancement of Y. It is also
clear from the definition of derived fiber products that the structure sheaf of this derived
stack is responsible for the virtual structure sheaf described in [BE97h, Remark 2.4]. This
derived enhancement of Y has a particular feature - it splits via the map r. It follows that in
G-theory, the truncation map i : Y C R Obs(t) verifies (i,) ™! = r,. In this case, the virtual
structure sheaf associated to the obstruction theory is OV (¢) := 7,0 Obs(t)-

The virtual structure sheaf OV € Gq(to(F)) of [Lee04) Section 2.3] is defined by the recipe
given in the previous paragraph using the following (relative) obstruction theory as input:
Let M{™ denote the stack of all pre-stable curves of genus zero with n marked points and
let o — ME™ denote the universal pre-stable curve of total degree 8. Then we have a
commutative diagram

(4.3.3) Con, Xnpee to(RMon(X, B)) —> X x M

- :

to(RMg (X, B)) —— My

where evg is the evaluation map and mg is the projection to the second factor. Notice that in
this case the relative cotangent complex L, is equivalent to Lx. Following the steps in the
discussion preceding [BE97D], Prop 6.2], we find a natural map ¢ : ((mo)«(evo)*Tx)" — Ly, in
Qcoh(Y) with Y = to(RMo (X, 8)). By [BFI7h, Prop 6.2] this is a perfect obstruction the-
ory. The virtual structure sheaf considered by Lee in [Lee04, Section 2.3] can be immediately
identified with the element OV(¢) described above, induced by the derived stack R Obs(t).

BDenoted there as h' /A% (TY).
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We now show that the obstruction theory used by Lee is the same as the obstruction
theory produced by the derived enrichment F := RMy,(X,3) of Y := to(RMon(X, 3)).
Indeed, this follows essentially from the description of the tangent complex of a mapping
stack RHom(F,G) when F and G are derived Artin stacks. In this case one can show that
Triom(,v) € Qeoh(RHom(U, V') is given by the formula m.ev*(Ty ) where 7 is the projection
U x RHom(U, V) — RHom(U, V) and ev : U x RHom(U, V') — V is the evaluation map. This
is an immediate computation. This formula admits a relative version which we can apply to
the diagram of derived stacks

(4.3.4) Co.n,p Xnpre RMo,n(X, B) —— X x Mg
) :
RmO,n(Xa /8) K Mgre

to deduce an equivalence between the relative tangent complexes m,ev*Tx ~ T,. The dia-
grams (£3.3]) and (£34) fit in a larger commutative diagram

(435)  Conp xapre to(RMon(X, B)) X x MEre

\ /

0 GOM; XMpre RMon X ,3 L

to(RMo.n (X, 3)) -

RMO,H(Xa /8)
where 7 and j are the truncation maps. Moreover, the face with the truncation maps is a
pullback square as Cy., g is already truncated. As these are derived Deligne-Mumford stacks
we can apply the base-change formulas (again, see [DG11], Cor. 1.4.5] or [HLP14, B.15]) and
deduce that (m)«(evo)*Tx =~ (mp)«i*ev*Tx ~ j*mev*Tx =~ j*T,. Moreover, the natural
map j*(T,)" — L4, can be naturally identified with the map constructed in [BF97bl, Prop
6.2].

Here’s the current status of the situation. We have a classical stack Y = to(RM (X, 3))

and a derived enhancement F' = Rmo,n(X , ) which produces an obstruction theory ¢ and
therefore a second derived enhancement R Obs(t) of Y. These fit in a diagram

R Obs(t) RN Y;j> F

which is an isomorphism after truncation and therefore, in G-theory groups.

Go(R Obs(t)) Z— Go(Y) —= Go(F)
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To complete the proof one must show that OV¥(t) := r,(Og ops(r)) is equal to (j.) ' (Op)
in Go(Y). In fact, this identification has already been established: in [CFK09, Proof of Thm
3.3] Kapranov-Fontaine identified the two classes in the case of quasi-smooth dg-manifolds
(a possible incarnation of derived schemes) and more recently in [LS12, Section 7.2.2] the
authors explain how the identification of the two classes for quasi-smooth derived schemes
follows from: deformation to the normal cone for derived schemes together with Al-invariance
of G-theory. It is clear that the same arguments will work for quasi-smooth derived Deligne-
Mumford stacks once deformation to the normal cone is written in this case. We will leave
this for further works.

Assuming these two virtual sheaves have been identified, it is clear we recover the same
K-theoretic numbers: given Ei, .., B, € Ko(X) = Go(X) and P € Ko(Mon) = Go(Mo ), the
K-invariants are defined by the Euler characteristics

(4.3.6)
Xom (O @ j* (ev* (B, ..., En) @ Stb*(P))) := ¢ (0" @ j*(ev* (Ey, ..., B,) ® Stb*(P))) ~

(4.3.7) ~ pujie (O @ j*(ev* (B, ..., Bn) ® Stb*(P)))

which by the projection formula for j are equivalent to

(4.3.8) ~ 0. (j (O @ ev* (Ey, ..., E,) ® Sth*(P))

and finally, by the comparison arguments above,

~ p*(oRﬁo,n(X,B) ® ev*(Ey, ..., E,) ® Stb*(P))

which, by definition, are the K-theoretic Gromov-Witten numbers produced from our lax
action.
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