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GRADIENT SCHEMES: GENERIC TOOLS
FOR THE NUMERICAL ANALYSIS OF DIFFUSION EQUATIONS

JEROME DRONIOU, ROBERT EYMARD, AND RAPHAELE HERBIN

ABSTRACT. The gradient scheme framework is based on a small number of properties and encompasses
a large number of numerical methods. We recall these properties and develop some new generic tools
associated with the gradient scheme framework. These tools enable us to prove that classical schemes
are indeed gradient schemes, and allow us to perform a complete and generic study of the well-known
(but rarely well-studied) mass lumping process.

1. INTRODUCTION

A great variety of schemes have been developed in the last few years for the numerical simulation of
anisotropic diffusion equations on general meshes, see [18, 41, 36] and references therein. The rigorous
analysis of these methods is crucial to ensure their robustness and convergence, and to avoid the pitfalls
of methods seemingly well-defined but not converging to the proper model [37, Chapter III, §3.2]. The
necessity to conduct this analysis for each method and each model has given rise to a number of general
ideas which are re-used from one study to the other, and a set of rather informal techniques has thus
emerged over the years.

It is tempting to push further this idea of “set of informal similar techniques”, to try and make it
a formal mathematical theory. This boils down to finding common factors in the studies for all pairs
(method,model), and to extract the core properties that ensure the stability and convergence of numerical
methods for a variety of models. Identifying these core properties greatly reduces the work, which then
amounts to two tasks:

Task (1): establish that a given numerical method satisfies the said properties;
Task (2): prove that these properties ensure the convergence of a method for all considered models.

Thus, the number of convergence studies is reduced from (§ methods)x (§ models) — which corresponds to
one per pair (method,model) — to (f methods) + (f models). (§ methods) studies are needed to prove that
each method satisfies the core properties, and (§ models) studies are required to prove that an abstract
method that satisfies the core properties is convergent for each model.

Attempts at designing rigorous theories of unified convergence analysis for families of numerical meth-
ods is not new, see e.g. [12, 16] for finite element and discontinuous Galerkin methods. Recently, the
Gradient scheme framework was developed [30, 24]; Not only does this framework provide a unifying
framework for a number of methods — conforming and non-conforming Finite Elements, Finite Volumes,
Mimetic Finite Differences, etc. — (Task 1) but it also allows enables complete convergence analyses for
a wide variety of models of 2nd order diffusion PDEs (Task 2): linear, non-linear, non-local, degenerate,
ete. [24, 33, 25, 21, 20, 2, 22, 9, 34, 11] through the verification of a very small number of properties (3
for linear models, 4 or 5 for non-linear models).

The purpose of this article is to bring gradient schemes one step further towards a unification theory.
Indeed, we develop a set of generic tools that make Task (1) extremely simple for a great variety of
methods. In other words, using these tools we can produce short but complete proofs that several
numerical methods for 2nd order diffusion problems are gradient schemes.

The paper is organised as follows. In Section 2, we present the gradient scheme framework. This
framework is based on the notion of gradient discretisation, which defines discrete spaces and opera-
tors, and on five core properties, presented in Subsection 2.1: coercivity, consistency, limit-conformity,
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compactness, and piecewise constant reconstruction. A gradient scheme is then obtained by applying a
gradient discretisation to a given diffusion model, which consists in a set of second order partial differ-
ential equations and boundary conditions. Depending on the considered model, a gradient discretisation
must satisfy three, four or five of these core properties to give rise to a convergent gradient scheme. In
the next subsections, we develop generic notions that are useful to establish that particular methods fit
into the framework. More precisely, in Subsection 2.2 we introduce the concept of local and linearly exact
gradients, and we show that it implies one of the core properties — the consistency of gradient discreti-
sations. Subsection 2.3 deals with the barycentric condensation of gradient discretisations, which is a
classical way to eliminate degrees of freedom. The gradient scheme framework enables us, in Subsection
2.4, to rigorously define the well-known technique of mass lumping, and to show that this technique does
not affect the convergence of a given scheme, thanks to a generic result on the comparison of two gradient
discretisations given in Proposition 2.22.

In Section 3, we show that all methods in the following list are gradient schemes and satisfy four
of the five core properties (coercivity, consistency, limit-conformity, compactness): conforming and non
conforming finite elements, RT; mixed finite elements, multipoint flux approximation (MPFA) schemes,
discrete duality finite volume (DDFV) schemes, hybrid mixed methods (HMM), nodal mimetic finite
difference (nMFD) methods, vertex average gradient (VAG) methods. For all these methods, the fifth
property (piecewise constant reconstruction) is either satisfied by definition, or can be satisfied by a
mass-lumped version in the sense of Subsection 2.4. The mass-lumped versions are only detailed in the
important cases of the conforming and non-conforming IP; finite elements. Some of the schemes have
already been more or less formally shown to be gradient schemes in [30, 24]. Here we use the generic
tools developed in Section 2 to give, for each method, a rigorous complete proof, or sketch of proof (due
to space limitation).

2. GRADIENT DISCRETISATIONS: DEFINITIONS AND ANALYSIS TOOLS

We present here the principle of the abstract gradient schemes framework. For simplicity we restrict
ourselves to homogeneous Dirichlet boundary conditions; all other classical boundary conditions (non-
homogeneous Dirichlet, Neumann, Fourier or mixed) can be dealt with seamlessly in the gradient schemes
framework [22]. The principle of gradient schemes is to write the weak formulation of the PDE by replacing
all continuous spaces and operators by discrete analogs. These discrete objects are described in a gradient
discretisation. Once a gradient discretisation is defined, its application to a given problem then leads to
a gradient scheme.

For linear models, the convergence of gradient schemes is obtained via error estimates based on the
consistency and limit-conformity measures Sp and Wp. For non-linear models, whose solutions may lack
regularity or even be non-unique, error estimates may not always be obtained; however, convergence of
approximate solutions can be obtained via compactness techniques such as those developed in the finite
volume framework [26, 29, 18]. Even though they do not yield an explicit rate of convergence, these
compactness techniques provide strong convergence results — such as uniform-in-time convergence [20)
— under assumptions that are compatible with field applications (discontinuous data, fully non-linear
models, etc.).

2.1. Definitions.

Definition 2.1 (Gradient discretisation for homogeneous Dirichlet boundary conditions). Let p € (1, 00).
A gradient discretisation for homogeneous Dirichlet boundary conditions is a triplet D = (Xp o, Ip, Vp),
where:

(1) Xp o is a finite dimensional space encoding the degrees of freedom (and accounting for the homo-
geneous Dirichlet boundary conditions),

(2) Up : Xpo— LP(Q) is a linear mapping reconstructing a function in LP(Q) from the degrees of
freedom,

(3) Vo : Xpo — LP(Q)? is a linear mapping defining a discrete gradient from the degrees of
freedom. It must be chosen such that |V p - ||Lr(q)e is a norm on Xp .

Here are the three properties a gradient discretisation needs to satisfy to enable the analysis of the
corresponding gradient scheme on linear problems:
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e The coercivity ensures uniform discrete Poincaré inequalities for the family of gradient discreti-
sations; this is essential to obtain a priori estimates on the solutions to gradient schemes.

e The consistency states that the family of gradient discretisations “covers” the whole energy space
of the model (e.g. H}(Q) for the linear equation (2.1)).

o The limit-conformity ensures that the family of gradient and function reconstructions asymptot-
ically satisfies the Stokes formula.

Definition 2.2 (Coercivity). Let D be a gradient discretisation in the sense of Definition 2.1 and let Cp
be the norm of the linear mapping llp defined by
pvl| e
Cp — o Hpvllzee)
veXp,0\{0} |V DVl Lr(q)e

A sequence (Dp)men of gradient discretisations in the sense of Definition 2.1 is said to be coercive if
there exists Cp € R such that Cp,, < Cp for all m € N.

Definition 2.3 (Consistency). Let D be a gradient discretisation in the sense of Definition 2.1 and let
Sp : Wy (Q) — [0, +00) be defined by

Vo € Wol"p(ﬂ)a Sp(p) = vémn (HHDU —¢llzr) + VDo — V@HLP(Q)d) .
A sequence (Dy)men of gradient discretisations in the sense of Definition 2.1 is said to be consistent if
for all o € WP () we have limy, o Sp,, () = 0.
Deﬁnition 2.4 (Limit-conformity). Let D be a gradient discretisation in the sense of Definition 2.1. We
set p' = —L= the dual exponent of p and W P'(Q) = {p e LP(Q)?, dive € L (Q)}, and we define

.y 1
Ve € WP (Q), Wp(p) = sup ol
u€Xp,o\{0} H DUHLP(Q)d

/ (Vpu(z) - p(x) + Hpu(x)dive(x)) d| .

A sequence (Dy,)meN of gradient discretisations is said to be limit-conforming if for all ¢ € Wdiv’p'(ﬂ)
we have lim, o Wp_ (@) = 0.

To give an idea of how a gradient discretisation gives a converging gradient scheme for diffusion
equations, let us consider the case of a linear elliptic equation

—div(AVu) = f in Q,
(2.1) { u=20 on 0f),

where € is a bounded open set in R, A : Q + My(R) is a measurable bounded and uniformly elliptic
matrix-valued function such that A(z) is symmetric for a.e. * € Q, and f € L*(Q). The solution to
problem (2.1) is understood in the weak sense:

(2.2)  Find w € H}(Q) such that, for all v € H}(Q), / A(x)Vu(x) - Vu(z)de = / flx

If D is a gradient discretisation with p = 2, then the corresponding gradient scheme for (2.1) consists in
writing

(2.3) Find u € Xp such that, for all v € Xp g, / A(x)Vpu(z) - Vpu(x)de = / f(x)Ipv(x)de.
Q Q

As seen here, (2.3) consists in replacing in (2.1) the continuous space H}(Q2) and the continuous gradient
and function by their discrete reconstruction from D. Reference [30] proves the following error estimate
between the solution to (2.2) and its gradient scheme approximation (2.3):

(2.4) |IVT — V’DUD”L?(Q)d + ||z - HDUD”LZ(Q) < C1 [Wp(AVT) + Sp(T)],

where C7 only depends on A and an upper bound of Cp in Definition 2.2. This shows that if a sequence
(Din)men of gradient discretisations is coercive, consistent and limit-conforming, and if (um)men is
a sequence of solutions to the corresponding gradient schemes for (2.1), then Ip, um, — @ in L%(Q)
and Vp, U, — Vu in L?(Q)% The study of a scheme for (2.1) then amounts to finding a gradient
discretisation D such that the scheme can be written under the form (2.3), and to proving that sequences
of such gradient discretisations satisfy the above described properties. Establishing the consistency
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and limit-conformity usually consists in obtaining estimates on Sp and Wp that give explicit rates of
convergence in (2.4).
Dealing with non-linear problems might additionally require one or the other of the following properties.

e The compactness is used to deal with low-order non-linearities — e.g. in semi- or quasi-linear
equations.

e The piecewise constant reconstruction corresponds to mass-lumping and is required to manage
certain monotone non-linearities, or non-linearities on the time derivative as in Richards’ model.

