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Abstract

Consider a finite absorbing Markov generator, irreducible on the non-absorbing states. Perron-
Frobenius theory ensures the existence of a corresponding positive eigenvector ¢. The goal of
the paper is to give bounds on the amplitude max ¢/ min . Two approaches are proposed: one
using a path method and the other one, restricted to the reversible situation, based on spectral
estimates. The latter approach is extended to denumerable birth and death processes absorbing at
0 for which infinity is an entrance boundary. The interest of estimating the ratio is the reduction
of the quantitative study of convergence to quasi-stationarity to the convergence to equilibrium of
related ergodic processes, as seen in [8].

Keywords: finite absorbing Markov process, first Dirichlet eigenvector, path method, spectral
estimates, denumerable absorbing birth and death process, entrance boundary.

MSC2010: primary: 60J27, secondary: 15B48, 15A42, 05C50, 60J80, 47B36.

TPartially supported by ANR-11-LABX-0040-CIMI within the program ANR-11-IDEX-0002-02
tPartially supported by ANR-12-BS01-0019



1 Introduction

This paper, a companion to [8], develops tools to get useful quantitative bounds on rates of conver-
gence to quasi-stationarity for absorbing Markov processes. With notation explained below, the
bounds in [8] are of the form

(2N

20y

FoPi—il| < = vl < 22 P =] .

tv (29N tv
In the middle is the term of interest: p; is the transition probability conditioned on non-absorbtion
at time ¢ > 0 and v is the quasi-stationary distribution. On both sides, 15,5 is the Doob trans-
form (forced to be non-absorbing), fip is an associated starting distribution and 7 is the stationary
distribution of the transformed process. The point is that quantitative rates of convergence to
quasi-stationarity are hard to come by, requiring new tools which are not readily available. The
pair (1315, 7) is a usual ergodic Markov chain with many techniques available.
The two sides differ by a factor ¢, /2¢,,. Here ¢ is the usual Peron-Forbenius eigenfunction for the
matrix restricted to the non-absorbing sites and ¢, = min ¢, ¢, = max . For the bounds to be
useful, we must get control of this ratio. In [8], this control was achieved in special examples where
analytic expressions are available with explicit diagonalization. The purpose of the present paper is
to give a probabilistic interpretation of this ratio as well as several bounding techniques. For back-
ground on quasi-stationarity see Méléard and Villemonais [17], Collet, Martinez and San Martin
[6], van Doorn and Pollett [27], Champagnat and Villemonais [3] or the discussion in [8]. We
proceed to a more careful description.

Let us begin by introducing the finite setting. The whole finite state space is S = S L {00},
where o0 is the absorbing point. This means that S is endowed with a Markov generator matrix

L = (L(x,y)), 45 Whose restriction to S x S is irreducible and such that

Vazels, L(wo,z) = 0
Jzes: L(z,0) > 0.

Recall that a Markov (respectively subMarkovian) generator is a matrix whose off-diagonal entries
are non-negative and such that the sums of the entries of a row all vanish (resp. are non-positive).

An eigenvalue \ of L is said to be of Dirichlet type if an associated eigenvector vanishes at co.
Equivalently, X is an eigenvalue of the S x S minor K of L. Since the matrix K is an irreducible
subMarkovian generator, the Perron-Frobenius theorem implies that K admits a unique eigenvalue
Ao whose associated eigenvector is positive. The eigenvalue )\g is simple and we denote by ¢ an
associated positive eigenvector. Its renormalization is not very important for us, because we will
be mainly concerned by its amplitude defined by

oy

a =
@ )
(2N

with

oo = maxe(®), . = minp(a).

zeSs zeS

We refer to [8] for the importance of a, in the investigation of the convergence to quasi-
stationarity of the absorbing Markov processes generated by L. Our purpose here is to estimate
this quantity.

Our approach is based on a probabilistic interpretation of ¢ and, more precisely, of the ratios
of its values. For any x € S, let X* = (X} );>0 be a cadlag Markov process generated by L and
starting from z. For any y € S, denote by 7,/ the first hitting time of y by X™:

7, = inf{t >0 Xi =y}, (1)
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with the convention that 7,7 = +o0 if X never reaches y. The first identity below comes from
Jacka and Roberts [14].

Proposition 1 For any x,y € S, we have

™ = Elexp(Ao7y)Lrr<rz .

In particular, with O = {x e S : L(x,0) > 0}, we have

= E A re<rg |-
agp jJnax Elexp(Aory )y <rs
This probabilistic interpretation leads to two methods of estimating a,,. The first one is through
a path argument. B
If v = (70,71, .-, 7) is a path in S, with L(yg,yx+1) > 0 for all k£ € [0,1 — 1], denote

'Z(’qu ’Yk+1)
P = | | 2
(7) kel0,1—1] ’ (/ykv ’WQ)’ ( )

(for any I < 1" € Z, [I',1"] = {I',]' +1,..,1" — 1,"} and for I' e N, [I'] = [1,1']).

Proposition 2 Assume that for any y € O and x € S, we are given a path v, . going from y to x.
Then we have

—1
< P .
o = (i, P0y.))

The second method requires that K (the generator restricted to S) admit a reversible probability
n on S, namely satisfying

Va,yeS,  nlx)L(z,y) = n(y)L(y, ).

The operator — K is then diagonalizable. Let A\g < A1 < Ay < -+ < Any_1 be its eigenvalues, where
N is the cardinality of S (the first inequality is strict, due to the Perron Frobenius theorem and to
the irreducibility of K'). For any = € S, let A\g(S\{z}) be the first eigenvalue of the (S\{z}) x (S\{z})
minor of —K (or of —L). Finally, consider

Ao = minAo(S\{z}). 3)

Proposition 3 Under the reversibility assumption, we have

Ao Ao
R
g ke[N—2] A

One advantage of the last result is that it can be extended to absorbing processes on denumer-
able state spaces, at least under appropriate assumptions. We won’t develop a whole theory here,
so let us just give the example of birth and death processes on Z, absorbing at 0 and for which
o is an entrance boundary. To follow the usual terminology in this domain, we change the nota-
tion, 0 being the absorbing point and o being the boundary point at infinity of Z,. We consider
S:=N:=1{1,2,3,..} and S :=Z, = {0,1,2,3,...}, endowed with a birth and death generator L,
namely of the form

by Jify =z +1
_ - dx ? lf =T 1
Ve=yes, L(z,y) = —d. —b ifzzzn
0 , otherwise,



where (by)zez . and (dy)szen are the positive birth and death rates, except that by = 0: 0 is the
absorbing state and the restriction of L to N is irreducible.