Definition 2.5 (Compactness). A sequence (Dy,)men of gradient discretisations in the sense of Defi-
nition 2.1 is said to be compact if, for any sequence (Um)men such that uy, € Xp,, o for m € N and
IV, uml Lr(@)4)meN is bounded, the sequence (Ilp,, Um)men is relatively compact in LP(2).

Definition 2.6 (Piecewise constant reconstruction). Let D = (Xpo,lIp,Vp) be a gradient discretisa-
tion in the sense of Definition 2.1. A linear mapping lp from Xp o to LP(Q) is a piecewise constant
reconstruction if there exists a basis (€;)icr of Xp,o and a family of disjoint subsets (;)icr of 1 such
that for all w =Y, ;uie; € Xp,o we have llpu = Ziel uixq,, where xq, is the characteristic function
Of Qz .

icl

As an illustration of the use of the importance of these properties for nonlinear problems, let us consider
the following semi-linear modification of (2.1):

—div(AVT) + f(m) = f in Q,
(2.5) { u=20 on 012,

for some function 5. The gradient discretisation of this problem is pretty straightforward:
(2.6) Find u € Xp o such that, for all v € Xp g,
/ A(x)Vpu(x) - Vpu(x)dx +/ B(Ilpu(x))pv(x)de = / f(x)dpv(x)de.
Q Q Q

The compactness property implies that an estimate on a sequence of discrete gradient (Vop, t)men will
yield relative compactness of the corresponding sequence of reconstructions (Ilp_ u)men, thus enabling
a passing to the limit in the nonlinearity 5.

Piecewise constant reconstructions are extremely useful for two reasons. First, if IIp is a piecewise
constant reconstruction, then IIp(8(u)) = B(Ilpu) (where B(u) € Xp o is defined degree-of-freedom per
degree-of-freedom, that is (8(u)); = B(u;) for all 4 € I). This property is essential when establishing
a priori estimates on gradient schemes for non-linear elliptic and parabolic equations [20, 25, 33]. It
also facilitates the computation of the solution of Problem (2.6), when using an iterative procedure for
instance. Second, if we consider a time-dependent problem, the discretisation of d,u leads to a term of
the form

(2.7)

/ Mo () - HDun(x)HDv(ac)dw.
Q

q

If IIp is a piecewise constant reconstruction, the mass matrix multiplying the coordinates (u?“)ie 7 of

u™*1 in (2.7) is diagonal, and its inversion is therefore trivial.

Remark 2.7. (1) Equivalent statements can be written for the consistency, limit-conformity and
compactness of gradient discretisations [22]. In particular, the consistency and limit-conformity
of a coercive sequence of gradient discretisations only need to be checked for ¢ and ¢ in dense
sets of the domains of Sp and Wp (e.g. C°(Q) and C°(R¥)? respectively — the second set is
indeed dense in WP’ (Q) when Q is locally star-shaped, which is the case if  is polyhedral).
Moreover, the compactness of a sequence of gradient discretisations implies its coercivity.

(2) Gradient discretisations for time-dependent problems can be easily deduced from the gradient
discretisations for steady-state problems [24, 22].

(8) For piecewise constant reconstructions, the set I is usually a natural set of degrees of freedom of
the method (see Section 2.4 for examples).
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2.2. Local and linearly exact gradients. Most numerical methods for diffusion equations are based,
explicitly or implicitly, on local linearly exact reconstructed gradients. The following definition gives a
precise meaning to this.

Definition 2.8 (Linearly exact gradient reconstructions). Let U be a bounded set of R? and let S =
(x)ier be a finite family of points of R. A linear mapping G : R s L>®(U)? is a linearly exact gradient
reconstruction from S if, for all linear functions L : R? — R, if & = (L(x;))ies then GE = VL on U.
The norm of G is defined by

i G&l| 1
(2.8) IG]|oc = diam(U) max HE”Li(U)d
EERN\{0} maX;es |§Z|
As expected, linearly exact gradient reconstructions enjoy nice approximation properties when com-

puted from interpolants of smooth functions.

Lemma 2.9 (Estimate for linearly exact gradient reconstructions). Let U be a bounded set of R?, let
S = (x;)ic;r C RY, and let G : RN +— L>®(U)? be a linearly exact gradient reconstruction from S in the
sense of Definition 2.8. Let o € W2 (RY) and define v € RN by v; = o(x;) for any i € I. Then

max; ey dist(x;,
diam(U)

1 U 2\
|Gv — V| < (1 + §Hg|\oo ( ) + 1) ) diam(U)||¢|| w2 (may — a.e. on U.

Proof. Take xzy € U and let L(x) = ¢(xy) + Veo(zy) - (£ — xy) be the first order Taylor expansion of
o around xy. Let £ = (L(x;))icr. By linear exactness of G we have G€ = VL = Vp(xy) on U. Hence,

(2.9) |GE — V| < diam(U)||¢||w2.@may on U.

For any ¢ € I we have (v —&); = ¢(x;) — L(z;) = p(z;) — ¢(xv) — Ve(zy) - (£, — xy). Since
lz; — zy| < dist(x;, U) + diam(U), we get |(v — €);| < $(dist(z;,U) + diam(U))?||¢|[y2.®a). The
linearity of G and the definition of its norm therefore imply, for all a.e. € U,

2
Gu(a) ~ G&(o)] = 1600~ @) < 1ol 5 (macaist(as,U) + dian@) ) ellwsoe
1 . maX;er diSt(SEi, U) 2
< 310 edion(@) (PSR i o
Combined with (2.9), this completes the proof of the lemma. O

The consistency of gradient discretisations based on linearly exact gradient reconstructions follows.
Let us first define the definition for such gradient discretisations.

Definition 2.10 (LLE Gradient discretisation). Let D = (Xp.o,Ilp, Vp) be a gradient discretisation in
the sense of Definition 2.1. We say that D is an LLE (for “local and linearly exact”) gradient discreti-
sation if there exists a finite family of approzimation points S = (x;);c; C R and a finite partition U of
Q such that:
o Xpo =R x{0}o2, where the set of degrees of freedom I is partitioned into I (interior degrees
of freedom) and Igq (boundary degrees of freedom, such that x; & Q for all i € Ipq ).
e For allU € U, there exists Iy C I and an operator Gy : RV +— L (U)?% which is a linearly evact
gradient reconstruction from (x;);cr, in the sense of Definition 2.8.
o Forallve Xpp and allU €U, Vpv = QU((vi)Z—GIU) onU.
o ForallU eU and a.e. © € U, there exist real numbers (o, (x))icr, such that

(2.10) Z ai(®)=1 and Tpv(x)= Z a;(x)v;.

i€ly i€ly
In that case, we define the LLE regularity of D by

dlst(:c“
re D ma; ma; su o .
gLLe(D) = max <||gU|oo + aX ~ Jiam +¢€EZ; |evi(

Remark 2.11. Note that the existence of i,j € I with i # j and x; = x; is not excluded (see the example
giwen in Section 3.4).
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Remark 2.12. We do not request lpv to be linearly exact (o;(x) are not necessarily linear w.r.t x);
this reconstruction just needs to be computable from local degrees of freedom. This enables us to consider
mass-lumped gradient discretisations.

In a number of cases, estimating ) ;e |ovi(x)| is trivial. If D has a piecewise constant reconstruction,
then for any  all o;(x) are equal to 0 except one that is equal to 1, and thus Y, ; |ai(z)| = 1. If
Ilpv(x) is a convex combination of the (v;)icr, for all ® € U (which is the case, e.g., if Hpv is linear
on U and (x;)ic1,, are extremal points of U), then 3, |ai(x)| = 1.

Remark 2.13. The term diam(U) in regp5(D) could be replaced with any quantity wy > 0, the require-
ment to prove Proposition 2.14 below being that maxyem,, wy — 0 as m — oo.

Proposition 2.14 (coercive LLE gradient discretisations are consistent). Let (D,,)menN be a sequence of
coercive LLE gradient discretisations, associated for any m € N to a partition Up,. If (regrrg(DPm))meN

is bounded and maxy ey, diam(U) — 0 as m — oo, then (Dp,)meN is consistent in the sense of Definition
2.3.

Proof. Because (D,,)meN is coercive, we only need to prove its consistency for smooth functions (Remark
2.7). Let ¢ € C*(Q) and let v™ = (p(x"))icrm € Xp,, 0, where S, = (2);erm is the family of

moy 2

approximation points of D,,. Owing to Lemma 2.9 we have, for U € U,, and a.e. ¢ € U,
(211) |Vp, v"™(x) = Vo(z)| = |67 (07" )iery ) () — V()|
1 .
< (1 § retuaeDn) (reuae(Dn) + 1)) o () ol -

Let us now evaluate [lIp, v"™ — ¢|. Since any (x]");ery is within distance regyji(Dp,)diam(U) of U, for
all i € I and all z € U we have |[v]" — p(x)| < (1 + regryg(Dm))diam(U)||o|[w 1.0 (ray- By (2.10), we
infer that for a.e. . € U

(212) [Ip, o™ (@) — w(@)| = | D o"(@) (o] —w(@)| < Y laf'(@)] sup |of" —p(z)|

iery iely ey
<regrpp(Dm)(1 + regp g (Dm))diam(U)|[o| w1, (ra) -

Estimates (2.11) and (2.12) and the assumptions on (D,,)men show that Vp, o™ — Ve in L*(Q)? and
IIp, v™ — @ in L*°(2) as m — oo. O

2.3. Barycentric elimination of degrees of freedom. The construction of a given scheme often
requires several interpolation points. However, some of these points can be eliminated afterwards to
reduce the computational cost. A classical way to perform this reduction of degrees of freedom is through
barycentric combinations, by replacing certain unknowns with averages of other unknowns. We describe
here a way to perform this reduction in the general context of LLE gradient discretisations, while pre-
serving the required properties (coercivity, consistency, limit-conformity and compactness).

Definition 2.15 (Barycentric condensation of an LLE gradient discretisation). Let D be an LLE gradient
discretisation. We denote by S = (wz)zej C R? the family of approzimation points ofD and by U 1its
partition. A gradient discretisation D is a barycentric condensation of D if there exists IcI and, for
alli e I\I, a set H; C I and real numbers (B})jen, satisfying

(2.13) Z ﬁ; = and Z ,6;:1:j = x;,
jeH,; jeH,;

such that

e Jgq C f _

o X5, =RINa x {o}lon,

o Forallve X5, we have v = HpV and Vv = VpV, where V € Xpo = Rio x {0}{o2 s

defined by

v ifiel,

2.14 Viel, V;= i s =~
(2.14) {ZjeHiﬂjvj ifteI\l.
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(We note that V is indeed in Xp o since Isq C I and v; =0 ifi € Ipq.)
We define the regularity of the barycentric condensation D by

~ ; dist(x;, ;)
re D)=1+ ma 4+  ma max ———2 2
gno(P) z‘el\}§~ jg_ |6J| UeM \?EIU jeH; diam(U)

It is clear that D defined above is a gradient discretisation. Indeed, if Vzv = 0 on Q then VpV =0
on © and thus V; = 0 for all i € S (since D is a gradient discretisation and |[Vp - ||1» (o)« is a norm on

Xp). This shows that v; = 0 for all i € I, and thus that IV5 - |l Lr ()¢ is @ norm on X5 .