The boundary point o is said to be an entrance boundary for L (cf. for instance Section 8.1 of
the book [2] of Anderson) if the following conditions are met:

a0 1 x
D LT = A (4)

=1 y=1
o0) 1 [e¢)
Z — Z Ty < +00, (5)
x=1"%F"T y=x+1
where
Ve 1 Jifr =1 ©)
r €N, iy = bi1bg---bg_ .

The meaning of (4) is that it is not possible (a.s.) for the underlying process X7, for x € Z, to
explode to o in finite time, while (5) says it can come back in finite time from as close as wanted
to 0.

One consequence of (5) is that Z := Y 72 < 400, so we can consider the probability

vV xeN, n(z) = Z 'm,.

Denote by F the space of functions which vanish outside a finite subset of points from N and
by K the restriction of the operator L to F. It is immediate to check that K is symmetric on
IL2(n). Thus we can consider its Freidrich’s extension (see e.g. the book of Akhiezer and Glazman
[1]), still denoted K, which is a self-adjoint operator in L.?(n). The fact that co is an entrance
boundary ensures indeed that such a self-adjoint extension is unique. It is furthermore known that
the spectrum of —K only consists of eigenvalues of multiplicity one, say the (A,)nez, in increasing
order, see for instance Gong, Mao and Zhang [12]. Let ¢ be an eigenvector associated to the
eigenvalue Ao > 0 of —K. As in (3), since the absorbing point is only reachable from 1, we also
introduce

A= Ao(N\{1}),

which is the first eigenvalue of the restriction of —K to functions which vanish at 1.
We can now state the extension of Proposition 3:

Theorem 4 Under the above assumptions, we have X > \g and
1
Z o < to (7)
TLEZ+ n

In particular, we deduce that

Up to a change of sign, the eigenvector ¢ is increasing on Z (with the convention p(0) = 0). It
is furthermore bounded and its amplitude satisfies:

0 e SWeen (@) limaoo (@)
7 infyen o(y) o(1)
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A priori, this result is interesting only if one has at his disposal some estimates on the gap
Ay — Ao and on the spectrum (A, )nez .. For the latter, it can be useful to take into account the
other principal Dirichlet eigenvalues: for n € Z ., define

)\(") = )\0(24-\[[07”]])

(namely the first eigenvalue of the restriction of —K to functions which vanish on [1,n — 1], so
that AL = A and ASY = A)).

Corollary 5 With the notation and assumptions of Theorem 4, we have

Ao\ Ao
e
neN\{1} 0
< (0% I (g
neN\[1,m] 0

The advantage of the latter inequality, is that there exist Hardy bounds on the A which are
semi-explicit and relatively sharp: define

-1

for any given m € N.

VneZ,, A, = sup Z L Zw(l).

T keln+1,m] m(k)dy Izm
It was proven in [19] that
VneZy,  A7'Y4 < AW < o4t (8)

This suggests the following procedure to apply Corollary 5 on concrete examples. Compute or
evaluate the A,,, for n € Z,, and find m € N such that A, < 2A, for all n > m. It follows from (8)
that for n > m, 1 — Xo/A\, = 1 — A, /(44p) = 1/2, so we get

)\0 1+m An

neN\[1,m]

-1

It would then remain to estimate the gap A\, — Ao (e.g. Lemma 15 below can serve as a first step
in this direction). Nevertheless, the above approach can quickly lead to involved computations. In
the final Example 19, we present a class of birth and death processes which can be treated directly
through Corollary 5.

There is a classical result converse to Theorem 4, showing that the criterion of entrance bound-
ary is in some sense optimal for effective absorption at 0 and boundedness of ¢. It is typically
based on the Lyapounov function approach of convergence of Markov processes (cf. the book of
Meyn and Tweedie [18]), Proposition 6 below gives a more precise statement for an example.

Let L be a birth and death generator on Z. , absorbing at 0 and irreducible on N. It is always
possible to associate to it the minimal Markov processes X* = (X})o<t<o.,, starting from z € Z
and defined up to the explosion time o.,. These are constructed in the following probabilistic way,
where all the used random variables are independent (conditionally to the parameters entering in
the definition of their laws). We take X} = x for 0 < t < o1, where o7 is distributed according to
an exponential variable of parameter |E(m, x)| (if z = 0, L(0,0) = 0, so 01 = +0 = 04, namely the
trajectory stays at the absorbing point 0). Next, if 2 = 0, the position X, = y is chosen according

bt



to the distribution (L(z,y)/|L(2,%)|)yeg\(s}- The process stays at this position for ¢ € [o1,02),
where 09 = 01 + &, with & an exponential variable of parameter ’E(Xgl,Xgl)‘. If X7 =0, the
next position X7 = y is chosen according to the distribution (L(ngl,y)/|L(X§1,X§1)|)ye§\{xgl}.
This procedure goes on up to the time o4 = lim,_, o 0, (by convention oo = +o0 if one of the
on, n € N, is infinite, which a.s. means that 0 has been reached).

We consider again the first hitting times 7,/ defined in (1), now for x,y € Z.

Proposition 6 Assume on one hand, that there exist x € N such that 15 is a.s. finite, namely
the process X* a.s. ends up being absorbed at 0. Then this is true for all x € Z,. On the other
hand, that there exist a positive number A > 0 and a positive function ¢ on N, with finite amplitude
a, < +00, which satisfy K[p] < —Ap. Then o is an entrance boundary for L.