Remark 2.16 (Localness of the barycentric elimination). Bounding the last term in reggo(D) consists
in requiring that, if i € I\ I is involved in the definition of Gy, then any degree of freedom j € H;
used to eliminate the degree of freedom i lies within distance O(diam(U)) of U. This ensures that, after
barycentric elimination, Gy is still computed using only degrees of freedom in a neighborhood of U.

Barycentric elimination express some degrees of freedom by combinations that are linearly exact.
As a consequence, the LLE property is preserved in the process, and the consistency of barycentric
condensations of LLE gradient discretisations is ensured by Proposition 2.14.

Lemma 2.17 (Barycentric elimination preserves the LLE property). Let D be an LLE gradient discreti-
sation in the sense of Definition 2.8, and let D be a barycentric_condensation of D. Then D is an LLE

gradient discretisation on the same partition as D, and regy1 (D) < regpc(D) regrp(D) + regga(D) +
regLe(D).

Proof. Obviously, I = (I N Iq) U Iyq forms the degrees of freedom of D since X50= RNl x {0}fon,
Let U be the partition corresponding to D, and let U € U. Take v € X5 , and let V € Xp ¢ be defined

by (2.14). We notice that, for any U € U, the values (V;);cr, are computed in terms of (v;); 7, with
Iy = (IU N I) U UieIU\in'
We have, for x € U,
HﬁU((IJ) = HDV(w) = Z Oél(w)‘/; = Z ai(m)vi + Z Oéi(ﬂﬁ) Z B;’Uj = Z &i(x)vi
iely iEIUﬁf Z’EIU\I~ JjEH; iETU
with ~
Gi(x) =ai(x)+ Y PBfex(x) ifielynl,
keIy\I|icHy N
Gi(x)= Y Prox(x) if i € Iy\I.
keIy\I|icHy
Thanks to (2.13) and (2.10) we have
(215) D d@@) = > @+ Y. Y. o)
iely ielynl icly kely\I |icHy
Y a@r Y e YA Y @ Y o) -1
ielynl kelp\I i€H}, ielynl kelp\I

Hence, v has the required form. The gradient (Vzv)jy = Gu((Vi)ier,) only depends on (v;); 7,
and can thus be written Gy ((vi);c7, ). By (2.13) the reconstruction v — V is linearly exact, that is
if v interpolates the values of a linear mapping L at the points (mi)ier then V interpolates the same
mapping L at the points (iﬂz‘)z‘gu~ Hence, the linear exactness of Gy gives the linear exactness of Gy .
This completes the proof that D is an LLE gradient discretisation.

Let us now establish the upper bound on regy ; 5(D). For all i € I\ we have |V;| < > jeH,

! D 1 il o] <
reggc(D) max; 7 |vj|. This also holds for i € Iy N I since regp (D) > 1. Hence, a.e. on U,

G )| = 3. |9u || regpc (D) _
‘QU ((vi)ier)‘ =[Gu (Vi)ier, )| < diam(U) Iirelz}i<|vl|
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and thus
(2.16) 1GUlso < 119U |loc regpe (D).

Reproducing the reasoning in the first two inequalities in (2.15), with absolute values and inequalities,
we see that

(2.17) Yola@< Y le@l+ Y lax(@)| Y 16| < regpe(D) Y lai(@)].
icly ielynl keIp\T i€Hy iely

Finally, for j € I;; we estimate %&g) by studying two cases. If j € Iy then dist(x;, U) < regpg(D)diam(U).

If j ¢ Iy then there exists i € I\ such that j € H;, and thus dist(xz;, x;) < regpc(D)diam(U); this

gives dist(x;,U) < (reggc(D) + regp g (D))diam(U). Combined with (2.16) and (2.17), these estimates

on dist(x;,U) prove the bound on regy; (D) stated in the lemma. O

Barycentric condensation of LLE gradient discretisations satisfy the same properties (coercivity, con-
sistency, compactness, limit-conformity) as the original gradient discretisation. The coercivity, limit-
conformity and compactness properties result from the fact that Xﬁ,o is (roughly) a subspace of Xp g,
and the consistency is a consequence of Lemma 2.17 and Proposition 2.14.

Theorem 2.18 (Properties of barycentric condensation of gradient discretisations). Let (Dp,)men be a
sequence of LLE gradient discretisations that is coercive, consistent, limit-conforming and compact in the
sense of the definitions in Section 2.1. Let Uy, be the partition of D,,. We assume that maxy ey, diam(U) —
0 as m — oo, and that (reg g (Dm))men is bounded. For any m € N we take a barycentric condensation

Dy, of Dy such that (regpa(Dm))men is bounded.
Then (Dpn)menN i coercive, consistent, limit-conforming and compact.

with V defined by (2.14) we have
Vo, Ve = Cp

Proof. For any v € X5,

L5, vllLr) = [[Up,, V|Lr() < Cp,, VB vl

which shows that Cﬁ < Cp,, and thus that (D,,)men is coercive. To prove the compactness, we take
(Vﬁm Vm)meN = (Vp,, Vin)men bounded in LP(0)?, and we use the compactness of (D, )meN to see that
(Ip,, Vin)meNn = (Il Um)men is relatively compact in LP(2). The limit conformity follows by writing

1

T ol (Vzu(x) - o) + Hzv(z)dive(x)) de
IV 50 e ()

Q

1
VDV | Lr ()

/Q (VoV(x) - p(x) + UpV (x)dive(x)) dz| ,

which shows that Wx(¢) < Wp(p). Finally, by Lemma 2.17 each D,, is an LLE gradient discretisa-

tion and the boundedness of (regp;p(Dm))men and (regpc(Dim))men show that (regrp(Dm))men is
bounded. Proposition 2.14 then gives the consistency of (D,,)men- O

2.4. Mass lumping. “Mass-lumping” is the generic name of the process applied to modify schemes that
do not have a built-in piecewise constant reconstruction, say for instance the Py finite element scheme
(see Section 3.1). This is often done on a case-by-case basis, with ad hoc studies. The gradient scheme
framework provides an efficient generic setting for performing this mass-lumping. The idea is to modify
the reconstruction operator so that it becomes a piecewise constant reconstruction; under an assumption
that is easy to verify in practice, this “mass-lumped” gradient discretisation can be compared with the
original gradient discretisation, which ensures that all properties required for the convergence of the
mass-lumped scheme are satisfied.

Definition 2.19 (Mass-lumped gradient discretisation). Let D = (Xp,,IIp, Vp) be a gradient dis-
cretisation in the sense of Definition 2.1. A mass-lumped version of D is a gradient discretisation
DMt = (Xp o, I, Vp), where II" is obtained the following way. We select a basis (e;)ic1 of Xpo,
we take disjoints subsets (0;);cr of Q (some of them can be empty), and we set

Yo = E vie; € Xpo, H%LU = E ViXQ,
iel iel



GRADIENT SCHEMES: GENERIC TOOLS FOR THE NUMERICAL ANALYSIS OF DIFFUSION EQUATIONS 9

where xq, is the characteristic function of Q;.

Remark 2.20 (Mass lumping with respect to a non canonical basis). The basis (e;)icr of Xp,o is usually
chosen in a canonical way, each component of this basis corresponding to a natural degree of freedom of
D (see examples in the Py and non-conforming Py case in Section 3.1). Mass-lumping could be done with
respect to a non-standard basis, but this might lead to additional numerical cost if the computation of Vp
in this non-standard basis is complex; the scheme implementation might require to perform changes of
basts, possibly with full transition matrices, to compute IL" and Vp.

Theorem 2.21 (Properties of mass-lumped gradient discretisations). Let (Dp,)menN be a sequence of
gradient discretisations in the sense of Definition 2.1, that is coercive, consistent, limit-conforming and
compact in the sense of the definitions in Section 2.1. For any m € N we take DM a mass-lumped
version of Dy,. If there exists w,, — 0 as m — oo such that

(218) VYm € 1\]-7 Yv € XDm,(); HH%]:YLU — HDmUHLp(Q) < wm”va’UHLp(Q)d,

then (D) )men is coercive, consistent, limit-conforming, and compact. The reconstruction II5" s also
piecewise constant.

This theorem is a direct consequence of Proposition 2.22, which gives a general setting for proving
the properties of a gradient discretisation by comparing it with another gradient discretisation. This
proposition generalises e.g. [9].

Proposition 2.22 (Comparison of gradient discretisations). Let (Dy,)men = (Xp,,,0,1Ip,,, VD,, )men be

a sequence of gradient discretisations in the sense of Definition 2.1. Let (D,,)men = (Xp,,,0,1Ip; , VD! Jmen

m

be a sequence of gradient discretisations having the same spaces of degrees of freedom, but possibly differ-
ent gradient and reconstruction operators. We assume that there exists Cy not depending on m, and a
sequence of numbers (Wpm)menN such that w, — 0 and, for allv € Xp_, o,

(2.19) |[Ip,,v —Ilp; vl|pe) + [|VD,,v = Vo v||1r)d < wnl|Vp,, vl @y,

(2.20) VD, vl eyt < Cal|Vpr vl Lr(q)a-

Assume that (Dpm,)menN 18 coercive in the sense of Definition 2.2 (resp. consistent in the sense of Definition

2.8, limit-conforming in the sense of Definition 2.4, or compact in the sense of Definition 2.5). Then
(D). )meN is also coercive (resp. consistent, limit-conforming, or compact).

Proof. Assume that (D, )men is coercive. By (2.19) we have ||Vp, v|[1s(q)ya < (14sup,, wm)||Vp,, vl|Lr @)
Hence, using (2.20),

[[Ip; v||Le@) < (1 + sup,, wn)|[p,, v||Lr @)
< (1 +sup,, wm)Cp||Vp,,v|lLr@)e < (1+sup,, wn)CprCa||Vp: vl L),

which gives the coercivity of (D},)men-
Assume now that (D, )men is consistent. Thanks to the triangular inequality and (2.19),

TIpr v — @llLe@) + 1|V, v — Vol 1rq)a
< 20 ||V, v Le()e + D, v — @llLr@) + VD, v — Vol Lr ()
<20 ||IVellLrye + IHp,, v — ¢llLr @) + (1 + 2wn)[|[VD,,v — V@l Lr()a-
Hence Sp; (p) < 2wml||Vellrr@ye + (1 + 2wm)Sp,, (9) — 0 as m — oo and the the consistency of

(D)) men is proved.
Let now (D, )men be limit-conforming. By the triangular inequality and (2.19),

/ (Vo v(z) - @(x) + Ip, v(z)dive(x)) de
Q
< el Lo (@yawm|IVo,,vl|r)a + |divel| o @ywm! VD, v]| e ()4

/Q (Vp, v(x) - p(x) + Up, v(z)dive(x)) dz| .

+
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Since ||V pr v||rr(ye > C{lﬂvpmv”m(md, we infer that

W, (¢) < Cown(llel| Lo 9ye + l[dive]]y )a) + C2Wp,, (¢) — 0 as m — oo

m

and the limit conformity of (D), )men is established.

Let us finally assume that (D;,)men is compact. By (2.20), if (Vp, vy)men is bounded in LP(€2)¢ then
(VD,, Um)meN is also bounded in LP(2)%. The compactness of (D,,)men then ensures that (Ilp,, vy )men
is relatively compact in LP(Q). Since ||[IIp,, vm — pr vm||rr) — 0 as m — oo by (2.19), we deduce

m

that (IIp, vm)men is relatively compact in LP(€2). O

m

2.5. Polyhedral meshes and Discrete Functional Analysis. Although Gradient discretisations are
not limited to mesh-based methods, a large number of schemes for (2.1) are built on meshes. We introduce
here a general definition and some notations related to these meshes. Whatever the dimension, we use
the word “polyhedral” to denote sets with piecewise flat boundaries (in 2D, we should actually write
“polygonal”).

Definition 2.23 (Polyhedral mesh). Let ) be a bounded connected polyhedral open subset of R (d > 1).
A polyedral mesh of Q is given by T = (M, E,P,V), where:

(1) M is a finite family of non empty connected polyhedral open disjoint subsets of 2 (the cells) such
that Q = Ugem K. For any K € M, |K| > 0 is the measure of K and hx denotes the diameter
of K.

(2) € is a finite family of disjoint subsets of Q (the edges of the mesh in 2D, the faces in 3D), such
that any o € & is a non empty open subset of a hyperplane of R and o C Q. We assume
that for oll K € M there exists a subset Ex of € such that 0K = Uyecg,,0. We then denote by
M, ={K e M : o € Ex}. We then assume that, for all o € £, M, has exactly one element
and o C 09, or M, has two elements and o C Q. We let Eyy be the set of all interior faces, i.e.
o € & such that o C ), and Exxy the set of boundary faces, i.e. o € £ such that o C 0. For
o € &, the (d — 1)-dimensional measure of o is |o|, the centre of gravity of o is T,

(8) P=(xx)kem is a family of points of  indexed by M and such that, for all K € M, zx € K
(xy is sometimes called the “centre” of K ). We then assume that all cells K € M are strictly
X -star-shaped, meaning that if x is in the interior of K then the line segment [x k, x] is included
in the interior of K.

(4) V is the set of vertices of the mesh. The vertices that belong to K, for K € M, are gathered in
Vi ; the set of vertices of o € £ is denoted by V,.

For all K € M and for any o € £k, we denote by nk , the (constant) unit vector normal to o outward
to K. We also let dk , be the signed orthogonal distance between xx and o (see Figure 1), that is:

(2.21) dK,g = (SC — (I:K) ‘NK s, Ve € o
(note that (x — xk) -k o is constant for x € o). The fact that K is strictly star-shaped with respect to
T s equivalent to dx,, > 0 for all 0 € Ex. For all K € M and o € £k, we denote by D , the cone
with apex xx and base o, that is Dk » = {txx + (1 —t)y : t € (0,1), y € o}. The diamond associated
to a face o € £ is D, = UKEMU Dk .

The size of the discretisation is hay = sup{hx : K € M} and the regularity factor 01 is

h dic.o
(2.22) GT—maX{dK cKeM, UGSK}eraX{dK’ L0 € Emt s MU—{K,L}}.
K,o L,o

Remark 2.24 (Generalised hexahedra). This definition covers a wide variety of meshes, including those
with non-convex cells and cells sharing more than one face; in particular, “generalised hexahedra” with
non planar faces can be handled: such cells have 12 faces if each non planar face is split in two triangles,
but only 6 neighbouring cells.

In the examples of gradient discretisations given in Section 3, the following notion is used.

Definition 2.25 (Regularity of a sequence of polyhedral meshes). A sequence of polyhedral meshes
(Trm)menN in the sense of Definition 2.23 is reqular if (07, )men is bounded and haq, — 0 as m — +00.

Remark 2.26. Since minyeg, di,s s the radius of the largest ball centred at Tk and contained in K,
an upper bound on 01 imposes that the interior and exterior diameters of each cell are comparable.
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FIGURE 1. A cell K of a polyhedral mesh

Discrete functional analysis is the translation to the discrete setting of results of functional analysis.
The lemmas presented below are extremely helpful in establishing the coercivity, compactness and limit-
conformity of sequences of gradient discretisation. Their proof can be found in [27, 22].

We define the vector spaces X of degrees of freedom in the mesh, and X o of degrees of freedom in
the mesh and on the edges (with homogeneous Dirichlet boundary conditions), by:

(2.23) Xpm = {’U = ('UK)KEM LUK € R},
(2.24) X7o0={v=(vK)Kkem, (Vs)oce : vk ER, v, ER, v, =01if 0 € Eexi }
They are endowed with the following discrete WO1 P norms, for p € (1,00):
p VK — UL, P
(2.25) Vo e X ol =D lolds -
o€& 7
p Vg — VK P
(2.26) Voe Xt ol 0= D>, D loldks 5
KeMo€elk 4

Here, if 0 € &yt then K and L are the cells on each side of o and dy = dx o + dro; if 0 € Eext N EK
then vy, = 0 and d, = dg,. There is a natural restriction mapping v € X7 — v € X obtained
by simply considering the cell-centred degrees of freedom: v = (vk)kxem. For all v € X7 we have
o —vp|P < 2P ok — vg|P + 2P Hup — v,|P and thus

(2.27) 18]l x 040 < 2271 L+ 07) 0],
We define the linear mapping IT7 : X — L (Q) by
(2.28) Yo e Xy, VK e M, Il7v =vg on K.

II7 is also considered as a linear mapping on X7 by setting Ill7v = II7v if v € X7 . The discrete
gradient Vi : X7+ LP(Q)? is defined by

1
(2.29) VK e M, Vyv = =l Z lo|lvong,, on K.
‘ | c€fK
Lemma 2.27 (Discrete Poincaré inequality). Let T be a polyhedral discretisation of Q in the sense of
Definition 2.23, and let 0 > 01. There exists Cs only depending on 0 and p such that for all v € X g we

have |[1v|[Lr ) < C3l[v]|x00p-

Lemma 2.28 (Discrete Rellich theorem). Let (Tm)men be a sequence of polyhedral discretisations
of Q in the sense of Definition 2.23, such that (07, )men s bounded. If v,, € X, is such that
(lvml|xr, 0.p)men is bounded, then (Il7, vm)men is relatively compact in LP(Q).

Lemma 2.29 (Discrete approximate Stokes formula). Let T be a polyhedral discretisation of Q in the
sense of Definition 2.23. If o € C°(R?)? and v € X7, then

(2.30)

: =1
/Q[VTU(-’B)~90(w)+HTv(w)dW<P(w)]dw < (dQ) 7 llpllwre @aya vl x7 o pht-
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Moreover, if (vy)sce, are the exact values at (Ty)pes, 0f a linear mapping L, then Vyv =VL on K.

3. REVIEW OF GRADIENT DISCRETISATIONS

We now study a number of known methods among finite element, finite volume methods, mimetic
methods and related discretisation schemes which are all based on polyhedral meshes. Each of the
following sections is devoted to one method (called “a method” in the following theorem) which is shown
to be a gradient discretisation referred to as D; for each method we define the notion of regular sequence
of gradient discretisations, based on the method itself and on the regularity of the polyhedral mesh in
the sense of Definition 2.25.

The following theorem is for each method a rather direct consequence of the results on the notions of
LLE gradient discretisations (Section 2.2), barycentric condensation (Section 2.3), mass lumping (Section
2.4) and Discrete Functional Analysis and approximate Stokes formula (Section 2.5).

Theorem 3.1 (Properties of the “a method”). Let (Dy,)men be a regular sequence of gradient discreti-
sations defined by the “a method”. Then (Dp,)menN is coercive, consistent, limit-conforming and compact
in the sense of the definitions in Section 2.1.

Hence this theorem only focuses on the four core properties, among the five ones, which need a proof.
The piecewise constant reconstruction property is imposed by the construction of D only in some of the
following methods.

3.1. P, finite element methods.

3.1.1. Conforming methods: Py finite elements. Let T be a simplicial discretisation of 2, that is a
polyhedral discretisation in the sense of Definition 2.23 such that for any K € M we have Card(Ex) =
d+1. In 2D, T is therefore a triangulation of 2 without hanging nodes. Let k € N'\ {0}. We then follow
Definition 2.10 for the construction of D = (Xp o, Vp,Ip), by describing the partition of €2, the local
linearly exact gradients and the functions «; in the elements of the partition.

(1) The set of degrees of freedom and the approximation points are I = S = V) where V*) =
Ukem V;?) and Vgc) is the set of the points « of the form

(3.1) T= ) %v

VEVK
where 7, = 0,...,k and Zvevk ity = k. Then I = Vi(ft) (the subset of the interior vertices) and
Ioq = yk (boundary vertices), and the partition of Q is given by Y = M. For U = K € U, we

ext
let Iy = V).

(2) Foranyv € Vﬁf), we let a, be the polynomial function of @ = (x1, ..., x4) with degree k, such that
ay(v) =1and oy, (V) =0 for all v/ € V%C) \ {v}. Then the linearly exact gradient reconstruction
in K is

Ve € K, Ggo(x) = Z v Vay ().

VEVK

(3) The reconstruction (2.10) is defined using the basis functions «, (x). This leads to

Yo € Xpyo, Vo € Q, Hpuv(x) = Z vy ().
ve (k)

Defining the regularity of a sequence of Py discretisations (Dy,)men merely as the regularity of the
underlying polyhedral meshes (Definition 2.25) is sufficient to get that regy;p(Dy,) remains bounded.
This allows to prove the consistency by Proposition 2.14. The remaining of the proof of Theorem 3.1
follows from the fact that the method is conforming. Since Ilpv € WO1 P(Q) and VIIpv = Vpv, we have
Wp = 0 and the limit conformity is trivial; the coercivity and the compactness are a consequences of the
Poincaré inequality and the Rellich theorem in W, *(£2).
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FIGURE 2. Partitions for mass-lumping of the Py (left) and non-conforming Py (right)
finite element methods.

3.1.2. Mass-lumped P1 finite elements. We construct a mass-lumped version of the P; gradient discreti-
sation as per Definition 2.19, with the natural degrees of freedom V(1) = V. Subdomains (£, ),cy with
points of V as centres can be constructed in various ways. One way is to define €2, such that, for all
K e M with v € Vg, Q, N K is the set of all y € K such that, if y is written as the convex combination
Y= ZvevK AV, then A, > A, for any other v/ € Vi. The left part of Figure 2 illustrates the construction
of the partitions ({2 )yey in the case d = 2.