Condition (5) (coming back from infinity in finite time) for birth and death processes satisfying
(4) (non explosion) and admitting a positive generalized eigenvector (i.e. not necessarily belonging
to IL2(n)) associated to a positive eigenvalue of —K is also known to be equivalent to the uniqueness
of the quasi-invariant probability distribution, see Theorem 3.2 of Van Doorn [26] (or Theorem 5.4
of the book [6] of Collet, Martinez and San Martin). Thus the quantitative reduction (through
the amplitude a,) of convergence to quasi-stationarity to the convergence to equilibrium presented
in [8] can be applied to such birth and death processes, if and only if they admit a unique quasi-
invariant distribution.

The uniqueness of the quasi-stationary probability was characterized in a general setting by
Champagnat and Villemonais [3]. It appears that a, may be infinite in this situation, in particular
if diffusion processes are considered (then inf ¢ = 0).

Recently Gao and Mao [11] also gave probabilist and spectral representations of the first Dirich-
let eigenvector in the context of Theorem 4, see their Lemmas 3.2 and 3.4. Their formula (3.15)
for its amplitude corresponds to the (extension to the infinite setting of the) r.h.s. of (25) below,
due to the fact that in the absorbed (at the boundary) birth and death framework, (23) and (24)
are in fact equalities.

The paper is constructed according to the following plan. In the next section, Proposition 1 is
recovered along with a probabilistic interpretation of the first Dirichlet eigenvector . As a conse-
quence, Propositions 2 and 3 are obtained in Section 3. The situation of denumerable absorbing
at 0 birth and death processes is treated in Section 4, where an example is given.

2 Probabilistic interpretation of ¢

Our main purpose here is to recover the stochastic representation of the ratio of the first Dirichlet
eigenvector ¢ given in Proposition 1. This is due to Jacka and Roberts [14], who deduce it
from the corresponding discrete time result proven by Seneta [25]. Since these authors work with
denumerable state spaces, for the sake of simplicity and completeness, we present here a direct
proof for finite state spaces.

We start by recalling three simple and classical results. Consider P(S) the set of probability
measures on S. Generalizing (1), let us define, for any initial distribution y € P(S) and for any
yes,

= inf{t >0 : X{' =y},

where (X}')i=0 is a cadlag Markov process generated by L and starting from p.

Lemma 7 For any A = 0, we have

3 e PS) ¢ Elexp(rh)] < +0 <V peP(S), Elexp(Arh)] < +.



Proof

It is sufficient to consider the direct implication, the reverse one being obvious. Since for any
we P(S), we have

Elexp(M4)] = ) u(x)E[exp(As)],

zeS

we just need to check that
Vax,yels, Elexp(AT5)] < 40 < E[exp(A7Y)] < +0,
namely
Vax,yes, Elexp(A75)] < +0 = Elexp(A7¥)] < +o0. (9)

For given z,y € S, let v = (v0,71,---,7) be a path in S going from = to y and satisfying
L(vk,vk+1) > 0. Such a path exists, by irreducibility of K. Let A7 be the event that the first jump
of the trajectory X* is from & = =g to 71, that the second jump of X? is from 1 to s, ..., that

the I-th jump of X? is from ;1 to ;. By the probabilistic construction of X7, we have that

PlAY] = L(v0,m) L(vi,%2)  Lw-1,m) (10)

IL(v0,70)| |L(v1,71)]  |L(vi—1,71-1)]
> 0.

Using the strong Markov property of X% at the minimum time between the time of the I-th jump
time and the absorbing time, we get

E[exp(A75)] E[1 4+ exp(A75)]
E[14E[exp(ATY)]]

PAY]E[exp(A75)];

AR\

which implies (9).

Define
A = {A=0:V peP(S), Elexp(Ath)] < +x0}.
Lemma 8 We have
A = [0,)).

Proof

Consider v € P(S) the quasi-stationary distribution associated to L, namely the left eigenvector of
K (extended to vanish at c0) associated to the eigenvalue —\g. For any ¢ > 0, the distribution of
X7 is exp(—Aot)v + (1 — exp(—Aot))dop. It follows that

Vt>0, PlL>t] = P[X’eS]
= exp(—Aot),

namely, 77 is distributed according to the exponential law of parameter \g. In particular, we have

Ao < A
VA=0,  Elexp(A1y)] = { i“o? it A > )\2.



The announced result follows from the previous lemma, showing that

A = {A=0: Elexp(A\7})] < +0oo}.

For any A € A, we can consider the mapping ¢y defined on S by

E[exp(A73)]

Vzels, ox(z) E[exp(A2)]’

where v € P(9) is the quasi-stationary distribution of L, whose definition was recalled in the above
proof (but for our purpose, v could be replaced by any other fixed distribution of P(S5)).

Proposition 9 As A € A converges to Ay, the mapping ©y converges on S to a function ¢ which
18 a positive eigenvector associated to the eigenvalue Ay of —K.

Proof
We begin by checking that for fixed A € A, ¢, satisfies

VaesS,  Llpal(@) = —dpa(a). (11)
To simplify the notation, define
Vaxzels, a(z) = El[exp(A1y)], (12)

it is sufficient to show that L[1y] = —A¢ on S. This comes from the fact that for x € S, the
quantity 1) (x) can be seen as the Feynman-Kac integral with respect to the Markov process X*
and the potential A1 g (for the diffusion analogue, see e.g. Section 4.7 of the book of Chung and
Walsh [5]). But maybe the shortest way to deduce it is to use the martingale problem associated
to X7® (for a general reference, see the book of Ethier and Kurtz [9]). More precisely, consider the
mapping f on Ry x S defined by

V(ty)eRy xS, f(ty) = exp(M)¥a(y).
There exists a local martingale M = (My)=( such that a.s.

Vis0,  FXD) = f0.2)+ fasf<s,xz>+E[f<s,->]<X§>ds+Mt
0

This is sometimes known as the time-inhomogeneous Dynkin formula (or the Dynkin formula for
the time-space Markov process (t, X¢)i>0), cf. for instance the book of Rogers and Williams [24].
The fact that A € A implies that M is an actual martingale (namely that for all ¢ > 0, M; is
integrable). In particular, by the stopping theorem, we get that for any ¢ > 0, E[M;,.z] = 0, so
that

E[f(t A 72, XE )] = wmm[ fo o asf<s,X§>+L[f<s,->]<X:>ds].