A Taylor expansion in each €, N K then shows that Estimate (2.18) holds with w,, = ha4,,, and thus
by Theorem 2.21 we see that the mass-lumped P; gradient discretisation satisfies Theorem 3.1.

3.2. Non-conforming P; finite elements.

3.2.1. Standard non-conforming Py reconstruction. Non-conforming IP; finite elements consist in approxi-
mating the solution to (2.2) by functions that are piecewise linear on triangles and continuous at the edge
midpoints — but not necessarily continuous on the whole edge. These approximating functions therefore
do not lie in HE(£2), and do not satisfy the exact Stokes formula; hence the name “non-conforming”.
Let 7 be a simplicial discretisation of €2, that is a polyhedral discretisation in the sense of Definition
2.23 such that for any K € M we have Card(Ex) = d+ 1. We refer to Definition 2.10 for the construction
of D.
(1) The set of degrees of freedom is I = £ and the approximation points are S = (Z,),cg. Then
Iq = &g and Tgg = Eexy (boundary vertices), and the partition of  is given by U = M.
(2) Forall K € M, Ix = £k is a family of d+1 elements and the linearly exact gradient reconstruction
in K is defined by the constant value

Ve € K, Gru(z) = Z Vo Vo (),
oc€lK
where a, () is the affine non-conforming finite element basis function associated with o.
(3) The reconstruction operator IIp is then obtained by using these basis functions a, () in (2.10),
which leads to
Yv € Xp o, Ve € Q, pv(x) = Z Voo ().
ocef
Let us prove that Theorem 3.1 holds for a regular sequence for gradient discretisations defined by the
non-conforming P; method, defining this regularity merely as the regularity of the underlying polyhedral
meshes (Definition 2.25).

Proof of Theorem 3.1 for non-conforming Py gradient discretisations. We drop the index m from time to
time for sake of legibility, and all constants below do not depend on m or the considered cells/edges. For
v € Xp,o we define v € X7 (see notations in Section 2.5) by: for all o € &, v, = v, = Ipv(E,), and
for all K € M, v = d%rl Zaesk v, = Hpu(Tk), where Tk is the centre of gravity of K. Let us first
prove the following properties (in which C4 does not depend on v or T):

(3.2) Vv € Xp o, [[0]|x7.0p < CallVDV[ Lr (),
(3.3) Vv € Xp o, |70 — Hpvl|rr() < hml|[ Vvl Lr ()
(34) Yu € XD,Oa Vpv = V7.
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Let K € M. Since IIpv is linear in K we have [v, — k| < |, — ZTx||(Vov)k| < Csdk.o|(VDV) K|
for all 0 € £k, where Cy does not depend on v and (Vpv)k is the constant value of Vpv on K. Since
Y vcey |oldi o = d|K], the definition (2.26) of the norm | - |[x,,p gives (3.2) with Cy = d'/?Cs. The
proof of (3.3) follows by observing that |IIpv(x) — [I7v(x)| = |Upv(x) — k| = Mpv(z) — Hpv(ZTk)| <
hi|(Vpv)k| for any x € K and any K € M. As for (3.4), it follows from the last conclusion in Lemma
2.29, the fact that IIpw is linear in each cell K, and the fact that ¥, = IIpv(T,) for any o € Ex. We can
now prove the theorem.

COERCIVITY: applying Estimate (3.3), Lemma 2.27, and Estimates (2.27) and (3.2) we have, for all v €
Xp,0, Mol (o) < [TT70]]Lr (o) +diam(Q)[|[ V|| pqye < (CaC32P~ (1 4-07) +diam(Q2))|[Vpo]| e ()a,
and the coercivity follows from the upper bound on 6.

CONSISTENCY: The estimate on 67 ensure that ||og||fe (o) < Cs and ||V || (k) < Codiam(K) L.
Hence reg; (D) remains bounded and the consistency is a consequence of Proposition 2.14.

LIMIT-CONFORMITY: we use Lemma 2.29 with ¥ instead of v, Formula (3.4), and Estimates (3.2) and
(3.3) to write

/Q Vou(a) - (@) + Dpo(@)divie) @)de| < Crhllllwr.emayal Vool s oy

for any ¢ € C*°(R%)? and any v € Xp . Hence Wp (@) < Crhpll@|lw.oo(rays — 0 as hag — 0.

COMPACTNESS: if (Vp,, Um)men is bounded in LP(Q)¢ then (3.2) and (2.27) show that |[0n||x ., »
is bounded and therefore, by Lemma 2.28, that (II7, Uy, )men is relatively compact in LP(€2). Combined
with (3.3), this shows the relative compactness in LP(Q) of (IIp,, vy )meN, as required. O

3.2.2. Mass-lumped non-conforming Py reconstruction. We apply to the preceding gradient discretisation
the technique of mass lumping as in Definition 2.19. Recalling that the set of degrees of freedom is I = &
here, the subdomains (2, )sce are the diamonds (D, )sce around the edges. The right part of Figure 2
illustrates the construction of this partition.

Since IIpw is linear in each cell and puLv = IIpv(&,) on D,, an order 1 Taylor’s expansion im-
mediately provides Estimate (2.18), and Theorem 3.1 for the mass-lumped non-conforming Py gradient
discretisation is a consequence of Theorem 2.21.

3.3. Mixed Finite Element RT; schemes. Let 7 be a simplicial discretisation of € as for the non-
conforming P scheme. We fix k£ € N and introduce the following spaces

Vi, = {w e (L*(N)? : w|g € RT(K), VK € M}, VY = Vi, N Hyiy (Q),

Wi ={p € L*(Q) : plx € Pi(K), VK € M}, My = {u : |J7 = R, plo € Prl0), ploa = 0},
e

where

e Pi(K) is the space of polynomials of d variables of degree less than or equal to k.
e Pi(0) is the space of polynomials of d — 1 variables of degree less than or equal to k.
e RT(K) = Pi(K)? + &P (K) is the Raviart-Thomas space of order k defined on K. Here,
Pi(K) C Py(K) is the set of homogeneous polynomials of degree k.
Here we construct a gradient discretisation inspired by the dual mixed finite element formulation of
Problem (2.1), as given in [5], assuming that for a.e. © € Q, A(x) is a self-adjoint positive definite linear
operator with bounded eigenvalues, constant in each K € M:
(3.5)
(v,q,\) € Vi, x Wy, x MY,

/K w(z) - A(x) lv(x)dx — /K q(x)divw(xz)de + Z AMx)w|g () - ng ods(z) =0, Yw € Vj,

oeEx V9

/ (@) divo(z)de — /Kw(ac)f(ac)dac, W € Wi, VK € M,

fu(m)v|K(x) ‘ng sds(x) + / w@E)v|L(x) -np ,ds(z) =0, Vo € Eyny with M, = {K, L}, Yu € M}.

g g



GRADIENT SCHEMES: GENERIC TOOLS FOR THE NUMERICAL ANALYSIS OF DIFFUSION EQUATIONS 15

We again refer to Definition 2.10 for the construction of D = (Xp o, Vp,IIp). We consider (¢)icr, the
standard basis of Wp,, and (§;);er,, the standard basis of M, g. These two standard bases are respectively
associated to points x; located in the cells and points s; located on the faces of the cells.

(1) The set of degrees of freedom is I = Iy U I, and the approximation points S are the corre-
sponding (mi)iejw and (Sj)jEIM' Then Ig = Iy U (IM)int and Ipng = (I]VI)exty where (IJM)int
and (Ips)ext respectively correspond to points s; in € and on 9. The partition of  is given by
U = M. We denote by (Iw)k the set of all ¢ € Iy such that «; € K, and by (Ipr), the set of
all j € Ins such that s; € 0. Then, forall K e M =U, Ix = (Iw)x U UgegK(IM)J.

(2) For all K € M, the linearly exact gradient reconstruction in K is defined by: Gxv is the function
such that AGgv € V}, and

Yw € Vy, /Kw(:c) -Ggv(x)de + /K Z v (x) | divw(x)de

i€(Iw)k

— Z / Z vi&i(x) | w|k(x) - ng dy(x) =0.
ol 9 i€(Inm)eo
(3) The reconstruction (2.10) is applied with «;(x) = ¥;(z) for all i € (Iy)k and a;(x) = 0 for all
i € Uyee, (Inr)o- This leads to

Vo € Xpo, Vo € Q, Tipv(z) = Y vii().
i€lw
The proof of the equivalence between the corresponding gradient scheme (2.3) and the Arnold-Brezzi
mixed hybrid formulation (3.5) is found in [28], along with the proof of Theorem 3.1 for a regular sequence
of discretisations in the sense of Definition 2.25. Note that, in the case k = 0, the property of piecewise
constant reconstruction holds.

3.4. Multi-Point Flux Approximations. We consider in this section two particular cases of the Multi-
Point Flux Approximation schemes [1]. They are based on particular polyhedral meshes of € in the sense
of Definition 2.23: Cartesian for the first MPFA scheme, and simplicial for the second one. In each of
these cases, for K € M we select i the centre of gravity of K and we define a partition (Vi y)vev, of
K the following way (see Figure 3):

o (Cartesian meshes: Vi is the parallelepipedic polyhedron whose faces are parallel to the faces
of K and that has zx and v as vertices. We define, for 0 € £ and v € V;, x(5,,) = T, (note that
these points are identical for all v € V,, see Remark 2.11).

o Simplicial meshes: we denote by (8K (x))vey, the barycentric coordinates of = in K (that is
T—xr =Y ey, B (®)(V —xK), BE(x) > 0and Y, oy, B (®) = 1) and we define Vi, as
the set of # € K whose barycentric coordinates (3% (z))v ey, satisfy BE(z) > X (x) for all
vV € Vg \ {v}. For o € £ and v € V,, x(,,) is the point of o whose barycentric coordinates in o
are B0 (T (o)) = 1/(d+ 1) for all v/ € V; \ {v}, and B () = 2/(d + 1).

Ov

VKV

€
® (o)

K ——p DKo

FIGURE 3. Notations for MPFA schemes defined on cartesian (left) and simplicial (right) meshes.
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We then follow the notations in Definition 2.10 to construct the MPFA-O gradient discretisations in
both cases:

(1) The set of degrees of freedom is I = MU {(o,v) : 0 € £, v € V,}, the family of approximation
points is S = ((xx)kem, (T(oy))oece, vev,) and the partition is U = (Vi) kemyevy - For any
U=Vky, weset £}, = {o € Ek such that ve V,} and Iy = {K} U {(o,v) : 0 € E%}.

(2) Setting oy = Vi, N o, the gradient reconstruction on U = Vi, is

1
Vil 2 [l — vionic
K,v oEEY,

Vo € VK,V7 gVK,VU(x) =

(3) The functions «; are defined by o; =1 for i = K and «o; = 0 for i = (o, v), which means that
Yve Xpg, VK e M, Ve € K, Ilpv(x) = vk.