But the strong Markov property applied to the stopping time ¢ A 7% implies that

ELf(E A 75, Xinrg )] = Elexp(As)]
= ¢)\($)7

and we get that



Taking into account that for any s > 0 and y € S, d,f(s,y) = Af(s,y), we deduce that

lim 'E Utw M (s, XT) + L[f (5, )] (X7) ds]

t—04 0
= 07

Ax(x) + L[ya] ()

which amounts to (11). )
Of course, the A € A are not Dirichlet eigenvalues of L, because yy(0) = 0:

1

P Bt

but as A € A goes to Ao, this expression converges to zero. Furthermore, if for z,y € S, we call 7,
the r.h.s. of (10) and

ro o= 331}61}97”:(:4/7
then
VAeA Vax,yesS, r < 2X0) < r L (13)
oa()

Thus we can find a sequence (I,)nen of elements of A converging to Ag such that ¢;, converges
toward a function ¢ on S, positive on S. According to the previous observation (o) = 0 and
taking the limit in (11), we get

L[(,D] = _A()SD)

it follows that the restriction to S of ¢ is a positive eigenvector associated to the eigenvalue \g of
— K. Furthermore,

vie] = lim v[p\] = 1,

A—=Ao—

and this normalization entirely determines . It follows that the mapping ¢ does not depend on
the chosen sequence (I, )nen. A usual compactness argument based on (13) shows that in fact

lim ¢\, = o.

A—Ao—

We need a last preliminary result.

Lemma 10 For any x € S, we have
Ao(S\{z}) > Ao,
where we recall that the Lh.s. is the first eigenvalue of the (S\{z}) x (S\{x}) minor of —L.

Heuristically, this result says that for any fixed x € S, it is asymptotically strictly easier for the
underlying processes to exit S\{z} than S. It is well-known in the reversible context, via the
variational characterization of the eigenvalues, but we cannot use that argument here. Note also
that in the trivial case where S is reduced to a singleton, by convention A\o(J) = +0o0 and the
above inequality is also true.

Proof



Fix z € S and let ¢ be a non-negative eigenvector associated to the eigenvalue —\o(S\{z}) of the
(S\{z}) x (S\{x}) minor of —L. Extending »* on S by making it vanish on {c0, z}, we have that

VyeS\z},  L[¥"I(y) = —ro(S\{z})¢"(y).
Consider the set
= {yeS:¢*(y) =0} o {z}

(S” may be larger than {z}, since it can happen that the restriction of L to S\{z} is no longer
irreducible). By irreducibility of K, there exists zg € S’ and yo € S\S’ with L(xg,50) > 0. It
follows that

L{¢*](x0) = Y. L(z0,y)(¢"(y) — ¢"(w0))

yesS
= ) Lz, 9)¢" (v)
yeSsS
> L(zo,y0)¢" (o)
> 0.

Similarly, we prove that
VyeS, Llp"lly) = 0

(this is the maximum principle for the Markovian generator L).
Let v be the quasi-stationary measure associated to L, already encountered in the proof of
Lemma 8. Since vL = —Agr, we have in particular

V[L[g®]] = —Xov[¢"]
But according to the previous observations, we have

v[LI"]] = v[lgsLle"]] + v[LsL{¢"]]

= —Xo(S\{zhr[lgs¢”] + v[1s L[e"]]
= —d(S\{zhrle"] + v[Ls L[¢"]]
> —do(S\{z})vle"]-

It follows that

Mo(S\{z}) > Ao

We can now come to the

Proof of Proposition 1

Concerning the first equality, let us fix =,y € S. We can assume that x = y, since the equality is
trivial for x = y. According to Proposition 9, it is sufficient to see that
x)

. (10)\( _ x
)\EI)’\I;i ) Elexp(Ao7y )17 <rg |- (14)

Define 7 = 77 A 7% It is the exit time from S\{y} for X*. In particular, we have

VieR,, Elexp(in)] <+o < 1<X(S\{y}),

10



and Lemma 10 implies that
Elexp(Ao7)] < 4o (15)

For A € A, consider again the function ¢ defined in (12). Using the strong Markov property at
time 7, we have

a(z) = Elexp(AT)Lxz—ythr(y)] + Elexp(A7) L xz—01x(00)]
UA(Y)Elexp(A\T)Lxz—y] + Elexp(AT)Lxz—c0]

Dividing by ¥, (y), taking into account (15) and letting A go to A9, we get (14). In particular, we
deduce that

— xT
Ay = erArS’l,a;éSE[eXp(AoTy )17’;<T§3]
To show the representation of a, in Proposition 1, it is enough to check that ¢, = mingeo ¢(y).
This is a consequence of the fact that for any y € S, either y € O or there exists a neighbor z € S
of y (namely a point satisfying L(y, z) > 0) with ¢(z) < ¢(y). Indeed this comes from

2 LwA)e) —ew) = —dop)
z€S < 0.

3 Path and spectral arguments

It will be seen here how the probabilistic representation of the amplitude a,, can be used to deduce
more practical estimates.

We begin with a path argument, similar in spirit to the one already encountered in the proof
of Lemma 7. Let v = (79,71, ...,7) be a path in S, to which we associate the event A7 requiring
that the first jump of the trajectory X7 is from g to 71, that the second jump of X7 is from
to 2, ..., that the I-th jump of X7 is from ~;_1 to ~;.

Lemma 11 For any X € [0, min(|L(vk, )| : k € [0, —1])), we have

Ly,
E[Lar exp(Ar]%)] = H %
kef0,1-1] ‘ (’qufyk)’ -

If A = min(|L(vg, V)| : k€ [0,1—1]), the expectation in the lh.s. is infinite.