In this case, the gradient scheme (2.3) is equivalent to a finite volume scheme. Indeed, by selecting a test
function with only non-zero value vix = 1 in the corresponding gradient scheme (2.3), we obtain the flux
balance

(3.6) Y Froulu) = /K f(x)de,

cEEK VEV,

where Fi »y(u) = fa Gvi u(x) -ng ody(x). Selecting a test function with only non-zero value v,y = 1
in (2.3) leads to the conservativity of the fluxes:

(3.7) Fr on(u) + Froy(u) =0 for all o € &y with M, = {K, L}, and all v € V,.

In the gradient scheme (2.3) we can locally express the degree of freedom u(, ) in terms of (urx)x|vev, -
For a given v € V this is done by solving the local linear system issued from (3.7) written for all o such
that v € V,. After these local eliminations of u(,.), the resulting linear system only involves the cell
unknowns. This property is a foundation of the MPFA O-scheme [1].

It is then proved in [35, 34] that the above definitions for the families S of approximation points gives
the LLE property in both cases (cartesian and simplicial). References [35, 34] also prove Theorem 3.1,
with the regularity of the MPFA-O gradient discretisations defined as the regularity of 7 (see Definition
2.25).

3.5. Discrete Duality Finite Volumes. The principle of Discrete Duality Finite Volume (DDFV)
schemes [38, 17, 8, 39, 3, 13] is to design discrete divergence and gradient operators that are linked in
duality through a discrete Stokes formula. Since discrete operators and an asymptotic Stokes formula are
at the core of gradient schemes (see Definitions 2.1 and 2.4), it is not a surprise that they should contain
DDFV methods. This was already briefly noticed in [30]; we give here a precise construction and proof
of this result.

3.5.1. 2D case. We consider a polygonal open subset 2 of R?, and we take 7 a polygonal discretisation
of © in the sense of Definition 2.23. We refer to Figure 4 for some notations; the dual cell K, around a
vertex v is obtained by joining all cell centres around v, or the cell centres and boundary edge midpoints
around v if v € 9. We define the following elements, using the notations in Definition 2.10:

(1) The set of degrees of freedom is I = M UV and the approximation points are S = P U V. The
partition U is the set of all diamonds (Dy)see-

(2) For U = D,, the linearly exact gradient is construcﬂe)d by imposing finite difference formulas in
the two linearly independent directions € x@f, and vv’'. We therefore set Ip_, = {K, L,v,v'} and,
for u € Xpo and « € D,, we define Gp_u(z) as the unique vector in R? such that

(3.8) ug —ur =Gp,u(x) - (xx — xr) and uy —uy = Gp_ulx) - (v—V).

(3) In the definition (2.10) of the reconstruction operator we let ax (z) = $x (), ar(z) = $x1(x),
ov(x) = Fxk, (x), and o () = Xk, (), where for any V C ©Q we denote by yy the characteristic

function of V. We therefore have

1 1
Yve Xpo, Ve e Q, Ilpv(x) = B E v XK (x) + 3 g vk, ().
KeM vey
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FIGURE 4. DDFV primal meshes (continuous lines: K, L), dual meshes (dashed lines:
K,) and diamonds (filled: D,).

With this gradient discretisation, the gradient scheme (2.3) is the 2D DDFV scheme for the linear
diffusion problem (2.1), and Theorem 3.1 holds with the following definition. We skip the proof of this
theorem since it is identical to the proof in the 3D case, given below.

Definition 3.2 (Regularity of 2D DDFV gradient discretisations). A sequence (Dy,)men of 2D DDFV
gradient discretisations is reqular if haq, — 0 as m — oo and if (regyas, (Dm))meN remains bounded,
where

lcx — x| v — V| 1
D)=20 0 —_ I =
I‘egddfv( ) T+ 07 + ;’Ielg‘i}n(t |V _ VI| cE€Em | T — le T I;lgg( oT

with o7 € (0,7/2) the angle between o and T, the regularity factor 6 defined by (2.22), and T’ is the dual
polygonal discretisation of 1 defined by the cells (Ky)vey.

3.5.2. 8D DDFYV and gradient schemes on general octohedral meshes. Two 3D DDFV versions have been
developed: the CeVe-DDFV, which uses cell and vertex unknowns [40, 15, 4], and the CeVeFE-DDFV,
which uses cell, vertex, faces and edges unknowns [13, 14]. The coercivity properties of the two methods
differ: the CeVe-DDFV does not seem to be unconditionally coercive on generic meshes, whereas the
CeVeFE-DDFV scheme is unconditionally coercive [18]. We show here that this latter method is a
gradient scheme. To do so, we adopt a different stance than in the 2D case. Instead of starting from
the three “main” meshes of the CeVeFE-DDFV method, as we did with the primal and dual mesh in
the 2D case, we introduce a gradient discretisation on a general octahedral mesh (possibly including
degenerate cells), and we show that when the octahedral cells of this mesh are the “diamond cells”
of a CeVeFE-DDFV method, then the gradient scheme corresponding to this gradient discretisation is
the CeVeFE-DDFV scheme. This construction therefore yields a new scheme, which can be used on
octahedral meshes that are more general than the CeVeFE-DDFV diamond meshes; in particular, these
octahedral can be constructed on meshes which are compatible with ground heterogeneities. Incidentally,
our presentations also gives a complete description of the CeVeFE-DDFV scheme using only one mesh
instead of four.

We use Definition 2.10 to construct an “octahedral” gradient discretisation D = (Xp o, Vp,IIp) (see
Figure 5 for some notations):

(1) T =(M,E,P,V) a polyhedral mesh of Q in the sense of Definition 2.23, such that the elements
of M are octahedra (open polyhedron with eight triangular faces and six vertices, not necessarily
convex; five vertices may be coplanar), and the element of £ are the triangular faces of the
elements of M. Each £x has 8 elements, each Vi has 6 elements, and each V, has 3 elements.

(2) The set of degrees of freedom and the approximation points are I = S = V. The partition is
U=M.ForU=KecM,weset Ix = Vg and, if u € Xp g, the cell gradient is defined by

1

(3.9) Ve € K, Gru(x) = IS

1
Z lo|usng 5, where u, = 3 Z uy for all o € Ek.

o€k vEV,
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(3) For K € M and v € Vg, we denote by Vi s the octahedron formed by xk, v, and the four other
vertices of K that share a face of K with v. We then define the functions («;)icr, by

1
(3.10) Ve e K, W e Vg, ay(x) = gXVK,v (x),

where v, , denotes the characteristic function of Vg ,. This leads to

1
Yu € Xpo, VK € M ,Vx € K, Tlpu(x) = 3 D wxvie, ().

VEVEK

FIGURE 5. Left: octahedral cell K for the CeVeFE-DDFV scheme. Right: construction
of a degenerate octahedron from a non-conforming hexahedral mesh in an heterogeneous
medium.

Remark 3.3 (Octohedra and heterogeneous media). A discretisation of  as in Item (1) is easy to obtain
in the case where the domain ) is the disjoint union of star-shaped hexahedra. It suffices to consider
the octahedra obtained from the centres of neighbourhing hexahedral cells, and the four vertices of their
interface. This also works for non-conforming hexahedral meshes, for which interfaces between cells may
be different from the physical faces of the cells.

In the case of an heterogeneous media, in which the material properties (e.g. the permeability A
in (2.1)) are constant inside each hexahedral cell but may be discontinuous from one cell to the other,
it is usually preferable to construct octahedral cells that are compatible with these heterogeneities (i.e.
such that the material properties are constant inside each octahedron). This prevents from introducing
a non-physical average of A in the gradient scheme (2.3), which would lead to a loss of accuracy of the
approzimate solutions. Such an octahedral discretisation can be constructed fairly easily as illustrated in
Figure 5 (right). Each of these octahedra is built from the centre of an hexahedral cell, the four vertices of
the interface between this cell and a neighbouring hexahedral cell, and a point selected on this interface.
This interface need not be planar.

Remark 3.4. The choice (3.10) of Up is driven by our desire to construct a gradient discretisation
whose gradient scheme is exactly the CeVeFE-DDFV method, for particular octahedral meshes; this choice
ensures that the discrete duality formula holds true. We could as well take other choices for Ilp, e.g.
the piecewise constant reconstruction such that llpu = %ZvevK uy i K, and the corresponding gradient
discretisation would still satisfy all required properties.

The following lemma is useful to prove that this gradient discretisation gives back the CeVeFE-DDFV
method, and to establish Theorem 3.1.

Lemma 3.5. Let D be the octahedral gradient discretisation defined as above. For any v € Xp o and
any K € M, the constant discrete gradient Gru is characterised by

(3.11) For all opposite vertices (v,v') of K, Gxu - (v —V') = uy, — uy.
Remark 3.6. The opposite vertices in the octehedra in Figure 5 are (A, B), (C,D) and (E, F).
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Proof. We first note that since the three directions defined by the three pairs of opposite vertices in K
are linearly independent, (3.11) indeed characterises one and only one vector Giu € R®. We therefore
just have to show that the gradient defined by (3.9) satisfies (3.11). We have

(3.12) Gru = |K| 3 Z > lonk.

vEVK 0€EK|VEV,

Let us consider for example the case where v = A in Figure 5. For a triangular face o we can write
|o|ngk » as the exterior product of two of the edges of o (with proper orientation). This gives

Z |a|nK_r,,:%(mxﬁ—kﬁx@—hﬁxﬁntﬁxﬁ)
cEEK|IVEV,
:%(lﬁxﬁﬁ—aﬁxﬁ):—%@xﬁ.

Applying this to all vertices of K, and since |K| = $Ax with Ag = det(@, _C_ﬁ, ﬁ), we deduce from
(3.12) that

Oru =

AilK((UB—UA)@Xﬁ+(uD—uc)ﬁXE+(up—uE),ﬁx@).

Property (3.11) is then straightforward. Considering for example the case (v,v') = (B, A), the formula

follows from ﬁx@ ? ,ﬁx@ zﬁ—()and Cﬁxﬁ zﬁ det@ﬁﬁ O

It is now easy to detail the relationship between the octahedral gradient discretisation D and the
CeVeFE-DDFV scheme.

Lemma 3.7 (CeVeFE-DDFV is a gradient scheme). For any polyhedral discretisation T of Q, there
exists an octahedral discretisation T of € such that, if D is the octahedral gradient discretisation defined
as above from T, then the gradient scheme (2.3) for D is the CeVeFE-DDF'V method on T .