Proof

This result is directly based on the probabilistic construction of the trajectory X7°. Let us recall
it: X7 stays at 7o for an exponential time of parameter ’l_}(’yo,’yo) , then it chooses a new posi-
tion z; according to the probability L(vo,21)/|L(70,70)|. Next it stays at z; for an exponential
time of parameter ‘l_}(a:l,xl) , until it chooses a new position zs with respect to the probability
L(z1,22)/|L(21,21)|, etc. To simplify the notation, denote

Vkel[0,l—1],  Li = [L(w )l

11



It follows that if A\ < min(Ly : k€ [0,1 — 1]),

E[1av exp(A7)°)]

1—[ L(/}/k) /}/k-l—l) JJ . j e)\(to+t1+---+tk) LoefLot()dtO Lleletl dtl . Llilele,ltl,l dtl,1
ke[0,1—1] k

L (Ve Ve+1) J(ALk)tk
H < Lk Lk & dtk

kef0,l—-1]

H L('Yka’}’kJrl)'

ke[0,0—1] Ly = A

The same computation shows that if for some k € [0,1—1], A = |L(vg, v&)|, then E[1 4+ exp(AT3)] =
+00.

Proof of Proposition 2

It is now a consequence of the following observation: if v, , is a path going from y to z in S, then
from Proposition 1, we get

% = Elexp(Ao7y) 1y .y ]

> E[lar exp(MoY)]
P(’Yy@)u

according to the previous lemma (where the functional P was defined in (2)). Indeed, one would
have noticed that

Ao < min|L(z,x)|.
zeS
Arguments similar to those given in the proof of Lemma 10 (reinterpret L(z, x) as the first Dirichlet
eigenvalue associated to the {x} x {z} minor of L) show that the above inequality is strict, except
if S is a singleton. In the latter case, say S = {zo}, necessarily y = x = z and vz,20 = (20), s0
that the product defining P (74, 4,) is void, meaning that P(vyz,2,) = 1, as it should be.
Coming back to the general case and taking the minimum over z € S and y € O, we get

py)\
a, = < min —)
yeO, xzeS (,0(:17)
-1
< in P ;
<ye%l,lile 5 (’vyvx)>
as announced.
[
One can deduce a rougher estimate, where Ao does not enter: with the notation of (2), define
L(vk, %)
then we have
a, < max Q(Vyaz) (16)

yeO, xS
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Let us illustrate these computations with

Example 12 (a) Consider an oriented finite strongly connected graph G on the vertex set S and
denote by E the set of its oriented edges. Let O be a non-empty subset of S. Let G be the oriented
graph on S = S U {00} obtained by adding to E the edges (x,0), with x € O. Let d be the
maximum outgoing degree of G’ and D be the “oriented diameter” of G. Let L be the random
walk generator associated to G:

~ _ 1 ,if (z,y) e E
VYVe=yes, L(z,y) = { 0 otl(lerw)ise.

Choosing geodesics (with respect to the “oriented graph distance”) for the underlying paths, the
bound (16) implies that

a, < dP.

There is an easy comparison allowing weighted edges in the case above. If the generator L is
perturbed to another generator L only satisfying, for some constants 0 < r < R < +00,

- _ [r,R] ,if (z,y)€E
YVer=yes, L(m,y) € { {0} , otherwise,

we end up with

0 < <@>D. (17)

r

gb) To see if this bound is of the right order, let us consider a specific birth and death examples
on S =[0,N ]],_With N € N, absorbed in 0 (namely oo in the previous notation). The only non-zero
jump rates of L are given by

Il
i)

(18)

Il
—

Vazel[l,N -2 { EE ffig
and

L(1,0)=1, L(N-1,N) = L(N,N—1) = 1+p, (19)

for some fixed p > 0. The bound (17) leads to

It was seen in [8] that

(21)

N+ ON2) ifp=1
aap = +

O(p~™) ,ifp>1,

but it can be deduced from the computations presented in Section 3.3 of [8] that if p < 1 is fixed,
then a,, explodes exponentially with respect to V. So (20) corresponds to the right behavior of a,
(i.e. it does explode exponentially with respect to N) if and only if p < 1.

]

In the previous example for p > 1, the path estimate does not catch the fact that either a, is
bounded (for p > 1) or explodes linearly with respect to N (for p = 1). The spectral estimates
we are about to present are more precise and we will see how to recover these behaviors of a, for
p =1 and large N.

We begin with a general result which can be deduced from Miclo [22].

13



Lemma 13 In the finite setting and under the reversibility assumption, whatever p € P(S), the
time Tk, is stochastically dominated by the sum of independent exponential variables of respective

parameters Ao, A1, ..., AN—1, where N is the cardinality of S.

Proof

Indeed, for any k € [0, N — 1], denote by L the convolution of k+ 1 exponential laws of parameters
ANy AN—1, -y AN_k- It was seen in [22] that the law of 74 is a mixture of the Ly, for k € [0, N —1],
the coefficients of the mixture depending on p (and the coefficient of Ly_1 being positive). The
announced result follows from the fact that each of the laws Ly, for k € [0, N — 2], is clearly
stochastically dominated by Ly_1.

[

We can now come to the
Proof of Proposition 3

Note that

o = 1Y g EleR o]

thus it is sufficient to show that

IN

€T
2e5,ye0, y=2 ElexpAory )z <]

W) L 0-3)
- 1] (-5
( A0/ eln-1] Ak

Fix y € O, let IE be the (S\{y}) x (S\{y}) minor of L and denote X < A < -+ < Ay_o the
eigenvalues of —K. By the usual interlacing property of the eigenvalues of minors (see for instance
Theorem 4.3.8 of the book [13] of Horn and Johnson), we have

>\0<;\0<)\1<;\1<>\2<“‘<)\N72<;\N72<>\N71- (22)

The first inequality is strict, due to Lemma 10. According to the previous lemma, we have that
for any z € S\{y}, 7, A 7% is stochastically dominated by the sum of independent exponential

variables of respective parameters Xo, Xl, e X N—o. It follows that
Elexp(Aoy ) Lrz<rz] < Elexp(Ao(ry A 75))] (23)
< Elexp(Ao(&o + -+ + En—2))], (24)
where &, ..., Ey_o are independent exponential variables of respective parameters Xo, 3\1, v X N_2.

Thus the last expectation is also equal to
A
[T Elewpoe)] = [] = (25)
le[0,N—2] le[o,N—2] At = Ao

N N
/N 7 N
— —
| |
x| X
N—— N—

m )
=1 =
) &
7N\ 7N

—_

| |
FlE 2l
N—— N—

where the interlacing (22) was used, as well as the definition of )\, given in (3). Proposition 3
follows, since the above upper bound no longer depends on the choice of y € O.
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Let us now show how the spectral estimate can provide a better bound than the path estimate,
at least when some knowledge on the relevant eigenvalues is available.

Example 14 We return to the birth and death processes presented at the end of Example 12
with p > 1.

We first treat the case p = 1, for which we have seen in [8] that the eigenvalues of —K are given
by

Vhe[o,N—1], A = 2(1—cos((2k+1)m/(2N))).

With the notation of the proof of Proposition 3, we have O = {1} and the matrix K is the same
as K, except that N has been replaced by N — 1. Thus we get that

Vke[o,N—-2], X = 2(1—cos((2k+ 1)x/(2(N —1)))).

By using (25) directly, we get the bound

SR O
lefo,N—2] M 0

le[0,N—-2]

and the first bound is in fact an equality, because it is known that the time needed by a finite birth
and death process to go from one boundary point to the other one is exactly a sum of independent
exponential variables whose parameters are the corresponding Dirichlet eigenvalues (see e.g. Fill
[10] or Diaconis and Miclo [7] for a probabilistic proof as well as a review of the history of this
property). In the above product, we begin by considering the first factor

1 Ao 1 sin?(7m/(4N))
Ao sin?(m/(4(N — 1))

sin?(7/(4(N —1))) — sin?(7/(4N))
Sinz(ﬂ'/(él(N —-1)))
sin(m/(4N(N —1)))sin(7(2N — 1)/(4N(N —1)))
sin?(7/(4(N —1))) ’

where we used the trigonometric formula
Va,beR, sin?(a) — sin?(b) = sin(a + b)sin(a — b).

Letting N go to infinity, it appears that

>\0>1 N
1-20 ~ = 26
( : ; (26)

which provides us with the announced linear explosion in N. It remains to treat the other factors

Ao 1 sin?(7/(4N))

1_E 0 sin?((2k + /AN — 1))

for k € [1, N — 2]. Taking into account that

- sin®(7/(4N)) _ 1
N—w sin?(37/(4(N — 1)))

Ne}

15



and that for all 0 € [0,7/2], 20/7 < sin(f) < 6, we can find a constant ¢ > 0 such that for N large
enough,

sin?(7/(4N)) _ 1
sin?((2k + D)r/(4(N —1))) 8 (2k+1)%

Vke[l,N—2],

This bound and the dominated convergence theorem show

. sin?(7/(4N)) _ 1
vm, % n(- i aee) - g E) 2 o

)
ke[1,N—2] keN

The above observations and (21) lead in fact to Wallis’ formula:

1 T
I 1-z =7

keN\{1}: k even

We now come to the case p > 1. As remarked above, for all finite birth and death processes
absorbed at 0, we have an exact formula

A\ L
a, = H <1—/~\—j> ,

1e[0,N—2]

but to exploit it, one needs a knowledge of the eigenvalues Ay, Xo, /N\l, e ,/N\ N—2. The only behavior
provided in [8], is that for large N

1 1
Ao~ §(P+1)(P—1)2W- (27)

Let us show how this is sufficient to deduce that a, remains bounded as N go to infinity. In-
deed, we will just need an additional qualitative result about the number of nodal domains of the
corresponding eigenvectors, which is a discrete analogue of Sturm’s theorem for one dimensional
diffusions.

We begin by treating the first factor. As above, by spatial homogeneity, /N\o is just A\g when N

has been replaced by N — 1. It follows that A ~ Sp+1D(p— 1)2%\,, so that

-1 -1
N—ow Ao P

which in comparison with (26), is a first indication why a, should stay bounded as N goes to
infinity.
It remains to prove that

lim sup — Z ln(l—@) < +o0.

N=0 e N—2] Al

Since we know that

A A
Vie[lL,N-2], 2 < 2
Al Ao
1+pt
< < 1,
2
for N large enough, it is sufficient to find a constant ¢ > 0 such that
)\0 —l
Vie[l,N—2], /N\— < ep,
l
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or similarly, such that

Vie[l,N 1], i—(l) < ot (28)
For given [ € [1,N — 1], let ¢; be an eigenvector of —L associated to the eigenvalue )\; and
vanishing at 0. Since L is a tri-diagonal matrix, ¢; has [ + 1 nodal domains. More precisely, extend
¢ into a continuous function on [0, N] by making it affine on each of the segments [n,n + 1] with
n € [0, N —1]. Then ¢; has exactly [+ 1 zeros: o = 0 < 21 < --- < 27 and it was seen in Miclo [20]
that if o, ¢ [0, N], there is a natural way to define the jump rates L([x}], z%) and L(|xy], z%) such
that we have

V ke [0,1], M([zkzk1]) = N

with the convention z;.1 = N. Since each of the segments [z, xp41], for k € [0,1], contains at
least one integer, we have x; > [ and by consequence

A= Ao([z, N])
= AO([LN])

Due to the spacial homogeneity of the initial generator L, \o([l, N]) is the same as A\g where N is
replaced by N —[. The bound (28) is now an easy consequence of (27), through the existence of a
constant C' > 1 (depending on p > 1) such that

YNeN,  C 1™V <)\ < cpV.

4 Some denumerable birth and death processes

This section treats denumerable birth and death processes absorbing at 0 and with co as entrance
boundary via approximation by finite absorbing birth and death processes.