Proof. The CeVeFE-DDFV method on T has cell, edge and face unknowns, and its discrete gradient is
piecewise constant on so-called “diamond cells”. A diamond cell is an octahedra as in Figure 5 (left), but
with E chosen on the segment [A, B] — hence, the octahedra actually degenerates into an hexahedra. The
segment [A, B] corresponds to an edge of the primal mesh of the CeVeFE-DDFV method, F' is a point
on a face of this mesh that contains [A4, B], and D and C are points inside the cells on each side of this
face. Let us take 7 the polyhedral discretisation of 2 made of the diamond cells (degenerate octahedra).
It is proved in [13, Lemma 3.1] that the CeVeFE-DDFV discrete gradient satisfies (3.11); hence, this
gradient is Vp. It is then just a matter of applying the discrete duality formula [13, Theorem 4.1] on the
formulation [13, Eq. (5.4)] of the scheme to see that the CeVeFE-DDFV scheme for (2.1) is indeed the
gradient scheme (2.3) for D. O

Remark 3.8 (CeVeFE-DDFV and heterogeneities). Ezcept on the boundary of the domain, the diamond
cells of the CeVeFE-DDFV method are always spread on two neighbouring cells. If the primal mesh
is aligned with heterogeneities of the medium, then these heterogeneities are actually averaged in the
formulation of the CeVeFE-DDFV scheme (see [13, Eq. (5.2)]). The octahedral gradient discretisation
defined here can manage octahedral cells that are aligned with the heterogeneities of the medium, even
starting from a primal hexzahedral mesh also aligned with the ground properties (see Remark 3.3). This
seems to ensure a better accuracy in case of strong heterogeneities, but at the expense of more degrees
of freedom around the heterogeneities (two octahedra need to be constructed, where only one diamond is
constructed in the CeVeFE-DDFV method). It is also not clear if, on generic octahedral meshes, the
octahedral gradient discretisation satisfies the CeVeFE-DDFV discrete duality formula.

Let us now turn to the analysis of the properties of the octahedral gradient discretisation. This analysis
is done by introducing three polyhedral discretisations (7%);=1.2.3, each of these associated with pairs of
opposite vertices in each cell K € M. Consider two opposite vertices in an octahedron, say A and B in
Figure 5; none of the other octahedra that contain A also contain B. This allows to partition the set of
vertices V into three subsets (V');—1 23, such that if v, v are different vertices in V' then either v,v' do
not belong to the same octahedra in M, or they are opposite vertices in the octahedron to which they
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both belong. The centres of 7 are V¢, and the cells are (P, ) ¢y defined the following way: if, say, v = A4
in Figure 5 then the intersection between P, and K is the poyhedron built from A, E, C, ¢k, F, and D.
The faces of P, contained in K are therefore the four triangles x x DF, x x FC, x xCE, and xx ED. In
particular, the interface between two neighbourhing cells in 7 is not planar, but made of four triangles.

Definition 3.9 (Regularity of octahedral gradient discretisations). A sequence of octahedral gradient
discretisations (Dy)men as above is regular if the sequences of polyhedral discretisations (Tm)meN,
(T))men, (T.2)men and (T2 )men are regular in the sense of Definition 2.25.

Under this definition of regularity, Theorem 3.1 holds for octahedral gradient discretisations.

Proof of Theorem 3.1 for octahedral gradient discretisations. As usual, we sometimes drop the indices m
for sake of legibility, and we write C' for a generic positive constant that does not depend on m, the
considered cells/faces/vertices or the vector in Xpo. We start with two preliminary considerations.
From the bound on reg .. (7) we deduce that for any 4, any two vertices v,v/ € V;, and any 7 face
between P, and P,,, we have |v — V| < Cd,. Hence, since v,v’ are opposite in an octahedral cell of T,
(3.11) and (2.25) show that

(3.13) lurillx i o < ClIVDU||Lr ()0

where any vector u € Xp is partitioned into the three vectors upi = (uy)vey: € Xaqi, each one
corresponding to the vertices associated with 7. Here, we used the fact that, for opposite vertices v, v/
in some octahedra K e M, Y . = .. 1 p, |Tld- =3|K|.

v

The second preliminary we need is the relation (in which II1: is defined by (2.28))
(3.14) Tpu =~ Y Trup.

This equation is obtained by considering each subcell of K € M obtained by joining a face of K and the
centre . Consider for example the subcell created by S = (xk, A, D, F) in Figure 5. The only sets
Vi v that intersect S correspond to v = A, D, F' and therefore Ilpu = %(uA +up + up) on S. But no
pair of A, D, F is made of opposite vertices in K, so all these vertices belong to separate (V%);—1 2.3 — say
AcV, DeV?and F € V3. On S we thus have Il1upng = ug, 2upe = up and Hysus = up.
This shows that (3.14) holds on S, and thus everywhere since the subcell S and the cell K € M were
arbitrary.

COERCIVITY: by Lemma 2.27 and (3.13) we have ||Tlyiur:
shows hat ||HDuHLp(Q) S CHVDuHLp(Q)d.

e < Cl|Vpul|prqya, and (3.14) thus

CoMPACTNESS: if (||Vp,, UmHLp(Q)d)meN is bounded then (3.13) and Lemma 2.28 show that, for any
i=1,2,3, (HﬁlumT,fl)meN is relatively compact in LP(€2). The relative compactness of (Ilp, u™)menN
in L?(Q) follows from Equation (3.14).

CONSISTENCY: the characterisation (3.11) of the local gradients show that D has is an LLE gradient
discretization, and the regularity factor regy (D) is bounded thanks to the bound on reg, (7). Indeed,
this bounds forces the three vectors (v—v’ )(V’\,/) opposite in K t0 be of similar length and “well non-coplanar”
— that is to say with a determinant of order the cube of their similar length — which gives an estimate on
19k [ oo-

LIMIT-CONFORMITY: comparing the definition (3.9) of the discrete gradient with the definition (2.29),
it seems natural to invoke Lemma 2.29 in order to prove the limit-conformity. We first need to es-
tablish some estimates. For u € Xpo we define u = ((Ux)xem, (Us)see) € X700 (see (2.24)) by
U = % ZvevK Uy and Uy = Uy = % Zvevﬁ uy. Note that if o € E. then all vertices of o are on 92 and
therefore, as expected, u, = 0. Then

(3.15) Vpu = Vru.
We now estimate |[u||x ,p in terms of Vpu. For any K € M and any o € &g,

~ - 1 1 1 1
ug—uK=§Zuv—6 Z uV/ZEZuV—g Z Uy

veV, v eV VEV, V/EVK\VG
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The vertices of V, can be grouped with those of Vx\V, in pairs of opposite vertices in K. For two such
opposite vertices v,v' we use (3.11) and |v —V/| < hg < 07dk,, and we arrive at

~ ~ 1 9
(316) |UU _UK| - ‘6 Z . (uv_uv’) < %|Qz<u|d1<7(,.
(v,v') opposite in K
Hence,
(3.17) [l X700 < ClIVDul| Lo (02)0-

Let us compare IIpu and I, using the subcells considered to prove (3.14). We saw that in the subcell
S = (xk, A, D, F) we have lIpu = %(UA +up +ur) = Uy, if o is the triangle (A4, D, F'). Hence, by using
(3.16) we have |Upu — 7| = |ty — Uk | < Cham|Gru| in S. Since this is valid for any subcell S of any
mesh K, this leads to

(3.18) [[Mpu — Il | r ) < Cha||Vpull Loy

The limit-conformity can now be proved. By Remark 2.7 we only need to prove that, as hxy — 0, we
have Wp () — 0 for all ¢ € C*(R%)%. Let u € Xp. By applying (2.30) to v = @ and using (3.15),
(3.17) and (3.18) we find

| 1Vpu(@) - o(a) + Mpu(e)dive(@)] da| < Cllgllws ol Toulls oyha
Hence, Wp(p) < Clle|lw1.0mayahatr — 0 as hag — 0 and the proof is complete. O

3.6. Hybrid Mixed Mimetic schemes.

3.6.1. Fully hybrid scheme. Since the 50’s, several schemes have been developed with the objective to
satisfy some form of calculus formula at the discrete level. These schemes are called Mimetic Finite
Difference (MFD) or Compatible Discrete Operator (CDO) schemes. Contrary to DDFV methods that
design a discrete operators and duality products to satisfy fully discrete calculus formula, MFD/CDO
methods design discrete operators that satisfy a Stokes formula that involves both continuous and discrete
functions. Depending on the choice of the location of the main degrees of freedom (faces or vertices), two
different MFD/CDO families exist. We refer to [41] for a review on MFD methods, and to [7, 6] (and
reference therein) for CDO methods.

A first MFD method can be designed by using the fluxes through the mesh faces as initial unknowns.
This requires to recast (2.1) in a mixed form, i.e. to write § = AVw and div(q) = f, and to discretise this
set of two equations. The resulting scheme takes a form that is apparently far from the gradient scheme
(2.3). It was however proved in [23] that this form of MFD can be actually embedded in a slightly larger
family that also contains Hybrid Finite Volume (HFV) methods [27] and Mixed Finite Volume (MFV)
methods [19]. This family has been called Hybrid Mimetic Mixed (HMM) schemes; each scheme in
this family can be written in three different ways, depending on the considered approach (MFD, HFV or
MFV). The HFV formulation of an HMM scheme is very close to the weak formulation (2.2) of the elliptic
PDE; it actually consists in writing this weak formulation with a discrete gradient and a stabilisation
term (bilinear form on (u,v)). It was proved in [24] that the discrete gradient can be modified to include
the stabilisation terms, and thus that all HMM methods — which means all (face-based) MFD methods
also — are actually gradient schemes.

The discrete elements that define an HMM gradient discretisation are the following. We again refer
to Definition 2.10 for the construction of D.

(1) Let T be a polyhedral mesh of © as in Definition 2.23. The degrees of freedom are I = M UE,
the approximation points are S = ((xx)xem, (€s)oece) and the partition is Y = {Dk,, : K €
Mo € (‘:K}

(2) U = Dk, we set Iy = {K} UE&k and we start the construction of the discrete gradient by
defining

1 1
Vv e Xpgy, VK e M, Vigv = m Z lo|(voe — VK )K= m Z lo|venk o

oc€K o€lK



22 JEROME DRONIOU, ROBERT EYMARD, AND RAPHAELE HERBIN

(the second equality is due to > .. |olngk, = 0). This gradient is linearly exact, but it is
not coercive: it can vanish everywhere even for v # 0. We therefore add a stabilisation that is
constant in each half-diamond, and that vanishes on interpolation of linear functions.

Vd

(3.19) Vo€ Xpo, VDko €U, Ve € Di 5, Gpy ,v(x) = VKV + r[ﬁKRK(VK(U))]anK,ay
' K,o

where

L4 VK(U) = (UU - UK)U€£K7
e Ry : R®% s R®X is the linear mapping defined by Rx (£) = (Rk.o(€))oce, With

RK,U(&) = gU - <|1[(| Z |O—/|€0'/nK,O'/> : (EU - "BK)a

ol efKk
e Ly is an isomorphism of the vector space Im(Ry) C REx.
(3) For U = Dk, we let ag =1 and o, = 0, which means that
Yv € Xpyo, VK € M, Vo € K, Ilpv(x) = vk.

Remark 3.10. The face degree of freedom v, corresponds to the hybridisation of the face-based MFD
methods.