We begin by recalling the theory of approximation of birth and death processes with oo as
entrance boundary, as developed by Gong, Mao and Zhang [12]. For N € N, consider the finite
state spaces Sy = [N] and Sy := [0, N] endowed with the Markovian generator Ly which is the
restriction of L to Sy, except that Ly (N, N) = —by_1, so that a Neumann (reflection) condition
is put at N. The point 0 is still absorbing for Ly. Denote by

ANO < AN < Ang2 < < AN N-1,

the eigenvalues of the subMarkovian generator K, the restriction of Ly to Sy. By convention,
take Ay, = +00 for n > N.
Theorem 5.4 of Gong, Mao and Zhang [12] asserts that for any fixed n € Z,, the sequence
(AN,n)NeN is non-increasing and that
lim Ay, = A, (29)
N—w
where (Ap)nez, are the eigenvalues of —K defined in the introduction. B
For N e N\{2}, let N}y be the smallest eigenvalue of the restriction of Ly to [2, N]. Consider
the absorbing Markov generator L’ on N, coinciding with the restriction of L there, except that 1
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is absorbing: L'(1,1) = L'(1,2) = 0. Applying (29) with n = 0 and with respect to L, shows that
the sequence (N )new (1} is non-increasing and

Jim Xy = X, (30

These convergence properties are the main ingredient to deduce the estimate of Theorem 4 from
Proposition 3. We will also need the fact that the eigenvector ¢ can be chosen to be positive on N
and increasing. This is well-known, see for instance Chen [4] or Miclo [21], whose arguments can
be extended to the present denumerable absorbing birth and death setting. We present a succinct
proof for the sake of completeness.

For any function f defined on N, consider the value

E(f) = ndif* (1) + ) n(@)ba(f(z+1) — f(x))* € Ry u{+oo}.

=1

Then ¢ is a minimizer of £(f)/n(f?) over all functions f € L2(n)\{0}.

Since E(f) = E(|f|) for any function f, we can assume that ¢ is non-negative, up to replacing
it by |¢|. For fixed x € N, considering the quantity () as a variable in the ratio £(¢)/n(v?), it
appears by minimization that ¢(x) € [min(p(z — 1), p(z + 1)), max(p(z — 1), p(z + 1))] and even
o(x) € (min(p(x — 1), ¢(z + 1)),max(¢(z — 1), p(z + 1))) if o(z —1) = ¢(z + 1). This property
implies the monotonicity of ¢. Since ¢(0) = 0 and ¢ must be positive somewhere, it follows that
¢ is non-decreasing. Consider zp = max{z : ¢(z) = 0}. From ¢(z) € (0,¢(z + 1)), we end up
with a contradiction if z = 0. So xg = 0 and ¢ is positive on N. The same argument shows that
if there exists 2 € N such that p(z) = ¢(z + 1) then ¢(z — 1) = ¢(z). By iteration it would imply
that ¢ vanishes identically. Thus ¢ is increasing, not only non-decreasing.

This observation is also valid for L': there is an eigenvector ¢’ associated to the eigenvalue —\;,
(of K, the restriction to N\{1} of L) which is positive and increasing on N\{1}. Indeed, o is also
an entrance boundary for L, so that its spectrum consists equally of eigenvalues of multiplicity 1,
in particular ¢’ exists. As a consequence we get that \j > Ao:

Lemma 15 With the above notation,

5, £ @)

> 0
nle'¢]

(where ¢’ is seen as function defined on N with the convention ¢'(1) =0).

Proof
The result follows from the computation of n[¢’ K[p]]: by definition of ¢,

ne'Klell = —donle'e].
By self-adjointness of K the Lh.s. is equal to n[pK[¢']]. We remark that for z € N,

K[ '(z) = K'[¢(@)+b¢'(2)1gy(x)
= =g () + b1’ (2) gy ()

(by convention, K'[¢’](1) = 0), so that by multiplication by ¢(x) and integration with respect to
m,

nleK[e']] = —Xonle'e] +n(1)big' (2)p(1).

Let us next check the second assertion of Theorem 4.
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Lemma 16 Under the entrance boundary condition, (7) is valid.

Proof

If we were working with an ergodic birth and death on Z., this result is due to Mao [16]. To come
back to this situation, let us consider the Markov generator L on N which coincides with L, except
that L(0,1) = 1 = —L(O 0). For this process, o is still an entrance boundary. Let ()\n)n.gz+ be

the eigenvalues of —L. We have )\0 = 0 and Mao [16] has shown that

}:,\ < 4w

neN ”

It is well-known that the eigenvalues (A,)nez, and (Xn)nel . are interlaced:

~

A<M

(see for instance Miclo [23] where this kind of comparison was extensively used). This implies the
validity of (7).
|

We can now readily end the

Proof of the bound of Theorem 4

For N e N, let ¢ be an eigenvector associated with the eigenvalue Ay o of K and normalized
by ¢n(1) = 1. According to Proposition 3, whose reversibility assumption is satisfied, we have

-1

Qpy < ( i“) I (1_M> . (31)

ke[N—2] AN.n

Let Ny € N be large enough so that
Ao+ A5 A AL

)‘N(LO < 9 (> )\0).
It follows that for N > Ny,
1 >\/N,0 - )\]\i,o
>‘N,0 Ao
1 Ao + X
- 2)\)
Ay — /\0
T2,
In a similar manner, we get that for any n € N,
1— Ano > 1-— Mj
/\N n 2)\n

so that for all N > N,

o= (52T (-252) -

which is finite because of Lemma 15 and (7).
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The functions ¢y are also increasing on [N — 1]. Consider them as non-decreasing mappings
defined on N by taking ¢xn(n) = pn(N) for all n = N. Due to this monotonicity property and to
the above uniform bound on a,, over N > Ny, we can find an increasing subsequence (N)en and
a non-decreasing and bounded function ¢ on N with ¢(1) = 1 such that ¢y, converge uniformly
on N toward @ as [ goes to infinity. We are then allowed to pass to the limit in the equation
Kn[en] = —Anopn to get on N,

K[P] = —Xo®.

Since the function @ is bounded, it also belongs to LL2(n) and so it is an eigenvector associated to
the eigenvalue —\g of K. It must thus be proportional to ¢.