The freedom of choice of the isomorphisms (Lx)xeam ensures that all MFD, HFV and MFV schemes
are covered by the framework (there are several such schemes, due to different possible stabilisation
parameters). More precisely, [24] proves that for any HMM scheme S on T there exists a family of
isomorphism (Lx)gem such that, if D is defined as above, then the gradient scheme (2.3) is S. It is also
proved in [24] that Theorem 3.1 holds with the following definition of regularity, which is both used for
bounding regy (D) and for allowing the use of the Discrete Functional Analysis results.

Definition 3.11 (Regularity of HMM gradient discretisations). For D an HMM gradient discretisation
as above, we define (p as the smallest number such that, for all K € M and all ¢ € REX,

p p p
& Z Dico| Rk +(§) < Z Dico| [LxRK(€)]s <o Z Dic| RK,U(E)’ .

_IAS/ y _IAS/
occfK ocCcEK Ko cefk

dKa' dKa'

s s

A sequence (Dp)men of HMM gradient discretisations is regular if the sequence (T )men is regular in
the sense of Definition 2.25 and if (Cp,, )meN s bounded.

m

3.6.2. The SUSHI scheme. The SUSHI scheme [27] is obtained from the HFV by eliminating some of
the face unknowns. With the notions of Section 2, this simply means that the SUSHI method is the
gradient scheme of a barycentric condensation of the HMM gradient discretisation. For simplicity, we
only consider here the case when all face unknowns are eliminated (the “SUCCES” version in [27]),
although more accurate methods could be used in the case of coarse meshes in heterogeneous domains.
(1) Let T be a polyhedral discretisation of € in the sense of Definition 2.23. We first define the
gradient discretisation D = (Xﬁo,vf, II5) by the HMM method, as introduced in the above
section, for which I = MU E.
(2) We introduce I=MU Eoxt, and for all o € &y we select H, C I and introduce barycentric

coefficients 37 such that
Y B =1 and T, =Y plzi
i€H, i€H,

which corresponds to (2.13). -

(3) D is the corresponding barycentric condensation in the sense of Definition 2.15 of D.

(4) We have IIp = Il since this reconstruction is only built from the values at the centre of the
cells.

Definition 3.12 (Regularity of SUSHI gradient discretisations). A sequence (Dy,)men of SUSHI gra-
dient discretisations is reqular if the sequence (Tm)menN is reqular in the sense of Definition 2.25 and
if (reggc(Dm) + (5, )meN is bounded, where regpc is defined in Definition 2.15 and (p is defined in

Definition 3.11 for the HMM gradient discretisations (Dy,)menN-
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Theorem 3.1 for this barycentric condensation of the HMM method is a straightforward consequence
of Theorem 3.1 for the HMM method and of Theorem 2.18.

3.7. Nodal Mimetic Finite Difference methods. The nodal MFD method (nMFD) is described in
[10]. We present here a gradient discretisation such that the nMFD method for (2.1) is the gradient
scheme (2.3). We use again Definition 2.10 to construct this gradient discretisation D = (Xp o, Vp,IIp).
(1) Let T be a polyhedral discretisation of €2 in the sense of Definition 2.23. The degrees of freedom
and approximation points are defined by I =S = V. For each K € M we choose non-negative
weights (w¥% )vey, such that the quadrature

(3.20) /Kw(w)da: ~ Z wyw(v)

VEVK

is exact for constant functions w, which means that ZvevK wY = | K. For each face o € ExNEint,
we also choose non-negative weights (w )vey, such that the quadrature

(3.21) / w(z)ds(z) = Y wiw(v)

VEV,

is exact for linear functions w. This is equivalent to > ), wy = |of and ) oy, wyv = |o[Z,.
We will assume the following property on these weights. This property is not required in the
construction of the nMFD, but it is used to identify the nMFD with a gradient scheme. We note
that this assumption is not very restrictive, since it holds for any natural choice of weights for
(3.21).

(3.22) VK e M, W € Vg, Jo € Ek, such that w, # 0,

where Ek , is the set of faces of K that have v as one of their vertices. For each cell K, we select
a partition (Pky)vey, such that

Dk, 1
(3.23) WeEVk, [Prul= ) w;| LE |:8 D whdke
cEEK |U‘ 0€EK v

The partition of Q is then U = (Pry)kem, vevy, and for U = Pk, we let Iy = Vi
(2) In a similar way as for the HMM method, the reconstructed gradient is the sum of a constant
gradient in each cell and of stabilisation terms in each Pk ,. We set

1
(3.24) Yo € Xpo, VK € M, Vv = > (Z w;vv> Nk o.
| | oelk VEV,
and
1
(3.25) VP, €U, Vx € Pk, , ng’VU(CIZ) =Vgv+ T[ﬁKRK(VK(U))]vNK,v
K
where

_ _h v
* Nk, = AP Zaesx,v wa.nKvU’ )
o Vik(v) = (vy — K )vey, With v = TR Y vevy Wi
e R : RV% i RV~ is the linear mapping described by Rx (€) = (Rx.v(€))vev, with

(3.26) Riy(§) =& — V& (v—Zk),
where V€ is defined as in (3.24), and Zk is the “centre” of K with respect to the weights
in (3.20):
_ 1 .
(3.27) T = IS Z WiV,
VEVEK

e Ly is an isomorphism of the space Im(Rx) C RV¥.
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(3) For U = Pk, we choose in the reconstruction (2.10) the weights
(3.28) Ve e U, W € Vi, ag(x) = %MK
This leads to
Yo e Xpyo, VK e M, Vo € K, llpv(x) = vk = L Z Wi Uy

Under Assumption (3.22) it is proved in [22] that the gradient scheme (2.3) obtained with the gradient
discretisation above is equivalent to the nMFD method of [10] for (2.1).

loldk .o

Remark 3.13. The second equality in (3.23) comes from |Dk .| = “=—3==, and this choice of |Pk | is
compatible with the requirement that )\, |Pxy| = [K]|.

The actual construction and geometric properties of P are irrelevant. For the analysis of the method
as well as its implementation, only the measure of this set is useful. Other choices of Pk, are possible.
For example, we could take all (Pk y)vevy of the same measure |K|/$V. Theorem 3.1 would still be valid.
However, a stronger assumption than (3.22) would be required to ensure the coercivity of the corresponding

gradient discretisations; we would need degk_v wy > ch}i{l with ¢ > 0 not depending on K orv.

Definition 3.14 (Regularity of the nMFD gradient discretisation). If D is an nMFD gradient discreti-
sation as above, we define (p as the smallest number such that, for all K € M and all £ € RVX,

p p p

——=| < E | Prc v o
vEVK K vEVEK vEVK K

A sequence (Dyy)men of nMFED gradient discretisations is reqular if the sequence (Tp)meN is Tegular in
the sense of Definition 2.25 and if (Cp,, )meN s bounded.

Remark 3.15. Contrary to the HMM gradient discretisation, the nMFD gradient discretisation is not
piecewise constant for the natural choice of unknowns, or for any obvious choice of unknowns. It should
therefore be modified, e.g. by mass-lumping as in Section 2.4, to be applicable in practice to certain
non-linear models.

The proof of Theorem 3.1 for the nMFD method follows the same steps as the proof of the same theorem
for the HMM method (Section 3.6), as detailed in [30] in the case where Lx = SxId and in [23] for general
isomorphisms. It relies on the tools given in Section 2.1, applicable thanks to the above notion of regularity
(linearly local exactness for consistency, discrete functional analysis for coercivity and compactness,
Stokes formula for limit-conformity), and in comparisons between |[v]|x, ,, and |[|[Vpo|[1s(qye, where
for v € Xp o we define v € X7 by U, = ﬁ Zveva wyvy and vk = vi = (Ilpv)| k.

3.8. Vertex Approximate Gradient (VAG) methods. Successive versions of the VAG scheme have
been described in several papers [30, 32]. VAG methods stem from the idea that it is often computationally
efficient to have all unknowns located at the vertices of the mesh, especially with tetrahedral meshes
(which have much less vertices than cells). It is however known that schemes with degrees of freedom at
the vertices may lead to unacceptable results for the transport of a species in an heterogeneous domain,
in particular for coarse meshes (one layer of mesh for one homogeneous layer, for example). The VAG
scheme is an answer to this conundrum. After all possible local eliminations, the VAG schemes only has
vertex unknowns, and it has been shown to cure the numerical issues for coarse meshes and heterogeneous
media [32, 31, 33]; this is due to a specific mass-lumping that spreads the reconstructed function between
the centre of the control volumes and the vertices. Let us remark that the original version of the VAG
scheme in [30] uses the same nodal formalism as Section 3.7, but has been shown in the FVCA6 3D
Benchmark [36] to be less precise than the version presented here.
The VAG scheme is defined as a barycentric condensation and mass-lumping of the P; gradient dis-
cretisation on a sub-tetrahedral mesh.
(1) Let T = (M, &,P,V) be apolyhedral discretisation of 2 in the sense of Definition 2.23, except the
hypothesis that the faces o € £ are planar, which is not necessary here. We define a tetrahedral
mesh by the following procedure. For any K € M, o € £k, and v,v' € V,, such that [v,V] is an
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A

FIGURE 6. Definition of tetrahedra from a mesh.

edge of o, we define the tetrahedron Tk .. by its four vertices xx,x,,v,v' (see Figure 3.8),
where the point x, corresponding to the face o is

Card Z Vi

We denote by 77T the simplicial polyhedral discretisation corresponding to these T oy, -
(2) We let D = (X5 ,, V5, 1I5) be the Py gradient discretisation defined from 77 as in Section 3.1.1

for k = 1. The degrees of freedom and approximation points of D are therefore I = MUV UE

and S = (xx)xerms (Vvev, (To)oece). We define D as the barycentric condensation of D (see

Deﬁnition 2.15) such that I =MUYV and the degrees of freedom & are eliminated by setting

=V, and the coefficients 87 = 1/Card(V,) for all v € V,, which are precisely the coefficients
(3.30).

(3) The VAG scheme is the gradient discretisation D obtained from the gradient discretisation D by

performing a mass-lumping in the sense of Definition 2.19. We split each tetrahedron T .y

3 . TK v v/
into three parts TK ovw's Tk o> and T

(whose geometry is irrelevant), and we let Qx be
the union of all (T% ,, /)ov.w and Q, be the union of all (T, UT ;) K.ov- This leads

to

O'VV

Yv € XD,O : Ipv = Z VKXQr T ZUVXQV'
KeM vey

The regularity of a sequence of VAG gradient discretisations is defined as the regularity of the underly-
ing tetrahedral meshes 77 in the sense of Definition 2.25. We can check that regg (D) remains bounded
by a non-decreasing function of 8+, and the proof of Theorem 3.1 for VAG gradient discretisation is thus
a direct consequence of the results in Section 2, especially Theorem 2.18 (properties of the barycentric
condensation) and Theorem 2.21 (properties of mass-lumped gradient discretisations).
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