The previous considerations also enable to pass to the limit in (31) and this ends the proof of
Theorem 4.

|
Corollary 5 is an easy consequence of the above considerations.
Proof of Corollary 5
For any n € Z, consider the birth and death rates given by
(n) bt ,ifk>=1
e = {o if k=0 (32)
(n) . dpyr Hifk>1
= {0 itk =0 (33)

Denote by L™ and 7™ the associated generator and invariant measure. Since the rates (b,gn)) keZ
and (dlgn))kez . satisfy Conditions (4) and (5), the spectrum of L™ in L2(7(™) is discrete and

simple. Let )\én) < )\gn) < )\én) < --- be the eigenvalues of —L(™. By the interlacing property, we
have

VnkeZy, AN < AU <\,

In particular, by iteration, it follows that
VneZe, Ay = AD > Al

Injecting these inequalities in Theorem 4, we get the first bound of Corollary 5. The second bound
comes from the fact that (/\(()n))nez . is non-decreasing, as another consequence of the interlacing

property.
|

Remark 17 It is theoretically possible to improve the first bound of Corollary 5, up to a certain
knowledge of the eigenfunctions of L. More precisely, let (¢p)rez . be a family of eigenvectors of
L associated to the eigenvalues (\g)iez .- For any k € Z,, by the discrete Courant theorem in
dimension 1, the function ¢ changes sign exactly k times. Let ny be the last time it changes sign
(i.e. the smallest n € Z such that for any m > n, the values @i (m) have the same sign (with the
convention that 0 has both signs). Using the considerations developed in [20] (and extending them

to the infinite entrance boundary setting by approximation), it appears that Ay > )\(()nk). It follows

that
) A
0 0
T S (1 B A(nn) L] (1_ A(nw)
0 keN\{1} 0

20
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One recovers Corollary 5 by observing that ny > k for all k € Z,, due to the discrete Courant
theorem.

Let us recall a classical

Proof of Proposition 6

According to Karlin and McGregor [15], the a.s. absorption of the processes X*, for z € N, is
equivalent to

leﬂxbx ’

and this divergence clearly implies that of (4).
Similarly to the proof of Proposition 9, consider next the mapping f on R, x Z, defined by

V (t,x) e Ry x Zy., flt,x) = exp(At)p(zx)

(as usual, we impose ¢(0) = 0). By the martingale problem solved by the law of X*, for x € N,
the process M := (M;);=0 given by

¢
VE20, M= f(XF) - £00) - | (6D + LU0 ds
0
is a local martingale and even a martingale, because for any fixed ¢t > 0, M; is bounded, due to the
assumption a, < 4+00. The stopped stochastic process (M Arz,l)tzo is also a martingale, so taking
expectations at time ¢t > 0, we get

EATL,1

E[f(t, X}, )] = WHEU

05, XD + LA )X ds]

o) +E| [ O+ LX) expirs)as].

By assumption, we have Ay + L[¢] < 0 on N, so that
E[o(X{xr, ) exp(AE A 721))] < ¢(2),
and it follows that
Elexp(A(t A 72,1))] < ag.
Letting t go to infinity, we deduce that

Elexp(Amz1)] — 1
A

E[Tx,l] <
Gy
\

But it is well-known (see for instance Paragraph 8.1 of Anderson [2]) that

z—1 1 T
E[Tm,l] = - Z Tz,

~

y=1 ﬂ-yby z=y+1
thus letting x go to infinity we obtain
[ee} 1 [ee}
Qi L M < < A
y=1 TyOy z=y+1



namely (5) is satisfied. This ends the proof that co is an entrance boundary for L.
[ |

Let us now discuss the conditions (4) and (5). The following example is quite academic, it shows
that (5) is not true for the benchmark M/M /oo (absorbed) queueing process, but it is almost at
the frontier of applicability, since a mild modification of it enters in the setting of Theorem 4.

Example 18 Consider the rates given for all n € Z, by

y o [ 1 ifn>1
L 0 ,ifn=0

4, = n ,%fn)l
0 ,ifn=0.

The measure 7 defined in (6) is proportional to the restriction on N of the Poisson distribution of
parameter 1:

VneNlN, T = —. (34)
It is easily computed that (5) is not satisfied.

To transform oo into an entrance boundary, the underlying Markov process must be accelerated
near co: consider the rates given for all n € Z, by

b In?(e +n) ,ifn>1
"o 0 ,ifn =20
P nln®(e —1+n) ,ifn>1
no 0 ,if n = 0.

The measure 7 is not modified, still given by (34). Nevertheless Conditions (4) and (5) are satisfied
and Theorem 4 can be applied.

m]

It is quite painful to try to apply to the previous example the procedure described after Corollary 5.
So let us finish the paper by a class of examples where Corollary 5 does lead to quantitative
estimates.

Example 19 Assume that there exists p > 1 such that the rates satisfy

b1 < pbg
VkeN, 35
{ dgv1 = pdy (35)

Under the additional assumptions (4) and (5), we get

N
( )

n=2

Indeed, let us show that
VneZy,  APFD > p0 (36)

so that the previous bound is a consequence of Corollary 5 and of A > p"\, for all n € Z ..
Fix n € Z,. Consider the birth and death rates given by (32) and (33), as well as the associated
( d(ﬂ+1))

k

generator L™ and invariant measure 7(™). Since the rates (bk"H))keZ . and ( ez, satisfy
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Conditions (4) and (5), there exists an increasing function ™+ on Z, , with ™+ (0) = 0, such
that LOHD[pm+D] = A+ (41 Namely, we have for all k € Z,

b(n+1)(k‘)(<,0(n+l)(k’ + 1) _ (,D(n+1)(k’)) + d(n+1)(k‘)(<p(n+l)(k‘ _ 1) _ (,D(n+1)(k‘)) _ —)\(n+1)(’p(n+1)(k‘)

Taking into account that ¢ *D(k 4 1) — oD (k) = 0, that ™+ (k — 1) — ™+ (k) < 0 and
(35), we get by dividing by p,

A\(n+1)
b (k) ("D (k + 1) — T (k) + d™ (k) (T (b — 1) — "D (k) > —Td"*l)(k)

ie. L[t D] > AN+ (+1) /5 Multiplying this relation by ¢+ and integrating with
respect to w("), we obtain

A(n+1) — () [(’D(n+1)[’/(n) [QD(n+1)]]

=

D 7T(n+l)[((’p(n+l))2]

The r.h.s. is bounded below by A, so (36) follows. An example in the spirit of Example 18
satisfying (4), (5) and (35), is given by

, o (1 ifn=1
no 0 ,ifn=0
4 = Pt ifn>1
no 0 ,if n = 0.
with p > 1.
[m]
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